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1. Introduction

Do initially poor countries tend to become as wealthy as initially richer ones?
Whether or not countries converge in incomes and productivity levels has recently
been intensively studied, both theoretically and empirically: as Lucas [1988] and
Romer [1989] have emphasized, this has important implications for economists’
views on growth, development, and macroeconomic policy. Following recent ter-
minology, we call a positive answer to this question the convergence hypothesis.
A number of interesting theoretical ideas surrounding the convergence hypothesis
have been formulated to explain its potential failure. This paper makes two main
points: first, previous tests for the convergence hypothesis are unable to reveal the
effects of interest; second, the data, properly considered, confirm the convergence
hypothesis in growth rates.

Whether or not there is convergence would suggest where next to turn to
understand economic growth. As an economic proposition, it suggests a charac-
terization of the behavior of a broad cross-section of economies over an extended
period of time. As a measurement (i.e., econometric) issue, it suggests statistical
study of as wide and as long a data panel as possible. (Just as economists ask, Are
stock markets efficient?, not Were stock markets efficient between July and August
1987?, the convergence hypothesis should be viewed not to ask whether a particular
country, say Indonesia, is catching up with the richest countries, but rather to ask
whether, in a broad cross-section of countries, there are discernible patterns of con-
vergence and divergence over time.) This paper takes seriously these observations
in its approach to analyzing the income dynamics of an extensive cross-section of
countries. It seeks to establish new stylized facts on the convergence hypothesis
in a form that addresses simultaneously the dynamic and cross-section predic-
tions of different theoretical models. Put another way, the empirical work here is
motivated by the fact that recent economic growth theories generate interesting
testable predictions along both dynamic and cross-section dimensions in the data;
thus, variation along both dimensions should be studied together. Previous em-
pirical work has focused on analyzing only dynamic or cross-section variation in
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isolation. This paper provides econometric tools and empirical results that go one
step further.

The remainder of this paper is organized as follows. Section 2 makes ex-
plicit some difficulties inherent in empirical analysis of the convergence hypothe-
sis. Section 3 then establishes a framework to overcome those problems. Using
the Summers-Heston data, Section 4 discusses some preliminary empirical results
within this framework; this section also points out difficulties in interpreting these
findings. Section 5 provides a way around those difficulties and gives formal struc-
ture to notions of persistence, path dependence, and sustained take-off in data
where there is significant cross-section and time-series variation. The empirical
findings from implementing those ideas are discussed in Section 6, and Section 7
concludes.

2. Empirical Analysis of the Convergence Hypothesis

The Wold decomposition is a convenient empirical framework for studying the dy-
namics of a scalar stochastic process. Thus, Beveridge and Nelson [1981], Campbell
and Mankiw [1987], Cochrane [1988], Nelson and Plosser [1982], and Watson [1986]
have usefully exploited this representation to address interesting issues about the
time series properties of aggregate output. When a variable under study is related
to other observable variables, a multivariate Wold decomposition (vector autore-
gression) can be used. These techniques are well-understood and their usefulness
and failings well-known. The convergence hypothesis, however, poses new prob-
lems on how best to analyze the relevant data. We will see that standard methods
are not particularly revealing for the questions of interest in this work.

The convergence hypothesis can be formalized in at least four different ways:

(a) Countries originally richer (faster growing) than average are more likely to
turn below average eventually, and vice versa—the cycle repeats.

(b) Whether a country income is eventually above or below the cross-section av-
erage is independent of that economy’s original position.
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(c) Income disparities between countries are not persistent, i.e., disparities across
countries have neither unit roots nor diverging deterministic time trends.

(d) Each country eventually becomes as rich as all the others—the cross-section
dispersion diminishes over time.

Each of these descriptions involves—in a fundamental way—comparison of
cross-section and time series behavior. Notice that statements like “rich economies
tend to grow faster”—or their contrary—do not distinguish among (a)-(d); never-
theless, for empirical work we should bear in mind that these four characterizations
are logically and empirically distinct. The main body of this paper below will ad-
dress (a) and (b). Another paper (Quah [1992a]) considers (c) since that involves
quite different econometric issues. I now briefly discuss (d); more precise and
extensive statements of some of the ideas here can be found in Quah [1992b].

To assess the validity of (d), one might first examine the cross-section regres-
sion of average growth rates on initial income levels. It is natural to think that
a negative regression coefficient here indicates convergence in the sense of (d),
whereas a positive regression coefficient indicates the opposite. However, such a
regression suffers from Galton’s fallacy (Quah [1992b]) and, in fact, sheds no light
on (d)-convergence: A non-degenerate time-invariant distribution of cross-country
incomes is consistent with arbitrary signs on those regression coefficients, depend-
ing only on the univariate time-series properties of individual country incomes.

In response to this last observation, one might ask instead whether any mea-
sure of cross-section disperson is declining over time. It is easy, however, to con-
struct examples where this is misleading. For instance, suppose the world is com-
prised of only two economies. Assume the first economy has income process Y1

described by Y1,t = 1 if t is odd whereas Y1,t = 2 if t is even. Let the sec-
ond economy have income process Y2 given by Y2,t = Y1,t−1. Then no measure
of cross-section dispersion shows decline over time whereas, from identifying the
different economies in the cross-section, it is also clear that no one economy is
permanently richer than another. In other words, studying just a time-series of
cross-section dispersion doesn’t reveal how much “mixing” or “turnover” occurs in
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the cross-section over time. But it is precisely this mixing property that ought to
shed light on the convergence hypothesis.

As another alternative, one might simply assert that—regardless of cross-
section dispersion behavior—the validity of the convergence hypothesis can be un-
derstood in terms of the univariate dynamics of individual country incomes. Thus,
one might ask if, within each country, income is an integrated process. Riezman
and Whiteman [1989] have taken this approach. In that work, cross-section infor-
mation might be used to improve precision of the estimates, but the underlying
probability model and its economic interpretation rely in no essential way on the
cross-section income variation. A moment’s reflection indicates then that whether
or not countries are approaching each other (according to any criterion) cannot be
ascertained by studying only their univariate dynamics. For instance, each coun-
try income could be a random walk: if, however, those incomes were equal across
countries, then, in every sense, the convergence hypothesis holds despite income
in each country following an integrated process. More generally, country incomes
could be individually integrated but, at the same time, be jointly cointegrated
across countries. Disparities between countries are then not persistent, and inter-
preting the unit root in each country income as evidence against the convergence
hypothesis would be incorrect. This joint cointegration characterization—while a
valid way to examine the convergence hypothesis—is not implementable in prac-
tice. In the typical data sets used in this work, there are more observation units in
the cross-section dimension than there are time series observations. A vector time
series model is not useful for studying dynamics in such structures. (Bernard and
Durlauf [1990] have, however, used exactly this cointegration idea but by focusing
only on small subsets of countries.)

We conclude from the discussion above that convergence cannot be usefully
studied without simultaneously considering both cross-section and dynamic be-
havior. Consequently, this falls outside the standard framework of multivariate
econometric analysis: Time series methods treat the case when the number of
cross-section observation units is small relative to the time length (e.g., aggregate
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consumption and income observed over the post-War period); by contrast, panel
data methods consider the case when the number of time points is small (taking
the cross-section at each time point to follow a different equation). In the current
work, dynamics is an important aspect of the analysis, but so is cross-section vari-
ation; the models of interest here imply restrictions on both dynamic as well as
cross-country properties of the data.

3. Distribution Dynamics

This section establishes the mathematical structure for the empirical work to fol-
low. Although the discussion initially borrows elements from stochastic process
and Markov chain theory (as described in Futia [1982], Stokey and Lucas [1989],
and elsewhere), the interpretations will differ significantly. At that level of general-
ity, however, little can be done in empirical analysis. The subsequent econometric
implementation therefore uses simplifications inspired by, among others, the work
of Singer and Spilerman [1976].

We model the evolution over time of the empirical distribution of incomes (or
income growth rates), observed as realizations of a random element in a space of
distributions. (To omit needless words, we will simply say incomes to indicate
both per-capita incomes and income growth rates when no ambiguity is possible.
The empirical analysis below will consider these two cases separately as well as
the transition behavior of country ranks (not done yet).) In doing this, recall we
wish to record not just aggregative statistics—such as means and variances—of the
distributions, but also information on the mobility of individual economies within
the distribution.

Let (S,S ) denote a measurable space, taken to be the underlying state space.
In the general discussion below, this can be thought of as (R ,R ), i.e., the real line
R together with the collection R of its Borel sets: S is the collection of points in
which measured incomes fall. Let B(S,S ) denote the Banach space of bounded
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finitely additive set functions on (S,S ), endowed with total variation norm:

∀µ in B(S,S ) : |µ| = sup
∑

j

µ(Aj),

with the supremum taken over all finite partitions of S. Cumulative distribution
functions on S can be identified with probability measures on (S,S ) which, in
turn, are simply countably additive elements in B(S,S ) that assign value 1 to the
entire space S. Let B denote the (Borel) σ-algebra generated by the open subsets
(relative to norm topology) of B(S,S ), so that (B,B ) is a measurable space.

In our application, with S = R , a data point at time t is the period t-observed
cross-section empirical distribution Ft of per capita incomes Yjt:

∀y in R : Ft(y) = fraction of countries j such that Yjt ≤ y.

Let (Ω,F,Pr) denote the underlying probability space. We model that measure
associated with the cdf Ft as a realization of some F/B -measurable map (random
element) φt : (Ω,F) → (B,B ). In the sequel, we study only φt’s taking values that
are probability measures in B (with Pr-probability 1).

The econometric problem now is to quantify the dynamic properties of the
B-valued stochastic process {φt, t ≥ 1}. Further, recall that we wish to do this
in a way that records transitions across different portions of the underlying state
space S. The construct of stochastic kernels serves precisely this purpose.

DEFINITION 3.1: Let λ and µ be elements of B that are probability measures

on (S,S ). A stochastic kernel is a mapping M(λ,µ) : S× S → [0, 1] satisfying:

(i) ∀y in S, M(λ,µ)(y, ·) is a probability measure;
(ii) ∀A in S , M(λ,µ)(·, A) is S -measurable;
(iii) ∀A in S , λ(A) =

∫
M(λ,µ)(y,A) dµ(y).

To see why this is useful, first consider condition (iii). In an initial period, for
given y, there is some fraction µ(dy) of countries with incomes close to y. Count
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up all countries in that group who turn out to have their incomes subsequently
fall in a given S -measurable subset A ⊆ S. When normalized to be a fraction of
the total number of countries, this count is precisely M(y,A) (where the (λ, µ)
subscript can be omitted without loss of clarity). Fix A, weight the count M(y,A)
by µ(dy), and sum over all possible y’s, i.e., evaluate the integral

∫
M(y,A) dµ(y).

This gives the fraction of countries that end up in state A regardless of their initial
income levels. If this equals λ(A) for all (measurable) subsets A, then λ must be
the measure associated with the subsequent income distribution. In other words,
the stochastic kernel M is a complete description of transitions from state y to any
other portion of the underlying state space S.

Conditions (i) and (ii) then simply guarantee that this interpretation is valid.
By (ii), the right-hand-side of (iii) is well-defined as a Lebesgue integral. By (i), the
right-hand-side of (iii) is a weighted average of probability measures M(λ,µ)(y, ·),
and therefore is itself a probability measure.

This stochastic kernel framework should recall analyses of the stochastic dy-
namics of a single time series. There, the measures λ and µ would be associated
with the (unobserved) cdf of an observed variable in any given time period. In the
current work, however, we are using this framework to model not just a single time-
series but an entire collection of possibly heterogeneous and correlated variables.
Thus, here, λ and µ refer to the actual observed distributions of the incomes of a
cross-section of economies. Despite this substantive difference, however, the two
views are formally identical, as we can always construct a hypothetical “represen-
tative economy” such that its income process has conditional distributions (over
time) that match the actual cross-section distributions (across different economies,
over time). We will use whichever language is more convenient in different parts
of what follows.

To summarize, understanding the dynamics of the cross-section distribution
of country incomes is equivalent to understanding the structure of the stochastic
kernel M . The aim of the econometric exercise here is to uncover and interpret
such structure.



– 8 –

There are three immediate difficulties in the analysis: first, M is infinite-
dimensional and cannot be directly estimated with only finite data. Second, the
formulation up until now describes a deterministic evolution of one cross-section
distribution to another. There is thus no notion of randomness or error and so an
econometric model is not yet explicit. Third, and closely related to the second,
there is no guarantee that a single kernel M will apply to all time period transitions,
φt → φt+1; in general, there won’t exist such a single time-invariant stochastic
kernel. To repair these deficiencies, we develop some additional concepts and
specialize the framework. (Note: This currently promises more than I’ve been
able to deliver. More work needed.)

Let b(S,S ) be the Banach space under sup norm of bounded measurable
functions on (S,S ). Fix a stochastic kernel M and define the operator T mapping
b(S,S ) to itself by

∀f in b(S,S ), ∀y in S : (Tf)(y) =
∫

f(x)M(y, dx).

Since M(y, ·) is a probability measure, the image Tf can be interpreted as a for-
ward conditional expectation. For example, if all countries in the cross-section
begin with incomes y, and we take f to be the identity map (ignoring unbounded-
ness), then (Tf)(y) =

∫
xM(y, dx) is next period’s average income in the cross-

section, given that all countries had income y in the current period. Clearly, T is
a bounded linear operator. Denote the adjoint of T by T ∗. By Riesz representa-
tion, the dual space of b(S,S ) is just B(S,S ) (our original collection of bounded
finitely additive set functions on S ); thus, the adjoint T ∗ is a bounded linear op-
erator mapping B(S,S ) to itself. It turns out that T ∗ is also exactly the mapping
in (iii) of 3.1, i.e.,

∀µ in B : (T ∗µ)(A) =
∫

M(y,A) dµ(y).
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(This follows from writing the left hand side as

(T ∗µ)(A) =
∫

1A(y)(T ∗µ)(dy) =
∫

(T1A)(y) dµ(y)

=
∫ [∫

1A(x)M(y, dx)
]

dµ(y) =
∫

M(y,A) dy,

with 1A the indicator function for A.) Thus, instead of studying the stochastic
kernel M directly, we can investigate the structure in T ∗, the adjoint operator to
the forward conditional expectation.

To simplify further, assume a countable state space S = {S1, S2, S3, . . . } for
income levels, and a finite state space S = {S1, S2, . . . , Sr} for income growth
rates. The latter implies that B(S,S ) = b(S,S ) = R r so that M is just an
r × r stochastic matrix (i.e., a matrix with all elements non-negative and having
row sums equal to 1). From the analogue of (iii) in 3.1, one element of B is
transformed into another by:

λ, µ ∈ B : λ = M ′
(λ,µ)µ.

Further, for f in b, we have µf = f ·µ =
∑r

k=1 fkµk = µ ·f . But then the operator
T satisfies:

(Tf)(Sk) = [M ]
(k−th row)f for all k = 1, 2, 3, . . . ⇐⇒ Tf = Mf or T = M,

while the adjoint T ∗ obeys:

λ = T ∗µ = M ′µ =⇒ T ∗ = M ′.

We recognize M to be simply a “transition probability matrix” in this case.1 All
relevant information on turnover in the distribution is therefore embedded in a
finite matrix M .

1 Recall again the caveat above on interpreting an evolving cross-section distri-
bution in the language of scalar stochastic processes.
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4. Preliminary Empirical Results

The discussion of Sections 2 and 3 suggests that transition probabilities are a useful
way to understand the convergence hypothesis. Table 1 presents some estimated
transition probability matrices for country growth rates. The underlying data have
been drawn from Summers and Heston [1988]: First, I excluded the principal oil-
exporting countries: Oman, the United Arab Emirates, Iran, Iraq, Saudi Arabia,
Kuwait, Yemen, and Venezuela. Data for Afghanistan are unavailable from 1979,
data for Indonesia are unavailable before 1962; thus, those economies were also
excluded. I then constructed a series for world per capita income from data on
population and real per capita GDP (measured in 1980 international prices) for
the remaining 109 countries. Individual income disparities from this series were
then taken to be the primitive data used to analyze the convergence hypothesis.
Because data for many countries (particularly the lesser-developed economies) are
not available prior to 1960, that year was taken to be the starting point for the
subsequent analysis; the data extend through 1985.

I consider 3- and 4-state discretizations of the state space for income growth
rates. The 3-state case uses cut-off points at −0.02 and 0.02 (corresponding to
−2% and 2% annual growth): that is, growth rates are partitioned into three
classes: less than −0.02 (S1), between −0.02 and 0.02 (S2), and greater than 0.02
(S3). For the beginning of the sample, i.e., for growth from 1960 through 1961,
this division gives 42 economies in S1, 35 in S2, and 32 in S3, respectively; out
of the total number of 109 × 25 growth observations over the entire sample, this
division gives approximately one-third in each state. A similar partition is used
with the 4-state model with the cut-off points taken to be −0.03, 0, and 0.03: for
the beginning of the sample, this gives 34 economies in the lowest growth state
S1, 32 in S2, 21 in S3, and 22 in S4. Of the total collection of growth observations
over the entire sample, approximately one-fourth falls in each of the states.

Table 1 presents estimates of the unrestricted transition probabilities under-
lying Tt for t equal to 1, 13, and 24. In words, these describe the actual changes
in observed growth rates for the entire cross-section of economies from 1960/61
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up through 1961/62 (for T1), from 1960/61 up through 1973/74 (T13), and from
1960/61 up through 1984/85 (T24). Considering the 3-state model, for instance,
we see that over the one-year horizon, 33% of those economies that began with
S1 low growth transited to S3 high growth in 1961/62. Over the 24-year horizon,
only 17% of the same low-growth economies made that same transition. In both
3-state and 4-state models, the one-year horizon transition behavior shows a ten-
dency for economies to remain in their original states—the diagonals are uniformly
the highest entries in each row. Over the 24-year horizon, low- and medium-growth
economies in each of the models show similar persistence. Notice, however, that
over the one-year horizon there is nonetheless significant mobility across low- and
high-growth states in both T1’s—the off-diagonal entries do not vanish.

Instead of calculating these point-in-time t-period transitions, a researcher
might estimate transition probabilities by averaging over time. For example,
the one-year transition probability might be estimated as an average over 24
one-year transition periods. This will give more precise estimates of transition
probabilities—if one assumes the 24 different transitions were simply the same
object observed with noise. In this work, however, it is precisely the possible non-
stationarity in the cross-section distribution that is of interest. Therefore, we don’t
use any such averaging in the empirical analysis.

In contrast to T1, for both models, the 13-year horizon transition behavior
shows a marked tendency for economies to accumulate in the high-growth cell.
Since this end point is 1973/74, this may at first seem a little surprising. A num-
ber of large economies did experience declines in per capita incomes then—notably
India, the United Kingdom, and the United States—thus reducing world per capita
income. However, many countries actually displayed positive growth over this year,
among them Austria, Belgium, Brazil, Canada, Finland, France, West Germany,
Iceland, Italy, Korea, Malaysia, Singapore, Sweden, and Switzerland. The out-
standing feature of T13 then is not the dominant diagonal, but rather a tendency
for high growth to be an attracting state.

Finally, for both models, T24 suggests opposite tendencies to those displayed
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in T13: over this long horizon, relatively more clustering occurs in the low- and
zero-growth states, regardless of the initial growth state. In this limited sense then,
there is an apparent convergence property at work: regardless of initial conditions,
economies are predominantly tending towards low growth over a long horizon.

It is clear, however, that the estimates in Table 1 should be interpreted with
caution. Without imposing structure on the sequence {Tt | t ≥ 1 }—in particular,
without somehow relating Tt’s across different t horizons—we cannot infer any
of the systematic properties of the data. The piling up observed in T13’s high-
growth columns could indicate a tendency for all economies eventually to grow
rapidly, regardless of initial conditions, or it could simply indicate a transitory
upwards movement in growth rates that happened to coincide across countries at
that particular 13-year horizon. The next section therefore investigates a number
of different parametrizations for T -sequences designed to get at the underlying
structure in these transition probabilities.

5. Alternative Tt Structures

We turn to interpreting the transition kernels {Mt
def= Mφ0,φt

, t ≥ 1} and their as-
sociated {T ∗

t , t ≥ 1} and {Tt, t ≥ 1}. From the discussion of Section 3, we are free
to place structure on any of M , T , or T ∗; restrictions on any one have implications
on the other two that are easily worked out. It turns out to be convenient to work
with Tt: recall that as described in the previous section, this has the interpretation
of a t-period forward conditional expectation. While the discussion can again be
formulated in terms of infinite-dimensional operators, nothing essential is lost if
we now specialize to the finite case.

We now develop some empirically tractable stochastic kernels. The particular
kernels we consider are directed at the following issues:

(i) What kind of heterogeneity of income dynamics is there in the cross-section?
(ii) Does low growth (income) imply a tendency for continued low growth (income)

subsequently?



– 13 –

(iii) Do economies “age” in interesting ways? More concretely, relative to some
starting point, does the cross-section of economies settle into an immobile
growth pattern? Or, does the opposite occur, where an initially stagnant
panel of economies increases in cross-section income mobility over time?

(iv) Does a steady state distribution of income levels or growth rates exist? And
if so, what is the shape of that long run distribution? Does the steady-state
distribution display interesting modal patterns, as predicted, for example, by
the growth models of King and Robson [1989] and Tamura [1989]? Growth
models typically imply restrictions on long-run dynamics, and so it is precisely
these properties that are of interest.

Before beginning the discussion, it is important to note Heckman’s criticisms
(1981) of earlier work by Singer and Spilerman (1976), related to that reported
here. Heckman was interested in transition across employment-unemployment
states: in that situation, it is useful to model the evolution of each unit (a worker)
in the distribution, possibly by a regression equation. Estimation then exploits the
cross-section variation in the distribution, and that empirical investigation allows
us to understand the factors underlying movement in and out of unemployment.
The focus here, by contrast, is on the evolution of an entire distribution, and not
on the behavior of any particular unit (a country) in the distribution. In addition,
much of Heckman’s criticisms regarding other methods of identifying heterogene-
ity and spurious state dependence stem from the view that, up to conditioning on
observable exogenous variables, regression residuals should be iid across observa-
tions. In macroeconometric work, such a possibility is much less attractive—one,
whether useful exogenous variables can be found is doubtful, and two, even if they
existed, it is difficult to imagine using all the possible exogenous variables in a
regression to induce uncorrelated conditional expectations errors across the indi-
vidual country observations.2 By modeling instead the entire empirical distribution

2 One could, of course, construct such a conditional expectation but, in im-
plementation, that construction would involve estimating as many parameters as
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of observations, we don’t impose or require strict independence across countries.
The cross-section empirical distribution becomes the basic unit of observation.

In the following, let P and Q denote square stochastic matrices, not necessarily
equal throughout. We will take all arrays denoted by Q to have only zeroes on the
diagonal: thus Q describes transition behavior with zero conditional probability
of remaining in a given state for longer than one period. To begin, consider the
following Markov structure on Tt:

For all t ≥ 1, Tt = P t. (5.1)

This imposes stationarity on the transition dynamics so that the aggregate behav-
ior (in conditional expectations) between periods t and t + 1 is the same as that
between t−1 and t. A single time-invariant stochastic kernel P regulates behavior
over all single-period transitions.

We develop richer and more realistic models by progressively complicating
this basic Markov structure. The first such model preserves the time-stationary
properties of (5.1); it provides, however, more explicitly interpretable structure to
the kernel P :

For all t ≥ 1, Tt = exp(tλ[Q − I]), λ > 0. (5.2)

For any positive number λ and stochastic matrix Q, there exists a model (5.1)
representing that model (5.2): just take P = exp(λ[Q − I ]). It is not true,
though, that every P in (5.1) can be written in the form (5.2). (This is known as
the embedding problem; it is discussed in Geweke, Marshall, and Zarkin [1986],
Singer and Spilerman [1976], and elsewhere.) Further, without the zero-diagonal
restriction on Q, more than one (λ,Q) pair will generate the same Tt. To see this,
notice that (λ1, Q1) and (λ2, Q2) are observationally equivalent exactly when

Q2 = I + (λ1/λ2)[Q1 − I]. (5.3)

there are observations.



– 15 –

Suppose the Q arrays were not restricted to have zeroes on the diagonals but
instead were only required to be stochastic matrices. Fix (λ1, Q1); for arbitrary
λ2 6= λ1, a suitable Q2 6= Q1 can always be found, using (5.3), such that (λ1, Q1)
and (λ2, Q2) are observationally equivalent. It is easy to verify that any Q2 con-
structed from (5.3) is always a stochastic matrix. But when (5.3) holds and Q1

is a stochastic matrix with zeroes on the diagonal, then Q2 satisfies the same
restrictions if and only if λ2 = λ1, the last implying Q2 is the same as Q1.

The argument above, however, does clarify that requiring Q to have zeroes on
the diagonals is not necessary to identify (λ,Q) pairs: fixing the diagonal entries at
arbitrary values in [ 0, 1 ] would do just as well. The motivation for our identifying
assumption derives instead from interpreting (5.2) in terms of movers and stayers.3

We now turn to such an interpretation. Recall the discussion of section 3:
although we are interested in a cross-section of different economies, because we
have the entire distribution of income characteristics, we can construct a fictitious
representative economy whose random (unobserved) income has a distribution that
matches exactly the observed cross-section distribution. Now suppose that that
representative economy remains in a given state for a random waiting time τ > 0.
A move exposure (event) occurs after this time, whereupon the economy transits
across states in a manner described by the (conditional expectations) operator Q.
Since Q has zeroes on its diagonal, there is no ambiguity about the occurrence
of a move exposure. Otherwise, a move exposure event could occur, but because
there is always positive conditional probability of remaining in any given state,
the occurrence of the event is indistinguishable from its non-occurrence. In this
interpretation, therefore, it is natural to restrict Q to have all zero diagonal entries.

Next, assume move exposures arrive as a stationary Poisson process with
parameter λ > 0 so that in any time interval of length t, the number of X move

3 This terminology is from the labor economics and sociology literature on mo-
bility (see e.g. Spilerman [1974]). The zero diagonal restriction either is not made
explicit in that literature or instead obtains from formulating the model in contin-
uous time. We do not use continuous time reasoning in the current work.
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exposure events follows:

Prt(X = k) = e−λt(λt)k/k!, k = 0, 1, 2, . . . .

From this, the waiting time τ is that random length of time until the first event
and is distributed exponential (λ). This distribution has mean λ−1, so that the
larger is λ, the faster (on average) do move exposures arrive, and thus, other things
equal, the greater is the cross-section mobility.4 From these assumptions, average
transition behavior over the time interval [ 0, t ] satisfies:

Tt =
∞∑

k=0

Prt(X = k)Qk = e−λt
∞∑

k=0

(λtQ)k/k! = exp(tλ[Q − I ]),

which is precisely (5.2).
The models below further generalize (5.2) by allowing different notions of

heterogeneity, state and duration dependence, and aging; for tractability, we do
this by focusing on the parameter λ, the arrival rate for move exposures.

Our first modification replaces the hypothesis of a constant λ by assuming
instead some non-degenerate distribution G of λ’s in the cross-section of economies.
Then aggregate dynamic behavior satisfies:

For all t ≥ 1, Tt =
∫

exp(tλ[Q − I ]) dG(λ). (5.4)

In the empirical work, it is convenient to parametrize the heterogeneity by choosing
G to be a gamma distribution with (unknown) parameters α and β. A straight-
forward calculation then shows (5.4) to simplify to:

For all t ≥ 1, Tt =
(

β

β + t

)α (
I − t

β + t
Q

)−α

, α, β > 0. (5.5)

4 Note we are using “mobility” here in a sense different from that in the income
distribution literature, e.g. Geweke, Marshall, and Zarkin [1986]. In particular, we
hold Q invariant in this informal description.
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To see this, recall that if G is the gamma (α, β) distribution, it has density given
by:

pdf (x) = Γ(α)−1βαxα−1e−βx for x > 0,

with Γ denoting Euler’s gamma function: Γ(α) =
∫ ∞
0

xα−1e−x dx. Thus,

Tt =
∫ ∞

0

exp(tλ[Q−I ])·pdf (λ) dλ = Γ(α)−1βα

∫ ∞

0

λα−1 exp(λ[tQ−(β+t)I ]) dλ.

By analogy with the scalar case, take the change of variable x = [(β + t)I − tQ ]λ.
For (the eigenvalues of) Q ≤ (β + t)/t, which is always satisfied, this becomes

Tt = Γ(α)−1βα[(β + t)I − tQ ]−α

∫ ∞

0

xα−1e−x dx =
(

β

β + t

)α (
I − t

β + t
Q

)−α

,

as in (5.5).
Model (5.5) can also be seen to relate to (5.2) in the following way. Since the

gamma (α, β) distribution has mean α/β and variance α/β2, (5.5) approaches (5.2)
as α and β grow indefinitely large while α/β → λ > 0. For finite α and β, however,
the cross-section shows positive heterogeneity in the form of differing λ’s.

An alternative to assuming heterogeneity that is intrinsic to different indi-
vidual economies is to assume instead heterogeneity intrinsic to different dynamic
states, i.e., suppose the growth dynamics of otherwise identical economies differ if
their past growth histories differ. And further, assume this difference in growth dy-
namics depends systematically on the particular growth path that a given economy
had earlier taken. (This model is one formalization of ideas on path dependence
that may be found in e.g. Krugman [1989].) This can be captured by parameter-
izing transitions as:

For all t ≥ 1, Tt = exp (tΛ[Q − I ]) , Λ = diag{λ1, λ2, . . . , λr}, (5.6)

so that a different λj applies to each state. In words, the move exposure arrival
rate varies with the state: smaller λj-states display greater persistence in that
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economies already in that state are slower to leave. Notice, again, that model
(5.6) is identified due to the zero restriction on the diagonal entries of Q—for
exactly the same reasons described in the discussion surrounding (5.2). By the
same token, it follows that (5.6) forms a strict superset of (5.2): (5.6) collapses to
(5.2) when λj = λj+1 for all j, but it is easy to make up models of the form (5.6)
that cannot be represented as (5.2).

The constant λ assumption can alternatively be relaxed by allowing the move
exposure arrival rate to vary over time. The next two models allow for this time-
heterogeneity in different ways. First, suppose λ changes over time in a way that
allows for “aging”:

For all t ≥ 1, Tt = exp( ρ(t)[Q − I ]),

with ρ(t) =
∫ t

0

h(u) du, and h(u) =
g(u)

1 − G(u)
,

(5.7)

where G is a cdf and g is its density. Then h in (5.7) can be interpreted as a
hazard rate. It is immediate that (5.7) strictly contains the basic model (5.2) as
that special case when h(u) = λ for all u. Such a constant hazard would follow
if G were assumed to be exponential with parameter λ. More general choices for
G, however, will imply a non-constant hazard and consequently more interesting
time-variation in ρ(t).

To see the significance of this, it is useful again to use the representative
economy interpretation: suppose that, for the representative economy, waiting
time until a move exposure is distributed G. Given that no move exposure has yet
arrived by t, the conditional probability that a move exposure will occur in the
next dt units of time is:

h(t) dt = (1 − G(t))−1
g(t) dt.

Thus when h is monotone increasing (say), the conditional probability of a move
exposure increases over time: holding Q fixed, this means increasingly greater



– 19 –

potential mobility, over time, in the distribution of economies. Conversely, if h is
monotone decreasing, potential cross-section mobility falls as time progresses. If
h is constant at λ, then ρ(t) = tλ and (5.7) is precisely (5.2).

For empirical implementation, it only remains to select waiting time distri-
butions G that are tractable and that imply monotone hazard functions. It is
convenient to note here that the integrated hazard function ρ equals the negative
of the log of the survivor function 1 − G. In the work below, we use G distribu-
tions that are distributed either gamma (α, β) or Weibull (λ, κ). Note that while
the gamma distribution earlier given under (5.5) described heterogeneity in the
parameter λ in a cross-section, that given here describes a waiting time distribu-
tion for the representative economy. It is evident from (5.5) and (5.7) that neither
contains the other as a special case, although their intersection includes (5.2).

When G is a gamma (α, β) distribution, α = 1 implies that G is exponential
with parameter β. It is easy to see that α > 1 implies the hazard h(u) increases
monotonically from 0 to β as u increases from 0 to ∞; conversely, when α < 1, the
hazard h(u) decreases monotonically from ∞ to β over the same range in u (see
e.g. Cox and Lewis [1966]). Over sufficiently long horizons, therefore, regardless of
parameter values, the gamma hazard becomes “close” to a nonzero constant: its
behavior becomes marginally indistinguishable from that where waiting times are
exponentially distributed.

By contrast, if G is Weibull (λ, κ), G(t) = 1 − exp (−(tλ)κ), then the implied
hazard is h(t) = κλκtκ−1. Thus, when κ = 1, the Weibull waiting time is exactly
an exponential random variable, and the hazard is again constant. When κ > 1,
however, the hazard increases monotonically from 0 to ∞; conversely, when κ < 1,
the hazard decreases monotonically from ∞ to 0.

Either gamma or Weibull parametrizations in (5.7) allow considering whether,
over time, the world economies are settling into patterns of relative mobility or
immobility. No parametrization of G in (5.7), however, can capture a renewal
phenomenon, where an economy alters its dynamic characteristics upon exiting
a state. Such an effect would be one empirical formalization of “take-off into
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sustained growth”: imagine an economy is trapped in a low growth state because
it is currently experiencing low growth. But should that economy somehow exit
that low growth state (from a “big push,” say), it then acquires greater propensity
to continue experiencing high growth. Such “renewal upon transition” properties
are captured in the following parametrization:

For all t ≥ 1, Tt =
∞∑

k=0

[
G(k)(t) − G(k+1)(t)

]
Qk, (5.8)

where G(k) denotes the k-fold convolution of a cdf G (for k ≥ 1), and G(0)(t) is
defined to equal 1 for all t > −∞, and 0 otherwise. To anticipate the interpretation
of (5.8) to follow, notice that if G(k)(t) − G(k+1)(t) is e−λt(λt)k/k!, then (5.8)
is simply (5.2). More generally, though, (5.8) can be viewed as follows: Let τm

denote the waiting time between move exposures m−1 and m. Assume { τm | m =
1, 2, 3, . . . } are iid with cdf G; then G(k) is the cdf of the accumulation

∑k
m=1 τm.

From this, it follows that G(k)(t)−G(k+1)(t) is the probability that
∑

m≥1 τm first
exceeds threshold t on the (k + 1)-st step. (This can be seen explicitly by the
calculation:

G(k)(t) − G(k+1)(t) = Pr
( k∑

m=1

τm ≤ t

)
− Pr

( k+1∑
m=1

τm ≤ t

)

= Pr
( k∑

m=1

τm ≤ t

)
− Pr

({ k∑
m=1

τm ≤ t

} ⋂ { k+1∑
m=1

τm ≤ t

})

= Pr
({ k∑

m=1

τm ≤ t

} ⋂ { k+1∑
m=1

τm > t

})

where the second equality follows from τ ≥ 0 a.s., and the third from the relation
Pr(A ∩ Bc) = Pr(A) − Pr(A ∩ B).) Thus, (5.8) describes aggregate transition
behavior when mobility possibilities in a particular state are imagined to change
systematically over time as in the “aging” in (5.7), but where, upon a transition
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out of that state, the mobility possibilities evolve as though the past has been
forgotten.

For tractability, it will again be convenient to parametrize G as a gamma (α, β)
distribution: since G is then stable under convolution, the quantities G(k)(t) above
are easily calculated. Further, when α is set to 1, the waiting time distribution
G becomes exponential (β), and consequently (5.8) collapses to (5.2). The intu-
ition for this follows from observing that when the waiting time τ is distributed
exponential, the renewal property holds regardless of whether or not a transition
actually occurs. Thus, a model like (5.8), under α = 1, ought to behave exactly
like (5.2). This intuition is made rigorous by noting that under α = 1,

∀k ≥ 1 : G(k)(t) = Γ(k)−1βk

∫ t

0

uk−1e−βu du = Γ(k)−1γ(k, βt),

where γ is that part of the incomplete gamma function given by:

γ(a, x) =
∫ x

0

ua−1e−u du.

Using the series expansion:

γ(a, x) = e−xxa
∞∑

m=0

Γ(a)
Γ(a + 1 + m)

xm,

it follows that:

G(k)(t) = e−βt(βt)k
∞∑

m=0

1
Γ(k + 1 + m)

(βt)m = e−βt
∞∑

m=k

1
Γ(1 + m)

(βt)m,

and thus:

G(k)(t) − G(k+1)(t) = e−βt (βt)k

Γ(k + 1)
= e−βt (βt)k

k!
.

The case for k = 0 is trivial. Thus, we have shown that restricting α to equal 1
when G is gamma (α, β) implies that (5.8) is just (5.2) with λ = β. In general,
however, the model (5.8) strictly contains (5.2).
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6. Empirical Results

This section applies the ideas of the previous sections to re-interpret the tran-
sition probabilities reported above. Table 2 imposes the different structures on
transition probabilities for the 3-state case; Table 3 does the same for the 4-state
case. In all cases, we estimate the underlying structural parameters—the Q ma-
trix and the different auxiliary parameters describing waiting times between move
exposures—by minimizing the sum of squared residuals between the implied ob-
served transition probability matrix and the unrestricted versions calculated in
Section 3. The minimized value of this criterion also implies a natural measure
of goodness of fit analogous to R2 in standard regression analysis. Each panel
in the tables begins with the sum of squared deviations. The second number in
the panel gives an R2-like statistic: one minus the ratio of the sum of squared
deviations to the maximum possible such number, given the estimates of the un-
restricted transition probability matrices. Then each panel shows the matrix Q

which describes transitions conditional on a move exposure. Next, each panel dis-
plays the auxiliary coefficients associated with each of the parametrizations (5.2),
(5.5), (5.6), (5.7) (for both gamma and Weibull hazards), and (5.8). The final
row in each panel shows the ergodic steady state distribution, if one exists, that is
implied by the parameter estimates.5 Note that a steady state distribution need
not exist for models (5.5), (5.7), and (5.8). We found no convergence to such a
distribution for those models. By contrast, (5.2) and (5.6) are restricted to admit
a long run steady state distribution. For the three-state model, both of those show
rapid convergence to an unconditional distribution with approximately one-third
of the cross-section in each state. That convergence to a steady-state distribution
is also rapid for the four-state model where the unconditional distribution now
shows approximately one-fourth of the cross-section in each state.

Within each of the 3- and 4-state models, the estimated Q matrices are quite
similar across different structures. All show substantial movement from the low-

5 In Quah [1993]—which imposes much simpler parametrizations that those
used here—ergodic distributions always exist.
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growth state to high-growth and vice versa: the top right-hand and bottom left-
hand entries are large in all cases; for the 4-state model, those entries are the
largest in their respective rows. In the 4-state model, there is a tendency for
the middle-growth economies to transit into other middle-growth states; at the
extremes, on the other hand, the movement appears to be fairly dramatic across
growth states.

For model (5.2), the exit rate is estimated to have Poisson parameter 0.97 in
the 3-state model and 0.90 in the 4-state model. In words, the average rate of
movement out of any state is found to be a little less than once a year. When
heterogeneity in the form of a distribution of exit rates is allowed (heterogeneity
varying with country), the average exit rate (α/β) is estimated to be somewhat
higher, and there appears to be significant heterogeneity in the cross-section: the
standard deviation

√
α/β is about the same magnitude as the mean α/β.

The third panel gives estimates for (5.6) which allows for state-dependence
in exit rates. In the very lowest growth state, exit appears to be quite rapid: for
the 3-state model, the Poisson rate λ1 = 1.29 implies an nine-month average time
to exit. This exit parameter declines as one moves into the high-growth states:
roughly speaking, there tends to be an increasing persistence as an economy moves
from low to high growth.

The Poisson and Weibull unconditional aging models (5.7) tell the same story:
the hazard rate is declining towards (close to) zero in both cases. In this time-
heterogeneity sense then, there does appear to be evidence against the convergence
hypothesis: the longer an economy spends within a certain growth state, the lower
is the resulting exit probability. Within the 3- and 4-state models, both fit and Q

matrices are approximately the same for both Poisson and Weibull hazards (not
surprising given the estimated parameter values).

Model (5.8) adds a renewal-type property to these state transitions: however,
the fit is no better here than in (5.7), and in the 4-state case is actually worse.

Recall that models (5.7) and (5.8) allow time-heterogeneity in mobility be-
havior whereas models (5.5) and (5.6) allow cross-section heterogeneity. Goodness
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of fit does not differ significantly across the broad classes of models, although the
time-heterogeneity models marginally better describe the data.

In summary, it is important to emphasize that all the models fit surprisingly
well—there is little to distinguish among them. Improvement in fit from the sim-
plest (5.2) to any of the others is on the order of only about 1%; thus, strong
conclusions shouldn’t be taken from any single one of the models. All the results
taken together suggest, however, a picture of significant cross-section mobility in
growth rates. Should a steady-state distribution of growth rates exist, it appears
likely to be uniform across different states. Such a statement, of course, depends on
the coarseness of the discretization used in the empirical work: given the goodness
of fit of the current models, it seems unlikely that sharp contradictory conclusions
could be possible.

Since significant cross-section mobility is observed over both short- and long-
horizons, the convergence hypothesis in growth rates appears to accurately describe
the data.

7. Conclusion

This paper has analyzed the transition and mobility patterns of per capita income
growth across the cross-section of world economies. I have presented modeling and
econometric tools that allow empirical study of the convergence hypothesis. These
methods bring together ideas from stochastic process theory and from empirical
work in income distribution, sociology, and labor economics. In reviewing the the-
oretical discussion, it is worthwhile emphasizing that in the current work, we both
observe and are interested in an evolving conditional distribution. By contrast,
in typical stochastic process analysis, it is assumed that the realizations of a pro-
cess are observed but the conditional distributions of the process are themselves
unknown. We next used ideas that were first exploited in income distribution,
sociology, and labor economics to impose structure on the evolving distributions—
structure that allowed us to get at a number of questions of interest in modern
growth theory.
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The empirical evidence suggests significant cross-section mobility over both
long- and short-horizons in income growth rates across the different economies
in the world. In this sense then the convergence hypothesis appears to accurately
describe the data. There is some positive, although weak, evidence that phenomena
like persistence and path dependence are actually present in the data. However,
given that relatively simple empirical models that don’t allow for these effects
already fit the data quite well, such phenomena may be unimportant for explaining
growth.

In the current work, I have not considered explicitly separating growth dy-
namics into elements that persist from elements that don’t (such a partition is,
however, implicit in the discussion of long run steady state distributions). It would
be interesting to attempt permanent and transitory decomposition exercises in this
large cross-section application, such as have been performed for the time series case
in Blanchard and Quah [1989], Quah [1992c], and elsewhere. That kind of analysis
would necessarily involve quite different techniques from that used in time-series
work; such modeling might, however, provide useful insights beyond those from
the analysis of this paper.



TABLE 1
Annual Growth Rates

Unrestricted Empirical Transition Probabilities
Selected Sub-periods

3-states 4-states

T1 =


 0.43 0.24 0.33

0.37 0.43 0.20
0.31 0.25 0.44


 T1 =




0.35 0.18 0.21 0.26
0.25 0.44 0.25 0.06
0.05 0.33 0.43 0.19
0.23 0.18 0.14 0.46




T13 =


 0.21 0.21 0.57

0.17 0.26 0.57
0.22 0.22 0.56


 T13 =




0.15 0.26 0.18 0.41
0.09 0.16 0.28 0.47
0.14 0.14 0.19 0.52
0.23 0.09 0.14 0.54




T24 =


 0.48 0.36 0.17

0.43 0.43 0.14
0.34 0.47 0.19


 T24 =




0.38 0.32 0.15 0.15
0.28 0.31 0.34 0.06
0.10 0.38 0.43 0.10
0.32 0.46 0.14 0.09




NOTES:

1. Only three transition matrices are displayed here for the sake of brevity.
2. Row sums need not equal one exactly due to rounding.
3. The transition probabilities describe the growth experiences from 1960/61–

1961/62 (T1) through 1960/61–1984/85 (T24) for 109 Summers-Heston market
economies (excluding the major oil-exporters, Oman, UAE, Iran, Iraq, Saudi
Arabia, Kuwait, Yemen, and Venezuela, and also Afghanistan and Indonesia
because of data incompleteness).



4. Incomes are measured as disparities relative to world per capita income. The
distributions do not necessarily have mean zero since it is only a population-
weighted average that equals the world per capita income.



TABLE 2
Structured Transition Probabilities

3 states

Model (5.2) SSR = 2.135 R2 = 0.9671

Q =


 0.00 0.29 0.71

0.67 0.00 0.33
0.30 0.70 0.00




λ = 0.97; SS = {0.33, 0.33, 0.34}

Model (5.5) SSR = 1.972 R2 = 0.9696

Q =


 0.00 0.12 0.88

0.84 0.00 0.16
0.13 0.87 0.00




α = 0.90, β = 0.60 =⇒ α

β
= 1.48,

√
α

β2
= 1.57

Model (5.6) SSR = 2.112 R2 = 0.9674

Q =


 0.00 0.27 0.73

0.97 0.00 0.03
0.56 0.44 0.00




λ1 = 1.29, λ2 = 0.75, λ3 = 0.92; SS = {0.33, 0.33, 0.34}



Model (5.7) [Gamma] SSR = 1.872 R2 = 0.9711

Q =


 0.00 0.46 0.54

0.52 0.00 0.48
0.44 0.56 0.00




α = 0.05, β = 0.001

[Weibull] SSR = 1.872 R2 = 0.9712

Q =


 0.00 0.46 0.54

0.52 0.00 0.48
0.44 0.56 0.00




λ = 5.50, κ = 0.13

Model (5.8) SSR = 1.871 R2 = 0.9712

Q =


 0.00 0.36 0.64

0.61 0.00 0.39
0.36 0.64 0.00




α = 0.05, β = 0.005



TABLE 3
Structured Transition Probabilities

4 states

Model (5.2) SSR = 4.070 R2 = 0.9590

Q =




0.00 0.00 0.22 0.78
0.24 0.00 0.76 0.00
0.00 0.70 0.00 0.30
0.69 0.25 0.06 0.00




λ = 0.90 SS = {0.24, 0.24, 0.26, 0.26}

Model (5.5) SSR = 3.694 R2 = 0.9628

Q =




0.00 0.41 0.00 0.59
0.26 0.00 0.74 0.00
0.00 0.52 0.00 0.48
0.65 0.06 0.29 0.00




α = 0.89, β = 0.59 =⇒ α

β
= 1.52,

√
α

β2
= 1.61



Model (5.6) SSR = 3.965 R2 = 0.9601

Q =




0.00 0.30 0.05 0.65
0.42 0.00 0.51 0.07
0.00 0.88 0.00 0.12
0.79 0.21 0.00 0.00




λ1 = 1.08, λ2 = 0.98, λ3 = 0.52, λ = 0.76 SS = {0.24, 0.24, 0.26, 0.26}

Model (5.7) [Gamma] SSR = 3.484 R2 = 0.9649

Q =




0.00 0.44 0.10 0.46
0.44 0.00 0.56 0.00
0.00 0.39 0.00 0.61
0.48 0.16 0.36 0.00




α = 0.09, β = 0.01

[Weibull] SSR = 3.489 R2 = 0.9648

Q =




0.00 0.48 0.03 0.49
0.42 0.00 0.58 0.00
0.00 0.41 0.00 0.59
0.49 0.11 0.40 0.00




λ = 2.06, κ = 0.23

Model (5.8) SSR = 3.561 R2 = 0.9641

Q =




0.00 0.48 0.00 0.52
0.31 0.00 0.69 0.00
0.00 0.46 0.00 0.54
0.61 0.05 0.34 0.00




α = 0.10, β = 0.02
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