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1 Introduction

This man uscript describ es some researc h on in ternational patterns of

economic gro wth and income distribution. It tak es a uni�ed approac h

to global gro wth and inequalit y b y analyzing the dynamics of income

distributions.

The c hapters that follo w do three things: First, they do cumen t

the facts on economic gro wth, income distribution, and global in-

equalit y . Second, they describ e the mathematical and statistical to ols

for mo delling distribution dynamics. Third, they pro vide a n um b er of

analytical mo dels designed to help understand the ev olution of w orld-

wide patterns of gro wth and inequalit y . No single all-encompassing

picture emerges to b e app osite ev erywhere but, nonetheless, sev eral

p o w erful conclusions hold.

Before la ying out those messages, it is useful to set the stage b y

making explicit a simple and st ylized v ersion of the questions and

p oten tial conclusions that will b e addressed in detail. Figures 1.1

and 1.2 pro vide a compact illustration.

In these Figures time ev olv es along the horizon tal axis. The v er-

tical axis maps not just a scalar|if so then the Figures w ould simply

graph the dynamic pro�le of a timeseries v ariable|but instead in

these Figures eac h time- t observ ation is the directly observ ed densit y

of a cross-sectional distribution. Dep ending on the application these

cross-sectional distributions can b e de�ned o v er di�eren t economic

v ariables|they can b e the cross-section of p er capita incomes across

�
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Gro wth and distribution

Figure 1.1Emerging t win p eaks in the cross-coun try income distri-

bution: The lab els describ e p ossible outcomes and caricature sev eral

named examples.
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Gro wth and distribution

Figure 1.2Individual coun try economic gro wth and distribution: The

shaded areas describ e the ev olution in time of the income distribution

within a giv en coun try , one whose a v erage income gro ws as indicated

in the lab elled line. Eac h individual coun try in the cross-coun try dis-

tributions of Figure 1.1 has its o wn within-coun try income distribu-

ton dynamics, sho wn in this �gure b y a represen tativ e other time- t

densit y around a di�eren t p er-capita income observ ation. Individual

coun try distributions in the Figure are usefully also scaled b y p op-

ulation to b etter indicate the relativ e imp ortance of di�eren t-sized

coun tries. The curv es plotted then are of course no longer densities.

Incomes

Timet

t + s

Gro wing p er capita income
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Gro wth and distribution

coun tries; the cross-section of a v erage pro ductivit y across economies;

the cross-section of individual incomes across p eople; and so on.

Figure 1.1 depicts the distribution dynamics in cross-coun try in-

come distributions. Here, eac h elemen t in the distribution is an

econom y-wide p er-capita income observ ation. In this Figure China,

with o v er a billion inhabitan ts, and Singap ore, with under 5 million,

coun t equally in the cross-section p er-capita income distribution. Fig-

ure 1.1 depicts a range of h yp othetical b eha viors. Some parts of the

cross section originally ric h can remain ric h; those originally p o or,

remain p o or: strati�cation o ccurs. Sim ultaneously the Figure illus-

trates, with no logical con tradiction, in tra-distribution transitions:

some initially ric h coun tries stagnate, decline to the b ottom of the

income distribution, and are later iden ti�ed to b e relativ ely p o or;

other, initially p o or coun tries gro w fast and are subsquen tly view ed

as successful gro wth miracles. Th us, as illustrated in the Figure, b oth

strati�cation and mobilit y sim ultaneously o ccur.

The shap e of the distribution also ev olv es. In Figure 1.1 the earlier

time- t distribution sho ws man y middle-income coun tries clustering

around the a v erage and relativ ely few coun tries either v ery ric h or

v ery p o or: the distribution is smo othly unimo dal. By con trast the

later time- t + s distribution, as dra wn, is sharply bimo dal. Bet w een

times t and t + s a pair of clusters ha v e emerged, one group ed ab out

an upp er middle-income lev el and the other ab out a lo w er middle-

income lev el. With timepaths con tin uous, this t winp eaks emergence

can b e in terpreted as displa ying \con v ergence clubs"-b eha vior, where

coun tries su�cien tly close to eac h other con v erge to w ards eac h other,

whereas those su�cien tly far apart, div erge.

Although correct the v erbal description do es not do full justice

to the Figure: In the v anishing middle-income class that is sho wn,

coun tries will end up div erging a w a y from eac h other ev en though

initially they had b een relativ ely close. Th us, the Figure illustrates

coun tries b eginning alik e eac h other and then con tin uing to con v erge

to w ards eac h other, and y et others similarly close initially but then
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Gro wth and distribution

div erging a w a y from eac h other o v er time.

In con trast to mapping the b eha viour of coun try a v erages, Fig-

ure 1.2 tak es individual p er-capita income observ ations in the distri-

butions previously graphed in Figure 1.1 and unpac ks the income dis-

tribution around that a v erage; at eac h instan t in time eac h coun try's

income distribution observ ation is scaled b y its p opulation. Doing

this for ev ery coun try in the the cross-section unco v ers the income

distribution across the more than 6 billion p eople on earth.

1

Mo delling those income distribution dynamics| done implicitly

for the earlier and simpler Figure 1.1|w ould aid understanding the

ev olution of global p o v ert y and inequalit y . Figure 1.2 can sho w ho w

as an econom y gro ws|i.e., as its macro econom y dev elops and p er

capita income rises|di�eren t p ossibilities emerge: some p eople in

so ciet y migh t b e left b ehind; inequalit y across so ciet y migh t rise or

fall; the v ery ric hest migh t pull ahead ev er more, indep enden t of

summary measures of inequalit y; ev ery one within so ciet y migh t ha v e

their o wn incomes rise in tandem with the p er-capita a v erage; and so

on.

A mo del of ev olving distributions for the dynamics in Figures 1.1

and 1.2 pro vides three adv an tages o v er earlier extan t approac hes.

First, w orking directly with the distribution itself lea v es as late as

p ossible in the analysis the decision on whic h inequalit y index to

use. Indeed, for certain analyses a researc her can get a w a y altogether

without relying on an y one index. Since ev ery income inequalit y

index|Gini, Theil, v ariance of the log, and so on|is an attempt to

collapse the in�nite-dimensioned information in a distribution func-

1

T o obtain the income distributions for a coun try in Figure 1.2

one do es not need actual observ ations on individual incomes in that

coun try . Nor do es an income �gure need to b e imputed to eac h p erson

in that coun t y . Instead, summary statistics together with auxiliary

assumptions|as in Bourguignon and Morrisson (2002), Quah (2003),

Sala-i-Martin (2002a), or Chapter 6|will su�ce to obtain useful es-

timates.
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tion to just a summary scalar v alue, all inequalit y indexes necessarily

discard information and th us ha v e sp eci�c disadv an tages, dep ending

on the underlying distribution and the researc h question. But when

using instead a la w of motion for the en tire distribution, a researc her

do esn't ha v e to rely on just a single index|an y desired summary

measures can instead b e computed as desired, as the �nal step, not

an initial one, in the analysis.

Second, a mo del for dynamics suc h as in Figures 1.1 and 1.2 p er-

mits bridging di�eren t literatures. Researc hers in income inequalit y

ha v e traditionally w ork ed on issues to whic h macro economists w ork-

ing in inequalit y and gro wth, sa y , ha v e paid far less atten tion. F or

instance, income inequalit y researc h has dev elop ed axiomatic justi-

�cation for di�eren t inequalit y indexes and considered the di�eren t

b ene�ts and disadv an tages a�orded b y eac h suc h index; income in-

equalit y resarc hers ha v e w ork ed on de�ning alternativ e notions of

p o v ert y , measuring (again indexes of ) mobilit y , assessing the e�ect of

imp erfect data on measuring inequalit y , and so on (e.g., Co w ell, 2000,

1995). On the other hand macro economists in terested in gro wth and

inequalit y ha v e paid little atten tion to when di�eren t indexes migh t

mislead or y et others migh t b e more useful, but ha v e lo ok ed mostly

at their correlations with macro economic indicators suc h as gro wth

and dev elopmen t.

The reason for this div ergence is, of course, that the researc h

questions di�er across �elds. But, nonetheless, since all these is-

sues dep end on the same underlying implicit mo del|distributions

ev olving through time{making that mo del explicit will allo w greater

co op eration and closer in tegration in researc h.

Third, man y issues that arise ad ho c can b e dealt with transpar-

en tly in a uni�ed w a y in a mo del of explicit distribution dynamics.

As just one imp ortan t example a p erennial question is, Ho w m uc h

w orld income inequalit y is due to income inequalit y within coun tries

and ho w m uc h due to macro economic income disparities b et w een

coun tries. Ho w m uc h is that c hanging through time?
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Researc h attac king this problem with sp eci�c income inequal-

it y indexes then need to v erify that in tra-coun try inequalit y indexes

and in ter-coun try ones comp ose in appropriate w a ys (or, the opp o-

site, that w orld income inequalit y measures decomp ose usefully in to

within-coun try ones). Sometimes, the researc her asks if the w eigh t-

ing sc heme used to form a summary w orld inequalit y index should

use coun try p opulation w eigh ts|when China or India w ould then

assume greater imp ortance|or coun try income w eigh ts|when the

US or Japan w ould then do so. If w e construct the w orld income

distribution explicitly from the underlying distributions, as done in

the Figure, man y of these concerns ab out the righ t w a y to do that

accoun ting are simply irrelev an t. There is one and only one w a y to

form the dynamics of the w orld income distribution, and that is that

used in Figure 1.2. (This do es not diminish the imp ortance of the

conceptual problem of decomp osing inequalit y measures, an issue to

whic h w e will return in Section 6.5 when w e discuss the dynamics of

measured w orld income inequalit y arising from inequalit y dynamics

b et w een coun tries and inequalit y dynamics within them.)

The same reasoning also clari�es what information is rev ealed

when using cross-coun try p er capita incomes rather than, sa y , cross-

section distributions of individual incomes. It is not that the results

obtained using only macro economic a v erages are biased|what are

they biased for? Results obtained from cross-coun try a v erage data

in Figure 1.1 simply address questions other those treated when one

uses within-coun try income distributions, Figure 1.2.

What probabilit y and econometric mo dels are appropriate for

studying the distribution dynamics in Figures 1.1 and 1.2? A stan-

dard timeseries mo del migh t tak e individual coun tries or groups of

individual coun tries and seek to c haracterize the dynamic prop erties

of that v ector. But this pro cedure|w ell-understo o d though it migh t

b e|neglects that it is an en tire distribution whose dynamics w e seek

to understand. Th us, a standard timeseries approac h do es not tell

us ab out, sa y , the emergence of m ultiple clusters; it is silen t on what
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is happ ening to the in terquartile range [the income distance b et w een

the 75th and 25th p ercen tiles]; it do es not inform on ho w di�eren t

inequalit y and p olarization measures are ev olving through time.

On the other hand estimating a cross-section or panel data re-

gression do es c haracterize the b eha viour of the conditional a v erage

in the cross-section. F or addressing certain questions that migh t w ell

b e exactly what a researc her wishes to do. It w ould, ho w ev er, b e

altogether uninformativ e for the dynamics of the en tire distribution.

This b o ok is concerned with mo delling the dynamics of distri-

butions in economic gro wth. The c hapters to follo w describ e extan t

data on, pro vide mathematical to ols to analyze, and dra w conclu-

sions ab out the kinds of questions raised in Figures 1.1 and 1.2. The

natural mathematical framew ork for this w ork is that of di�eren tial

equations taking v alues in a space of distributions. Just as a scalar

di�eren tial equation migh t con tain terms lik e aX ( t ), where a is a

constan t real n um b er and X ( t ) is the v alue of the timepath at time t ,

the di�eren tial equations needed here will in v olv e terms lik e ( T �

)( F
t

)

where T �

is an op erator mapping distributions to distributions and F
t

is the v alue at time t of the timepath of distributions. W e use di�er-

en tial rather than di�erence equation mo dels in the base framew ork

b ecause for the questions of in terest here gro wth mo dels are naturally

set in con tin uous rather than discrete time (see, e.g., Merton, 1990).

The cen tral empirical �ndings in this researc h are XXXX-fold:

(i) Ov er the last half-cen tury , while economic gro wth has raised

w orldwide incomes b y XX%, the cross-coun try income distri-

bution has sho wn emerging t win p eaks, i.e., b oth con v ergence

and div ergence ha v e sim ultaneously o ccurred.

(ii) Ov er the last half-cen tury , there ha v e b een b oth gro wth miracles

and gro wth disasters. With some v ariation, gro wth disasters

concen trate in the group of economies initially relativ ely p o or;

gro wth miracles, in that group initially already relativ ely b etter

o�.
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(iii) Ov er the last half-cen tury , while the cross-coun try income dis-

tribution has ob viously ev olv ed, some of its c haracteristics ha v e

not c hanged o v erly m uc h. Its standard deviation has risen b y

XX%; the in terquartile range b y YY%; the 90-10 p ercen tile

spread b y ZZ%. Con trast this with ...

(iv) Ov er the last half-cen tury , the largest single factor driving in-

equalit y w orldwide has b een macro economic. F or forming the

w orldwide distribution of income across p eople, the dynamics of

coun try-wide a v erage p er-capita incomes ha v e mattered m uc h

more than ha v e the dynamics of inequalit y across p eople within

coun tries.

This pap er do cumen ts these empirical results and describ es in

the literature where similar suc h �ndings ha v e b een obtained. Those

�ndings ha v e added to in terest in economic theories that emphasize

certain kinds of discreteness and discon tin uit y , i.e., instances of eco-

nomic noncon v exit y , nonlinearit y , and nonergo dicit y (e.g., Azariadis

and Drazen, 1990; Durlauf, 1993, 1996; Galor and Zeira, 1993; Quah,

1996a). In turn, these theories ha v e motiv ated y et further empirical

analyses.

Suc h empirical approac hes ha v e also pro vided new p ersp ectiv es on

classical questions of inequalit y and gro wth (e.g., Quah, 2003; Sala-

i-Martin, 2002a; Sc h ultz, 1998); emphasized the imp ortance of new

features to consider in studying inequalit y and cross-section income

distributions (e.g., Esteban and Ra y, 1994; W olfson, 1994); and mo-

tiv ated new mo dels for analyzing spatial economic dynamics (e.g.,

Quah, 2002; Quah and Simpson, 2003). Although some of these is-

sues fall outside traditional macro economic analyses of cross-coun try

economic gro wth, they all relate to gro wth and distribution more

generally , and so this pap er will consider them where appropriate.

The remainder of this pap er is organized as follo ws. T o establish

notation and to �x ideas, this rest of this section describ es b elo w neo-

classical economic gro wth and con v ergence, set against a bac kground

{9{
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of in terest, not solely in the b eha vior of an y one econom y but, in the

dynamics of a ric h cross section of economies. This section is in tended

to b e extremely terse and is included here principally so the reader

iden ti�es the notational con v en tion used in the rest of the pap er.

Section 2 do cumen ts some k ey lessons from the extan t literature

on the empirics of economic gro wth, inequalit y , and income distri-

bution. Section 3 b egins the analysis cen tral to this pap er. This

section presen ts the basic mathematical structure underlying empir-

ical analysis for distribution dynamics. It describ es a n um b er of the

k ey �ndings for p er capita incomes data across coun tries, and consid-

ers extensions where those results ha v e b een either con�rmed or re-

futed. Section 4 then constructs sev eral canonical theoretical mo dels

to explain k ey �ndings. Section 5 reviews and extends the empirical

evidence on patterns of cross-coun try gro wth.

Section 6 considers extensions to the basic mo del of cross-coun try

income distribution dynamics. By merging that mo del with the dy-

namics of within-coun try incomes, w e obtain an in tegrativ e frame-

w ork for, sim ultaneously , gro wth and inequalit y in particular, or

gro wth and distribution more generally . This places gro wth and in-

equalit y on an equal fo oting and asks what the empirical evidence sa ys

on ho w they matter economically (subsection 6.2). Subsection 6.7 ex-

tends income distribution dynamics to spatial distribution dynamics.

Finally , section 7 summarizes in one place the k ey lessons from this

pap er. The T ec hnical App endix, section 9, collects together addi-

tional mathematical discussion for some of the results in the pap er.

While most of the tec hnical results used here will b e kno wn to

sp ecialists, as far as I can tell the general reader or applied researc her

will not ha v e had access to them in a single con v enien t and easily

accessible accoun t. I hop e that additional v alue deriv es from an ap-

proriate lev el of rigor and the distinctiv e tec hnical approac h here. F or

instance, ev ery studen t of sto c hastic pro cesses will ha v e read accoun ts

of Mark o v theory that b egin \Consider a collection of random v ari-

ables, either X

t

, t = 0 ; 1 ; 2 ; : : : or X ( t ), t 2 [0 ; 1 ), de�ned on a prob-
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abilit y space (
 ; F ; Pr )". When w orking with income distributions,

ho w ev er, the researc her do esn't see just a realized sequence of ran-

dom v ariables, as w ould happ en sa y when a researc her studies asset

prices, in terest rates, GDP , or unemplo ymen t. Instead, the v ariable

that the researc her naturally and directly deals with|empirically ,

analytically , and conceptually|is a distribution function. Most use-

ful to the applied researc her then is an exp osition of sto c hastic pro-

cesses and dynamics that tak e as primitiv e the distributions them-

selv es. This approac h, explicit in all the tec hnical sections that follo w

and implicit in the discussion otherwise, distinguishes the approac h

here from, sa y , purely mathematical accoun ts of Mark o v pro cesses.

2

While ob viously one dev elopmen t can b e deriv ed from the other, us-

ing a tec hnical exp osition adapted to one's sp eci�c researc h problem

is b oth more pleasan t and more e�cien t.

F or instance, in man y dev elopmen ts of sto c hastic pro cess theory

the in�nitesimal generator (section 3.4 and De�nition 3.15) is tak en as

the h yp othesized collection of parameters in a sto c hastic di�eren tial

equation. The prop erties of the resulting pro cess are then deriv ed

from the in�nitesimal generator. An applied researc her, ho w ev er, sees

�rst of all data and then, with a little w ork, the transition densit y or

transition probabilit y . It is m uc h more natural and in tuitiv e for that

researc her to see the in�nitesimal generator deriv ed from a transition

densit y than the other w a y round. Other examples ab ound.

So go ahead and do it; giv e those other examples. The

Chapman-Kolmogoro v prop ert y: Alw a ys hold for tran-

sition probabilit y matrices and transition densities esti-

mated from data? The applied researc her w an ts to un-

2

This di�erence, ho w ev er, is easily o v er-emphasized. The most

abstract and rigorous exp ositions of the mathematical theory mak e

plain that one can approac h the study of Mark o v pro cesses from either

p ersp ectiv e: see, e.g., Ch ung (1967, Section 2, Ch. 1) or Do ob (1953,

Ex. 3, p. 86).
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derstand wh y . Analytical exp ositions, on the other hand,

b egin b y h yp othesizing it, and then go on to dev elop im-

plications. Mark o v c hain: Analytical exp ositions b egin

taking the set of discrete states as a priori giv en. On the

other hand, the applied researc her w an ts to kno w what

implications follo w from particular discretizations, giv en

a set of con tin uously-distribute d data. Regularit y con-

ditions for estimating distributions or sto c hastic k ernels:

Practitioner w an ts to kno w a con v enien t set of generally

applicable conditions. Analytical researc her is often in ter-

ested in assumptions that can b e sho wn theoretically to b e

y et w eak er than previous ones used, but none of whic h is

in practice v eri�able. Mix estimation and analysis: Prac-

titioner w an ts to tak e a giv en observ ed dataset, estimate

underlying ob jects, and then w ork out implications. Ex-

cellen t presen tations of estimation end there|statistics

and econometrics; excellen t presen tations of sto c hastic

pro cess theory don't discuss estimation. This is as it

should, but the applied researc her needs to go lo ok at and

understand to o man y di�eren t con v en tions and notations;

some of the dev elopmen ts whic h will nev er b e useful to

one group of researc hers but of in tense in terest to another.

Summarize: A sp ecialist will �nd man y things familiar in

this man uscript, only sometimes the results and the dev el-

opmen t seem to b e written bac kw ards compared to what

is t ypically found elsewhere. But the hop e is, applied re-

searc hers will �nd this approac h con v enien t for their w ork,

and a relativ ely easy w a y to in tro duce themselv es to hard,

abstract ideas in sto c hastic pro cess theory .
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2 World growth and inequality

This section describ es some k ey lessons from extan t literature on

economic gro wth and w orld income inequalit y . It pro vides our �rst

lo ok in to the data on global income distributions and summarizes the

extan t literature.

T ry to summarize extan t results in an in tegrated coheren t w a y , pre-

sen ting the basic facts that are already kno wn. Go crazy a little and

giv e alternativ e visualizations. Bourguignon and Morrisson (2002)

Chen and Ra v allion (2004a) Deaton (2005) Firebaugh (2003) Jones

(1997) Maddison (1989) Milano vic (2002) Sc h ultz (1998) Pritc hett

(1997) Sala-i-Martin (2002a,b) W orld Bank (2000) W orld Bank (2002)

UNU (2004)

3 Distribution dynamics and laws of motion

Wh y study the empirics of ev olving patterns of economic gro wth|

c hanging incomes and w elfare|across coun tries as a mo del of the

dynamics of distributions? Wh y not just calculate autoregressions or

cross-correlations or mo del the dynamics of the panel through some

regression?

The answ er to this rests in whether mo dels of distribution dynam-

ics incite fresh economic thinking or raise new questions that more

con v en tional approac hes lea v e uniden ti�ed. Distributional c hanges,

b y de�nition, are not readily ob vious when one studies only the v ari-

ances or other momen ts of a cross-sectional distribution: Is the spread

increasing b et w een the top and b ottom 10% of p er capita incomes

across coun tries but decreasing b et w een the top and b ottom 40%?

The v ariance migh t at the same time rise or fall or b e in v arian t, but

is certainly uninformativ e of suc h stretc hing and compressing within

the distribution.
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Thinking further along those lines outlines the ob vious empirical

descriptions obtainable using a distribution-dynamics approac h. De-

forming the distribution through time can easily lea v e its �rst few

momen ts in v arian t.

But what economic questions migh t attac h to suc h distributional

c haracterizations? As one imp ortan t example, illustrations lik e that

just giv en suggest particular kinds of nonlinearities or heterogeneities,

where economies div erge from eac h other when they are su�cien tly

di�eren t but at income lev els close to eac h other's (and at around the

w orld a v erage) they b ecome progressiv ely more similar. No dynamic

correlations calculated without sp ecial forekno wledge w ould easily de-

tect suc h dynamics, whereas the timepath of estimated distributions

mak es those features immediately conspicuous. A researc her can then

design a more directed, parametrized econometric analysis to study

further suc h heterogeneities.

Second, economists ha v e long studied income distributions across

p eople as an ob ject of indep enden t in terest, with or without its p os-

sible connection to economic gro wth; see, e.g., the discussions sur-

rounding the Kuznets curv e in the Presiden tial Address b y A tkin-

son (1997). Empirical w ork on economic gro wth that mo dels cross-

coun try p er capita incomes as an ev olving distribution can then p o-

ten tially pro vide useful cross-fertilization with mo dels of p ersonal

income distribution dynamics. F or instance, Quah (1996a) studied

cross-coun try income distribution dynamics using the structure that

Galor and Zeira (1993) had previously dev elop ed for p ersonal income

distributions, rein terpreting the mark et for h uman capital loans as

one for cross-coun try capital 
o ws, and obtaining similar p olarization

and inequalit y implications. Con v ersely , the t win-p eak ed feature in

the cross-coun try p er capita income distribution (Quah, 1993a, 1997)

has, in turn, b een in v estigated for p ersonal incomes (Zh u, 2003).

Y et a third b ene�t from a distribution-dynamics approac h to eco-

nomic gro wth is that it recasts discussion of inequalit y and gro wth

in an in tegrativ e framew ork (Bourguignon, 2003; Quah, 2003; Sala-
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i-Martin, 2002a). This will b e discussed at length in Section 6 but,

simply put, the idea is that b ey ond seeking to determine if inequalit y

across p eople is causal for aggregate economic gro wth or vice v ersa, a

researc her can instead study whether inequalit y and macro economic

gro wth co-ev olv e in particular w a ys.

Distribution dynamics considers not just the timepath of income

distributions|eac h income distribution treated as a p oin t-in-time

snapshot|but also a la w of motion or a mec hanism for ho w the dis-

tribution at one timep oin t ev olv es in to that at a later time.

Let x

j

( t ) denote p er capita income in econom y j at time t , and let

F
X ;t

denote its cross-section income distribution at time t . T o study

the dynamics f F
X ;t

: t � 0 g , a researc her migh t b egin b y trac king,

sa y , the mean, standard deviation, p ossibly higher-order momen ts,

and other c haracteristics suc h as in ter-quartile spread, of F
X ;t

as this

cross-section distribution ev olv es through time. But this conceals

the in tra-distribution dynamics, the mo v emen t of economies from

one part of the distribution to another. F or suc h information, w e

turn to the sto c hastic k ernel (section 3.2). If F denotes the collection

of (cross-section) distributions and T �

t;s

, for t; s � 0, are op erators

mapping the space F to itself, distribution dynamics considers

F
X ;t + s

= T �

t;s

F
X ;t

;

a la w of motion for f F
X ;t

: t � 0 g . Sections 3.2{3.5 will treat this

in greater detail but, for concreteness, an explicit example of this

transition la w, using the sto c hastic k ernel M , is

F
X ;t + s

( x

y

) =

Z

1

�1

M
t;s

( x; ( �1 ; x

y

] ) d F
X ;t

( x ) ;

or, when F
X ;t

has densit y f
X ;t

,

f
X ;t + s

( x

y

) =

Z

1

�1

p

t;s

( x; x

y

) � f
X ;t

( x ) dx;

where p

t;s

is the transition densit y from time t to time t + s . The

sto c hastic k ernel M is a represen tation of the op erator T �

. Often
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the researc her needs to consider sto c hastically-p erturb ed v ersions of

these transitions. Ho w b est to do so remains an op en question, and

researc hers often lea v e only implicit ho w they consider the distur-

bances in suc h equations.

These equations are often used to describ e the sto c hastic dynam-

ics of an observ ed scalar random pro cess X ( t ) that in turn has the

h yp othesized but unobserv ed underlying distribution F
X ;t

. Here, con-

v ersely , it is F
X ;t

that is measured directly|the cross-coun try income

distribution|while the asso ciated underlying X ( t ) is only h yp othe-

sized. The t w o p ersp ectiv es are, of course, mathematically equiv alen t

(Do ob, 1953, p. 255).

In distribution dynamics the limit as s ! 1 of f
X ;t + s

in suc h la ws

of motion holds sp ecial signi�cance. It is (the densit y of ) what the

cross-coun try income distribution tends to w ards, should the system

con tin ue along its historical path. Y et other c haracteristics|e.g.,

�rst-passage times across di�eren t parts of the distribution; ev olving

shap es in f
X ;t

; the c hanging spreads|can also b e used to get further

insigh t on the ev olution of these cross-coun try income distributions.

The remainder of this section describ es statistical economic mo d-

els for these la ws of motion. Section 3.1 is concerned with the es-

timation problem, going from observ ed data through distributions

to a sto c hastic k ernel. Section 3.6 describ es the analysis of long-run

b eha vior and other c haracteristics arising from these distribution dy-

namics. Section 4 describ es economic mo dels that all ha v e a catc h-up

or con v ergence feature. Whereas the economic ideas di�er consider-

ably across these mo dels, all of them generate implications for distri-

bution dynamics. Put tec hnically , all these mo dels restrict M , and

th us allo w the latter's economic in terpretation.
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3.1 Statistics

The discussion here cannot pretend to b e a rigorous exp osition of all

the underlying ideas; the asso ciated statistical literature is v ast.

3

But

the presen tation will attempt to con v ey enough k ey results that an

applied empirical researc her can con�den tly use these to ols. Because

man y published descriptions elsewhere of these results dra w motiv a-

tions from statistical or econometric theory , they t ypically seek the

w eak est p ossible assumptions. What applied researc hers migh t �nd

most in teresting turns out to b e only a sp ecial case of m uc h deep er

results. This can mak e what is useful to an applied researc her seem

obscure or di�cult to apply . Here, our concern instead is to dev elop

the k ey results using relativ ely familiar assumptions.

Moreo v er, rather than co v er a v ast range of di�eren t w a ys to es-

timate densities, this article concen trates on just one class of suc h

estimation tec hniques (the k ernel estimator) but giv es enough detail

on it that the researc her can exp ertly apply the tec hnique. No one

class of tec hniques will necessarily uniformly dominate another class,

and so in practice the researc her migh t w ell need to seek sp ecialized

exp ertise for a particular problem. Ho w ev er, thoroughly understand-

ing one class of tec hniques means that the researc her alw a ys kno ws a

w a y to get reasonable empirical results (the further researc h problem

then migh t b e to sharp en those �ndings).

Index economies b y the in teger j 2 f 1 ; 2 ; : : : ; J g . Supp ose time

t is con tin uous, with t 2 [0 ; 1 ). Let y

j

( t ) denote p er capita income

in econom y j at time t and N

j

( t ) b e the corresp onding p opulation.

W orld p er capita income y ( t ) is

y ( t )

def

=

�

J

X

j =1

N

j

( t )

�

� 1

�

J

X

j =1

y

j

( t ) N

j

( t ) :

3

A list of o v erviews alone w ould already include Devro y e (1987);

Devro y e and Gy• or� (1985); Hardle and Lin ton (1994); P agan and

Ullah (1999); Prak asa Rao (1983); Silv erman (1986).
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Denote b y y

max

( t ) p er capita income in the leading econom y at time

t , i.e.,

y

max

( t ) = max

j

y

j

( t ) :

The iden tit y of that leading econom y can v ary o v er time, as a once-

lagging econom y leapfrogs o v er y et others to get to the fron tier. Suc h

leapfrogging b eha vior app ears naturally in some mo dels of tec hnolog-

ical c hange (e.g., Aghion and Ho witt, 1998).

F or analyzing the cross-section distribution, it will often b e use-

ful to tak e as the primitiv e data x

j

( t ), an appropriately normalized

v ersion of p er capita incomes. F or instance, w e migh t normalize p er

capita income relativ e to the leading econom y y

j

( t ) , i.e.,

x

j

( t )

def

= y

j

( t ) � y

max

( t )

� 1

2 (0 ; 1] :

Alternativ ely , w e migh t tak e normalization relativ e to the w orld a v-

erage, i.e.,

x

j

( t )

def

= y

j

( t ) � y ( t )

� 1

2 (0 ; 1 ) :

Or, a researc her migh t b e in terested instead in x

j

( t ) that is total fac-

tor pro ductivit y (TFP) in econom y j at time t . T aking as giv en that

TFP can b e reliably estimated someho w, this w ould b e appropriate

when theories of TFP's ev olution imply testable restrictions on its

cross-section distribution (e.g., Aghion and Ho witt (1998, Ch. 3) or

Section 4 to follo w). Moreo v er, certain studies (Easterly and Levine,

2001; F eyrer, 2001) ha v e suggested TFP is the critical driv er for the

cross-coun try p er capita income distribution, so that studying TFP's

distribution dynamics then also carries indep enden t in terest.

Finally , w e migh t also consider logarithmic or other mathemat-

ical transformations of the di�eren t p ossibilities for x

j

( t ) just de-

scrib ed. Measuremen t of the v ariable x

j

( t ) need not, of course, b e

straigh tforw ard|dep ending on the in ten t of the study , for instance,

measuring TFP can, in the literature, b e in v olv ed and con tro v ersial.

But so to o is assessing the relev an t purc hasing p o w er parit y correc-

tion for p er capita incomes across coun tries. Suc h concerns matter
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imp ortan tly but are more appropriate for studies with goals other

than those here.

3.1.1 Distributions

Here I will assume that x

j

( t ) are data giv en to the researc her. There

can b e no one x

j

( t ) alw a ys appropriate to use indep enden t of the

curren t question of in terest. But as long as a researc her k eeps in mind

what x

j

( t ) is and in terprets the �ndings accordingly , no confusion

need arise.

De�nition 3.1 F or �xed t , giv en data f x

j

( t ) ; j = 1 ; 2 ; : : : ; J g , the

empirical distribution function att is the mapping

b

F

X

: R � [0 ; 1 ) ! [0 ; 1]

de�ned b y

b

F

X

( x; t )

def

= # f j 3 x

j

( t ) � x g � J

� 1

; x 2 ( �1 ; 1 ) : (3.1)

In w ords the empirical distribution function tak es v alue at x that is

the fraction of observ ations in the cross section b ounded from ab o v e

b y x . With probabilit y one the functional statistic

b

F

X

is b ounded, in-

creasing, and righ t-con tin uous with left limits, and satis�es

b

F

X

( �1 )

= 0. (If a statemen t holds for all t or if the time t argumen t can b e

otherwise left implicit without am biguit y , then that argumen t will

b e omitted.) Wherev er the deriv ativ e

b

F

0

X

= @

b

F

X

( x; t ) =@ x exists, it

equals zero, again with probabilit y one.

4

T o analyze the b eha vior of

b

F

X

, denote the indicator function

� ( x ) =

8

<

:

1 if 0 � x ;

0 otherwise.

4

Con v en tions in these and related de�nitions used later sometimes

di�er across authors. Here, w e follo w as far as p ossible Billingsley

(1968, Ch. 3) and Ch ung (1974, Section 5.5).
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De�nition 3.1 then giv es:

b

F

X

( x ) = J

� 1

J

X

j =1

� ( x � x

j

) ; (3.2)

i.e., for eac h �xed x the v alue

b

F

X

( x ) is an a v erage of f 0 ; 1 g -v alued

random v ariables. Ob viously � ( x � x

j

) is b ounded. If f x

j

g are random

v ariables iid with the common distribution F
X

then f � ( x � x

j

) g are

also iid sharing an appropriate induced distribution. A standard

strong la w of large n um b ers (e.g., Kolmogoro v's SLLN in Rao, 1973,

p. 115) then giv es p oin t wise almost sure con v ergence, i.e.,

8 x :

�

�

�

b

F

X

( x ) � F
X

( x )

�

�

�

a.s.

� ! 0 as J ! 1 : (3.3)

The same prop erties also giv e a cen tral limit theorem at eac h �xed x ,

i.e., for F
X

( x ) =2 f 0 ; 1 g , an appropriately standardized separation of

b

F

X

( x ) from F
X

( x ) con v erges in distribution to the standard normal

(e.g., Lindeb erg-L � evy Theorem in Rao, 1973, p. 127):

�

J

[1 � F
X

( x )] � F
X

( x )

�

1 = 2

�

h

b

F

X

( x ) � F
X

( x )

i

d

� ! N(0 ; 1)

as J ! 1 :

(3.4)

Ho w ev er, since the ob ject

b

F

X

is an en tire function, w e are in ter-

ested not just in its b eha vior at distinct p oin ts but in its global prop-

erties as a function, i.e., in features suc h as the m ulti-mo dalit y , dis-

p ersion, shap e, sk ewness, and the maxima and minima of the implied

densit y . Not all suc h c haracterizations ha v e y et b een used explicitly

in the gro wth empirics literature but the crucial ingredien ts for their

study reside in uniform analogs of the la w of large n um b ers and cen-

tral limit theorem, (3.3) and (3.4) , resp ectiv ely .

5

These coun terparts

5

This somewhat exaggerates the imp ortance of the uniform or L

1

results to follo w, subtle though those migh t already b e. F or instance,

to assess shap es, ideally one w an ts information on all the deriv ativ es
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are, resp ectiv ely , the Gliv enk o-Can tell i Theorem (e.g., Ch ung, 1974,

p. 133) and a functional cen tral limit theorem giving con v ergence in

distribution to Bro wnian Bridge (e.g., Billingsley , 1968, Ch. 3).

The Gliv enk o-Can tell i Theorem or Uniform La w of Large Num-

b ers states that if f x

j

g are iid with the common distribution F
X

then

sup

x

�

�

�

b

F

X

( x ) � F
X

( x )

�

�

�

a.s.

� ! 0 as J ! 1 : (3.5)

No additional assumptions ha v e b een imp osed; the same conditions

that previously deliv ered the relativ ely ordinary p oin t wise almost

sure con v ergence also pro vide uniform almost sure con v ergence of the

empirical distribution function. Conclusion (3.5) implies the earlier

(3.3) but the con v erse is, in general, false.

6

F or the uniform analog to the cen tral limit theorem in this appli-

cation, recall that a con tin uous random function B

�

on [0 ; 1] that is

Gaussian and has E B

�

( r ) = 0 and Co v ( B

�

( r ) ; B

�

( r

0

)) = min( r ; r

0

) �

of the estimated function, not just the maxim um separation o v er the

function's domain, i.e., one seeks c haracterizations in Sob olev space

rather than just in L

1

using sup norm.

6

Since the di�erence b et w een p oin t wise and uniform con v ergence

is unrelated to the probabilistic b eha vior in (3.3) and (3.5) , the dis-

tinction can b e usefully illustrated with the follo wing deterministic

example. F or J = 1 ; 2 ; : : : , let f

J

and f b e functions mapping the

in terv al [0 ; 1] to itself, with f

J

( x ) = x

J

, and f ( x ) = 0 for x 2 [0 ; 1)

and f (1) = 1. Then the sequence f f

J

g con v erges p oin t wise to f

as J ! 1 but sup

x

j f

J

( x ) � f ( x ) j = 1 for all J and th us f f

J

g

fails to con v erge uniformly to f . Mathematical in terest in uniform

con v ergence lies in ho w prop erties suc h as con tin uit y , di�eren tiabil-

it y , and Riemann in tegrabilit y propagate to the limit function under

uniform but not, in general, under p oin t wise con v ergence. An alter-

nativ e description has it that under p oin t wise con v ergence the sp eed

of con v ergence dep ends on where the functions are b eing ev aluated

but under uniform con v ergence that sp eed is in v arian t throughout

the functions' domain.
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r r

0

is kno wn as a Bro wnian Bridge . Recall also that standard Bro w-

nian Motion B is a con tin uous random function on [0 ; 1 ) ha ving in-

dep enden t incremen ts and with B ( r ) � N(0 ; r ). A Bro wnian Bridge

can b e constructed from standard Bro wnian Motion B b y B

�

( r )

def

=

B ( r ) � r B (1), r 2 [0 ; 1] (e.g., Billingsley , 1968, Section 9). Just as,

when prop erly standardized,

b

F

X

( x ) con v erges in distribution to the

standard normal, so to o the function

b

F

X

, appropriately normalized,

con v erges in distribution to the Bro wnian Bridge. Alternativ e state-

men ts of this are p ossible (e.g., Billingsley , 1968, Sections 13 and 16,

and in particular Theorems 13.1 and 16.4). Here, w e seek only to

con v ey a 
a v or of what is a v ailable without getting in to an o v erly-

detailed exp osition.

The Lindeb erg-L � evy Theorem (3.4) obtained its conclusion from

standardizing

b

F

X

( x ) b y �rst cen tering it on F
X

( x ) and then divid-

ing the separation b y [1 � F
X

( x )]

1 = 2

� F
X

( x )

1 = 2

. F or con v ergence

to Bro wnian Bridge, b egin instead b y de�ning the transformed ob-

serv ations z

j

= F
X

( x

j

) 2 [0 ; 1]. Construct the resulting empirical

distribution function

b

F

Z

for z

j

, j = 1 ; 2 ; : : : ; J , as earlier done in

equation (3.1) for

b

F

X

, but no w using z

j

instead. Next de�ne the

function B

J

: [0 ; 1] ! R b y

B

J

( r )

def

= J

1 = 2

h

b

F

Z

( r ) � r

i

; r 2 [0 ; 1] : (3.6)

Then (Billingsley, 1968, Theorem 13.1 or Theorem 16.4)

B

J

d

� ! B

�

as J ! 1 : (3.7)

Ob viously , the construction in (3.6) in v olv es the unkno wn quan tit y

F
X

and so is not immediately useful. It is, ho w ev er, comparable to

the construction in the standard cen tral limit theorem (3.4) , as the

latter also in v olv es the unkno wn F
X

( x ), that has to b e appropriately

estimated through some other pro cedure.

Billingsley (1968, Section 22) discusses ho w the functional cen tral

limit theory in (3.7) can b e extended to apply to dep enden t observ a-

tions. This in v olv es h yp othesizing appropriate mixing and momen t
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conditions on x

j

. W e do not discuss this further here but lea v e it for

the in terested reader to pursue.

3.1.2 Densities

The deriv ativ e of a distribution is the densit y function. But while

the empirical distribution function

b

F

X

, as w e ha v e just seen, usefully

estimates the underlying distribution, its deriv ativ e fails to do so for

the corresp onding densit y as that deriv ativ e whenev er w ell-de�ned

only tak es v alue zero.

7

Consider then a densit y estimator

b

f

X ;b

( x )

def

=

b

F

X

( x + b ) �

b

F

X

( x � b )

2 b

; for b > 0. (3.8)

Replacing

b

F

X

on the righ t b y F
X

and letting b ! 0 w ould reco v er

the underlying densit y f
X

= @ F
X

=@ x whenev er F
X

is di�eren tiable.

The estimator (3.8) can th us b e view ed as a di�erence ratio, taking a

n umerical t w o-sided appro ximate deriv ativ e, with the appro ximation

indexed b y the arc length h . Unlik e the deriv ativ e @

b

F

X

=@ x itself the

estimator

b

f

X ;b

in (3.8) is no longer trivially zero almost ev erywhere.

T o assess

b

f

X ;b

's prop erties and to motiv ate its extension to other

useful estimators, de�ne the rectangular w eigh ting function

K ( x ) =

8

<

:

1

2

for j x j � 1,

0 otherwise;

(3.9)

7

This di�cult y in estimating the densit y is profound and arises

not just from lo oking at one particular estimator. F or a large class of

densit y functions, no reasonable estimator exists that is un biased ev-

erywhere in the true densit y's domain (Prak asa Rao, 1983, Theorem

1.2.2 and Ch. 2.1). By con trast, (3.2) immediately implies that, b e-

sides b eing uniformly consisten t, the empirical distribution function

b

F

X

is also un biased p oin t wise for the underlying limit.
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and recognize that (3.8) can b e rewritten

b

f

X ;b

( x ) =

1

J b

J

X

j =1

K
�

x � x

j

b

�

: (3.10)

Equation (3.8) sa ys the estimator

b

f

X ;b

at x is the fraction normal-

ized b y 1 = 2 b of observ ations x

j

that fall within the in terv al [ � b; b ]

cen tered on p oin t x . By con trast, equation (3.10) sa ys

b

f

X ;b

at x is

the sum normalized b y J b of

n

0 ;

1

2

o

-v alues attac hed to eac h observ a-

tion, v arying with ho w distan t that observ ation is from p oin t x . This

second expression (3.10) also sho ws that, as a function,

b

f

X ;b

is the

sum of rectangles, and so no w its deriv ativ e whenev er de�ned is only

ev er 0, the same prop ert y as

b

F

0

X

. Note, ho w ev er, that this feature is

inherited directly from the rectangular w eigh ting function (3.9) and

th us can b e easily altered.

The w eigh ting function (3.9) and asso ciated densit y estimator

(3.10) are usefully generalized as follo ws (P arzen, 1962; Rosen blatt,

1956).

De�nition 3.2 A non-negativ e function K : R ! R

+

with

Z

R

K ( x ) dx = 1

is a scalar kernel functionor just a kernel. A k ernel is symmetricif

K ( � x ) = K ( x ) for all x 2 R . F or K an arbitrary k ernel and b > 0 , the

function

b

f

X ;b

( x )

def

=

1

J b

J

X

j =1

K
�

x � x

j

b

�

(3.11)

is a kernel density estimator with kernelK and bandwidthb .

Ev ery probabilit y densit y function (p df ) is a k ernel and ev ery k er-

nel a p df.

8

The standard normal p df is a symmetric k ernel, as is the

rectangular w eigh ting k ernel (3.9) . F or this last, the bandwidth h

8

Since then

b

f

X ;b

in (3.11) is automatically also a p df, this seems a
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Table 3.1T ypical k ernels used in k ernel densit y estimation, with I

denoting the indicator function.

Kernel K ( x )

Normal

1

p

2 �

e

� x

2

= 2

Rectangular

1

2

� I

fj x j 6 1 g

( x )

T riangular (1 � j x j ) � I

fj x j 6 1 g

( x )

Epanec hnik o v

h

3

4

�

1 �

1

5

x

2

�

5

� 1 = 2

i

� I

fj x j 6

p

5 g

( x )

can also naturally b e in terpreted as a windo w width . With other k er-

nels, suc h terminology is less ob viously app osite but is nev ertheless

sometimes used. The estimator (3.8) , motiv ated initially as a t w o-

sided n umerical deriv ativ e, is th us seen to b e a sp ecial kind of k ernel

densit y estimator, where the k ernel is symmetric and uniform, and

the bandwidth is the arc length in the n umerical deriv ativ e appro xi-

mation. A list of k ernels t ypically used in k ernel densit y estimation

app ears in T able 3.1.

Comparing (3.9) {(3.10) with the generalized v ersion (3.11) in Def-

inition 3.2 w e see that the k ernel densit y estimator is the a v erage of

selected p df 's placed on the datap oin ts x

j

. This giv es a further use-

ful in terpretation for the k ernel densit y estimator. Recall that if K
is the p df for a random v ariable � then b

� 1 K
�

x � x

j

b

�

is the p df for

x

j

+ b�

j

, i.e., that induced random v ariable scaled b y b and re-lo cated

to x

j

. These x

j

+ b�

j

are simply the original observ ations p erturb ed

or smo othed b y adding in scaled v ersions of iid auxiliary disturbances

with kno wn p df 's. The k ernel densit y estimator is th us the a v erage

useful and natural restriction. Ho w ev er, circumstances exist where a

k ernel that go es negativ e, but still in tegrating to 1, migh t b e useful:

one example is bias reduction|see, e.g., Prak asa Rao (1983, Theorem

2.1.5, p. 42) or Silv erman (1986, 3.6). T o k eep to the principal in ten t

of the discussion here, w e will not consider suc h k ernels.
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p df of the smo othed observ ations x

j

+ b�

j

, with b sometimes then also

called a smo othing parameter . The di�erence ratio in (3.8) , b ecause

it can b e rewritten using the rectangular w eigh ting function (3.9) ,

has its auxiliary disturbances distributed uniformly on [ � 1 ; 1]. More

generally , if b is small then so to o are the p erturbations; con v ersely ,

if b is large then the p erturbations dominate the data x

j

in forming

the k ernel densit y estimator.

T o see the signi�cance of alternativ e selections of k ernel K and

bandwidth b for estimating f
X

, it is useful �rst to lo ok at consis-

tency and cen tral limit prop erties a v ailable. Just as with empirical

distribution function, p oin t wise and uniform v ersions are a v ailable.

9

All suc h results ha v e the bandwidth b diminish as J gro ws but at a

con trolled rate. T o 
ag this, w e write b

J

when useful.

The next t w o results pro vide p oin t wise and uniform consistency

resp ectiv ely .

Theorem 3.3Supp ose f
X

= @ F
X

=@ x is con tin uous. In De�nition 3.2

let K b e suc h that (a) K is b ounded and (b) j x K ( x ) j ! 0 as j x j ! 1 ;

and let b

J

! 0 and J b

J

! 1 as J ! 1 . Then

for eac h x :

b

f

X ;b

( x ) � f
X

( x )

Pr

� ! 0 as J ! 1 :

Theorem 3.3 is established in Prak asa Rao (1983, Theorem 2.1.2,

p. 37); see also Silv erman (1986, Section 3.7.1, pp. 71{72) and Prak asa

Rao (1983, Theorem 2.1.1, p. 35{36).

Theorem 3.4In De�nition 3.2 let K b e suc h that (a) K is b ounded;

(b) K has b ounded v ariation; and (c) K is con tin uous outside a set of

Leb esgue measure zero. Then the t w o conditions

9

Mo des of con v ergence other than the uniform are also studied

in the statistical literature|as examples see the exhaustiv e study of

L

1

con v ergence in Devro y e and Gy• or� (1985) or of in tegrated mean

square con v ergence in Bic k el and Rosen blatt (1973). T o main tain

fo cus and k eep within space restrictions, w e do not consider those

here.
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(i) f
X

= @ F
X

=@ x is uniformly con tin uous; and

(ii) b

J

! 0 and (log J )

� 1

J b

J

! 1 as J ! 1

join tly are necessary and su�cien t for

sup

x

j

b

f

X ;b

( x ) � f
X

( x ) j

a.s.

� ! 0 as J ! 1 :

(The reader migh t �nd it useful to refer to the T ec hnical Ap-

p endix, section 9, for further details.) Apart from regularit y con-

ditions, the critical di�erence b et w een p oin t wise and uniform con-

v ergence expressed in Theorems 3.3 and 3.4 is the strengthening of

con trol on bandwidth v ariation, from J b

J

! 1 in Theorem 3.3 to

(log J )

� 1

J b

J

! 1 in Theorem 3.4. In w ords b

J

m ust still v anish but

Theorem 3.4 restrains it from doing so as quic kly as do es Theorem

3.3.

The conditions placed on the k ernel K in b oth Theorems 3 : 3 and

3 : 4 are v ery w eak. T ypical k ernels, including all those in T able 3.1,

readily satisfy these restrictions.

The v ersion of a uniform la w of large n um b ers giv en in Theorem

3.4 is discussed in Silv erman (1986, Section 3.7.1, pp. 71{72). F or

useful v ariations see P agan and Ullah (1999, Theorem 2.8, pp. 36{

39) and Prak asa Rao (1983, Theorem 2.1.3, pp. 37{38, and 2.1.15,

p. 54).

Both p oin t wise and uniform cen tral limit theorems are a v ailable.

Theorem 3.5Assume:

(i) K is b ounded;

(ii) K is symmetric ab out 0 , i.e., K ( x ) = K ( � x ) for all x ;

(iii)

R

x

2 K ( x ) dx < 1 ;

(iv) f
X

has second deriv ativ e con tin uous and b ounded;

(v) J b

J

! 1 and J

1 = 5

b

J

! 0 as J ! 1 .
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Then at eac h x

y

with f
X

( x

y

) 6= 0 w e ha v e

( J b

J

)

1 = 2

( f
X

( x

y

)

R

K ( x )

2

dx )

1 = 2

h

b

f

X ;b

( x

y

) � f
X

( x

y

)

i

d

� ! N(0 ; 1) as J ! 1 .

Since this result is lik ely one of the more directly useful for an applied

researc her, its pro of is giv en in section 9.

Notice that the bandwidth condition in (v) of Theorem 3.5 has

b

J

= o ( J

� 1 = 5

), i.e., the bandwidth has to go to zero faster than

J

� 1 = 5

, con tradicting the fastest mean square error con v ergence rule

of b

J

= O ( J

� 1 = 5

) (see the T ec hnical App endix). Using the latter, the

limit distribution is not cen tered at 0, th us in v alidating statistical

inference. When b

J

= o ( J

� 1 = 5

), ho w ev er, Theorem 3.5 implies that

with probabilit y appro ximately 1 � � the underlying f
X

( x

y

) lies in

the in terv al ha ving endp oin ts

b

f

X ;b

( x

y

) � ( J b

J

)

� 1 = 2

�

b

f

X ;b

( x

y

)

Z

K ( x )

2

dx

�

1 = 2

z

�= 2

; (3.12)

when z

�= 2

is the standard normal ((100 � �= 2)-p ercen tile) critical

v alue, with accuracy impro ving as J gro ws.

The endp oin ts giv en in (3.12) indicate that for giv en bandwidth

b

J

the estimator v ariance dep ends on the k ernel through

R

K ( x )

2

dx .

The second column in T able 3.2 calculates this in tegral for the k er-

nels of T able 3.1. But while this information is useful for p erforming

inference o� (3.12) , the researc her will t ypically set b

J

and K sim ul-

taneously . Th us, the third column in T able 3.2 rep orts a measure of

relativ e e�ciency , based on minimizing in tegrated mean square er-

ror, where the bandwidth b

J

is p ermitted to v ary with the k ernel K
(see Theorem 9.6 in the T ec hnical App endix and Silv erman (1986,

T able 3.1, p. 43)). The Epanec hnik o v k ernel turns out to b e optimal

but the other k ernels ac hiev e e�ciencies remark ably close to it.

10

10

This brief discussion co v ers k ey ideas but, necessarily , cannot
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Table 3.2V ariance factors and relativ e e�ciencies for t ypical k ernels

used in k ernel densit y estimation; see equation (3.12) follo wing The-

orem 3.5 and equation (9.19) follo wing Theorem 9.6.

Kernel

R

K ( x )

2

dx J

Ep

=J

Normal

1

2

p

�

� 0 : 282 0.95

Rectangular

1

2

= 0 : 5 0.93

T riangular

2

3

� 0 : 667 0.99

Epanec hnik o v

3

5

p

5

� 0 : 268

Theorem 3.6Let [ : : : ].

This result is established in Bic k el and Rosen blatt (1973, p. 1072).

[ : : : ]

Man y other metho ds are a v ailable to estimate densities, among

them nearest-neigh b or, orthogonal series, maxim um p enalized lik e-

liho o d, and adaptiv e k ernel densit y estimators (see, e.g., Devro y e,

1987; P agan and Ullah, 1999; Silv erman, 1986). While eac h metho d

has sp eci�c adv an tages and disadv an tages, this section, to conserv e

space, has discussed only k ernel densit y estimators.

Section 3.3 will again tak e up estimation, but w e need �rst to de-

v elop some analytical concepts preliminary to that discussion. These

concepts will b e used also in Section 6, although then for analytical

mo delling rather than econometric estimation.

do justice to an extremely large literature on optimal bandwidth and

k ernel c hoice. The in terested reader should refer to P agan and Ullah

(1999, Ch. 2), Silv erman (1986, Ch. 3), and the references giv en there.

{29{



Gro wth and distribution

3.2 Stochastic kernels

The discussion th us far has pro vided, through equation (3.1) , snap-

shots in time of the ev olving cross-section distributions. Results (3.5)

and (3.7) allo w viewing what is calculated in (3.1) as reasonable de-

scriptions of some underlying distribution F
X

, while Theorems 3.3{

3.6 ac hiev e the same for

b

f

X ;b

as an estimator for the underlying den-

sit y f
X

.

T o study dynamics, w e need to consider explicit la ws of motion

in the cross-section distributions, not just snapshots in time. T o that

end, this article no w dra ws on Mark o v pro cess theory , as dev elop ed

in, e.g., Gihman and Sk oroho d (1975), Karlin and T a ylor (1981), or

Rogers and Williams (1994). In this discussion the v ariable subscript

( X or Z ) is usefully left implicit.

Consider distributions f F
t

: t � 0 g ev olving in con tin uous time,

with eac h F
t

de�ned on the real line R . Let T �

t;s

b e op erators mapping

F the space of suc h distributions in to itself, and consider distribution

dynamics in the transition equation:

F
t + s

= T �

t;s

F
t

: (3.13)

In sto c hastic pro cess theory T �

t;s

t ypically op erates on the underlying

probabilit y measures rather than on distributions as in (3.13) ; fur-

ther, the op erator w ould need to b e de�ned on a space of b ounded

�nitely-additiv e set functions rather than just probabilit y measures.

11

Ho w ev er, the distinction is unimp ortan t for the lev el of abstraction

used here. With measures as op erands, T �

also turns out to b e the

adjoin t of op erator T to b e de�ned in (3.17) , hence the

�

notation.

What do es the T �

op eration (3.13) mean? Denote b y R the Borel-

measurable subsets of the real n um b ers R , and let M
t;s

b e mappings

11

Durlauf and Quah (1999) and Quah (1997) discuss these tec h-

nical p oin ts for studying the empirics of economic gro wth and con-

v ergence. Stok ey and Lucas (1989, Ch.8) pro vides a rigorous dev el-

opmen t of the mathematics.
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from R � R to [0 ; 1], where for eac h x w e ha v e M
t;s

( x; � ) a probabilit y

measure. Asso ciate with a giv en T �

t;s

some suc h M
t;s

b y

8 x

0

: F
t + s

( x

0

) =

Z

1

�1

M
t;s

�

x; ( �1 ; x

0

]

�

d F
t

( x ) : (3.14)

Equation (3.14) is the sto c hastic k ernel represen tation of equation

(3.13) .

Whenev er F
t

admits a densit y , equation (3.14) b ecomes

f
t + s

( x

0

) =

Z

1

�1

p

t;s

( x; x

0

) � f
t

( x ) dx (3.15)

for transition densit y p

t;s

satisfying

8 x; x

0

in R : M
t;s

( x; ( �1 ; x

0

]) =

Z

x

0

�1

p

t;s

( x; � ) d� : (3.16)

In w ords the transition densit y p

t;s

is the Radon-Nik o dym deriv a-

tiv e of the sto c hastic k ernel M
t;s

with resp ect to Leb esgue measure,

just as the densit y f
t

is the Radon-Nik o dym deriv ativ e of the distri-

bution F
t

again with resp ect to Leb esgue measure. By construction

then for eac h x w e ha v e p

t;s

( x; � ) a probabilit y densit y function, i.e.,

p

t;s

( x; x

0

) � 0 for all x

0

and

R

1

�1

p

t;s

( x; x

0

) dx

0

= 1.

Next de�ne the op erator T
t;s

mapping b ounded measurable func-

tions to b ounded measurable functions:

( T
t;s

� ) ( x )

def

=

Z

1

�1

� ( x

0

) M
t;s

( x; dx

0

) : (3.17)

Call T
t;s

the time t to time t + s transition op erator . If the transition

densit y exists, equation (3.17) is

( T
t;s

� ) ( x ) =

Z

1

�1

� ( x

0

) p

t;s

( x; x

0

) dx

0

:

T o pro vide one in terpretation to (3.17) let f X ( t ) : t 2 R

+

g b e

a sto c hastic pro cess whose marginal distributions for eac h X ( t ) are

giv en b y F
t

. Assume equation (3.13) but lea v e X 's serial dep endence
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prop erties otherwise unrestricted, i.e., assume that the timepath of

F
t

can b e describ ed b y T �

t;s

. Then (3.17) is the exp ectation of � at

time t + s conditional on X ( t ) = x , i.e.,

( T
t;s

� ) ( x ) = E [ � ( X ( t + s ) j X ( t ) = x ] :

T o emphasize, nothing has b een assumed th us far on whether X

is Mark o v or otherwise; there are no assumptions or restrictions to

test. Instead, X is an arti�cial random v ariable that has simply b een

constructed in the course of our discussion; it need corresp ond to

nothing observ able in real data.

The sto c hastic k ernel represen tation (3.14) and the transition op-

erator de�nition (3.17) help clarify the notation and terminology;

understanding the relation b et w een them also aids in tuition for the

discussion to follo w. Supp ose T is an op erator that maps a class

of appropriate functions to itself|an example of suc h an op erator

w ould b e T
t;s

. If S is an op erator mapping distributions to distribu-

tions suc h that for � an appropriate function and F a distribution,

w e ha v e:

Z

( T � )( x ) F( dx ) =

Z

� ( x

0

) ( SF )( dx

0

) ; 8 � and F; (3.18)

then call S the adjoin t to T and write S = T �

. Applying this to

S = T �

t;s

and F = F
t

, calculate the righ t side of equation (3.18) as:

Z

� ( x

0

) ( T �

t;s

F
t

)( dx

0

) =

Z

� ( x

0

) F
t + s

( dx

0

) (b y (3.13) )

=

Z

� ( x

0

)

�

Z

M
t;s

( x; dx

0

) F
t

( dx )

�

(b y (3.14) )

=

Z

�

Z

� ( x

0

) M
t;s

( x; dx

0

)

�

F
t

( dx )

=

Z

( T
t;s

� )( x ) F
t

( dx ) : (b y (3.17) )

Th us, T �

t;s

is indeed the adjoin t to T
t;s

, and the notation is apt.
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F or analyzing observ ed income or consumption distribution dy-

namics, a researc her migh t w ell con�ne atten tion to T �

|that alone

w ould su�ce to trace out the dynamics of the income distribution|

and nev er need to consider explicitly the transition op erator T . Ho w-

ev er, economists will t ypically b e in terested not just in income or

consumption alone, but in utilit y or p o v ert y or y et other functionals

of the income distribution. When applied to an appropriate function,

the transition op erator T allo ws con v enien tly c haracterizing those ad-

ditional deriv ed dynamics: an imp ortan t example of this app ears in

Section 6, whic h uses the resolv en t op erator (Section 3.5) to describ e

economic w elfare and the dynamics of p o v ert y and income inequalit y .

The alternativ e descriptions ( T �

, M , T ) are w ell-de�ned regard-

less of the exact dynamics and cross-correlation prop erties in x

j

( t ) ,

the same w a y that the pro jection of a scalar X ( t ) on X ( t � 1) is

meaningful regardless of X 's exact serial correlation prop erties (see

Example 3.7). Equation (3.13) sa ys only that op erator T �

transforms

one distribution in to another; op erator T �

do es this whether or not

those distributions come from a pro cess that is generally serially de-

p enden t or Mark o v or, indeed, serially indep enden t altogether. This

same reasoning had b een used previously , follo wing (3.17) , to place a

conditional-exp ecta ti ons in terpretation on T .

No w to p ermit more precise statemen ts, consider not just the

timepath f F
t

: t � 0 g but also the asso ciated conditional distribu-

tions. Recall that a sto c hastic pro cess f X ( t ) : t � 0 g is said to b e

Mark o v when for all in teger n � 2 and all t

1

; : : : ; t

n

; t with 0 � t

1

<

� � � < t

n

< t , the conditional distributions satisfy

F ( X ( t ) � x j X ( t

1

) = x

1

; : : : ; X ( t

n

) = x

n

)

= F ( X ( t ) � x j X ( t

n

) = x

n

) 8 x

1

; : : : ; x

n

; x:

Whenev er X is Mark o v and for all t � 0 has F
t

as the distribution of

X ( t ), then sa y also that f F
t

: t � 0 g and the asso ciated T �

, M , and

T are Mark o v.

When T �

(or M , p , or T ) allo ws its doubled time-subscript to
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collapse to just a single subscript denoting separation in time,

T �

t;s

= T �

0 ;s

= T �

s

;

sa y that the pro cess f F
t

: t � 0 g has time-homogeneous transitions or

is time-homogeneous .

If f F
t

: t � 0 g is Mark o v and has time-homogeneous transitions

then f T
t

: t � 0 g constitutes a semigroup of op erators where

T
t + s

= T
t

T
s

= T
s

T
t

; (3.19)

as for all b ounded measurable �

( T
t + s

� )( x ) = E [ � ( X ( t + s )) j X (0) = x ]

= E [ E [ � ( X ( t + s )) j X ( t ) ; X (0)] j X (0) = x ]

= E [ E [ � ( X ( t + s )) j X ( t )] j X (0) = x ]

= E [ ( T
s

� )( X ( t )) j X (0) = x ]

= ( T
t

( T
s

� ) ) ( x ) ;

where the second equation uses the la w of iterated exp ectations, the

second the Mark o v prop ert y , and the third time-homogeneit y .

12

It

is here that the Mark o v assumption has b ecome critical; the earlier

manipulations of ( T �

, M , T ) are all v alid and w ell-de�ned ev en outside

a Mark o v en vironmen t.

13

Finally , Example 3.7 constructs an example of the distribution se-

quence f F
t

: t g and the sto c hastic k ernels for a discrete-time co v ari-

ance stationary pro cess. The example sho ws that when not Mark o v

the transition op erators, ev en if time-homogeneous, in general violate

the semigroup prop ert y .

12

The semigroup prop ert y is also kno wn as the Chapman-

Kolmogoro v equation or the F okk er-Planc k equation (Karlin and T a y-

lor, 1981, pp. 285{286).

13

Co x and Miller (1965, Ex. 3, p. 142) giv es an example where

the transition op erator satis�es the semigroup prop ert y while the

underlying sto c hastic pro cess is not Mark o v.
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Example 3.7Let

f X ( t ) : t = 0 ; 1 ; 2 ; : : : g

b e a sequence of random v ariables join tly normally distributed, and

consider the asso ciated distribution dynamics f F
t

; t = 0 ; 1 ; 2 ; : : : g .

Supp ose the sequence X is co v ariance stationary with mean zero and

co v ariogram:

f g ( m ) = E [ X ( m ) X (0)] ; m = 0 ; � 1 ; � 2 ; : : : g

The pro jection of X ( t ) on X ( t � 1) has residual

� ( t )

def

= X ( t ) �

h

g (1) g (0)

� 1

i

X ( t � 1)

normally distributed, mean zero, indep enden t of X ( t � 1) , and with

v ariance

h

1 � g (1)

2

g (0)

� 2

i

g (0)

2

> 0 b y Cauc h y-Sc h w artz inequalit y :

Because X is normally distributed, the pro jection is also the con-

ditional exp ectation, so that the distribution of X ( t ) conditional on

X ( t � 1) is normal and can b e written:

X ( t ) j X ( t � 1) � N(0 ;

h

1 � g (1)

2

g (0)

� 2

i

g (0)

2

) :

Consequen tly , the sto c hastic di�erence equation

X ( t ) = � X ( t � 1) + � ( t ) ; (3.20)

where � = g (1) g (0)

� 1

and � ( t ) � N(0 ; [1 � �

2

] g (0)) indep enden t of

X ( t � 1) � N(0 ; g (0)) , is a v alid represen tation of the distribution dy-

namics in F
t

, regardless of the rest of the co v ariogram g ( m ) . Implicit

in (3.20) is the op erator T �

t � 1 ; 1

= T �

1

of the distributional transition

equation (3.13) . But although the resulting T �

and th us M and T
are time-homogeneous (b y the stationarit y of the sequence X ) the

semigroup prop ert y (3.19) fails in general. F or instance, supp ose X

is a second-order autoregression,

X ( t ) = �

1

X ( t � 1) + �

2

X ( t � 2) + � ( t ) ; � ( t ) � iid N(0 ; 1) :
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The still-v alid conditional distribution equation (3.20) has

� = g (1) g (0)

� 1

= (1 � �

2

)

� 1

�

1

g (0) =

1 � �

2

�

1

�

(1 � �

2

1

� �

2

2

)

1 � �

2

�

1

� 2 �

1

�

2

�

� 1

:

The 2-step transition T �

2

is giv en b y

X ( t ) = 
 X ( t � 2) + � ( t ) ;

where 
 = g (2) g (0)

� 1

and � ( t ) � N(0 ; [1 � 


2

] g (0)) indep enden t of

X ( t � 2) . On the other hand, the con v olution of the 1-step op erators,

T �

1

T �

1

, ob eys

X ( t ) = � � ( � X ( t � 2)) + f � ( t ) + � � ( t � 1) g

= �

2

X ( t � 2) +

e

� ( t ) ;

where �

2

6= 
 and

e

� ( t ) is not indep enden t of X ( t � 2) , except if �

2

= 0 ,

i.e., if X is Mark o v. Th us, in general, T �

2

6= T �

1

T �

1

|the semigroup

prop ert y fails|when T �

1

is calculated from the nonetheless-v alid time-

homogeneous equation (3.20) .

Ho w is a result on violation of the semigroup prop ert y useful to

the applied researc her? F or studying gro wth and con v ergence Quah

(1993a) compared transition probabilit y descriptions of the cross-

section of econom y incomes o v er long horizons and short horizons.

F rom the discussion in Example 3.7 w e see that whether the long-

horizon c haracterization matc hes the appropriate con v olution of the

short-horizon c haracterization is an examination of the Mark o v prop-

ert y . Con v ersely , mo di�cations of the underlying statistical mo del|

for instance, allo wing certain kinds of mo v er-sta y er mixtures (Blu-

men, Kogan, and McCarth y , 1955; Singer and Spilerman, 1976)|so

long as they preserv e the Mark o v prop ert y in F
t

will, necessarily ,

not help explain deviation of the long-horizon description from the

short-horizon ones.

{36{



Gro wth and distribution

Section 3.5 con tin ues this general discussion to consider resolv en t

op erators. Before pro ceeding to that, ho w ev er, Section 3.3 considers

estimation of these relativ ely abstract ob jects just dev elop ed. Then

Section 3.4 treats Mark o v c hains and sho ws ho w the abstract concepts

can b e giv en concrete and explicit form in the discrete-state sp ecial

case.

3.3 Estimating stochastic kernels

F or the remainder of this section w e can con�ne discussion to the

sto c hastic k ernel M or, in e�ect, its deriv ativ e the transition proba-

bilit y p

t

. T o estimate the sto c hastic k ernel notice that equation (3.15)

is solv ed for p

t;s

b y

p

t;s

( x; x

0

) =

8

<

:

f
X ; ( t;t + s )

( x; x

0

) f
X ;t

( x )

� 1

when f
X ;t

( x ) 6= 0

0 otherwise,

(3.21)

where f
X ; ( t;t + s )

( x; x

0

) denotes the join t probabilit y densit y function

at x

j

( t ) = x and x

j

( t + s ) = x

0

.

F rom the reasoning leading up to the k ernel densit y estimator

(3.11) for f
X

, w e can similarly de�ne a k ernel densit y estimator for

f
X ; ( t;t + s )

.

De�nition 3.8 A non-negativ e function K : R

2

! R

+

with

Z

R

2

K ( x ) dx = 1

is a two-dimensional kernel functionor just a kernel. A k ernel is radially
symmetricif K ( S x ) = K ( x ) for all x 2 R

2

and all S suc h that S S

0

= I .

Fixing t and s , let x

j

= ( x

j

( t ) ; x

j

( t + s ) )

0

. A k ernel is a product kernel
if it can b e factored in to a pro duct of scalar k ernel functions, i.e., for

x = ( x

1

; x

2

)

0

, K ( x ) = K
1

( x

1

) K
2

( x

2

) . F or K a t w o-dimensional k ernel

function and b > 0 , the function

bfX ;b

( x )

def

=

1

J b

2

J

X

j =1

K
�

[ x � x

j

] b

� 1

�

(3.22)
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is a kernel density estimator with kernelK and bandwidthb .

This de�nition parallels De�nition 3.2 with the ob vious c hange

from a scalar x to the biv ariate x and from a normalizing b to b

2

.

[[Pro duct k ernels as m utually indep enden t p erturbations,

follo wing noise-in terpretation in De�nition 3.2 of k ernel

as noise-augmen tation. T able some t ypical m ultiv ariate

k ernels.]]

The estimator for the sto c hastic k ernel simply puts together Def-

initions 3.2 and 3.8.

De�nition 3.9 Let K
1

and K
0

b e t w o-dimensional and scalar k ernel

functions, resp ectiv ely; and let b

1

; b

0

> 0 . Giv en t and s > 0 let

bfX ;b

b e the k ernel densit y estimator with k ernel K
1

and bandwidth b

1

from f x

j

( t; t + s ) = ( x

j

( t ) ; x

j

( t + s ))

0

: j = 1 ; 2 ; : : : ; J g ; and let

b

f

X ;b

b e the k ernel densit y estimator with k ernel K
0

and bandwidth b

0

from

f x

j

( t ) : j = 1 ; 2 ; : : : ; J g .

Consistency and asymptotic distribution prop erties are a v ailable

for the sto c hastic k ernel estimator.

Theorem 3.10Let [ : : : ]. (Sto c hastic k ernel LLN)

Theorem 3.11Let [ : : : ]. (Sto c hastic k ernel CL T)

[[In Theorems 3.10 and 3.11 describ e the similarities with

and di�erences from standard results in Cacoullos (1966),

Chen, Lin ton, and Robinson (2001), and Roussas (1969).

Com bine them. Describ e estimated sto c hastic k ernels in

Figure 5.1 and Figure 5.2.]]
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3.4 Markov chains

Empirical researc hers often consider t w o di�eren t discrete mo dels

that lead to Mark o v c hains and transition probabilit y matrices . A

Mark o v c hain is a Mark o v pro cess taking v alues only on a discrete

set; a transition probabilit y matrix is the coun terpart, for Mark o v

c hains, of a transition densit y (3.15) {(3.16) .

Of these t w o discrete mo dels, one will b e implied b y equation

(3.15) and therefore is a sp ecial case of the analysis where densities

are a v ailable. But the other is not. While their common form allo ws

a uni�ed presen tation, understanding that they di�er helps sharp en

the empirical mo delling.

Of course, man y excellen t presen tations of Mark o v c hains already

exist in the literature. What is distinctiv e here is that the presen ta-

tion b egins from where a researc her observ es a set of data (De�nition

3.1) and has access (Theorems 3.3{3.6, Theorems 3.10{3.11) to the

ob jects estimable from those data. The dev elopmen t then builds

on these data-deriv ed constructions, rather than, sa y , h yp othesizing

discrete probabilit y v ectors and transition probabilit y matrices a pri-

ori. This approac h mak es transparen t the relation b et w een, among

other ob jects previously discussed, transition probabilit y matrices

and transition op erators; it sho ws ho w a researc her calculates one

from another and what information migh t b e lost in one but pre-

serv ed in y et others. Suc h matters are (righ tly) nev er considered in

rigorous theoretical dev elopmen t of Mark o v c hain analysis. But, on

the other hand, they constitute part of what applied researc hers need

to kno w.

F or the �rst mo del, tak e F
t

con tin uous but piecewise linear; for the

second, tak e F
t

discon tin uous but piecewise constan t (see Figures 3.1

and 3.2 resp ectiv ely). Call in terv al-discrete the �rst case|that in

Figure 3.1; call p oin t-discrete the second case|that in Figure 3.2.

An in terv al-discrete mo del con tin ues to ha v e densit y with resp ect to

Leb esgue measure, as sho wn in the graph for f in Figure 3.1. F ollo w-

ing our usual con v en tion, tak e the densit y to b e righ t con tin uous with
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Figure 3.1Distribution F and implied densit y f for a discrete mo del;

F is con tin uous but piecewise linear.
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x
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Figure 3.2Distribution F for a discrete mo del; F is discon tin uous but

piecewise constan t.
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0
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left limits. By con trast, a p oin t-discrete mo del has no suc h densit y .

In terv al-discrete and p oin t-discrete mo dels ob viously don't ex-

haust the class of Mark o v c hain mo dels in general, where the discrete

states migh t b e abstract sets, not just connected in terv als or p oin ts on

the real line. Ho w ev er, these t w o do constitute all the useful discrete

mo dels that can b e deriv ed from framew ork in section 3.2, where the

initial underlying state space is naturally tak en to b e the set of real

n um b ers.

Both in terv al-discrete and p oin t-discrete mo dels de�ne for eac h t

a �nite or at most coun tably in�nite set

f x

0

; x

1

; x

2

; : : : ; g � R ; x

m

< x

m +1

8 m = 0 ; 1 ; 2 ; : : : ;

made up of either the p oin ts of non-di�eren tiabilit y in F
t

for the

in terv al-discrete mo del or the p oin ts of discon tin uit y in F
t

for the

p oin t-discrete mo del. Assume this set is in v arian t in time. This

restriction can b e relaxed with no conceptual di�cult y , but at the

cost of cum b ersome notation.

Iden tify the distinguished p oin ts with a set of discrete states, la-

b elled f 0 ; 1 ; 2 ; : : : g . The n um b er of states M can b e �nite or coun t-

ably in�nite, where for the in terv al-discrete case

M = inf f m : F( x

m

) = 1 g

and for the p oin t-discrete case

M = inf f m : F( x

m

) = 1 g + 1 :

F or b oth mo dels asso ciate to eac h discrete state m = 0 ; 1 ; : : : ; M � 1

a probabilit y

f ( m ) =

Z

x

m +1

x

m

d F( x ) =

�

lim

x " x

m +1

F( x )

�

�

�

lim

x " x

m

F( x )

�

: (3.23)

Because the in terv al-discrete case has F con tin uous and piecewise
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linear, equation (3.23) giv es

f ( m ) = F( x

m +1

) � F( x

m

) =

Z

x

m +1

x

m

f ( x ) dx

= f ( x

m

) � ( x

m +1

� x

m

) : (3.24)

Similarly , our con v en tion on righ t-con tin uit y implies that the p oin t-

discrete case has (3.23) as

f ( m ) = F( x

m

) � lim

x " x

m

F( x ) : (3.25)

The general de�nition (3.23) sho ws the probabilities f to b e c hanges

in the v alues of the distribution F. Sp ecial cases (3.24) and (3.25) ,

resp ectiv ely , sho w f as areas under the densit y and as the sizes of

jumps in the distribution at discon tin uit y p oin ts.

Rein tro duce the time index t for f
t

( m ) and form the v ector

f
t

=

�

f
t

(0) f
t

(1) � � � f
t

( M � 1)

�

>

;

where

>

denotes v ector and matrix transp osition.

14

F or b oth in terv al-

discrete and p oin t-discrete mo dels the v ersion of the transition equa-

tion (3.13) used here will b e:

f
t + s

= P

>

t;s

� f
t

; (3.26)

where the M � M transition probabilit y matrix

P

t;s

( m; m

0

) ; m; m

0

= 0 ; 1 ; : : : ; M � 1 ;

c haracterizes transitions from time t to time t + s . Ev en though

the transition probabilit y matrix equation (3.26) for Mark o v c hains

14

This monograph adopts the con v en tion that v ectors and matri-

ces b egin their indexes at 0 rather than 1. The dev elopmen t of the

material in the text mak es that con v enien t and natural. This zero-

o�set con v en tion is also used in some linear algebra texts and in man y

programming languages.
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applies in all cases of in terest, b ecause F
t

will not alw a ys admit a

densit y , equation (3.26) is not a direct coun terpart to the transition

densit y equation (3.15) . Nor is it just a sp ecial case of the transition

equation (3.13) , whic h describ es dynamics in the distributions, not

in their Radon-Nik o dym deriv ativ es.

In the in terv al-discrete case, ho w ev er, the transition densit y do es

exist and can b e usefully and in tuitiv ely related to the transition

probabilit y matrix.

Proposition 3.12F or the in terv al-discrete case:

(i) Matrix P

t;s

in equation (3.26) has

P

t;s

( m; m

0

) =

( x

m +1

� x

m

)

� 1

�

Z

x

m

0

+1

x

m

0

Z

x

m +1

x

m

p

t;s

( x; x

0

) dx dx

0

: (3.27)

(ii) F or a function � piecewise constan t on [ x

m

; x

m +1

) de�ne the

v ector � where � ( m ) = � ( x ) , x 2 [ x

m

; x

m +1

) . Then the im-

age of � under transition op erator T
t;s

has its in terv al-a v eraged

v ersion giv en b y P

t;s

� , i.e.,

�

P

t;s

�

�

( m ) = ( x

m +1

� x

m

)

� 1

Z

x

m +1

x

m

( T
t;s

� )( x ) dx: (3.28)

If further for eac h x

0

the transition densit y function p

t;s

( � ; x

0

) is

piecewise constan t on [ x

m

; x

m +1

) then

�

P

t;s

�

�

( m ) = ( T
t;s

� )( x

m

) :

Ho w is Prop. 3.12, or the framew ork here more generally , useful

to an empirical researc her? Recall that theoretical analyses t ypically

tak e as giv en the set of states for a Mark o v c hain. In applied empirical

w ork, ho w ev er, a researc her migh t need to decide whic h discretization

or �nite set of states to use, calculated o� of observ ations on the
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income distribution.

15

Since incomes data are con tin uous v ariables

the researc her m ust ha v e h yp othesized a particular piecewise linear

distribution or in terv al-discrete mo del, thereb y dividing the income

observ ations in to a partition of discrete sets. Prop. 3.12 mak es precise

what it means to represen t the dynamics of the income distribution

in a transition probabilit y matrix.

16

Equation (3.27) sa ys that the transition probabilit y matrix P is

an in tegral or a v erage of the underlying transition densit y . Di�eren t

transition densities p therefore imply the same transition probabilit y

matrix P . The underlying transition densit y need not and generally

will not displa y the same piecewise linearit y as the distributions F.

When a researc her estimates a transition probabilit y matrix follo wing

a particular discretization of the space of incomes|h yp othesizes a

particular Figure 3.1, ev en when en tirely accurate|the underlying

dynamics can b e iden ti�ed only up to some equiv alence class. The

underlying transition densit y , and th us T , T �

, and M still con tain

relev an t information additional to that estimated b y the researc her.

This can b e seen in part (ii) of Prop. 3.12: v ector P � con tains

only smo othed or a v eraged v ersions of the conditional exp ectation

T � ; it do es not reco v er that conditional exp ectation itself, ev en when

� is piecewise constan t. Only when the transition densit y is also

15

Examples include Epstein, Ho wlett, and Sc h ulze (2003), Quah

(1993a), and : : : [[put others]].

16

T o b e clear, Prop. 3.12 do es not claim that ev ery con tin uous-

state Mark o v pro cess with a transition densit y can b e accurately ap-

pro ximated b y a discretization. F rom Ch ung (1967) w e kno w that a

con tin uous-state Mark o v c hain when inappropriately discretized will

no longer b e Mark o v; ho w ev er, see Bulli (2001) for an in teresting at-

tempt to deal with this confounding of the underlying la w of motion.

By con trast, in the text the in terv al-discrete case b egins with under-

lying distribution F in Figure 3.1. The discussion here h yp othesizes

an appropriate discretization and seeks the features of the transition

dynamics consisten t with that discretization.
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piecewise constan t, do P � and T � coincide. V ariation in the �rst

argumen t of the transition densit y function allo ws dynamics strictly

ric her than that reco v erable in the discretization, regardless of that

discretization's v alidit y and accuracy . Similarly , the conclusion in

(3.28) fails in general if the function � is not piecewise constan t,

ev en with � replaced b y , sa y , �xed a v erages of � o v er the appropriate

[ x

m

; x

m +1

) in terv als.

More p ositiv ely , ho w ev er, b y Prop. 3.12 w e ha v e:

P

t;s

( m; m

0

) � 0 ; all m , m

0

: (3.29)

Moreo v er,

M � 1

X

m =0

Z

x

m

0

+1

x

m

0

p

t;s

( x; x

0

) dx

0

=

Z

1

�1

p

t;s

( x; x

0

) dx

0

= 1

implies

M � 1

X

m

0

=0

P

t;s

( m; m

0

) = ( x

m +1

� x

m

)

� 1

Z

x

m +1

x

m

1 dx = 1 : (3.30)

In w ords (3.29) states non-negativit y and (3.30) ro w sums equalling

unit y .

17

F or the p oin t-discrete case describ ed in Figure 3.2 part (i) of

Prop. 3.12 no longer applies. Instead, b y direct insp ection, w e can

set

P

t;s

( m; m

0

) = M
t;s

( x

m

; ( �1 ; x

m

0

] ) � lim

x " x

m

0

M
t;s

( x

m

; ( �1 ; x ] ) :

(3.31)

17

A matrix satisfying (3.29) and (3.30) is often referred to as a

Mark o v matrix or a sto c hastic matrix . Although the logic for this

terminology is long-established, the language can nonetheless b e con-

fusing to non-sp ecialists, as ob viously suc h a matrix is Mark o v or

sto c hastic in a w a y di�eren t from ho w a sto c hastic pro cess is Mark o v

or a random v ariable is sto c hastic.
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T o understand this, notice that when F
t

has the p oin t-discrete prop-

ert y of Figure 3.2 the in tegral on the righ t side of (3.14) selects v alues

M
t;s

( x; � ) only at x = x

m

. Then that the left side F
t + s

of (3.14) has

the p oin t-discrete prop ert y means M
t;s

( x

m

; ( �1 ; � ]) m ust do so as

w ell. Here to o the transition probabilit y matrix P fails to con tain

all the features in the underlying sto c hastic k ernel M ; ho w ev er, un-

lik e in the in terv al-discrete case, an y p ossible aliasing o ccurs only on

zero-probabilit y ev en ts.

The conditions (3.29) and (3.30) follo w immediately from (3.31) .

This p oin t-discrete case is not, ho w ev er, t ypically observ ed directly in

actual incomes data and therefore is not generally useful for empirical

w ork. On the other hand, it turns out to b e w ell-suited to analytical

mo delling, e.g., in Section 6.2 to follo w. F or the p oin t-discrete case,

there is no longer an en tire range [ x

m

; x

m +1

) asso ciated with eac h

state m ; instead, only the v alue x

m

matters. Th us, although F
t

here

admits no densit y in the usual sense, the analysis actually simpli-

�es, relativ e to the in terv al-discrete mo del. The transition op erator

expression, analogous to (3.28) , no longer in v olv es an a v eraging but

is alw a ys exact. Letting � b e an y function, no longer necessarily

p oin t wise constan t, de�ne � b y � ( m ) = � ( x

m

). Using (3.31) ,

�

P

t;s

�

�

( m )

=

M � 1

X

m

0

=0

P

t;s

( m; m

0

) � ( m

0

) =

M � 1

X

m

0

=0

P

t;s

( m; m

0

) � ( x

m

0

)

= � ( x

0

) M
t;s

( x

m

; ( �1 ; x

0

] ) +

M � 1

X

m

0

=1

Z

x

m

0

x

m

0

� 1

� ( x

0

) M
t;s

( x

m

; dx

0

)

=

Z

1

�1

� ( x

0

) M
t;s

( x

m

; dx

0

) = ( T � )( x

m

) :

The expression after the third equals sign follo ws from noting that

the righ t side of (3.31) equals M
t;s

( x

m

; x

0

) for m

0

= 0 whereas for
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m

0

= 1, 2, : : : the righ t side satis�es

M
t;s

( x

m

; ( �1 ; x

m

0

] ) � lim

x " x

m

0

M
t;s

( x

m

; ( �1 ; x ] )

= M
t;s

( x

m

; ( �1 ; x

m

0

] ) � M
t;s

( x

m

; ( �1 ; x ] ) 8 x 2 [ x

m

0

� 1

; x

m

0

)

=

Z

x

m

0

x

m

0

� 1

M
t;s

( x

m

; dx

0

) :

F or all Mark o v c hains|whether in terv al- or p oin t-discrete|eac h

ro w of the matrix P

t;s

is a v ector of probabilities. Therefore, the

op eration on the righ t side of equation (3.26) �nds the f
t

-probabilit y

mixture of a collection of probabilit y v ectors, and th us generates y et

another probabilit y v ector. Again, for all Mark o v c hains|in terv al-

or p oin t-discrete|the adjoin t equation (3.18) is immediate:

M � 1

X

m =0

�

P

t;s

�

�

( m ) � f
t

( m ) =

�

P

t;s

�

�

>

f
t

= �

>

( P

>

t;s

f
t

)

=

M � 1

X

m

0

=0

� ( m

0

) � ( P

>

t;s

f
t

)( m

0

) ;

so that w e can iden tify P

t;s

with T
t;s

and the adjoin t with the matrix

transp ose.

Summarize the notation for describing a Mark o v c hain. Giv en M

the n um b er of discrete states, call x the v ector ( x

0

; x

1

; : : : x

M � 1

)

>

of

p ossible realizations and P the matrix function

�

P

t;s

( m; m

0

) ; m; m

0

= 0 ; 1 ; : : : ; M � 1; t; s � 0

	

:

Let f
0

b e a probabilit y v ector, tak en to describ e an initial distribution.

A Mark o v c hain is then the 4-tuple ( M ; x; P ; f
0

).

If P is time-homogeneous, i.e., P

t;s

= P

0 ;s

for all t; s � 0, and

P satis�es the semigroup prop ert y (3.19) , call P

s

= P

0 ;s

. Then in

a direct extension of the prop ert y for scalar real-v alued functions

P

t

= e

G t

for some �xed M � M matrix G . The matrix G is called
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the in�nitesimal generator of the semigroup P and can b e obtained

b y matrix di�eren tiation:

G = lim

t # 0

P

t

� I

t

:

(These will b e rein tro duced for the general case in De�nition 3.15.)

W riting out the en tries explicitly as

G =

�

G ( m; m

0

) ; m; m

0

= 0 ; 1 ; : : : ; M � 1 ;

	

it is immediate that

P

m

0

G ( � ; m

0

) = 0 and G ( m; m ) � 0.

3.5 Resolvent operators

Time-homogeneit y allo ws t w o further to ols that will b e used rep eat-

edly later (section 6.2) to analyze gro wth and distribution.

De�nition 3.13 F or X Mark o v with time-homogeneous transitions T ,

de�ne R
�

( � > 0) , the resolvent operatoror simply resolventof X , to

b e the Laplace transform of the semigroup f T
t

: t � 0 g , i.e.,

R
�

=

Z

1

0

e

� �t T
t

dt; � > 0 :

Resolv en t op erators map b ounded measurable functions to b ounded

measurable functions b y

( R
�

� )( x ) =

Z

1

0

e

� �t

( T
t

� )( x ) dt

=

Z

1

0

e

� �t

E [ � ( X ( t )) j X (0) = x ] dt

=  ( x ) :

Moreo v er, the resolv en t has a k ernel represen tation useful for calcula-

tions. T o obtain it, use (3.17) and in terc hange the in tegration order
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in

( R
�

� )( x

0

) =

Z

1

0

e

� �t

( T
t

� )( x

0

) dt

=

Z

1

0

e

� �t

E

�

� ( X ( t )) j X (0) = x

0

�

dt

=

Z

1

0

e

� �t

�

Z

1

�1

� ( x ) M
t

( x

0

; dx )

�

dt

=

Z

1

�1

� ( x )

�

Z

1

0

e

� �t M
t

( x

0

; dx ) dt

�

so that

( R
�

� )( x

0

) =

Z

1

�1

� ( x ) G

�

( x

0

; x ) dx; (3.32)

where the resolvent kernelsatis�es

18

G

�

( x

0

; x ) dx =

Z

1

0

e

� �t M
t

( x

0

; dx ) dt: (3.33)

When the sto c hastic k ernel M admits a densit y , as in equation (3.16) ,

then the resolv en t k ernel equals

G

�

( x

0

; x ) =

Z

1

0

e

� �t

p

t

( x

0

; x ) dt;

i.e., the resolv en t k ernel is the Laplace transform of the transition

densit y .

Record the transition densit y and resolv en t k ernel for Bro wnian

Motion, for use in Section 6.4:

Theorem 3.14F or X = � B , where B is standard Bro wnian Motion,

the transition densit y is

p

t

( x

0

; x ) = (2 � �

2

t )

� 1 = 2

exp

 

�

( x � x

0

)

2

2 �

2

t

!

; (3.34)

18

This notation follo ws Karlin and T a ylor (1981, Ch. 15.11, p. 287)

but di�ers from, sa y , Gihman and Sk oroho d (1975). It is motiv ated

b y G

�

b eing related to so-called Green functions for b oundary v alue

problems in di�eren tial equations.
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and the resolv en t k ernel is

G

�

( x

0

; x ) = �

� 1

1

p

2 �

e

�j x � x

0

j

p

2 � =�

: (3.35)

Finally , w e ha v e

De�nition 3.15 F or X Mark o v with time-homogeneous transitions T ,

de�ne G the in�nitesimal generatorof X as the deriv ativ e of the semi-

group f T
t

: t � 0 g at t = 0 , i.e.,

G = lim

� t # 0

�

T
� t

� I

� t

�

;

where I denotes the iden tit y op erator.

The resolv en t op erator and in�nitesimal generator can b e related

to eac h other (e.g., Gihman and Sk oroho d, 1975, Theorem 1, p. 97):

Theorem 3.16An X Mark o v with time-homogeneous transitions T has

its resolv en t op erator R
�

and in�nitesimal generator G satisfy:

R
�

= ( � � G )

� 1

; 8 � > 0 : (3.36)

By de�nitions 3.13 and 3.15, resp ectiv ely , in equation (3.36) the

left side, R
�

, is an in tegral taking in to accoun t all T
t

( t > 0) whereas

the righ t side, ( � � G )

� 1

, in v olv es only the deriv ativ e of T
t

at a single

p oin t t = 0. That the t w o sides of (3.36) are equal to eac h other is

remark able, and sho ws the p o w er of the time-homogeneit y restriction

in semigroups.

Some further insigh t in to this is pro vided b y the discrete-state

Mark o v c hain (section 3.4) case. There the resolv en t op erator can b e

explicitly calculated:

R
�

=

Z

1

0

e

� �t

P

t

dt =

Z

1

0

e

� ( �I � G ) t

dt

= ( � � G )

� 1

;
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exactly as in equation (3.36) .

T o an ticipate the use of equations (3.33) and (3.36) in section 6.2,

notice that when the resolv en t is ev aluated at a utilit y function, the

result is the exp ected presen t discoun ted v alue of the 
o w of utilit y .

19

When consumption, the argumen t of the utilit y function, is a di�u-

sion pro cess|a Mark o v pro cess with con tin uous timepaths|then its

in�nitesimal generator can b e describ ed b y a second-order di�eren-

tial op eration. If, ho w ev er, consumption is a Mark o v c hain|with

jumps represen ting sudden discrete c hanges|then its in�nitesimal

generator can b e describ ed b y a matrix. Either w a y , equation (3.36)

allo ws explicitly calculating the presen t discoun ted utilit y v alue of

consumption under alternativ e scenarios for gro wth and inequalit y .

3.6 Long run distributions and other characteristics

W e can analyze the distributions and sto c hastic k ernel in (3.14) , ha v-

ing obtained their empirical coun terparts using the results in 3.1.1{

3.2.

Durlauf and Quah (1999, App endix A) describ es : : : .

Limiting b eha vior. Doblin's condition. Ergo dicit y . First-

passage times. Do ob (1953). F utia (1982). Quah (1996a).

Stok ey and Lucas (1989).

F or a Mark o v c hain ( M ; x ; P ; f
0

) ha ving time-homogeneous transi-

tion probabilit y matrix, a stationary or in v arian t probabilit y (v ector)

is an y v ector that can b e formed as a con v ex com bination of the ro ws

of

P

( 1 )

def

= lim

t !1

P

t

;

pro vided the limit on the righ t exists.

19

Rogers (1997) used � � � . Du�e and Glynn (2004) applied � � � .
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T o see wh y this is reasonable supp ose f
0

is an in v arian t probabilit y .

Because f
0

is a con v ex com bination of the ro ws of P

( 1 )

, a probabilit y

v ector � exists so that

f
0

=

h

P

( 1 )

i

>

�:

Then for all t > 0

f
t

= P

>

t

f
0

= P

>

t

h

P

( 1 )

i

>

� =

h

P

( 1 )

P

t

i

>

�

=

h

lim

s !1

P

s + t

i

>

� =

h

P

( 1 )

i

>

� = f
0

;

since P satis�es the semigroup prop ert y (3.19) . In w ords, an in v arian t

probabilit y v ector is preserv ed through time. An in v arian t probabilit y

corresp onds to a long-run steady state of the distributional dynamics;

or, it is a �xed p oin t of the asso ciated transition op erator.

If P

( 1 )

has all its ro ws iden tical, then ev ery con v ex com bination

of those ro ws is just the �rst ro w: the stationary probabilit y v ector

is therefore unique and equals that �rst ro w. But the con v erse also

holds. If the stationary probabilit y v ector is unique, then all ro ws

of P

( 1 )

m ust equal that stationary probabilit y , for otherwise some

con v ex com bination of the ro ws w ould b e a v ailable as a y et di�eren t

stationary probabilit y .

If P

1

has all ro ws iden tical then the Mark o v pro cess is, when

observ ed in discrete time, serially indep enden t. F rom an y initial dis-

tribution the pro cess attains its in v arian t distribution equal to the

�rst ro w of P

1

in a single time p erio d, and it remains there forev er

after. Th us, the limit P

( 1 )

is w ell-de�ned with P

1

the unique limit

p oin t.

4 Catch-up models

T o see ho w gro wth mo dels restrict distribution dynamics, w e b egin

with the simplest v ersion of the Solo w (1956) gro wth mo del. Let Y
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b e total output, N b e the w orkforce, and K b e the total capital sto c k.

Denote p er w ork er quan tities in lo w er case:

y

def

= Y = N k

def

= K = N : (4.1)

Output dep ends on K , N , and tec hnology A through a standard

smo oth neo classical pro duction function. Assume tec hnology A en-

ters the pro duction function m ultiplicativ e l y in N so that output p er

w ork er can then b e written as

y = Af ( k = A ) ; f

0

> 0 ; f

00

< 0 ; lim

k !1

f ( k ) k

� 1

= 0 : (4.2)

T ec hnology and the w orkforce ev olv e exogenously at constan t gro wth

rates

_

A = A = � � 0 ; A (0) > 0 (4.3)

_

N = N = � � 0 : N (0) > 0 (4.4)

Capital depreciates at a constan t rate � and accum ulates through

sa vings equal to fraction � of total income Y :

_

K = � Y � � K ; � in (0 ; 1) and � > 0 : (4.5)

Com bining (4.1) through (4.5) giv es the dynamic equation for capital

p er w ork er:

_

k =k �

_

A= A = �

f ( k = A )

k = A

� ( � + � + � ) (4.6)

Under the standard curv ature assumptions on f giv en in (4.2) , equa-

tion (4.6) has a unique steady-state v alue [ k = A ]

�

.

T aking together equations (4.2) , (4.3) , and (4.6) then giv es ob-

serv able dynamics for lab or pro ductivit y:

log y ( t ) = �

0

+ � � t + [log y (0) � �

0

] e

�t

; (4.7)
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Figure 4.1A cross section of economies, eac h ha ving di�eren t p ossible

steady-state paths v arying with �

0

.

log y ( t )

t

t

0

� t + �

0 ;a

� t + �

0 ;b

log y

1

( t

0

)

log y

2

( t

0

)

log y

3

( t

0

)

log y

4

( t

0

)
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where

�

0

= log f ([ k = A ]

�

) + log A (0)

= g

�

[ � + � + � ]

� 1

�

�

+ log A (0) ; with g

0

> 0 ;

and � = � ( f ; ( � + � + � ) ; � ) < 0 :

These dynamics are illustrated in Figure 4.1. F or an y one econom y ,

sa y with output p er w ork er y

1

, economic history is the transition from

its initial lev el to a sp eci�c steady-state path. Ho w ev er, the Figure

also sho ws that the cross section of economies, ha ving di�eren t under-

lying steady-state paths v arying with �

0

and di�eren t initial incomes,

displa ys a wide range of p ossible b eha viors. Economies 2 and 3 di-

v erge a w a y from eac h other, criss-crossing along the w a y although

they b egan close together at a middle-income lev el. Economies lik e

1 b egin and remain ric h; those lik e 4 b egin and remain p o or.

A sto c hastic k ernel M for this range of p ossibilities w ould sho w

sim ultaneously con v ergence (economies 1 and 2 approac hing eac h

other, and 3 and 4 similarly); div ergence (economies 2 and 3 starting

out together but then gro wing apart); and p ersistence at b oth high

and lo w ends of the income range (economies 1 and 4 remaining,

resp ectiv ely , ric h and p o or).

All these di�eren t b eha viors can b e seen in the data (Quah, 2001b,

1993a, 1997). The analytically- deriv e d Figure 4.1

Th us, while div ergence migh t b e an imp ortan t feature of eco-

nomic gro wth across coun tries (Pritc hett, 1997), it is not the only

prominen t feature of distribution dynamics o v erall. Similarly , con-

v ergence (Barro and Sala-i-Martin, 1992). Theorizing on the con-

v ergence and div ergence prop erties in economic gro wth should try to

incorp orate b oth features sim ultaneously , rather than exclusiv ely one

or the other.

20

20

Quah (1996a) has in terpreted the mo del in Galor and Zeira

(1993) as displa ying exactly suc h div erse cross-section dynamics.
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Quan tify ph ysical and h uman capital con tributions

in pictures lik e Jones (1998, Figs. 3.1{3.2).

Imp ortance of A , regardless whether exogenous or endogenous.

Jones (1997)

Mankiw, Romer, and W eil (1992)

Romer (1990)

(i) Imp ortance of tec hnology , or something lik e it to segue in to

subsection 4.2.

(ii) P anel data empirical metho ds can b e misleading for question of

in terest

4.1 Theoretical models for cross-section distribution dynamics: Technology
di�usion across countries

One con v enien t framew ork to mo del in teracting economies, ev olving

in a ric h cross section through time, is the follo wing. Let J denote

the giv en set of economies, j the t ypical elemen t in J , and C � J a

subset of economies. Th us,

A

j

= f A

j

( t ) : t � 0 g

is the timepath for the single, isolated econom y j whereas

A

C

= f A

j

( t ) : t � 0 ; j 2 C g

is the collection of timepaths for economies in the group C .

Applied to distribution dynamics, man y mo dels of tec hnology and

kno wledge di�usion can b e summarized as a di�usion sc heme , i.e., a

pair ( A

�

; D ), with A

�

the target and D the dynamic catc h-up equa-

tion . Examples of A

�

include:
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(i) A the a v erage, either across a subgroup C or the en tire set of

economies J ;

(ii) A

0

some distinguished, �xed-iden tit y leader econom y;

(iii) A

max

a sp eci�c leader, but whose iden tit y v aries through time.

T arget A

�

will also, in general, ev olv e through time in some w a y to

b e sp eci�ed.

Dynamics D can b e divided conceptually in to t w o classes: First,

where the resulting timepaths are con tin uous; second, where they are

discon tin uous, i.e., can tak e discrete jumps. Since w e are mo delling

A , no ph ysical limits prev en t the second|indeed, certain distribu-

tion dynamics naturally call for jumps in the timepaths of sp eci�c

coun tries. Examples of the �rst class of dynamics D include, for

�

j

; �

j

� 0,

_

A

j

=

h

A

1 � �

j

j

A

�

�

j

i

�

j

(C1)

and

_

A

j

= A

j

= �

j

+

�

1 �

A

j

A

�

�

�

j

(C2)

as distinct p ossibilities. In all cases, �

j

can b e in terpreted as implying

a gro wth premium : it is a \catc h up to the leader" co e�cien t|the

higher is �

j

, the more rapidly A

j

gro ws whenev er A

j

< A

�

. By

con trast, �

j

can b e view ed as the natural gro wth rate in A

j

, distinct

from catc h-up tendencies: it is the gro wth rate in A

j

whenev er �

j

equals zero. With �

j

p ositiv e, the further A

j

is b elo w A

�

, the faster

do es the econom y gro w, relativ e to the underlying natural gro wth

rate �

j

. Finally , notice that in (C1) {(C2) the target A

�

b eha v es lik e

just an y other A

j

.

Mo dels with discrete jumps can b e describ ed as follo ws. F or eac h

j 2 J , de�ne t

0

= 0, and for k � 1 let t

k

� t

k � 1

b e con tin uous,

p ositiv e-v alued random v ariables, with distributions to b e sp eci�ed,

v arying with j .

F ollo wing F eller (1968, p. 73), call the (random) time p oin ts t

k

ep o c hs . If, for example, the j -th econom y has its in ter-ep o c h times

distributed iid exp onen tially , then w e can call ep o c hs t

k

the arriv al
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times for a P oisson pro cess. More generally , denote b y P the distribu-

tion of time from one ep o c h un til the next; and let p b e the resulting

probabilit y densit y ,

p( t ) =

d P
dt

( t ) :

Then de�ne the hazard rate

h( t ) = �

d

dt

log (1 � P( t )) =

p( t )

1 � P( t )

t � 0 ;

the exp ected arriv al rate of ev en ts. The implied random pro cess

is a p oin t pro cess . Lik e the distribution P, the hazard h is fully

informativ e on the prop erties of the p oin t pro cess, as w e can alw a ys

calculate:

P( t ) = 1 � e

�

R

t

0

h( s ) ds

t � 0 : (4.8)

Returning to the cross section of economies, assume tec hnology

lev els c hange only at ep o c hs, i.e., for t 6= t

k

, let

_

A

j

( t ) = 0, but for

t = t

k

, one of the follo wing holds:

A

j

( t ) = A

max

( t ) for some timepath f A

max

( t ) : t � 0 g (D1)

or

A

j

( t ) = (1 + �

j

) lim

s " t

A

j

( s ) : (D2)

Equation (D1) describ es a jump to the fron tier, regardless ho w far

adv anced the fron tier migh t b e ahead of A

j

b efore j 's ep o c hal ev en t,

while equation (D2) is a discrete jump of heigh t �

j

, indep enden t of

where the fron tier curren tly is. In (D1) the fron tier A

max

ev olv es in

a w a y that v aries across mo dels. The a v erage or exp ected gro wth

rate of an econom y j dep ends on �

j

, A

max

, and the ep o c hal time

distributions.

Equations (C1) and (C2) represen t gradual adjustmen t to w ards a

target lev el A

�

, in turn ev olving through time. Equations (D1) and

(D2) , on the other hand, represen t discon tin uous, abrupt adjustmen t.

What happ ens at the fron tier A

max

in (D1) matters imp ortan tly for
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the distribution dynamics: One t ypical assumption (e.g., Aghion and

Ho witt, 1998; Ho witt, 2000) is that A

max

ev olv es in a w a y related to

but di�eren t from ho w A

j

's not y et at the fron tier do so. W e return

to this in section 4.2.

W e will also consider h ybrid sc hemes that mix con tin uous and

discon tin uous catc h up dynamics.

4.2 Explicit di�usion schemes( A

�

; D ) : Examples

Man y studies in the literature can b e usefully organized in to alterna-

tiv e di�usion sc hemes. T o see this, �rst de�ne the relativ e tec hnology

ratio a

j

= A

j

=A

�

. Consider con tin uous and discon tin uous D in turn.

Con tin uous D

One di�usion sc heme commonly used in empirical studies sets

the target equal to a p ermanen t leader econom y , A

�

= A

0

, and the

catc h up dynamics to b e gradual, either D = (C2) or D = (C1) . Then,

_

A

�

=A

�

=

_

A

0

=A

0

= �

0

:

De�ning a to b e the steady-state coun terpart to the relativ e tec hnol-

ogy ratio a , either:

a

j

def

= ( �

j

=�

0

)

1 =�

j

_a

j

=a

j

=

h

( a

j

=a

j

)

�

j

� 1

i

�

j

for (C1) , or

a

j

def

= 1 + ( �

j

� �

0

) =�

� 1

j

_a

j

=a

j

= � ( a

j

� a

j

) � �

j

for (C2) . That a

j

di�ers from 1 implies a p ermanen t cross-coun try

di�erence in steady state equilibrium, and th us a non-degenerate in-

v arian t cross-section distribution, dep ending in general on in trinsic
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underlying gro wth rates �

j

as w ell as catc h-up co e�cien ts �

j

. If,

ho w ev er, �

j

= �

0

, then a

j

( t ) ! 1 as t ! 1 , indep enden t of �

j

; the

in v arian t distribution is then a degenerate p oin t mass.

Empirical examples of the sp ecial case of (C2) ab o v e include,

among others, Bernard and Jones (1996) and Cameron, Proudman,

and Redding (1998). Illustrativ e of the kinds of results a v ailable in

this approac h, Cameron, Proudman, and Redding (1998) �nd that

compared to the US, OECD economies displa y long-run steady-state

tec hnology ratios a

j

b et w een 53% and 92%.

Lucas (1993) is a di�eren t v arian t on this class of examples, setting

A

�

= A and D = (C1). In a sligh t distortion of language, catc h

up here is not to a leader econom y , but to the a v erage of the cross

section distribution. Economies that are adv anced relativ e to the

a v erage slo w do wn, while those that are b ehind sp eed up. When

�

j

= �

0

, then again a

j

( t ) ! 1 as t ! 1 , so that in steady state,

A

j

= A

0

= A : Con v ergence of the cross-section distribution is to a

degenerate p oin t mass.

Wh y migh t a target equalling the cross-section a v erage, A

�

= A ,

mak e sense in an economic mo del? Lucas (1993, p. 255) refers to

externalities in accum ulating h uman capital, but suggests the sp eci�-

cation is just a con v enience in mo delling as nothing essen tial c hanges

if w e replace A

�

= A b y the maxim um A

�

= A

max

or the p ermanen t

leader A

�

= A

0

. Outside the presen t predictiv e analysis, ho w ev er,

this \dep endence on the cross-section mean" externalit y sp eci�cation

migh t w ell b ear substan tiv e implications.

In all cases ab o v e, no in tra-distribution crossings o ccur. Econ-

om y j nev er surpasses a j

0

previously b etter o� than itself; at b est,

j b ecomes as ric h as j

0

, and then only asymptotically . Con v ergence

of the cross-section distribution is monotone, and, apart from exoge-

nous heterogeneit y �

j

6= �

0

, is alw a ys to a degenerate p oin t mass.

An y sensible measure of cross-section inequalit y or of the spread in

the cross-section distribution will constan tly diminish to w ards zero.

Cross-econom y dep endence is straigh tforw ard: Dynamics in econom y

{61{



Gro wth and distribution

j dep end on one simple c haracteristic of the cross-section distribu-

tion, namely one of A

0

, A

max

, or A .

Extensions of this approac h can pro ceed in a n um b er of di�eren t

directions, mo difying the conclusions just giv en. One p ossibilit y is

that target A

�

migh t di�er across distinct subsets of the cross section

J . Th us, denote groupings of economies,

C

0

; C

1

; � � � ( J ;

and supp ose that eac h C b ears a sp eci�c target A

�

for all economies

in the grouping. Eac h C is a con v ergence club , in the language used

in Abramo witz (1986) or Baumol (1986). The analysis for eac h sub-

set C pro ceeds exactly as ab o v e. Ho w ev er, com bining analyses across

subsets, w e see that criss-crossings and o v ertakings can no w p oten-

tially o ccur; and con v ergence of the distribution is, in general, to a

m ulti-p eak ed long-run distribution. The economic question to ana-

lyze here b ecomes, Whic h j 's join whic h groupings C ? What forces

determine the mem b ership of an y giv en C ? Keely (1999) and Quah

(2001b) ha v e applied ideas from the analysis of endogenous coalition

formation (Moldo v an u and Win ter, 1995; Ra y and V ohra, 1999; Yi,

1997) to study these questions. Suc h w ork complemen ts the stan-

dard con v ergence analysis that consider only (exogenously-sp eci�ed)

spillo v ers or externalities, and is an alternativ e description of the

pro cess of tec hnology dissemination.

Hybrid D

Lucas (2000) pro vides a cross-econom y gro wth mo del com bining

the con tin uous timepath analyses describ ed earlier with the discon-

tin uous ones to follo w. The mo del can also b e view ed as one that

places a probabilit y structure on the endogenous coalition formation

just describ ed. Th us, it is a di�eren t represen tation of the idea that

not all economies are sim ultaneously in the same con v ergence club.
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The economics in the mo del turns on h uman capital dev elopmen t and

kno wledge dissemination, along lines studied in T am ura (1996).

Iden tify tec hnology lev els in terc hangeably with incomes, and sup-

p ose for simplicit y that all economies are equal-sized with constan t

p opulations, normalized to unit y . Economies fall, endogenously , in to

t w o categories: they are stagnan t, or they ha v e tak en o� and are on a

dev elopmen t path con v erging to w ards the leading econom y . T ak e-o�s

happ en probabilistically and at v arying calendar times for di�eren t

individual economies.

Ho w an y giv en econom y ev olv es, ho w ev er, cannot b e determined

without kno wing ho w the en tire cross-section distribution ev olv es.

Mec hanically , the con v erse holds as w ell|the cross-section distribu-

tion is transformed along with the economies in it. In the mo del the

cross section in
uences an y giv en econom y in t w o distinct w a ys: First,

it a�ects the probabilit y of a stagnan t econom y taking o�. The more

dev elop ed the w orld is, the more lik ely a curren tly-stagnan t econom y

will launc h itself on the path to dev elopmen t. Second, ho w dev el-

op ed the rest of the w orld is (or, in particular, the leading econom y)

determines ho w fast a newly-dev eloping econom y gro ws|a catc h-up

premium sp eeds up the gro wth of an econom y that starts far b ehind

the w orld's leaders.

The k ey results from the mo del are t w o-fold. The w orld dev elops

through initially slo w di�usion and then acceleration|as the w orld

b ecomes ric her b oth on a v erage and cross-sectionally , more economies

latc h on y et more rapidly on to the path to dev elopmen t. This acceler-

ation w ould not o ccur without some p ositiv e feedbac k from the dev el-

op ed w orld to the p ossibilities for tak eo� among the w orld's stagnan t

economies. The mo del generates �rst increasing and then decreas-

ing cross-coun try inequalit y , and displa ys a emerging but ev en tually

only transien t bimo dalit y in the cross-section distribution. The early

part of the transition, therefore, sho ws b oth div ergence and t win-

p eak edness of the kind do cumen ted in Jones (1997), Pritc hett (1997),

and Quah (1997).
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The mo del w orks as follo ws. Up through time 0 all J economies

in the cross section J remain stagnan t,

y

j

( t ) = y > 0 ; for all t � 0 :

A t t = 0 the incipien t leader econom y , j = 1, starts gro wing:

t � 0 : _y

1

( t ) =y

1

( t ) = � > 0 = ) y

1

( t ) = y e

� t

: (4.9)

(In Lucas's in terpretation, econom y 1 at time 0 can b e though t of

as the UK at the b eginning of the Industrial Rev olution.) All other

economies stagnate with incomes at y un til, individually , they ex-

p erience a tak e-o� ev en t, whereup on that no w-dev eloping econom y

con v erges up w ards to w ards the leader econom y . As time pro ceeds,

lik e marathon runners at the starting line, more and more economies

launc h on to their resp ectiv e dev elopmen t paths and race to w ards the

leader.

F or j 2 J , j 6= 1, call the random v ariable t

j

� 0 the ep o c h of

j 's tak eo�; write t

1

= 0. Conditional on history up through time t ,

call C

0

( t ) the collection of still-stagnan t economies and call C

1

( t ) the

complemen t, J nC

0

( t ), i.e., C

1

( t ) = f j 2 J : t

j

� t g . F or an y p ositiv e

t , econom y 1 is alw a ys in C

1

and, probabilistically , others migh t b e

as w ell. Denote b y J

0

the n um b er of economies in C

0

and J

1

the

n um b er in C

1

. Indep enden tly and iden tically distributed across the

still-stagnan t economies, tak e-o� ev en ts o ccur o v er the time in terv al

[ t; t + dt ] with probabilit y h( t ) dt . Th us, the hazard rate h proba-

bilistically splits the w orld in to t w o groups, the stagnan t C

0

, where

y

j

( t ) = y for j 2 C

0

; and the dev eloping C

1

, comprised of econom y 1

and j 6= 1 for whic h w e assume y

j

( t ) gro ws as

1 �

y

j

( t )

y

1

( t )

=

"

1 �

y

j

( t

j

)

y

1

( t

j

)

#

e

� ( t � t

j

) �

; � > 0 ; t � t

j

: (4.10)

Equation (4.10) sa ys that ev en tually y

j

( t ) catc hes up to y

1

( t ): con-

ditional on t

j

, the righ t side of (4.10) declines exp onen tially to zero
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at rate � as t gro ws, so that y

j

( t ) % y

1

( t ). The � co e�cien t in

(4.10) prop erly describ es con v ergence for econom y j to the leader,

not simply an econom y's gro wth rate slo wing do wn as that econ-

om y approac hes its underlying steady-state gro wth path. This can

b e rewritten to sa y that later-dev eloping economies enjo y a gro wth

premium as (4.10) is also:

y

j

( t ) = y

1

( t ) �

"

1 �

 

1 �

y

j

( t

j

)

y

1

( t

j

)

!

e

� ( t � t

j

) �

#

(4.11)

and log-di�eren tiating with resp ect to time giv es:

_y

j

( t )

_y

j

( t )

= � + � �

2

4

�

1 �

y

j

( t

j

)

y

1

( t

j

)

�

e

� ( t � t

j

) �

1 �

�

1 �

y

j

( t

j

)

y

1

( t

j

)

�

e

� ( t � t

j

) �

3

5

:

Dev eloping economies gro w nonlinearly . Their gro wth rates equal

that of the leader's, � , plus a second con v ergence term that is larger

the greater the distance from the leader econom y at the tak eo� date,

but that then falls to zero o v er time. The later an econom y b egins to

dev elop, the faster it gro ws ( y =y

1

( t

j

) is lo w er), but as that econom y

matures, its gro wth rate slo ws, although remaining su�cien tly high

so that ev en tually it catc hes up to the leader.

As history unfolds, not only do the incomes of the economies in C

1

gro w, but the size and mem b ership of C

0

and C

1

also c hange. W orld

income is the sum of group incomes across stagnan t and dev eloping

economies, i.e., at time t ,

X

j 2C

0

( t )

y

j

( t ) = J

0

( t ) � y (4.12)

and

X

j 2C

1

( t )

y

j

( t ) =

X

f j 3 t

j

� t g

y

j

( t ) : (4.13)

Pro vided J is su�cien tly large that la ws of large n um b ers apply to

a v erages, w e also ha v e

J

0

( t )

J

= e

�

R

t

0

h( s ) ds

(4.14)
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and for (4.13)

J

� 1

X

j 2C

1

( t )

y

j

( t ) =

Z

t

0

J

0

( s )

J

h( s ) �

�

y

1

( t ) �

�

1 �

�

1 �

y

y

1

( s )

�

e

� ( t � s ) �

� �

ds: (4.15)

Using (4.11) the term in braces in equation (4.15) is the income at

time t of an econom y that b egan gro wing at ep o c h t

j

= s . The m ul-

tiplier J

� 1

J

0

( s ) h( s ) ds is the ex-an te exp ected fraction of economies

exp eriencing a tak eo� ev en t in an in�nitesimal time in terv al at s .

The in tegral then tak es the total o v er all past ep o c hs s 2 [0 ; t ].

Sp ecifying ho w h b eha v es will no w allo w the mo del to pro duce dis-

tribution dynamics for the cross section of economies through equa-

tions (4.9) , (4.11) , (4.13) , (4.14) , and (4.15) . As Lucas (2000) ob-

serv es, a constan t hazard h( t ) = h(0) cannot adequately capture ho w

as w orld dev elopmen t has pro ceeded in the 20th cen tury , w e observ e

more and more economies tak e o� more and more rapidly . T o al-

lo w this the hazard rate migh t b e c hosen to v ary with the size of

C

1

or with a v erage w orld income (whic h, through (4.12) , (4.14) , and

(4.15) , v aries p ositiv ely with C

1

). Lucas (2000) sho ws that selecting

the latter allo ws a b etter �t to the data.

T o summarize, the mo del displa ys t w o clear successes. First,

allo wing individual-econom y tak eo�s to dep end on w orld dev elop-

men t, the mo del explains the accelerating pace of dev elopmen t cross-

sectionally . Second, if w e iden tify the economic history analyzed

econometrically in Jones (1997), Pritc hett (1997), and Quah (1997)

with the early part of the mo del's distributional transition, the mo del

explains div ergence and emerging t win-p eak edness.

But note that ho w ev er h migh t ev olv e through time, pro vided only

that it is b ounded from b elo w b y a p ositiv e constan t, equation (4.14)

has its righ t side con v erging to zero. More precisely , the discussion

surrounding equation (4.8) implies that in this mo del all economies

almost surely en ter C

1

in �nite time. After that time, the cross sec-
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tion of economies b eha v es as discussed earlier for (C1) or (C2) : in-

equalit y decreases to w ards zero. Since initial inequalit y is also zero

the transition path therefore has �rst increasing and then decreasing

cross-section inequalit y , with a bimo dalit y|the t w o clusters C

0

and

C

1

|emerging, b ecoming more pronounced, and then disapp earing in

the cross-section distribution as all economies get absorb ed in to C

1

.

Because the mo del treats tak eo�s in to dev elopmen t as a one-w a y

transition| C

1

mem b ership is an absorbing state|the framew ork dis-

allo ws the p ossibilit y that w orld dev elopmen t migh t sho w p ersisten t

div ergence and t win-p eak edness. This suggests that a useful feature

to explore in the mo del migh t b e deca y ev en ts, the opp osite to tak e-

o� ev en ts. This terminology is in tended to recall the title in T am ura

(1996) and to suggest that transitions migh t b e t w o-w a y , rather than

simply uni-directional. Just as the hazard function h parametrizes the

probabilistic b eginning of industrialization, so to o there migh t b e an-

other describing the probabilistic deca y of a once-successful econom y .

Sp ecifying it at the same lev el of theoretical transparency as done for

h in Lucas (2000) allo ws a �rst step in the analysis but then in v es-

tigating the structure of b oth more deeply w ould pro vide insigh t as

w ell.

Ho w ev er the t w o hazard rates v ary , as long as eac h is b ounded

from b elo w b y a p ositiv e constan t, the cross section distribution of

economies will settle do wn to a long-run steady state that is bimo dal,

although with con tin ually ongoing sim ultaneous up w ards and do wn-

w ards transitions. Indeed, it is the balancing of those transitions that

will determine a nondegenerate con�guration in the long-run steady

state distribution.

Neither economic logic nor economic history rules out suc h tran-

sitions to deca y . The UK, despite its early lead with the Indus-

trial Rev olution, relinquished economic dominance to the US in the

early 20th cen tury . China's adv anced state of tec hnology in the 14th

cen tury underw en t not just relativ e but absolute economic decline

o v er the subsequen t �v e millenia (Jones, 1988; Landes, 1998; Mokyr,
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1990; P omeranz, 2000; Quah, 2001a). After the 
o o ding of the Bass

Strait follo wing the end of the last Ice Age 10,000 y ears ago, Ab orig-

inal T asmanians grew culturally isolated from mainland Australians

and subsequen tly abandoned b one to ols and �shing|relativ ely ad-

v anced tec hnologies|and rev erted to primitiv e h un ting-gathering,

where they remained up through their �rst encoun ter with mo dern

Europ eans in 1642 (Diamond, 1997).

A second line of p oten tial further w ork b egins b y noting that

spillo v ers in the mo del are global. Spillo v ers run along t w o distinct

c hannels: First, from the leading econom y j = 1 to ev ery other econ-

om y that has already b egun its tak eo� and second, from the state

of the w orld|the distribution of w orld incomes, through the hazard

rate h|to tak eo� p ossibilities for all the remaining, still-stagnan t

economies. Useful extensions to the framew ork migh t th us study

if spillo v ers ha v e more restricted scop e and if so, what determinan ts

migh t b e imp ortan t for them. If the spillo v ers are primarily in kno wl-

edge, do geograph y and ph ysical distance matter? Ho w do tec hnolo-

gies for kno wledge transmission alter patterns of w orld dev elopmen t?

Or, do es the cross-econom y spread of kno wledge o ccur through trade

in ordinary merc handise, rather than more abstract trade in kno wl-

edge? If kno wledge disseminates through learning of some kind, do es

that mean univ ersit y training, or seeing ho w pro duction and man-

agemen t tak e place in factories, or accessing engineering blueprin ts

and scien ti�c form ulas? If it's the last of these that matter, ho w

do regimes of in tellectual prop ert y righ ts distort the dissemination

of economic gro wth across coun tries? Ho w do domestic attitudes

and mec hanisms for p olitical con trol in
uence the acceptance of new

ideas? Do es the learning that matters come ab out through mo ving

across economies p eople rather than ideas; is one mec hanism more

reliable than another?

Ha ving some answ ers to these questions migh t lead in the mo del's

formalization to the endogenous emergence of distinct or p erhaps

o v erlapping clusters C

0

, C

1

, : : : , that are, again, con v ergence clubs.
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Both this and the deca y-ev en ts mec hanism previously describ ed will

also pro duce o v er-taking and leapfrogging in across economies, th us

far absen t in the framew ork.

As Lucas (2000) said, \Gaining a quan titativ e understanding of

all of these forces for di�usion|and, as P aren te and Prescott (1994)

w ould stress, the forces that opp ose them|is the cen tral question of

the theory of economic gro wth and dev elopmen t." A limited selec-

tion of studies that ha v e studied suc h questions explicitly for cross-

econom y patterns of gro wth includes Co e and Helpman (1995); Eaton

and Kortum (1999); Epstein, Ho wlett, and Sc h ulze (2003); Helpman

(1993); Keller (2004, 1998); Matsuy ama (2000); P aren te and Prescott

(2000, 1994); Quah (2001a, 1997).

Discon tin uous D

The leapfrogging conspicuously absen t in the mo del just discussed

app ears instead as a leading feature in mo dels of creativ e destruction

(Aghion and Ho witt, 1992, 1998). These mo dels sp ecify follo w er-

econom y tec hnologies that leapfrog to the fron tier whenev er a sp e-

ci�c ev en t o ccurs (equation (D1) ). R&D-driv en mo dels asso ciate

those ev en ts with fundamen tal disco v eries or inno v ations. A t suc h an

ep o c h, the leader is dep osed, and a di�eren t econom y , that for whom

the inno v ation has just realized, tak es o v er as the leading econom y .

Criss-crossings ob viously o ccur in suc h a sp eci�cation, alw a ys to the

fron tier tec hnology lev el.

21

The mo del is presen ted here in a w a y to

mak e it directly comparable with that of Lucas's (Lucas, 2000) just

describ ed.

The leading econom y is no longer �xed at j = 1 but has its iden-

tit y v ary across j 's, dep ending on the unfolding of economic history .

21

T ypically , suc h a mo del is used to analyze economic p erformance

across di�eren t industries within a single econom y , although Ho witt

(2000) has also applied it to examine m ultiple industries across dif-

feren t economies.
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But while its iden tit y can v ary , the gro wth rate of income at the

fron tier do es not dep end on whic h econom y it is that's there; in-

stead that gro wth rate dep ends on the global resources dev oted to

impro ving pro ductivit y|this migh t o ccur from researc h and dev el-

opmen t or learning b y doing or accum ulating h uman capital. Th us,

across all economies spillo v er is extreme in pushing bac k the global

fron tier. Next, economies can jump, discon tin uously , to the fron tier

from wherev er they migh t b e in the distribution, leap-frogging o v er

all those initially ahead of them. This transition o ccurs when a dis-

co v ery or rev elation ev en t suddenly o ccurs. Bet w een suc h ev en ts,

ho w ev er, a giv en econom y's pro ductivit y simply remains stagnan t,

thereb y ha ving the fron tier mo v e ev er distan t as w ell as y et other

economies o v ertaking it in turn.

While signi�can t in tra-distributional c h urning o ccurs and gro wth

at the fron tier is ongoing, nonetheless a steady-state long-run distri-

bution obtains. Under certain assumptions, moreo v er, that long-run

cross-econom y income distribution tak es a p o w er-la w form.

Although all economies, t ypically , ha v e di�eren t incomes and pro-

ductivit y lev els at an y time t , supp ose that the returns to impro v-

ing pro ductivit y equalize across economies. Eac h econom y dev otes

resources so that its lik eliho o d of transiting to the fron tier is the

same as as that for all others. Suc h exp enditure will app ear to ha v e

no discernible impact on most economies most of the time|most

economies do not successfully jump to the fron tier but instead ha v e

their income and pro ductivit y only remain constan t. Ho w ev er, those

exp enditures do collectiv ely con tribute to pushing the fron tier ev er

out w ards|for instance, all researc h con tributes to the global sto c k

of kno wledge|and, for that econom y that happ ens to b e successful,

the steps it underto ok to impro v e pro ductivit y app ear to pa y o� out

of all prop ortion.

A simple formalization of this dynamic mec hanism is as follo ws.

When econom y j dev otes resources R es ( t ) at time t assume the haz-

ard rate on that econom y's leap-frogging to the fron tier is h( t ) =
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R es ( t ) (b y normalizing R es to appropriate units). Summing R es ( t )

across economies, supp ose that the global fron tier p er capita income

y

max

ev olv es as:

_y

max

( t ) =y

max

( t ) = � � R es ( t ) ; � > 0 ;

with � ? 1 dep ending on ho w w ell or ho w badly incipien t individual

pro ductivit y spills o v er to w ards the global fron tier. Denote p er capita

income relativ e to the leading econom y x = y =y

max

.

Theorem 4.1Supp ose J is so large that la ws of large n um b ers apply

to a v erages. When the in tra-distribution hazard is prop ortional to

gro wth at the fron tier, i.e.,

h( t ) = _y

max

( t ) =y

max

( t ) � �

� 1

; � > 0 ; (4.16)

then the steady-state cross-coun try distribution F
X

of relativ e in-

comes exists, is unique, and has the p o w er-la w form:

x 2 [0 ; 1] : F
X

( x ) = x

1 =�

= ) f
X

( x ) = �

� 1

x

�

� 1

� 1

;

where the densit y f
X

is rising or falling dep ending on � 7 1 .

The result on the shap e of the long-run distribution is in tuitiv e.

When � exceeds 1, the fron tier is gro wing rapidly relativ e to the

in tra-distribution leapfrogging. The high tail then gro ws thin and the

pileup in the cross section then o ccurs at the other end of the distribu-

tion, where relativ e incomes are lo w. Con v ersely , when � is lo w er than

1, the fron tier is gro wing relativ ely slo wly , and economies leapfrogging

to the high-income fron tier, probabilisticall y , pile up there.

The cross-econom y income distribution o v erall smo othly gro ws

to w ards ev er higher lev els of income. Nonetheless, incomes relativ e

to the fron tier ha v e an in v arian t long-run distribution. That long-

run distribution displa ys ongoing c h urning, as within it economies

leap-frog and criss-cross sto c hastically o v er time. The mo del displa ys

unimo dalit y in the cross-econom y long-run distribution, but where
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the mo de is at one or the other extreme. Allo wing for t w o sub-

p opulations|economies could sto c hastically switc h b et w een them|

where in one group � exceeds 1, but in the other this inequalit y is

rev ersed w ould pro duce a bimo dal distribution, where the t w o mo des

app ear at relativ e income extremes.

4.3 Underlying causes

Additional mo dels.

Fiasc hi and La v ezzi (2003) F eyrer (2001) Blo om, Canning,

and Sevilla (2003) Azariadis and Drazen (1990) Azariadis

and Stac h urski (2003). P aul Johnson. Stac h urski. Con-

ditioning Quah (1997). Epstein, Ho wlett, and Sc h ulze

(2003). Solo w (1997)

5 Polarization and twin peaks

An imp ortan t �nding from the distribution-dynamics approac h is

t win p eaks emergence (Jones, 1997; Pritc hett, 1997; Quah, 1993a).

Quah (1993b, 1996b) has argued that this empirical c haracteriza-

tion is t ypically una v ailable to standard cross-section or panel data

regression although its critical features are certainly visible in regime-

sensitiv e regression analyses suc h as in Durlauf and Johnson (1995).

While the robustness of the t win-p eaks �nding has b een criticized

in, e.g., Kremer, Onatski, and Sto c k (2001) the alternativ e empiri-

cal analyses in Bianc hi (1997) and P aap and v an Dijk (1998) ha v e

con�rmed its essen tial insigh ts.

This section is empirical, using latest data from (Hes-

ton, Summers, and A ten, 2002). Sho w b eginning and

end p oin t distributions. Sho w t winp eaks emergence from

the sto c hastic k ernel Figure 5.1. P olarization calculations.
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Figure 5.1 (Update with latest data)Relativ e income dynamics across

105 coun tries: Sto c hastic k ernel
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Figure 5.2 (Update with latest data)Relativ e income dynamics across

105 coun tries: Con tour plot
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Acceleration in spread of gro wth (Lucas, 2000 - Hybrid in

Section 4.2)? Mobilit y - leapfrogging and o v ertaking

Some of this graphical and statistical evidence can also b e re-

expressed directly:

(i) Relativ e to the w orld a v erage, the v ery p o orest economies : : :

(ii) Relativ e to the w orld a v erage, the v ery ric hest economies : : :

(iii) Relativ e to the w orld a v erage, : : :

(iv) Gro wth miracles : : :

(v) Gro wth disasters : : :

(vi) Africa : : :

Bianc hi (1997); Durlauf and Johnson (1995); P aap and

v an Dijk (1998) Zh u (2003) Pritc hett (1997). Jones (1997)

Jones, Pritc hett. Esteban and Ra y . W olfson. P aul John-

son US states. Shorro c ks. Gew ek e++

Is the coun try the righ t unit of observ ation? Re-dra w state b ound-

aries? The state of California; pro vinces of China. P eople? (But then

income distribution across p eople to o, so return in Section 6.)

6 Extensions of cross-section distribution dynamics

W e ha v e seen that mo dels of distribution dynamics allo w analyz-

ing economic gro wth, con v ergence, and p olarization in an in tegrativ e

framew ork. But these mo dels extend naturally to other domains as

w ell, to wherev er questions arise regarding cross-section economic

p erformance. The relation b et w een aggregate economic gro wth and

cross-inhabitan t inequalit y is one leading suc h application. W e turn
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to this �rst application in 6.1{6.7. Another is spatial clustering: Eco-

nomic inequalit y across geograph y is as profound as it is across p eo-

ple. What can w e learn from mo dels of explicit spatial distribution

dynamics? W e consider this second application in 6.7.

6.1 Inequality and growth

A putativ e tradeo� b et w een equalit y and e�ciency (Okun, 1975) is

the kind of issue in economics so enduring that it gets discussed

ev en in in tro ductory textb o oks. The view is that reducing inequal-

it y migh t come only at a cost of impairing e�ciency; if so then the

so cially-optimal p oin t migh t in v olv e op erating b elo w economic e�-

ciency . A related argumen t manifests in the conjecture that op ening

up economies to trade migh t w ell impro v e economic gro wth but at

the cost of w orsening inequalit y .

Banerjee and Du
o (2003). Durlauf (1996). Dollar and Kraa y

(2002). Son (2004).

Kuznets, Barro. Martin Ra v allion Bertola monograph

Kuznets (1955) early on do cumen ted ho w inequalit y �rst rises and

then falls across economies at progressiv ely higher lev els of income

and dev elopmen t. Since then, theoretical and empirical researc h has

sough t to explain, con�rm, or reject this so-called Kuznets curv e . Re-

searc hers ha v e attempted to iden tify causal mec hanisms, either run-

ning from individual inequalit y to aggregate economic gro wth, from

economic gro wth to inequalit y , or sim ultaneously in b oth directions.

The literature is large. The imp ortan t con tributions of Aghion,

Caroli, and Garc � �a-P e ~ nalosa (1999) and B � enab ou (1996) surv ey man y

of the cen tral issues and k ey mo dels. Di�eren t p olitical econom y

mec hanisms for the relation b et w een inequalit y and gro wth are dev el-

op ed in Alesina and Ro drik (1994) and P ersson and T ab ellini (1994).
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Galor and Zeira (1993) study capital mark et imp erfections linking

inequalit y and economic gro wth. Empirical studies on causal mec h-

anisms b et w een gro wth and inequalit y include Banerjee and Du
o

(2003), Barro (2000), Deininger and Squire (1998), F orb es (2000), Li,

Squire, and Zou (1998), P erotti (1996), among others.

6.2 Value and distribution

No single clear picture emerges from the man y empirical studies. Had

one done so then w e migh t b e more con�den t on the causal relation-

ship b et w een gro wth and inequalit y . But, regardless, assessing more

generally the quan titativ e signi�cance of these studies is not alw a ys

transparen t or direct. F or example, if inequalit y w ere truly an imp or-

tan t driv er of economic gro wth, it w ould necessarily b e only one of

man y . Or, con v ersely , if aggregate economic gro wth did fundamen-

tally w orsen income inequalit y , man y other things lik ely do so as w ell.

No matter ho w strong a link one is able to sho w b et w een inequalit y

and gro wth, a complete picture remains to b e dra wn of ho w the join t

dynamics in these t w o v ariables matter for economic w elfare more

generally .

One w a y to 
esh out suc h a picture is to explicitly trace out

the dynamics of the (within-econom y) income distribution. Doing so

allo ws quan tifying a range of k ey c haracteristics of gro wing unequal

economies. As w e will see the framew ork extends generally , but in

this section w e con�ne atten tion to t w o suc h c haracteristics. First, the

dynamics of p o v ert y , as also previously considered in Quah (2003);

Sala-i-Martin (2002b) and second, the dynamics of utilit y .

T ak e as giv en an unequal but ev olving econom y f F
t

: t � 0 g ,

where F
t

is the distribution of income or consumption or their logs

across the p eople living there. In practice, whether a researc her uses

income or consumption in the calculation matters imp ortan tly (e.g.,

Blundell and Preston, 1998), but in the analytical description it is

con v enien t to b e able to refer to either one in terc hangeably . Since
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the econom y is held �xed throughout this discussion, j no w indexes

individual agen ts where explicitly needed. T o sa v e notation, omit the

t subscript unless again explicitly needed.

Whereas previously w e had used y to denote p er capita income,

to emphasize the c hange in fo cus from econom y-wide to individual

c haracteristics, write p er capita income (or consumption) no w as E
instead. This is standard notation for the mean of a distribution

E =

Z

x d F( x ) :

Hereafter, F is alw a ys tak en to ha v e �nite and p ositiv e mean E 2

(0 ; 1 ). Record also the exp ectation of the logarithm,

È def

=

Z

log x d F( x ) :

Gro wth is no w

_E= E.

Let I denote a v ector of inequalit y measures. This v ector migh t

include the Gini co e�cien t

I
G

=

1

2

E� 1

�

Z

1

0

Z

1

0

j x � x

0

j d F( x

0

) d F( x ) ; (6.1)

the Theil index

I
Th

= E� 1

Z

( log x � log E ) x d F( x ) ;

the Generalized En trop y index

I
GE ;�

= ( �

2

� � )

� 1

Z

[ ( x= E)

�

� 1 ] d F( x ) ; � 2 R ;

the log standard deviation

I
`

=

�

Z

( log x � È )

2

d F( x )

�

1 = 2

;

the mean-median ratio, the in terquartile range, the ratio b et w een the

90th and 10th p ercen tiles, and so on. Although their details di�er
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Figure 6.1The Lorenz curv e plots Z |the share of total income or

consumption|against the p opulation share.

Z ( h )

h

0

1

1

45

�

and a large literature surrounds them (see, e.g., the masterful surv ey

in Co w ell, 2000), here it su�ces to note that all inequalit y indexes

assess the spread of the cross-section distribution. Some indexes tak e

v alues b ounded b et w een 0 and 1; y et others need not.

The Gini co e�cien t I
G

is lik ely the inequalit y index most used

in the empirical literature. F rom the de�nition (6.1) , I
G

is the mean

income gap in the p opulation, normalized b y mean income.

A di�eren t description of inequalit y is giv en in the Lorenz curv e.

As the name suggests the Lorenz curv e do es not seek to collapse all

the information in an income distribution in to just a single, scalar

c haracteristic. Instead, the Lorenz curv e Z is a non-decreasing func-

tion taking v alues b et w een 0 and 1, that is the follo wing transforma-

tion of an income or consumption distribution:

Z ( h ) = E� 1

"

sup

F( x

y

) � h

Z

x

y

0

x d F( x )

#

; h 2 [0 ; 1] : (6.2)

In w ords, the Lorenz curv e is the share Z ( h ) of total income or con-
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sumption going to the p o orest share h of the p opulation. Th us its

graph (e.g., Figure 6.1) is alw a ys b ounded b et w een the horizon tal

axis and the 45-degree line,

0 � Z ( h ) � h; 8 h 2 [0 ; 1] :

As a function the Lorenz curv e can also b e regarded (Stuart and

Ord, 1993, 2.25) as the incomplete �rst momen t or the �rst momen t

distribution of F.

Theorem 6.1If F on [0 ; 1 ) admits a p ositiv e �nite mean E and a

densit y that is alw a ys p ositiv e then the Lorenz curv e Z ( h ) , h 2 [0 ; 1] ,

(i) is strictly con v ex from b elo w;

and at h = F( E) :

(ii) reac hes its maxim um horizon tal separation from the 45-degree

line through the origin; and

(iii) has Z

0

( h ) = 1 .

When distribution F divides so ciet y's income equally across the

p opulation then Z is the 45-degree line through the orign. When,

in con trast, most of so ciet y's income is concen trated in only a small

part of the p opulation, the opp osite o ccurs and Z stra ys further from

the 45-degree line.

Theorem 6.2The Gini co e�cien t I
G

can b e found from the Lorenz

curv e Z b y

I
G

= 2 �

Z

1

0

[ h � Z ( h )] dh: (6.3)

Whereas equation (6.1) describ es the Gini co e�cien t as a normalized

mean income gap, Theorem 6.2 giv es the Gini co e�cien t as t wice the

area b et w een the 45-degree line and the Lorenz curv e.
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Figure 6.2The dynamics in Z map in to those in the distribution F
t

,

represen ted here b y the ev olving densit y f sho wn at t w o ep o c hs t

0

and t

1

. The horizon tal axis sho ws mean incomes (or consumption)

E
0

and E
1

for the densities f

0

and f

1

resp ectiv ely , together with a

�xed threshold income or consumption lev el x , to b e used later.

f Z ( t ) : t � 0 g ( )

f ( x )

x

x

f
0

f
1

E
1

E
0

Researc h analyzing h yp othesized causal mec hanisms b et w een in-

equalit y and gro wth seeks to unco v er and place structural in terpre-

tation on functions � ,  , where

_E
E

= � ( I ) or

�

I
�

=  

�

_E= E
�

:

These w ould b e read, resp ectiv ely , as inequalit y causing economic

gro wth or vice v ersa, conditional on auxiliary v ariables. (The dates

on the di�eren t v ariables w ould b e whatev er are appropriate for a

giv en economic mo del or h yp othesis.)

Stac k E,

_E= E, I , and other relev an t v ariables Z 0

0

in to a v ector Z .

The dynamics of the distribution F
t

implies dynamics in the v ector

Z . Con v ersely , when Z is su�cien tly informativ e, then its dynamics

in turn implies F
t

-distribution dynamics. Figure 6.2 sho ws the logic

generally , and Example 6.3 describ es an explicit sp ecial case.
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Example 6.3If distribution F is P areto T yp e-1 with parameters � =

( �

1

; �

2

) , i.e.,

F( x ) = 1 � ( �

1

x

� 1

)

�

2

; �

1

> 0 ; x � �

1

; �

2

> 1 ;

then

E = ( �

2

� 1)

� 1

�

2

�

1

;

I
G

= (2 �

2

� 1)

� 1

(ha ving additional inequalit y indexes here w ould o v er-iden tify the

mo del). In v erting these equations allo ws constructing the mapping

from Z to F,

�

2

= (1 + I � 1

G

) = 2 ;

�

1

= (1 �

^

�

� 1

2

) E;

with dynamics

_E= E =

_

�

1

�

1

� ( �

2

� 1)

� 1

_

�

2

�

2

;

_I
G

= I
G

=

�

� 2 �

2

2 �

2

� 1

�

_

�

2

�

2

:

These dynamics, ho w ev er, do not giv e sto c hastic k ernels: the latter

con tain information on mobilit y within the distribution, not just on

c hanges in the distribution's external features as describ ed b y the

mean and the Gini inequalit y index.

Whatev er the causal mec hanism relating aggregate gro wth and

cross-sectional inequalit y , calibrating the dynamics in F
t

to historical

patterns, as depicted in Figure 6.2 can shed ligh t on ho w gro wth and

distribution matter. If, for instance, higher gro wth is p ossible only

with greater inequalit y , w e can ask, Ho w m uc h increase in inequalit y

is tolerable for a giv en increase in the rate of economic gro wth? Ho w

ha v e gro wth and inequalit y dynamics a�ected the n um b er of p eo-

ple who are v ery p o or? Ho w ha v e gro wth and inequalit y dynamics
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a�ected the utilit y of agen ts at di�eren t parts of the income distri-

bution?

Suc h questions can b e addressed without restricting the discussion

to an y one sp eci�c mec hanism relating gro wth and inequalit y . The

general framew ork here can th us b e usefully added to an y theoretical

or empirical analysis of a h yp othesized causal mec hanism.

6.3 Dynamics of Poverty

Gro wth and inequalit y di�eren tly a�ect the fraction of the p opulation

living b elo w a giv en threshold income lev el. Giv en a �xed shap e in

the cross-section income distribution, gro wth on a v erage raises ev ery-

one's income and th us reduces the fraction of the p opulation living

in p o v ert y . By con trast, an increase in the spread of the distribution

while the a v erage is unc hanged|a rise in inequalit y with no economic

gro wth|increases the prop ortion of individuals in p o v ert y . Holding

�xed b oth gro wth and inequalit y but increasing the p opulation size

raises prop ortionally the n um b er of the p o or.

Th us, a join t la w of motion in the p opulation and distribution

dynamics will also mec hanically giv e the dynamics of p o v ert y . The

impact of gro wth, inequalit y , or p opulation sho c ks on p o v ert y is a

statemen t on the elasticit y of p o v ert y with resp ect to those v ariables.

A tkinson (1987).

Before in v estigating further that la w of motion, T able 6.1 pro-

vides some data on the n um b ers and geographical distribution of the

p o or w orldwide.

22

The �rst column of n um b ers sho ws the n um b er of

p eople, across con tinen tal regions, living on less than US$1 a da y

22

Suc h n um b ers are sub ject to considerable debate and con tro-

v ersy . See, e.g., Bourguignon and Morrisson (2002) and Deaton

(2005). Nonetheless, some n um b ers need to b e �rst put do wn to clar-

ify what's at issue, ev en or esp ecially if they are not to b e tak en as

the �nal w ord on the matter. Suc h �gures can then b e subsequen tly

re�ned and impro v ed as b etter information b ecomes a v ailable.
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Table 6.1Geographical distribution of the w orld's p o or, 2001. Source:

Chen and Ra v allion (2004a) and author's calculations

< $1/da y , 10

6

/% P opl., 10

6

/% Conc.

South Asia 428/39.2 1369/26.5 1.5
excl. India 70/6.4 335/6.5 1.0

India 359/32.8 1033/20.0 1.6

Sub-Sah. Africa 316/28.9 673/13.1 2.2
East Asia 271/24.8 1821/35.3 0.7

excl. China 60/5.5 546/10.6 0.5

China 212/19.4 1275/24.7 0.8

Latin America 50/4.6 524/10.2 0.4
EECA 18/1.6 476/9.2 0.2
MENA 7/0.6 296/5.7 0.1
T otal: 1093/ 5159/

[ : : : ]

T o formalize this, let x denote, as in Figure 6.2, a �xed threshold

lev el of income or consumption. Call the p o or those with x at lev el

x or lo w er. De�ne, for just this discussion, the indicator function

� ( x ) =

8

<

:

1 if x � x ;

0 otherwise.

In the inequalit y literature the fraction of the p opulation that is p o or

giv en a particular x is sometimes kno wn as the P o v ert y Headcoun t

Index . Denote this as

HC

x

def

=

Z

x

0

d F( x ) =

Z

1

0

� ( x ) d F( x ) : (6.4)

Com bining the sto c hastic k ernel and de�nition (6.4) , the exp ected

P o v ert y Headcoun t Index at time t + s , conditional on time t , is

E

�

HC

x

( t + s ) j F
t

�

=

Z

1

0

( T
t;s

� ) ( x ) d F
t

( x ) : (6.5)
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Ho w gro wth and inequalit y dynamics ( T
t;s

; F
t

) a�ect the p o v ert y

headcoun t can b e explicitly traced through equation (6.5) .

Although Example 6.4 is a sp ecial case of Example 6.5 to follo w,

it illustrates the ideas b eing considered esp ecially transparen tly , and

so is useful to go through.

Example 6.4Supp ose the cross-section distribution has timepath

f F
t

: t � 0 g

matc hing that of the exp onen tial of Bro wnian motion, � B , where �

is a p ositiv e constan t. That is,

F
t

( x ) = Prob f exp ( Z ( t ) ) = X ( t ) � x g

with Z ( t ) = � B ( t ) . Hyp othesizing some initial condition X (0) = x =

exp ( z ) , the distribution F
t

is lognormal with

I
`

( F
t

) = �

p

t ;

E( F
t

) = exp

h

log x + I 2

`

= 2

i

;

I
G

( F
t

) = 2 � FN (0 ; 1)

�

I
`

=

p

2

�

� 1 ;

where FN (0 ; 1)

denotes the standard normal cdf. The transition densit y

function, from equation (3.15) , is

p

t

�

x; x

y

�

=

�

2 � I 2

`

�

� 1 = 2

� exp

"

�

1

2 I 2

`

�

log x

y

� log x

�

2

#

:

Gro wth is

_E= E = I
`

d I
`

dt

=

1

2

�

2

> 0 ;

where, from Jensen's inequalit y , the gro wth rate of the a v erage E
di�ers from 0 , the a v erage of the individual gro wth rates. Ov er time,

as t ! 1 , inequalit y rises as b oth I
`

" 1 and I
G

" 1 . The exp ected
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P o v ert y Headcoun t Index, equation (6.5) , is

E

�

HC

x

( t ) j F
0

�

=

Z

1

0

( T
t

� ) ( x ) d F
0

( x )

= FN (0 ; 1)

�

log x � log X (0)

�

p

t

�

!

1

2

as t ! 1 .

Ev en though measured gro wth is p ositiv e, the increase in inequalit y

is so rapid that the n um b ers in p o v ert y are alw a ys exp ected to remain

substan tial.

Example 6.4 sho ws a situation where, despite p ositiv e gro wth,

a large fraction of the p opulation alw a ys remains p o or. In general,

ho w ev er, a non trivial tradeo� b et w een gro wth and inequalit y allo ws

precise statemen ts ab out the P o v ert y Headcoun t only after quan tify-

ing the di�eren t, opp osing e�ects.

Example 6.5Supp ose the cross-section distribution has timepath

f F
t

: t � 0 g

matc hing that of the exp onen tial of a drifted Ornstein-Uhlen b ec k

pro cess. That is,

F
t

( x ) = Prob f exp ( Z ( t ) + � t ) = X ( t ) � x g (6.6)

with

d Z = � �Z dt + � dB ; (6.7)

where, as in section 3.1, the pro cess B is standard Bro wnian motion;

( � ; �; � ) are constan ts satisfying � > 0 , � > 0 ; and equation (6.7)

is a sto c hastic di�eren tial equation whose solution f Z ( t ) : t � 0 g is

an It^ o in tegral (e.g., Karlin and T a ylor, 1981, Ch. 15, pp. 340{377).

Hyp othesizing some initial condition X (0) = x = exp ( z ) the solution
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to (6.7) implies that distribution F
t

is lognormal with

I
`

( F
t

) =

"

�

1 � e

� 2 �t

�

�

2

2 �

#

1 = 2

;

E( F
t

) = exp

h

e

� �t

log X (0) + I 2

`

= 2

i

� e

� t

;

I
G

( F
t

) = 2 � FN (0 ; 1)

�

I
`

=

p

2

�

� 1 :

The transition densit y function, from equation (3.15) , is

p

t

�

x; x

y

�

=

�

2 � I 2

`

�

� 1 = 2

�

e

� t

x

y

� exp

"

�

1

2 I 2

`

�

log x

y

� � t � e

� �t

log x

�

2

#

:

Th us, gro wth is

_E= E = � +

h

� �e

� �t

log x + e

� 2 �t

�

2

= 2

i

;

where, again b ecause of Jensen's inequalit y , the gro wth rate of the

a v erage E di�ers from � the a v erage of the gro wth rates. As t ! 1

w e ha v e long-run gro wth and inequalit y describ ed b y:

I
`

!

q

�

2

= 2 � ; I
G

! 2 � FN (0 ; 1)

�

1

2

q

�

2

=�

�

� 1 ;

_E= E ! � ; and

�

�

�

�

�

E �

�

2

4 �

e

� t

�

�

�

�

�

! 0 :

When scaled b y e

� � t

the limit distribution remains log-normal. The

dynamics of the exp ected P o v ert y Headcoun t Index, equation (6.5) ,

can then b e explicitly giv en:

E

�

HC

x

( t ) j F
0

�

=

Z

1

0

( T
t

� ) ( x ) d F
0

( x )

= FN (0 ; 1)

0

@

log x � � t � e

� �t

log X (0)

q

(1 � e

� 2 �t

) �

2

= 2 �

1

A

:
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Dep ending on the v alues of � and � , among others, the P o v ert y Head-

coun t can b e exp ected to rise or fall in the short run. Ho w ev er, pro-

vided � > 0 , i.e., pro vided gro wth o ccurs in the long run, ev en tually

all else gets sw amp ed, and economic gro wth alone driv es the p o or to

an ev er smaller segmen t of the p opulation.

In Example 6.5 a v erage income can rise or fall in the short-term

but is exp ected ev en tually to gro w at a constan t rate � . Ho w ev er,

inequalit y|whether measured b y I
G

or I
`

|only ev er rises, indep en-

den t of the initial condition X (0). Ev en though the P o v ert y Head-

coun t remains free to rise or fall, the feature that inequalit y alw a ys

increases is ob viously o v erly restrictiv e,

A useful w a y to enric h the mo del, while preserving the tractabil-

it y of the Ornstein-Uhlen b ec k mec hanism, is to allo w the ev olving

distribution F
t

not to b e simply the distributions of a scalar (6.6) {

(6.7) , but to b e instead a con v olution of a mixture distribution (across

X (0)'s, sa y) together with that in (6.6) {(6.7) . A sp ecial case of this

preserv es the lognormalit y in F
t

but frees up its mean and v ariance

parameters so that these latter ev olv e through time less restrainedly:

Example 6.6Supp ose that f �

1

( t ) ; �

2

( t ) : t � 0 g has �

2

( t ) > 0 , and

eac h F
t

has densit y

f
t

( x ) = (2 � �

2

( t ))

� 1 = 2

� x

� 1

� exp

(

� (log x � �

1

( t ))

2

2 �

2

( t )

)

; for x > 0 .

Then

I
`

( F
t

) = �

2

( t )

1 = 2

;

E( F
t

) = exp ( �

1

( t ) + �

2

( t ) = 2 );

I
G

( F
t

) = 2 � FN (0 ; 1)

�

�

2

( t )

1 = 2

=

p

2

�

� 1 :

The exp ected P o v ert y Headcoun t Index is

E

�

HC

x

( t ) j F
0

�

= E

�

FN (0 ; 1)

�

(log x � �

1

( t )) =

q

�

2

( t )

�

j F
0

�

:
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Inequalit y , whether measured b y I
`

or I
G

can no w rise or fall through

time; so to o the P o v ert y Headcoun t. Dep ending on the relativ e mag-

nitudes of the underlying c hanges in �

1

and �

2

, a wide range of

b eha vior in gro wth and inequalit y can b e captured. By con trast,

the Ornstein-Uhlen b ec k mo del of Example 6.5 restricted �

1

( t ) =

e

� �t

log X (0) and �

2

( t ) = (1 � e

� 2 �t

) �

2

= 2 � .

In Example 6.6 a la w of motion for the h yp er-parameters � ( t )

w ould imply restrictions on the transition op erator for f F
t

: t � 0 g ,

but w ould t ypically not uniquely iden tify that op erator. Despite this

lac k of iden ti�cation, the P o v ert y Headcoun t Index can, ob viously , b e

computed straigh tforw ardly . The follo wing Example illustrates the

same p oin t but is also in teresting in its o wn righ t.

Example 6.7Supp ose that f �

1

( t ) ; �

2

( t ) : t � 0 g has �

1

( t ) > 0 and

�

2

( t ) > 1 and

F
t

( x ) =

8

<

:

1 � ( �

1

( t ) =x )

�

2

( t )

; for x � �

1

( t ) ;

0 otherwise :

Then

E( F
t

) = ( �

2

( t ) � 1)

� 1

�

2

( t ) �

1

( t );

I
G

( F
t

) = (2 �

2

( t ) � 1)

� 1

:

Measured gro wth is

_E= E =

_

�

1

�

1

� ( �

2

� 1)

� 1

_

�

2

�

2

;

while the exp ected P o v ert y Headcoun t Index is

E

�

HC

x

( t ) j F
0

�

= E

h

1 � ( �

1

( t ) =x )

�

2

( t )

j �

1

(0) ; �

2

(0)

i

:

Using gro wth and distribution data, Quah (2003) has estimated

v ersions of Examples 6.6 and 6.7 for China and India. He concludes
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that giv en the historical exp erience o v er 1980{1992 it is gro wth that

has dominated the ev olution of P o v ert y Headcoun ts, ev en with the

rapid rise of inequalit y in China o v er this p erio d. F or instance, : : : .

The adv an tage of : : : .

Using related ideas Sala-i-Martin (2002a,b) pro vide : : : . Deaton

(2005). Chen and Ra v allion (2001, 2004b).

T o con tin ue this discussion w e broaden the scop e of ho w gro wth

and inequalit y can a�ect a p opulation. Instead of fo cusing on only

the fraction of the p opulation that remaining p o or, w e ask instead

ho w w elfare v aries o v er time and across the cross section. T o do this

w e h yp othesize dynamic utilit y functions for eac h p erson, and then

confron t that individual with di�eren t dynamically ev olving distribu-

tion pro cesses in income or consumption. W e can then calibrate the

relativ e imp ortance of gro wth and inequalit y comp onen ts in a�ecting

w elfare (Quah, 2007).

6.4 Dynamics of Utility

Assume time is con tin uous and agen ts liv e for t in [0 ; 1 ). (The pre-

vious sections ha v e dev elop ed a con tin uous-time sto c hastic pro cess

mac hinery so it is con v enien t to preserv e that structure here. But

a further reason for a con tin uous-time analysis is that in discrete

time, sudden large c hanges in consumption|disasters or tak eo�s|

are subtle to describ e, whereas in con tin uous time they are simply

discon tin uities in timepaths.)

W rite C

j

( t ) for the consumption of individual j at time t . Supp ose

that the long-run conditional exp ectation

� = lim

t !1

E

h

log ( C

j

( t ) =C

j

(0)) � t

� 1

j C

j

(0)

i

(6.8)

is in v arian t across j , i.e., that the econom y has some constan t long-

run prop ortional gro wth rate in consumption, the same for ev ery one.

F or example, in balanced gro wth steady state for a Solo w gro wth
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mo del this constan t w ould b e the rate of tec hnical progress, hence

the notation � on the left side of (6.8) . More generally , � is the

aggregate gro wth rate of the econom y .

W rite individual consumption 
uctuations as j -indexed sto c hastic

pro cesses:

Z

j

( t )

def

= log

h

C

j

( t ) e

� � t

i

(6.9)

so that w e can write

C

j

( t ) = e

Z

j

( t )

e

� t

:

Collection Z describ es consumption di�erences across p eople. Th us

� represen ts aggregate economic gro wth and Z inequalit y . Strictly ,

the collection Z of course c haracterizes ev erything ab out the cross-

section distribution but referring to it as simply inequalit y denotes

b etter the analysis's in ten t. If doing so misleads, at least it do es so

in an inno cuous w a y .

Equations (6.8) {(6.9) de�ne Z b y using � to transform C . They

do not assume inequalit y and gro wth are functionally indep enden t|

b oth Z and � are induced from a single underlying mec hanism for

C . Moreo v er, while these equations restrict Z 's trend, they do not

require that Z b e stationary with b ounded v ariance. F or instance,

Z migh t b e Bro wnian motion indep enden t across j , and inequalit y

w ould then b e alw a ys increasing through time (as in Example 6.4)

ev en as consumption ob eys the trend gro wth in equation (6.8) .

The utilit y exp erienced b y an agen t in a gro wing but unequal so-

ciet y v aries with that agen t's consumption timepath, but not that of

an y one else. Th us, an agen t's utilit y do es not dep end on aggregate so-

cial indicators suc h as the shap e, disp ersion, or other c haracterisitics

of the econom y-wide consumption distribution.

23

F or concreteness assume that the agen t's utilit y , conditional on

23

This individualistic restriction is consisten t with the so cial w el-

fare function approac h to income inequalit y|see, e.g., Co w ell (1995,

Ch. 3).
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time- t information, is

W

j

( t ) = E

t

�

Z

1

t

e

� ( s � t ) �

U ( C

j

( s )) ds

�

; � > 0 ; (6.10)

where the p ositiv e discoun t rate � will b e required, in Theorem 6.8,

to b e su�cien tly large. Sa y that the instan taneous utilit y function U

sho ws constan t relativ e risk a v ersion (CRRA) when

U ( c ) =

c

1 � R

� 1

1 � R

; R > 0 : (6.11)

In so cial w elfare analysis of income inequalit y the co e�cien t R is

kno wn as the inequalit y a v ersion parameter (see, e.g., Co w ell, 1995,

Ch. 3).

W e seek to quan tify ho w di�eren t patterns of gro wth and inequal-

it y ( � ; Z ) a�ect w elfare (6.10) . The calculation is similar to that in

the analysis of the relativ e imp ortance of gro wth and business cy-

cles in Lucas (1981, Ch. 3) but with t w o signi�can t di�erences. One,

the economic in terpretation: w e treat Z as inequalit y rather than

business cycles. Tw o, the mo del here ev olv es in con tin uous rather

than discrete time. While this second feature migh t seem merely

tec hnical|dra wing on the resolv en t op erators of Section 3.5|it al-

lo ws explicitly mo delling ev en ts suc h as sharp discrete tak eo�s and

gro wth disasters. Suc h b eha viour manifest as discon tin uities in the

timepath whereas they w ould b e una v ailable in a discrete-time frame-

w ork. F eatures lik e these matter more for gro wth and inequalit y than

for business cycles.

Since C

j

is Mark o v, so to o is Z

j

. Hereafter, except where doing

so causes am biguit y , the j subscript will b e suppressed. Assume

Z has time-homogeneous transitions, with the asso ciated transition

semigroup f T
t

g and resolv en t R
�

(Section 3.5). Lifetime utilit y can

then b e expressed in the follo wing con v enien t form:

Theorem 6.8Let consumption

f C ( t ) : t � 0 g ;
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ob eying (6.8) , b e Mark o v with time-homogeneous transitions, and

let lifetime utilit y (6.10) ha v e U CRRA, as in (6.11) . Assume � >

max f 0 ; (1 � R ) � g . De�ne

e

�

def

= � � (1 � R ) � ;

e

U ( z )

def

=

8

<

:

(1 � R )

� 1

e

(1 � R ) z

for R 6= 1 ;

z otherwise;

and denote b y R
�

the resolv en t for the inequalit y pro cess Z ( t ) =

C ( t ) e

� � t

. Then conditional on C (0) ,

W (0) = ( R
e�

e

U )(log C (0)) +

8

<

:

� (1 � R )

� 1

�

� 1

for R 6= 1 ;

� �

� 2

otherwise.

In w ords, up to an additiv e constan t, lifetime utilit y equals the re-

solv en t op erator for gro wth-discoun ted consumption Z ( t ) = C ( t ) e

� � t

,

ev aluated at a mo di�ed instan taneous utilit y function

e

U and for the

resolv en t � set to a suitably adjusted discoun t rate

e

� . The resolv en t

expression R
e�

e

U can b e either explicitly calculated or con v enien tly

c haracterized for a range of inequalit y pro cesses.

Theorem 6.9Assume the h yp otheses of Theorem 6.8 and let inequalit y

Z b e Bro wnian Motion with v ariance parameter �

2

> 0 , i.e., Z ( t ) =

� B ( t ) . De�ne the function r : R

4

! R b y

r ( R ; �; � ; � ) = (1 � R ) �

�

� � (1 � R ) � �

1

2

(1 � R )

2

�

2

�

: (6.12)

Pro vided

e

� >

1

2

(1 � R )

2

�

2

then

( R
e�

e

U )( z ) =

8

<

:

r ( R ; �; � ; � )

� 1

� e

(1 � R ) z

for R 6= 1 ;

�

� 1

z otherwise.

Discon tin uities in the consumption timepath, to capture sudden

discrete up w ards jumps or con v ersely economic disasters, can b e mo d-

elled using Mark o v c hains. The sp ecialization of Theorem 6.8 can b e

stated as the follo wing.
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Theorem 6.10Assume the h yp otheses of Theorem 6.8 and let inequal-

it y Z b e a p oin t-discrete Mark o v c hain ( M ; z ; P ; f
0

) with states

z

0

; z

1

; z

3

; : : : ; z

M � 1

; z

m

< z

m +1

;

and time-homogeneous transition probabilit y matrices

f P

0 ;t

= P

t

: t � 0 g :

Let G b e the in�nitesimal generator of the semigroup P ,

G = lim

t # 0

P

t

� I

t

;

and de�ne the v ector

U =

�

e

U ( z

0

)

e

U ( z

1

) � � �

e

U ( z

M � 1

)

�

>

:

Then

( R
e�

e

U )( z

m

) =

h

(

e

� � G )

� 1

U

i

( m ) ; m = 0 ; 1 ; : : : ; M � 1 :

Theorem 6.10 allo ws calculating the utilit y for an agen t facing a

Mark o v c hain pro cess in inequalit y using nothing more than matrix

in v ersion.

Com bining Theorems 6.8{6.9 giv e that when Z is Bro wnian mo-

tion and log C (0) = Z (0) = z then

W (0) =

8

<

:

r ( R ; �; � ; � )

� 1

� e

(1 � R ) z

� (1 � R )

� 1

�

� 1

for R 6= 1;

�

� 1

z + � �

� 2

otherwise

(6.13)

with m ultiplier r from (6.12) .

(F or completeness and to aid in tuition, an app endix, Section 8,

con tains coun terpart calculations for when time is discrete.)

The T able � � � .

Benab ou, mobilit y .
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6.5 Dynamics of World Income Inequality

Although the bias implicit in our analysis has b een to w ork with the

distributions directly , the discussion in this section connects also with

the extremely large literature on within-coun try income inequalit y .

The question considered here is, Ho w m uc h of w orld income in-

equalit y is due to inequalit y across coun tries, and ho w m uc h to in-

equalit y across p eople within a giv en coun try?

Let Y denote

Decomp osition: Inequalit y b et w een and within coun tries.

(Rewrite extan t decomp ositions in Leb esgue-Stieltjes in-

tegral form.) Generalized En trop y indexes. Bourguignon

(1979). Shorro c ks (1980). Co w ell (1995). Sala-i-Martin

(2002a,b).

6.6 Polarization

The.

Anderson (2004)

Esteban and Ra y (1994), W olfson (1994).

Decomp osition?

6.7 Spatial inequality and distribution

Spatial hazard mo dels. Quah (2002). Quah and Simpson

(2003). Duran ton and Ov erman (2002). Duran ton and

Puga. Ioannides.

7 Conclusion

This.
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8 Appendix: Discrete-time dynamics of utility

Discrete-time coun terparts to the Section 6.4 calculations on w elfare

pro vide a direct c hec k and further in tuition to those con tin uous-time

results.

F or this section only , supp ose time is discrete, t = 0 ; 1 ; 2 ; : : : , and

that preferences for agen t j at time t are describ ed b y:

W

j

( t ) = E

t

�

1

X

s =0

�

s

U ( C

j

( s ))

�

; � 2 (0 ; 1) ; (8.1)

with instan taneous utilit y U again CRRA as in (6.11) ,

U ( c ) =

c

1 � R

� 1

1 � R

; R > 0 :

Supp ose consumption is:

C

j

( t ) = Z

j

( t ) �

t

; � � 1 ; (8.2)

for eac h j , i.e., a trending, lognormally-distributed �rst-order au-

toregression, with the underlying gro wth rate � common across the

p opulation.

Let the cross-sectional di�erences Z

j

( t ) satisfy:

Z

j

( t ) = z

j

�

j

( t ) ;

so that initial consumption conditional on the sto c hastic disturbance

�

j

(0) is

C

j

(0) = z

j

�

j

(0) :

Let � b e stationary and follo w:

log �

j

( t ) = �

1

2

(1 + � )

� 1

�

2

j

+ � log �

j

( t � 1) + �

j

( t ) ; (8.3)

with

j � j < 1 and �

j

( t ) � iid N(0 ; �

2

j

) : (8.4)
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Equations (8.3) {(8.4) imply �

j

is Mark o v. In the unconditional dis-

tribution

E log �

j

( t ) = �

1

2

(1 � �

2

)

� 1

�

2

j

and

V ar log �

j

( t ) = (1 � �

2

)

� 1

�

2

j

;

implying

E �

j

( t ) = exp

�

E log �

j

( t ) +

1

2

V ar log �

j

( t )

�

= exp

�

�

1

2

(1 � �

2

)

� 1

�

2

j

+

1

2

(1 � �

2

)

� 1

�

2

j

�

= 1

and

V ar �

j

( t ) = exp

h

(1 � �

2

)

� 1

�

2

j

i

� 1 ;

increasing in �

2

j

.

Equation (8.2) then giv es the unconditional exp ectation

E C

j

( t ) = z

j

�

t

; t � 0 ;

i.e., z

j

parametrizes the (unconditional) exp ected lev el of j 's con-

sumption pro�le, with the initial v alue E C

j

(0) = z

j

.

More generally , �

j

( t ) is conditionally lognormal:

log �

j

( t

0

+ t )

�

�

�

j

( t

0

)

� N

 

�

t

log �

j

( t

0

) �

1 � �

t

1 � �

2

�

2

j

2

;

1 � �

t

1 � �

2

�

2

j

!

for an y t > 0 : (8.5)

The v alue to (8.1) can then b e directly calculated:

Theorem 8.1Assume utilit y has the form (6.11) and that consumption

ev olv es from the com bination of gro wth and inequalit y giv en in (8.2) {

(8.4) . There are t w o cases:
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(i) When R = 1 ,

W

j

(0; �

j

(0) ; � ; z

j

; �

2

j

; � ) = (1 � � � )

� 1

log �

j

(0)

+

�

(1 � � )

2

log � +

1

1 � �

log z

j

�

�

(1 � � )(1 � � � )(1 + � )

�

�

2

j

2

:

(ii) Otherwise,

W

j

(0; �

j

(0) ; � ; z

j

; �

2

j

; � ) = (1 � R )

� 1

�

�

1

1 � �

+ ( z

j

)

1 � R

�

�

�

j

(0)

1 � R

+ e

� (1 � R ) R (1 � �

2

)

� 1

�

2

j

= 2

�

1

X

t =1

�

t

�

� ( R � 1) t

e

D

1

�

t

e

� D

2

�

2 t

� �

;

where

D

1

= (1 � R )

"

log �

j

(0) + (1 � �

2

)

� 1

�

2

j

2

#

and

D

2

= (1 � R )

2

(1 � �

2

)

� 1

�

2

j

2

> 0 :

(As with the other results, the pro of to Theorem 8.1 is in Section 9.)

9 Technical Appendix

This T ec hnical App endix has t w o purp oses: First, pro vides a brief re-

minder of mathematical details used in the text. Second, it con tains

pro ofs to all the results dev elop ed in the text. On the tec hnical de-

tails, analysis and probabilit y monographs suc h as Ash (1972) pro vide

further bac kground if the reader wishes to in v estigate more deeply .

Recall that a function � has v ariation on in terv al [ a; b ] de�ned to

b e sup

P

P

i

j � ( x

i +1

) � � ( x

i

) j for P that are partitions of [ a; b ] giv en

b y f x

i

: in teger i g where x

i

< x

i +1

. V ariation assesses c hoppiness.

{98{



Gro wth and distribution

A function has b ounded v ariation when it has �nite v ariation on its

domain.

A function � is absolutely con tin uous on [ a; b ] when for an y p os-

itiv e � there is � suc h that for all p ositiv e in teger M and all families

( a

1

; b

1

), ( a

2

; b

2

), . . . , ( a

M

; b

M

) of op en disjoin t subin terv als of [ a; b ],

w e ha v e

M

X

i =1

j b

i

� a

i

j < � = )

M

X

i =1

j � ( b

i

) � � ( a

i

) j < �:

If a function is absolutely con tin uous, then it has b ounded v ariation.

Distinguish absolute con tin uit y from uniform con tin uit y , also used in

Theorem 3.4 of Section 3.1.2 in the text. F unction � is uniformly

con tin uous if for an y p ositiv e � there is � suc h that

8 x

0

; x : j x

0

� x j < � = ) j � ( x

0

) � � ( x ) j < �:

The crucial distinction in uniform con tin uit y from (ordinary) con ti-

n uit y is that � can b e c hosen indep enden t of the particular x in � 's

domain, i.e., the criterion ab o v e applies uniformly , for all x .

Some probabilit y results useful for understanding the discussion

of bandwidth c hoice surrounding Theorems 3.5 and 3.6 are routinely

used in econometric theory but are p erhaps less familiar in macro e-

conomics discussion. F or completeness, I state them here.

Lemma 9.1 (c

r

Inequality) If for r p ositiv e the random v ariables Z

0

and

Z

1

ha v e �nite r -th absolute momen ts, then

E j Z

0

+ Z

1

j

r

� c

r

� ( E j Z

0

j

r

+ E j Z

1

j

r

)

where c

r

is 1 if r 2 (0 ; 1) and 2

r � 1

if r � 1 .

The c

r

inequalit y is discussed in Ch ung (1974, Ex. 12, p. 48) and

White (1984, Prop. 3.8, p. 33).

Lemma 9.2 (H•older Inequality)If Z

0

and Z

1

are random v ariables and

p; q > 1 suc h that p

� 1

+ q

� 1

= 1 , then

j E Z

0

Z

1

j � E j Z

0

Z

1

j � ( E j Z

0

j

p

)

1 =p

( E j Z

1

j

q

)

1 =q

:
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See Ch ung (1974, p. 47) and White (1984, Prop. 3.4, p. 30). Setting

Z

1

= 1, j Z

0

j = j Z j

r

for r > 0, and r

0

= r p , the H• older Inequalit y

giv es

( E j Z j

r

)

1 =r

�

�

E j Z

r

0

�

1 =r

0

; for 0 < r < r

0

< 1

(a sp ecial case that is also kno wn as the Liap ouno v Inequalit y ).

The limiting distribution result Theorem 3.5 dra ws on a cen tral

limit theorem for doubly-indexed random v ariables:

Theorem 9.3 (Liapounov CLT)Let

f Z

J j

: j = 1 ; : : : ; J ; J = 1 ; 2 ; 3 ; : : : g

b e a doubly-indexed arra y of random v ariables where

(i) for eac h J the random v ariables f Z

J j

: j = 1 ; : : : ; J g are m u-

tually indep enden t;

(ii) V ar ( Z

J j

) 6= 0 ;

(iii) for some r > 2 ,

�

P

J

j =1

E j Z

J j

� E Z

J j

j

r

�

1 =r

V ar

1 = 2

�

P

J

j =1

Z

J j

�

! 0 as J ! 1 . (9.1)

Then

J

� 1 = 2

�

P

J

j =1

[ Z

J j

� E Z

J j

]

�

V ar

1 = 2

�

J

� 1 = 2

P

J

j =1

Z

J j

�

d

� ! N(0 ; 1) as J ! 1 :

This Liap ouno v CL T for doubly-indexed random v ariables is giv en

in Ch ung (1974, Sections 7.1{7.2, p. 209 in particular), Lo ev e (1977,

Section 21.1, pp. 286{290) and White (1984, Theorem 5.11, p. 113).

Relation (9.1) is often kno wn as the Liap ouno v condition : it asserts,

roughly , that some momen t order higher than 2 m ust gro w more
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slo wly than that of order 2. Chec king this condition will constitute

an imp ortan t part of establishing the limiting prop erties for the k ernel

densit y estimator.

Also used rep eatedly in the calculations to follo w is this:

Lemma 9.4Supp ose k ernel K in De�nition 3.2 is b ounded and

Z

K ( x ) x

2

dx < 1 :

Then for all q � 1 :

Z

K ( x )

q

x

2

dx < 1 and

Z

K ( x )

q

dx < 1 :

Proof of Lemma 9.4W rite

Z

K ( x )

q

x

2

dx =

Z

K ( x ) K ( x )

r � 1

x

2

dx

�

�

sup

x

K ( x )

r � 1

�

�

Z

K ( x ) x

2

dx

< 1 :

Use this in

Z

K ( x )

q

dx =

Z

j x j� 1

K ( x )

q

dx +

Z

j x j > 1

K ( x )

q

dx

� [ sup

x

K ( x )

q

]

Z

j x j� 1

dx +

Z

j x j > 1

K ( x )

q

x

2

dx < 1 :

Q.E.D.

The p oin t wise cen tral limit result Theorem 3.5 is, in terestingly ,

not giv en in standard texts suc h as Silv erman (1986). With some

sligh t v ariation, it is pro vided in, e.g., P agan and Ullah (1999, The-

orem 2.10, p. 41) or Prak asa Rao (1983, pp. 61{62), but where it

app ears as a minor consequence of deep er, more abstract results, or

is pro v en only in tandem with man y other prop ositions, so that an
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applied researc her migh t sometimes face di�cult y in assessing what

is critical for the result's v alidit y . F or completeness, therefore, a rel-

ativ ely self-con tained pro of is giv en here.

The pro of consists of t w o principal parts. First, v erify the Lia-

p ouno v condition (9.1) on the deviation of the k ernel estimator from

its exp ectation; then, correct that exp ectation for its asymptotic bias.

The second of these requires bandwidth b

J

= o ( J

� 1 = 5

).

Proof of Theorem 3.5Fix a p oin t x

y

with f
X

( x

y

) 6= 0 and for

b

f

X ;b

( x

y

) = J

� 1

J

X

j =1

b

� 1

J

K

 

x

y

� x

j

b

J

!

write the righ t-side summands

Z

J j

def

= b

� 1

J

K

 

x

y

� x

j

b

J

!

:

F rom (iv) write the second-order T a ylor's series expansion of f
X

( x

y

�

xb

J

) ab out b

J

= 0 as

f
X

( x

y

� xb

J

) = f
X

( x

y

) � f 0

X

( x

y

) xb

J

+

1

2

f 00

X

( x

y

) x

2

b

2

J

+ o ( b

2

J

) :

Using this calculate for q > 0 ,

E Z

q

J j

=

Z

b

� q

J

K

 

x

y

� x

b

J

!

q

f
X

( x ) dx

= b

1 � q

J

Z

K ( x )

q f
X

( x

y

� xb

J

) dx

= b

1 � q

J

�

f
X

( x

y

)

Z

K ( x )

q

dx � f 0

X

( x

y

) b

J

Z

K ( x )

q

x dx

+

1

2

f 00

X

( x

y

) b

2

J

Z

K ( x )

q

x

2

dx + o ( b

2

J

)

�

= b

1 � q

J

�

f
X

( x

y

)

Z

K ( x )

q

dx +

1

2

f 00

X

( x

y

) b

2

J

Z

K ( x )

q

x

2

dx

+ o ( b

2

J

)

�

; (9.2)

{102{



Gro wth and distribution

where the second equalit y applies a c hange of v ariables, the third uses

the second-order T a ylor's series expansion, and the fourth uses (ii) K
symmetric implying

R

K ( x )

q

x dx = 0 . F rom (i), (iii), and Lemma

9.4, w e ha v e that for all q � 1 ,

R

K ( x )

q

x

2

dx < 0 and

R

K ( x )

q

dx < 0 .

Then (9.2) has for q = 1 , 2 , and r , resp ectiv ely ,

E Z

J j

= f
X

( x

y

) + O ( b

2

J

); (9.3)

E Z

2

J j

= b

� 1

J

f
X

( x

y

)

Z

K ( x )

2

dx + O ( b

2

J

); (9.4)

E Z

r

J j

= b

1 � r

J

�

f
X

( x

y

)

Z

K ( x )

r

dx + O ( b

2

J

)

�

= b

1 � r

J

f
X

( x

y

)

Z

K ( x )

r

dx + O ( b

3 � r

J

) : (9.5)

Using (9.3) and (9.4) giv es

V ar ( Z

J j

) = E Z

2

J j

� ( E Z

J j

)

2

= b

� 1

J

f
X

( x

y

)

Z

K ( x )

2

dx � f
X

( x

y

)

2

+ O ( b

J

)

= ) V ar

�

J

X

j =1

Z

J j

�

= J b

� 1

J

f
X

( x

y

)

Z

K ( x )

2

dx + O ( J ) : (9.6)

Also, b y c

r

and H• older Inequalities, Lemma 9.1 and 9.2, and (9.5) ,

�

J

X

j =1

E j Z

J j

� E Z

J j

j

r

�

� 2

r

J

X

j =1

E j Z

J j

j

r

= 2

r

�

J b

1 � r

J

f
X

( x

y

)

Z

K ( x )

r

dx + O ( J b

3 � r

J

)

�

:
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Liap ouno v condition (9.1) then follo ws from

�

P

J

j =1

E j Z

J j

� E Z

J j

j

r

�

1 =r

V ar

1 = 2

�

P

J

j =1

Z

J j

�

=

O ( J

1 =r

b

1 =r � 1

J

)

O ( J

1 = 2

b

� 1 = 2

J

)

= O

�

( J b

J

)

r

� 1

� 2

� 1

�

! 0 since J b

J

! 1 as J ! 1 . (9.7)

Using

V ar

1 = 2

�

J

� 1 = 2

J

X

j =1

Z

J j

�

=

�

b

� 1

J

f
X

( x

y

)

Z

K ( x )

2

dx + O (1)

�

1 = 2

= ) b

1 = 2

J

V ar

1 = 2

�

J

� 1 = 2

J

X

j =1

Z

J j

�

=

�

f
X

( x

y

)

Z

K ( x )

2

dx

�

1 = 2

+ o (1)

and

b

1 = 2

J

J

� 1 = 2

J

X

j =1

( Z

J j

� E Z

J j

) = ( J b

J

)

1 = 2

h

b

f

X ;b

( x

y

) � E

b

f

X ;b

( x

y

)

i

;

the Liap ouno v CL T Theorem 9.3 giv es

( J b

J

)

1 = 2

h

b

f

X ;b

( x

y

) � E

b

f

X ;b

( x

y

)

i

[ f
X

( x

y

)

R

K ( x )

2

dx ]

1 = 2

d

� ! N(0 ; 1) : (9.8)

T o obtain the conclusion w e need to establish the asymptotic bias

v anishes relativ e to the normalizing ( J b

J

)

1 = 2

in the Liap ouno v CL T,

i.e., that

( J b

J

)

1 = 2

h

E

b

f

X ;b

( x

y

) � f
X

( x

y

)

i

[ f
X

( x

y

)

R

K ( x )

2

dx ]

1 = 2

! 0 as J ! 1 : (9.9)
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Since (9.3) giv es

h

E

b

f

X ;b

( x

y

) � f
X

( x

y

)

i

= O ( b

2

J

) ;

condition (v) J

1 = 5

b

J

! 0 as J ! 1 implies (9.9) . Com bining (9.8)

and (9.9) ,

( J b

J

)

1 = 2

h

b

f

X ;b

( x

y

) � f
X

( x

y

)

i

[ f
X

( x

y

)

R

K ( x )

2

dx ]

1 = 2

=

( J b

J

)

1 = 2

h

b

f

X ;b

( x

y

) � E

b

f

X ;b

( x

y

)

i

[ f
X

( x

y

)

R

K ( x )

2

dx ]

1 = 2

+ o (1)

d

� ! N(0 ; 1) :

Q.E.D.

The Liap ouno v limiting normal distribution (9.8) obtains with

nothing more than J b

J

! 1 in (9.7) . Ho w ev er, that limit distribu-

tion is cen tered ab out the the exp ectation E

b

f

X ;b

( x

y

) rather than the

underlying p opulation quan tit y f
X

( x

y

). That J

1 = 5

b

J

! 0 guaran tees

this asymptotic bias con v erges to zero.

Em b edded in the pro of is also the result that the bandwidth c hoice

that most rapidly forces to zero the mean square error of the estimator

is b

J

= O ( J

� 1 = 5

), i.e., slo w er than the rate that giv es a prop erly

cen tered limit normal distribution. T o see this, notice (9.3) and (9.4)

giv e

�

�

�

E

b

f

X ;b

( x

y

) � f
X

( x

y

)

�

�

�

2

= O ( b

4

J

) (9.10)

V ar

�

b

f

X ;b

( x

y

)

�

= ( J b

J

)

� 1 f
X

( x

y

)

Z

K ( x )

2

dx + o (

�

J b

J

)

� 1

�

;

(9.11)

so that mean square error is O ( b

4

J

) + O ( ( J b

J

)

� 1

). The faster b

J

con v erges to zero, so to o the �rst comp onen t O ( b

4

J

), but at the cost

of slo wing the con v ergence rate in the second, O ( ( J b

J

)

� 1

). Since the

less rapid rate dominates, the optimal mean square error con v ergence
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rate equates the t w o, b y setting b

J

= O ( J

� 1 = 5

), so that mean square

error then con v erges at its fastest rate, as O ( J

� 4 = 5

). But with this

bandwidth,

( J b

J

)

1 = 2

h

b

f

X ;b

( x

y

) � f
X

( x

y

)

i

[ f
X

( x

y

)

R

K ( x )

2

dx ]

1 = 2

=

( J b

J

)

1 = 2

h

b

f

X ;b

( x

y

) � E

b

f

X ;b

( x

y

)

i

[ f
X

( x

y

)

R

K ( x )

2

dx ]

1 = 2

+

( J b

J

)

1 = 2

h

E

b

f

X ;b

( x

y

) � f
X

( x

y

)

i

[ f
X

( x

y

)

R

K ( x )

2

dx ]

1 = 2

has the second term on the righ t O (1) and the �rst term con v erging

in distribution to N(0 ; 1), so that the resulting limit distribution can

no longer b e used for inference.

Despite this, a minim um mean square error criterion is often used

to justify bandwidth and k ernel c hoice. Dev eloping this explicitly

requires more detail than a v ailable in (9.10) and (9.11) . Under h y-

p otheses (i){(iv) of Theorem 3.5, equation (9.2) with q = 1 giv es

E

b

f

X ;b

( x

y

) � f
X

( x

y

) =

1

2

f 00

X

( x

y

) b

2

J

Z

K ( x ) x

2

dx + o ( b

2

J

)

= )

�

�

�

E

b

f

X ;b

( x

y

) � f
X

( x

y

)

�

�

�

2

=

�

1

2

b

2

J

Z

K ( x ) x

2

dx

�

2

f 00

X

( x

y

)

2

+ o ( b

4

J

) ;

while from (9.6) ,

V ar

�

b

f

X ;b

( x

y

)

�

= ( J b

J

)

� 1

�

Z

K ( x )

2

dx

�

f
X

( x

y

) + O ( J

� 1

) :
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Mean in tegrated square error is then

MISE

def

=

Z

�

�

�

E

b

f

X ;b

( x

y

) � f
X

( x

y

)

�

�

�

2

dx

y

+

Z

V ar

�

b

f

X ;b

( x

y

)

�

dx

y

=

�

1

2

b

2

J

Z

K ( x ) x

2

dx

�

2

Z

f 00

X

( x )

2

dx

+ ( J b

J

)

� 1

Z

K ( x )

2

dx + o ( b

4

J

) + O ( J

� 1

) :

By the reasoning follo wing (9.10) and (9.11) w e can ignore the trailing

order terms on the righ t side pro vided b

J

! 0 and J ! 1 .

T o giv e the optimal k ernel and bandwidth minimizing MISE ,

it is necessary to pro vide �rst an analytical c haracterization of the

Epanec hnik o v k ernel in T able 3.1. Do so in Lemma 9.5. That Lemma

and Theorem 9.6 are not used elsewhere in the pap er. They are there-

fore stated and pro v en in this T ec hnical App endix and n um b ered

accordingly .

Lemma 9.5The problem

inf

K

�

Z

1

0

K ( x ) x

2

dx

� �

Z

1

0

K ( x )

2

dx

�

2

(9.12)

across K 's that are symmetric k ernel densities is solv ed b y parab olic

densities of the form

� > 0 : K ( x ) =

8

<

:

3

4

�

� 1

�

1 � �

� 2

x

2

�

for j x j � � ,

0 otherwise;

(9.13)

i.e., all densities (9.13) ac hiev e the same minimized v alue for the

ob jectiv e function in (9.12) , indep enden t of � . If, further,

Z

1

�1

K ( x ) x

2

dx = 1

is imp osed then the unique solution to the minimization problem is

K ( x ) =

�

3

4

�

1 �

1

5

x

2

�

5

� 1 = 2

�

� I

fj x j 6

p

5 g

( x ) : (9.14)
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Proof of Lemma 9.5Since

R

1

0

K ( x ) dx =

1

2

construct

L =

�

Z

1

0

K ( x ) x

2

dx

� �

Z

1

0

K ( x )

2

dx

�

2

� �

�

Z

1

0

K ( x ) dx �

1

2

�

; � 2 R :

Consider p erturbations in K of the form

eK
�

( x ) = K ( x ) + � W ( x ) ; � 2 R ;

where the test function W is symmetric and in tegrable but otherwise

unrestricted, and the scalar � can b e c hosen su�cien tly small so that

eK
�

remains non-negativ e. The Lagrangean function

L ( � ; � ) =

�

Z

1

0

eK
�

( x ) x

2

dx

� �

Z

1

0

eK
�

( x )

2

dx

�

2

� �

�

Z

1

0

eK
�

( x ) dx �

1

2

�

implies

@ L

@ �

=

�

Z

1

0

W ( x ) x

2

dx

� �

Z

1

0

eK
�

( x )

2

dx

�

2

+ 4

�

Z

1

0

eK
�

( x ) x

2

dx

� �

Z

1

0

eK
�

( x )

2

dx

�

Z

1

0

eK
�

( x ) W ( x ) dx

� �

�

Z

1

0

W ( x ) dx

�

:

If an optim um K exists (to b e v eri�ed b y calculating one explicitly)

denote

�

0

=

Z

1

0

K ( x )

2

dx and �

1

=

Z

1

0

K ( x ) x

2

dx

and notice that at an optim um, @ L =@ � = 0 at � = 0 , i.e.,

@ L

@ �

�

�

�

�

� =0

=

Z

1

0

h

�

2

0

x

2

+ 4 �

0

�

1

K ( x ) � �

i

W ( x ) dx = 0 :
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But since W is arbitrary and K ( x ) � 0 w e m ust ha v e

�

2

0

x

2

+ 4 �

0

�

1

K ( x ) � � = 0 = )

K ( x ) =

8

<

:

( 4 �

0

�

1

)

� 1

�

� � �

2

0

x

2

�

for j x j � �

1 = 2

�

� 1

0

,

0 otherwise,

(9.15)

with � > 0 . The form (9.15) giv es

1

2

=

Z

1

0

K ( x ) dx = ( 4 �

0

�

1

)

� 1

Z

�

1 = 2

�

� 1

0

0

h

� � �

2

0

x

i

dx

= ( 4 �

0

�

1

)

� 1

� �

� �

1

3

�

2

0

x

2

�

x

2

�

�

�

�

�

1 = 2

�

� 1

0

0

�

=

1

2

(3 �

0

�

1

)

� 1

�

3 = 2

�

0

= ) � =

�

3 �

2

0

�

1

�

2 = 3

and

�

0

=

Z

1

0

K ( x )

2

dx = (4 �

0

�

1

)

� 2

Z

�

1 = 2

�

� 1

0

0

h

� � �

2

0

x

i

2

dx

= (4 �

0

�

1

)

� 2

�

 

�

4

0

5

x

4

�

2

3

��

2

0

x

2

+ �

2

!

x

�

�

�

�

�

1 = 2

�

� 1

0

0

�

=

3

2 = 3

10

( �

0

=�

1

)

1 = 3

= ) �

0

=

3

10

3 = 2

�

� 1 = 2

1

:

T ogether these imply � = (3 = 10)

2

and that the ob jectiv e function in

(9.12) ac hiev es v alue �

1

�

2

0

= 3

2

= 10

3

, indep enden t of �

1

. Substituting

for � and �

0

in (9.15) and letting � = (10 �

1

)

1 = 2

> 0 v eri�es (9.13) .

Finally , imp osing

R

1

�1

K ( x ) x

2

dx = 1 giv es �

1

=

R

1

0

K ( x ) x

2

dx = 1 = 2

and th us � =

p

5 , v erifying (9.14) . Q.E.D.

If, con trary to the last part of Lemma 9.5,

R

1

�1

; K ( x ) x

2

dx = 1 is

violated then solutions suc h as

K ( x ) =

3

4

�

1 � x

2

�

� I

fj x j 6 1 g

( x ) ;
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di�eren t from the k ernel in (9.14) , b ecome a v ailable; see, e.g., Hardle

and Lin ton (1994, T able 1, p. 2303) and P agan and Ullah (1999,

p. 28).

The ob jectiv e function in (9.12) , and th us Lemma 9.5, will pla y

a cen tral role in analyzing MISE .

Theorem 9.6Assume h yp otheses (i){(iv) of Theorem 3.5 and b

J

! 0

as J ! 1 . Then for J large, the ( K ; b

J

) minimizing MISE can b e

tak en to b e

K ( x ) =

�

3

4

�

1 �

1

5

x

2

�

5

� 1 = 2

�

� I

fj x j 6

p

5 g

( x )

(i.e., equation (9.14) of Lemma 9.5) and

b

J

= J

� 1 = 5

�R

K ( x )

2

dx

�

1 = 5

(

R

K ( x ) x

2

dx )

2 = 5

(

R

f 00

X

( x )

2

dx )

1 = 5

(9.16)

= J

� 1 = 5

�

3 � 5

� 3 = 2

�

1 = 5

(

R

f 00

X

( x )

2

dx )

1 = 5

:

De�ning

� ( K )

def

=

�

Z

K ( x ) x

2

dx

�

2 = 5

�

Z

K ( x )

2

dx

�

4 = 5

;

the minimized MISE is

� ( K ) J

� 4 = 5

�

(

5

4

�

Z

f 00

X

( x )

2

dx

�

1 = 5

)

=

�

3 � 5

� 3 = 2

�

4 = 5

J

� 4 = 5

�

(

5

4

�

Z

f 00

X

( x )

2

dx

�

1 = 5

)

: (9.17)

Proof of Theorem 9.6F or su�cien tly large J , MISE is

�

1

2

b

2

J

Z

K ( x ) x

2

dx

�

2

Z

f 00

X

( x )

2

dx + ( J b

J

)

� 1

Z

K ( x )

2

dx: (9.18)
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Minimize this �rst o v er b

J

and then o v er K . Setting to zero the �rst

deriv ativ e of (9.18) with resp ect to b

J

giv es

b

5

J

= J

� 1

R

K ( x )

2

dx

(

R

K ( x ) x

2

dx )

2

R

f 00

X

( x )

2

dx

;

v erifying (9.16) . Substituting this in to (9.18) giv es

1

4

�

Z

K ( x ) x

2

dx

�

2

�

Z

f 00

X

( x )

2

dx

�

J

� 4 = 5

�

�R

K ( x )

2

dx

�

4 = 5

(

R

K ( x ) x

2

dx )

8 = 5

(

R

f 00

X

( x )

2

dx )

4 = 5

+

�

Z

K ( x )

2

dx

�

J

� 4 = 5

� R

K ( x )

2

dx

�

� 1 = 5

(

R

K ( x ) x

2

dx )

� 2 = 5

(

R

f 00

X

( x )

2

dx )

� 1 = 5

=

5

4

�

Z

K ( x ) x

2

dx

�

2 = 5

�

Z

f 00

X

( x )

2

dx

�

1 = 5

�

Z

K ( x )

2

dx

�

4 = 5

� J

� 4 = 5

=

5

4

� ( K ) J

� 4 = 5

�

Z

f 00

X

( x )

2

dx

�

1 = 5

;

v erifying the left side of (9.17) . Minimizing MISE in (9.18) therefore

reduces to minimizing � ( K ) o v er c hoice of K . But b y Lemma 9.5, the

latter minimization sub ject to (i){(iii) of Theorem 3.5 is ac hiev ed b y

selecting K in (9.14) . Substituting this k ernel in to the righ t-side of

equation (9.16) reco v ers the expression follo wing the latter, and in to

the left side of equation (9.17) reco v ers the righ t side. Q.E.D.

The left side of equation (9.17) allo ws a natural comparison across

k ernels. Using an arbitrary K on sample size J ac hiev es only the same

MISE as using the optimal k ernel K
Ep

in (9.14) on a h yp othetical

(smaller) sample size J

Ep

, where

� ( K ) J

� 4 = 5

= � ( K
Ep

) J

� 4 = 5

Ep

:
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The ratio

J

Ep

=J = [ � ( K
Ep

) =� ( K ) ]

5 = 4

=

3

5

p

5

�

Z

K ( x ) x

2

dx

�

� 1 = 2

�

Z

K ( x )

2

dx

�

� 1

(9.19)

can then b e de�ned to b e the relativ e e�ciency of k ernel K . V alues

of this for sev eral commonly-used k ernels are giv en in T able 3.2.

Con tin ue from here with pro ofs of results in the b o dy of the pap er.

Proof of Proposition 3.12T o pro v e (i) notice that b y equation (3.24)

the t ypical en try in f
t + s

is

f
t + s

( m

0

) =

Z

x

m

0

+1

x

m

0

f
t + s

( x

0

) dx

0

=

Z

x

m

0

+1

x

m

0

�

Z

1

�1

p

t;s

( x; x

0

) � f
t

( x ) dx

�

dx

0

:

Since F
t

is piecewise linear, the in tegrand can b e re-written:

Z

1

�1

p

t;s

( x; x

0

) � f
t

( x ) dx =

M � 1

X

m =0

Z

x

m +1

x

m

p

t;s

( x; x

0

) � f
t

( x ) dx

=

M � 1

X

m =0

"

Z

x

m +1

x

m

p

t;s

( x; x

0

) dx

#

� f
t

( x

m

)

so that

f
t + s

( m

0

) =

Z

x

m

0

+1

x

m

0

M � 1

X

m =0

"

Z

x

m +1

x

m

p

t;s

( x; x

0

) dx

#

� f
t

( x

m

) dx

0

=

M � 1

X

m =0

�

Z

x

m

0

+1

x

m

0

Z

x

m +1

x

m

p

t;s

( x; x

0

) dx dx

0

�

� f
t

( x

m

) :

Using again equation (3.24)

f
t

( m ) = f
t

( x

m

) � [ x

m +1

� x

m

]

{112{



Gro wth and distribution

giv es

f
t + s

( m

0

)

=

M � 1

X

m =0

"

( x

m +1

� x

m

)

� 1

�

Z

x

m

0

+1

x

m

0

Z

x

m +1

x

m

p

t;s

( x; x

0

) dx dx

0

#

� f
t

( m )

=

M � 1

X

m =0

P

t;s

( m; m

0

) � f
t

( m )

so that f
t + s

= P

>

t;s

� f
t

with P

t;s

giv en in equation (3.27) . T o pro v e

(ii) write

�

P

t;s

�

�

( m )

= ( x

m +1

� x

m

)

� 1

Z

x

m +1

x

m

M � 1

X

m

0

=0

Z

x

m

0

+1

x

m

0

p

t;s

( x; x

0

) dx

0

dx � � ( m

0

)

= ( x

m +1

� x

m

)

� 1

Z

x

m +1

x

m

M � 1

X

m

0

=0

Z

x

m

0

+1

x

m

0

p

t;s

( x; x

0

) � ( x

0

) dx

0

dx

= ( x

m +1

� x

m

)

� 1

Z

x

m +1

x

m

Z

1

�1

p

t;s

( x; x

0

) � ( x

0

) dx

0

dx

= ( x

m +1

� x

m

)

� 1

Z

x

m +1

x

m

( T
t;s

� )( x ) dx;

establishing equation (3.28) . If for eac h x

0

the function p

t;s

( � ; x

0

) is

piecewise constan t on [ x

m

; x

m +1

) then

( T
t;s

� )( x ) =

Z

1

�1

p

t;s

( x; x

0

) � ( x

0

) dx

0

is similarly piecewise constan t on [ x

m

; x

m +1

) so that the in terv al a v-

erage in equation (3.28) b ecomes just ( T
t;s

� )( x

m

) . Q.E.D.

Proof of Theorem 3.14The transition densit y p

t

( x

y

; x ) of Bro wnian

Motion � B is, b y de�nition, the p df of a N( x; �

2

t ) random v ariable.

But the righ t side of equation (3.34) is exactly that p df, thereb y
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con�rming the �rst part of the Theorem. T o obtain the resolv en t

k ernel (3.35) b egin b y calculating that for standard Bro wnian Motion.

When � = 1 , the resolv en t k ernel is

Z

1

0

e

� �t

(2 � t )

� 1 = 2

e

� ( x � x

y

)

2

= 2 t

dt

= (2 =� )

� 1 = 2

Z

1

0

e

� [ �t

2

+( x � x

y

)

2

= 2 t

2

]

dt; (9.20)

where the expression on the righ t follo ws from applying the c hange

of v ariable t

0

= t

1 = 2

and then relab elling. De�ne � = j x � x

y

j

p

�=

p

2

and s = ( �=� )

1 = 2

� t , and rescale and complete the square in the

exp onen t on the righ t side of (9.20) :

�t

2

+

( x � x

y

)

2

2 t

2

= �

�

�

�

t

2

+

�

�

t

� 2

�

= �

h

s

2

+ s

� 2

i

= �

h

( s � s

� 1

)

2

+ 2

i

:

Since dt = ( � =� )

1 = 2

ds the righ t side of (9.20) b ecomes

(2 =� )

� 1 = 2

( � =� )

1 = 2

e

� 2 �

Z

1

0

e

� ( s � 1 =s )

2

�

ds:

But

Z

1

0

e

� ( s � 1 =s )

2

�

ds =

Z

1

0

e

� ( s � 1 =s )

2

�

ds +

Z

1

1

e

� ( s � 1 =s )

2

�

ds

=

Z

1

0

e

� ( s � 1 =s )

2

�

ds +

Z

1

0

e

� ( s � 1 =s )

2

�

� s

� 2

ds

=

Z

1

0

e

� ( s � 1 =s )

2

�

� (1 + s

� 2

) ds

=

Z

1

0

e

� t

2

�

dt = ( � = 2)

1 = 2

(2 � )

� 1 = 2

:

Therefore,

Z

1

0

e

� �t

(2 � t )

� 1 = 2

e

� ( x � x

y

)

2

= 2 t

dt

= e

� 2 �

1

p

2 �

= e

� (2 � )

1 = 2

j x � x

y

j

�

1

p

2 �

:
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The resolv en t k ernel for X = � B can then b e calculated:

G

�

( x

y

; x ) =

Z

1

0

e

� �t

p

t

( x

y

; x ) dt

=

Z

1

0

e

� �t

(2 � �

2

t )

� 1 = 2

exp

 

�

( x � x

y

)

2

2 �

2

t

!

dt

=

Z

1

0

e

� ( �=�

2

) s

(2 � s )

� 1 = 2

exp

 

�

( x � x

y

)

2

2 s

!

1

�

2

ds

=

1

�

2

�

�

p

2 �

e

�j x � x

y

j

p

2 �=�

�

= �

� 1

1

p

2 �

e

�j x � x

y

j

p

2 � =�

;

v erifying (3.35) . Q.E.D.

Proof of Theorem 3.16F or small � t > 0 and b ounded measurable

function � , calculate:

( T
� t

( R
�

� ) ) = T
� t

�

Z

1

0

e

� t�

( T
t

� ) dt

�

=

Z

1

0

e

� t�

( T
t +� t

� ) dt

= e

� � t

�

Z

1

0

e

� ( t +� t ) �

( T
t +� t

� ) dt

= e

� � t

�

"

( R
�

� ) �

Z

� t

0

e

� t�

( T
t

� ) dt

#

:

Therefore,

�

T
� t

� I

� t

�

( R
�

� )

=

e

� � t

( R
�

� ) � ( R
�

� )

� t

�

e

� � t

R

� t

0

e

� t�

( T
t

� ) dt

� t

=

 

e

� � t

� 1

� t

!

( R
�

� ) �

e

� � t

R

� t

0

e

� t�

( T
t

� ) dt

� t

: (9.21)
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As � t ! 0

e

� � t

� 1

� t

! �

and

e

� � t

R

� t

0

e

� t�

( T
t

� ) dt

� t

! �e

� � t

Z

� t

0

e

� t�

( T
t

� ) dt + e

� � t

e

� � � t

( T
� t

� ) ! �;

so that equation (9.21) b ecomes

GR
�

� = � R
�

� � � = ) R
�

= ( � � G )

� 1

:

Q.E.D.

Proof of Theorem 4.1Consider y > 0 a �xed but otherwise arbitrary

v alue for income. Denote b y t

0

that ep o c h at whic h y last realized as

the income lev el at the fron tier, i.e.,

t

0

= sup f t : y

max

( t ) � y g ;

or, as y

max

( t ) has its timepath con tin uous and increasing,

y = y

max

( t

0

) :

Let � : [ t

0

; 1 ] ! [0 ; 1] ha v e � ( t ) denote the fraction of economies at

time t � t

0

ha ving p er capita incomes no greater than y , so that

_

� ( t ) = � � ( t ) � h( t ) = ) � ( t ) = e

�

R

t

t

0

h( s ) ds

; t � t

0

:

Moreo v er,

y

max

( t ) = y

max

( t

0

) e

R

t

t

0

� h( s ) ds

= y � e

R

t

t

0

� � h( s ) ds

so that

� ( t ) = [ y =y

max

( t ) ]

1 =�

: (9.22)
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Equation (9.22) con�rms that the fraction of economies with incomes

no greater than the �xed lev el y is constan tly declining. But (9.22)

also sa ys that the fraction of economies with relativ e incomes no

greater than x = y =y

max

is time-in v arian t at v alue x

1 =�

, th us con-

�rming the shap e of the densit y giv en in the Theorem. Q.E.D.

Proof of Theorem 6.1Call f the densit y for F. Since, b y h yp othesis,

F is con tin uous and strictly increasing, for an y x 2 (0 ; 1) , the in v erse

F� 1

( x ) exists and is unique. W rite the Lorenz curv e

Z ( h ) = E� 1

Z

x

0

x

0 f ( x

0

) dx

0

; with x = F� 1

( h ) :

Therefore,

d Z

d F
=

d Z

dx

�

d F
dx

= E� 1

x f ( x ) = f ( x )

= E� 1

x = E� 1 F� 1

( h ) > 0

and

d

2

Z

d F2

=

d

dx

�

d Z

d F

� �

d F
dx

= E� 1

�

f ( x ) > 0 ;

so that the Lorenz curv e has tangen t whose slop e is alw a ys p ositiv e

and increasing, i.e., Z is con v ex from b elo w. Th us Z ( F) � F, the

Lorenz curv e's horizon tal separation from the 45-degree line, is max-

imized at:

0 =

d

dx

[ Z ( F) � F ] = E� 1

x f ( x ) � f ( x ) ;

i.e., at x = E or h = F( x ) = F( E) . Therefore, since h = F( E)

maximizes Z ( h ) � h , that same v alue for h also giv es Z

0

( h ) = 1 .

Q.E.D.

Proof of Theorem 6.2The mean income gap in the de�nition of I
G

in
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equation (6.1) can b e rewritten:

Z

1

0

Z

1

0

j x � x

0

j d F( x

0

) d F( x )

=

Z

1

0

�

Z

x

0

( x � x

0

) d F( x

0

) +

Z

1

x

( x

0

� x ) d F( x

0

)

�

d F( x ) :

But since

Z

1

0

Z

1

0

( x � x

0

) d F( x

0

) d F( x ) = 0

= )

Z

1

0

�

Z

x

0

( x � x

0

) d F( x

0

) �

Z

1

x

( x

0

� x ) d F( x

0

)

�

d F( x ) = 0

= )

Z

1

0

Z

x

0

( x � x

0

) d F( x

0

) d F( x ) =

Z

1

0

Z

1

x

( x

0

� x ) d F( x

0

) d F( x ) ;

the mean income gap is therefore also

Z

1

0

Z

1

0

j x � x

0

j d F( x

0

) d F( x )

= 2 �

Z

1

0

Z

x

0

( x � x

0

) d F( x

0

) d F( x )

= 2 �

�

Z

1

0

x F( x ) d F( x ) �

Z

1

0

Z

x

0

x

0

d F( x

0

) d F( x )

�

:

De�nitions (6.1) and (6.2) for I
G

and Z then giv e:

I
G

= E� 1

Z

1

0

x F( x ) d F( x ) �

Z

1

0

Z ( F( x )) d F( x )

=

Z

1

0

h d Z ( h ) �

Z

1

0

Z ( h ) dh

=

� �

1

2

+

Z

1

0

[ h � Z ( h )] dh

�

�

�

1

2

�

Z

1

0

[ h � Z ( h )] dh

� �

= 2

Z

1

0

[ h � Z ( h ) ] dh:

Q.E.D.
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Proof of Theorem 6.8F rom (6.9) and (6.11) ,

U ( C ( t )) = U ( e

Z ( t )

e

� t

) =

e

(1 � R ) Z ( t )

e

(1 � R ) � t

� 1

1 � R

= ) e

� �t

U ( C ( t )) =

e

(1 � R ) Z ( t )

e

� [ � � (1 � R ) � ] t

� e

� �t

1 � R

Using the de�nitions for

e

� and

e

U , this giv es

e

� �t

U ( C ( t )) = e

� e�t

e

U ( Z ( t )) +

8

<

:

� (1 � R )

� 1

e

� �t

for R 6= 1 ;

� te

� �t

otherwise.

Then, conditional on C (0) = e

z

,

W (0) = E

�

Z

1

0

e

� �t

U ( C ( t )) dt j C (0) = e

z

�

= ( R
e�

e

U )( z ) +

8

<

:

�

R

1

0

(1 � R )

� 1

e

� �t

dt for R 6= 1 ;

R

1

0

� te

� �t

dt otherwise.

The conclusion of the Theorem then follo ws from calculating, for

R 6= 1 ,

Z

1

0

� (1 � R )

� 1

e

� �t

dt = (1 � R )

� 1

�

� 1

�

�

e

� �t

�

�

�

�

1

0

= � (1 � R )

� 1

�

� 1

;

and, for R = 1 ,

Z

1

0

� e

� �t

t dt = � � ( � �

� 2

) �

h

(1 + �t ) e

� �t

i

�

�

�

1

0

= � �

� 2

:

Q.E.D.

Proof of Theorem 6.9F rom the resolv en t k ernel (3.32) and equation

(3.35) of Theorem 3.14,

( R
e�

e

U )( z

y

) =

Z

1

�1

e

U ( z ) � �

� 1

1

p

2

e

�

� e

�j z � z

y

j

p

2 e� =�

dz :
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F or R 6= 1 this b ecomes.

( R
e�

e

U )( z

y

) =

(2

e

� )

� 1 = 2

�

� 1

1 � R

Z

1

�1

e

� (2 e� =�

2

)

1 = 2

�j z � z

y

j

� e

(1 � R ) z

dz :

The in tegral on the righ t can b e rewritten:

Z

z

y

�1

e

� (2 e� =�

2

)

1 = 2

( z

y

� z )

� e

(1 � R ) z

dz

+

Z

1

z

y

e

� (2 e� =�

2

)

1 = 2

( z � z

y

)

� e

(1 � R ) z

dz

=

e

� (2 e�=�

2

)

1 = 2

z

y

(2

e

� =�

2

)

1 = 2

+ (1 � R )

� e

[(2 e�=�

2

)

1 = 2

+(1 � R )] z

y

+

e

(2 e� =�

2

)

1 = 2

z

y

(2

e

� =�

2

)

1 = 2

� (1 � R )

� e

� [(2 e�=�

2

)

1 = 2

� (1 � R )] z

y

= e

(1 � R ) z

y

�

(2

e

� =�

2

)

1 = 2

� 2

(2

e

� =�

2

) � (1 � R )

2

where con v ergence of the in tegral follo ws from

e

� >

1

2

(1 � R )

2

�

2

. Then

( R
e�

e

U )( z

y

) =

e

(1 � R ) z

y

1 � R

�

2 �

� 2

(2

e

� =�

2

) � (1 � R )

2

=

e

(1 � R ) z

y

1 � R

�

1

� � (1 � R ) � �

1

2

(1 � R )

2

�

2

= r ( R ; �; � ; � )

� 1

� e

(1 � R ) z

y

:

F or R = 1 analogous steps apply to

( R
e�

e

U )( z

y

) = (2

e

� )

� 1 = 2

�

� 1

Z

1

0

e

� (2 e� =�

2

)

1 = 2

�j z � z

y

j

� z dz :
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Again rewrite the in tegral on the righ t

Z

z

y

�1

e

� (2 e� =�

2

)

1 = 2

( z

y

� z )

� z dz +

Z

1

z

y

e

� (2 e� =�

2

)

1 = 2

( z � z

y

)

� z dz

=

e

� (2 e� =�

2

)

1 = 2

z

y

� (2

e

� =�

2

)

h

(1 � (2

e

� =�

2

)

1 = 2

z ) e

(2 e� =�

2

)

1 = 2

z

i

�

�

�

z

y

�1

+

e

(2 e� =�

2

)

1 = 2

z

y

� (2

e

� =�

2

)

h

(1 + (2

e

� =�

2

)

1 = 2

z ) e

� (2 e� =�

2

)

1 = 2

z

i

�

�

�

1

z

y

=

p

2

h

�

2

=

e

�

i

1 = 2

z

y

so that

( R
e�

e

U )( z

y

) = (2

e

� )

� 1 = 2

�

� 1

p

2

h

�

2

=

e

�

i

1 = 2

z

y

= �

� 1

z

y

:

Q.E.D.

Of course equation (6.13) com bining Theorems 6.8{6.9 can also

b e obtained directly using

E

h

e

Z ( t )

j Z (0) = z

i

= exp

�

z + �

2

t= 2

�

;

but suc h a direct approac h w ould not generalize the w a y that using

the resolv en t op erator allo ws.

Proof of Theorem 6.10F rom the de�nition

( R
e�

e

U )( z

m

) =

Z

1

0

e

� e�t

E

h

e

U ( Z ( t )) j Z (0) = z

m

i

dt

=

Z

1

0

e

� e�t

�

M � 1

X

m =0

P

t

( m; m

0

)

e

U ( z

m

0

)

�

dt

Collecting the righ t side across m giv es the v ector

( R
e�

e

U )( z

m

) ; m = 0 ; 1 ; : : : ; M � 1

as

Z

1

0

e

� e�t

h

P

t

U

i

dt = (

e

� � G )

� 1

U ;
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th us establishing the Theorem. Q.E.D.

Proof of Theorem 8.1 P erforming the calculations directly for this

case allo ws c hec king the results obtained more generally b y resolv en t

op erators. T o that end use the conditional distributions in equation

(8.5) to write:

E

0

log �

j

( t ) = �

t

log �

j

(0) �

1 � �

t

1 � �

2

�

2

j

2

:

No w tak e eac h of the cases in turn.

(i) Supp ose R = 1 . When t > 0 ,

E

0

U ( C

j

( t )) = E

0

log C

j

( t )

= E

0

[ log z

j

+ t log � + log �

j

( t ) ]

=

h

log z

j

� (1 � �

2

)

� 1

�

2

j

= 2

i

+ (log � ) � t

+

h

log �

j

(0) + (1 � �

2

)

� 1

�

2

j

= 2

i

�

t

;

so that

E

0

1

X

t =0

�

t

U ( C

j

( t ))

= U ( C

j

(0)) + E

0

1

X

t =1

�

t

U ( C

j

( t ))

= log z

j

+ log �

j

(0) +

h

log z

j

� (1 � �

2

)

� 1

�

2

j

= 2

i

�

1 � �

+

�

(1 � � )

2

log � +

h

log �

j

(0) + (1 � �

2

)

� 1

�

2

j

= 2

i

� �

1 � � �

;

using

P

1

t =0

t�

t

= �

P

1

t =1

t�

t � 1

= �

d

d�

P

1

t =1

�

t

= �

d

d�

�

1 � �

= (1 �

� )

� 2

� . Collecting terms then giv es

E

0

1

X

t =0

�

t

U ( C

j

( t )) = (1 � � � )

� 1

log �

j

(0)

+

�

(1 � � )

2

log � +

1

1 � �

log z

j

�

�

(1 � � )(1 � � � )(1 + � )

�

2

j

2

:
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(ii) Supp ose R 6= 1 . When t > 0 ,

E

0

U ( C

j

( t )) = (1 � R )

� 1

E

0

h

( z

j

)

1 � R

�

� ( R � 1) t

�

j

( t )

1 � R

� 1

i

= (1 � R )

� 1

h

( z

j

)

1 � R

�

� ( R � 1) t

�

exp

�

[1 � R ]

(

�

t

log �

j

(0) �

1 � �

t

1 � �

2

�

2

j

2

)

+

1

2

[1 � R ]

2

1 � �

2 t

1 � �

2

�

2

j

�

� 1 ] :

Collecting time-dep enden t terms in the exp onen t giv es

[1 � R ]

n

log �

j

(0) + (1 � �

2

)

� 1

�

2

j

= 2

o

�

t

� [1 � R ]

2

(1 � �

2

)

� 1

�

2

j

= 2 �

2 t

;

while the time-in v arian t terms there b ecome

� [1 � R ](1 � �

2

)

� 1

�

2

j

= 2 + [1 � R ]

2

(1 � �

2

)

� 1

�

2

j

= 2

= � [1 � R ] R (1 � �

2

)

� 1

�

2

j

= 2 :

F or con v enience, let

D

1

= [1 � R ]

n

log �

j

(0) + (1 � �

2

)

� 1

�

2

j

= 2

o

D

2

= [1 � R ]

2

(1 � �

2

)

� 1

�

2

j

= 2 > 0 :

Then

E

0

U ( C

j

( t )) = (1 � R )

� 1

h

( z

j

)

1 � R

e

� [1 � R ] R (1 � �

2

)

� 1

�

2

j

= 2

�

�

� ( R � 1) t

e

D

1

�

t

e

� D

2

�

2 t

� 1

i
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so that

E

0

1

X

t =0

�

t

U ( C

j

( t ))

=

( z

j

)

1 � R

�

j

(0)

1 � R

� 1

1 � R

+ (1 � R )

� 1

�

�

( z

j

)

1 � R

e

� [1 � R ] R (1 � �

2

)

� 1

�

2

j

= 2

1

X

t =1

�

� ( R � 1) t

e

D

1

�

t

e

� D

2

�

2 t

� (1 � � )

� 1

�

�

= (1 � R )

� 1

�

� (1 � � )

� 1

+ ( z

j

)

1 � R

�

�

e

� [1 � R ] R (1 � �

2

)

� 1

�

2

j

= 2

1

X

t =1

�

� ( R � 1) t

e

D

1

�

t

e

� D

2

�

2 t

+ �

j

(0)

1 � R

� �

:

Q.E.D.
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