Technical appendix to
“Designing Targeting Rules for International Monetary
Policy Cooperation”
by Gianluca Benigno and Pierpaolo Benigno

Derivation of the quadratic loss functions, equations (2.10),
(2.11), (3.12) in the main text.

In this appendix, we show how to derive a second-order approximation
to the sum of the utilities of the consumers belonging to each country (the
objective function of the policymaker) which results in a quadratic form and
can be correctly evaluated by a log-linear approximation to the structural
equilibrium conditions. The method used here follows Benigno and Woodford
(2003). In particular we are going to derive equations (2.10), (2.11), (3.12)
in the main text.

First we recall that each individual has an utility function of the form

Ul =E, {Z BTHU(CS &0) — Viyr (), 60)] } ,

where the index j denotes a variable that is specific to household j and the
index ¢ denotes a variable specific to the country H or F' in which j resides.
We assume the following functional forms

((ft”_) ;”, V((5), &) = (@n%'
(1)

The objective function of the monetary policymaker of country H is to max-
imize the sum of the utilities of its consumers given by

W = Eq {f: B [U(C’t,&) —n! /O" V(yt(h),ft)dh} } ) (2)

U(Ct,&) = (g))”

since C’tj = (} for all 7 belonging to each country because of the complete-
market assumption.



The objective of the policymaker of country F' is

E{gﬁﬂ (C7.€) uem*[vwmﬂwﬂ} (3)

All the variables have the same definitions as in the main text. We further
define the inefficient wedges, p; and pf, as a combinations of the mark-ups
and the distorting taxes in the following way

1 (1I-m)e—=1) 1 (1—-7/)(c—-1)
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We approximate the model around a steady state in which the four pairs
of exogenous variables (at, a}), (g¢, 95), (G, G7), (e, pi) all take constant
values equal across countries and such that @, g, G > 0 and i > 1 at all
times. We further focus on a steady-state in which g, = Py /Py = 1
and I}, = Pp,/Pp, ; = 1 at all times. The risk-sharing condition implies
that

g

UC<Ct» §t> - UC(Ct*7 5:)

and in the steady state C' = C*. Given that Iy, = 1 and II},, = 1, the
countries’ real marginal costs are constant and such that

Uc(CL¢€) _ oA A
Cl S 5y v, (e +.9) (@)
for country H and
C,& IV
Py v, (' + 6.9 )

for country F', where py = Py /P and pp = Pr/P. We note that given the
definition of the general price index we can write

1 =npy? +(1—n)pp?’. (6)

Given the functional forms assumed, equations (4), (5) and (6) imply that
Py = pr = 1 and that Yy = YF As well T = 1, where T = pr/Dr. We
further note that unless i = 1, the steady-state output and consumption are
inefficiently low. For later use, we define s, = C'/Yy = C*/Y}.

First we consider the welfare of the consumers in the home economy and
take a second-order approximation to its elements. A second-order approxi-
mation to U(Cy, &) around the above defined steady state yields to

A | - . A .
U(C, &) = UcClC+ 5 (1 = p)CF + piuCi] + tip+O(JIEIY) - (7)



where t.i.p. denotes terms that are independent of policy and O(]|[£||?) de-
notes terms that are of third order or higher in the norm of the shocks. Here
and in what follows hats variables denote log-deviation of the variable from
the steady state, e.g. C, =InC, /C. A second order expansion to the term
V(y(h), &) yields to

V(i(h),&) = V,Y [in(h) + %(1 +m)g; (h) = nage(h)] + tip.+O([E]1%). (8)

From (8), we can obtain that

Jo V(ye(h), &)dh

_ 1 - o 1, " .
= V¥ Wit (1) VA =V (0~ +mvanga(h) 630+ O(€]?),

n
(9)
where following Woodford (2003, ch. 6) we have defined
Epgi(h) =n~" / g(h)dh,
0
and used the following relations
En[ge(h)]* = varnge(h) + [Epge(h)], (10)
~ ~ 1 /0—-1 R 3
Vo = Ein(®) + 5 (T2 ) vargn) + 0QU?). (1)

Equation (11) is derived from a second-order expansion of the output aggre-

gator:
1 " o=1 o1
Yy = {(E)/ y(h)adh} .

Using the steady-state relations, we can combine (8) and (9) to get the
utility flow at time ¢

I | . L
wy = UCC[Ct+§(1 _P)Ct2+09t0t — S 1# 1YH,t+

— s )Y s A Y +

1 4 . )
g% Lt o™t 4 ) - varyge(h)] + tip.AO([[€]), (12)
where

Wy = U(Ctaft) -

fon V(yt(h)? £t>dh



We can then plug (12) into (2) and obtain that a second-order approximation
to the welfare criterion for the home country can be written as

_ > ~ 1 . . A
W= UcCE{Y_ B[Ci+ 51— p)CF + pgiCy— s i Vi +

1 _ ~ 11 A
—58c B+ n)Yi + s iy, +
1,
—gse ok + b+ O( ) (13)

which is equation (2.8) in the main text, where following Woodford (2003,
ch. 6) we have used the fact that

~ . 3
;ﬁvarhyxh) 1+a7] 7S B+ i+ O]

t=0

for

l-—a)(l-aBf) 1
o (1+o0n)
We can write (13) in a vector-matrix notation as

k

- 1 1
W =UcCE{Y_ #'leym = 5uiZams — 21 2e6 — 5 #m e + 60+ O(lIE]),
t=0

(14)

where
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s P |
Zpy =S, 1 0k

where
(1-a)1-a'd) 1
a* (1+on)
We can repeat the same steps and obtain a second-order approximation to
the welfare of country F' as

k*

| A A '
W= OB B1C; + 50— )G +pgiCi = s i Vi +
t=0
—os T U ) VR s e Yy +
1 [ [— *\ — * :
——s; o (KT ] + tip. + O(|)€]P) (15)

which is equation (2.9) in the main text, which can be re-written in a compact
form as

* aVal . * 1 * * 1 * * .
W* = UcCEA) B2z — Qxfezﬂt — 0 26— QZWfWF?t] +t.d.p. 4+ O([[€]]%),
t=0
(16)
where
=000 —a'ts;t 10 0,

C

000 0 0 0 0
000 0 0 00
000 0 0 0 0
ZF=100 0 a's;'(1+n) 0 00|,
00 0 0 “(1=p) 0 0
000 0 0 0 0
(000 0 0 00|
[0 0 0 0 0 0 0 0]
0000 0 0 0 0
0000 0 0 00
Z:=]0000 —alss'y 0 00|,
0000 0 —p 0 0O
0000 0 0 0 O
(0000 0 0 00|
zp, = s to (k)7



We now derive a second-order approximation to the structural equilibrium
conditions. Let us focus on country H. As shown in the text (equation 1.6),
the first-order condition for sellers that can reset their price at time ¢, is

E, {i(aﬁ)“UC(CT,m (’5 :(h) )_a Yir Ft(h) Prr _ uTVy@“T(h)’gT)} } 0,

= Py Pyr Pr Uc(Cr,ér)
(17)
where . .
i) = (52} Yiua
H,T
and
P = aPy, 7y + (1= a)p, " (h), (18)

is the law of motion of the producer price index. Following Benigno and
Woodford (2003), we take a second-order approximation to equation (17)
combined with a second-order approximation to equation (18). We integrate
the resulting equation forward starting from period 0 and obtain

W= EO{Z B [W?H,t + Pét — Py + fu — nay — pge] +

t=0
1 . . R R R . .
5[77YH¢ + pCy — P + e — nay — pGe] - [—p(Cr — Ge) + (2 + 1) Yy
. ) . o(l+ .
+Pr s + i — nay| + %W?{’t} +s.0.t.1p.+0([|€]]?), (19)

where V; is defined by
V, = k’l[ﬂH,t + ’Uﬂﬁﬁ + v TH . 24

with
1—0 1—ap

1—a =T

vy =0(1+n)—

and
Zy = [—P(ét —ay) +(2+ n)YH,t + P+ fu — Nay] + vk By 1 + 0BEZy 4,

where
__ o
1—ap

We can write equation (19) in a vector-matrix notation as

v = (1 —20 —no).

- 1 1
Vo = EO{Z Blaba; + ags; + QJE’;AQ:% + 1Ak + Eaﬂhﬂ-%{,t]
=0
+s.0.t1p.+O(||€] %), (20)



where s.0.t.i.p. denotes second-order terms independent of policy and
a,=[np —100 0 0],

a;=[-n —p 1000 0 0],

Ca2+n) p —1 000 0]
p —p> p 0000
1 5, 10000
A, = 0 0 0 000 0|,
0 0 0 00 0O
0 0 0 00 0 O
0 0 0 000 0]
C—n(l+n) —p (14+7) 0 0 0 0 0]
0 P> 0 00 0O0O0
0 —p 0 000 O0O0
A = 0 0 0 0 00O0O0],
0 0 0 00000
0 0 0 00 0O0O0
0 0 0 0000 0|

ar, = 0o(1+n)k™t.

Repeating the same steps for the foreign country, we can obtain the second-
order approximation to country F’s AS equation as

Vo = EO{Z o8 0,2 + blgét + Ex:sBrIt + x;Bgﬁt + §bﬁfﬁ}%t]
t=0
+5.0.6.1.p.+0( €] ), (21)

where
V,=[000mnp —1 0],
b;=[0000 —n —p 10]

000 0 0 0 0
000 0 0 0 0
000 0 0 0 0
B,=|100 0 n2+n p -1 01,
000 p 0> p 0
000 -1 p —10
|00 0 0 0 0 0 |




0000 0 0 0 0
0000 0 0 0 0
0000 0 0 0 0

Be=]10000 —n(l+n) —p (1+n 0],
0000 0 p* 0 0
0000 0 —p 0 0
(0000 0 0 0 0|

bey = o1+ 1) ()

where V/* is defined by
Vi= k*_l[w;,t + Uﬂﬂ-;’?t + UﬂT;tZ:],
with
Zy = [_P(C't* —a;)+(2+ U)Y;,t + Pre + iy — nay] + UkEth*w,tH + aﬁEthH.

We now take a second-order expansion of the demand equation for the goods
produced in the home country, which is the LHS equation of (1.3) in the
main text

P\
YH,t = (%) [nCt + (1 — n)Ct*] + Gt,
t
obtaining
. R A re A Sen(1—mse) , A g
Yu: = —0spus +ns.Cr+ (1 —n)s.C; + Gy + T(C}) +
(=01 =1 =n)s.), - o
el =) > L=15e) (e (1 — m)s2656, +
Se(l—s.) 5. AL A A
—f-%e%ﬁ{,t — (1 — 5e)0NCiprs — sc(1 — s¢)0(1 — n)CtpH,t -
_Sc(nét +(1— n>é:>ét + SCQﬁH,th +s.0.t.ip.40([[¢]), (22)

where G = (G; — G)/Y . Equation (22) can be rewritten in a vector-matrix
form as

- 1
> BldLa + dp& + §xQszt + 2, De&) + s.0.tip.+O([E]F) =0,  (23)
t=0

where

d,=[-1 ns. —f0s. 0 (1—n)s. 0 0],
d=[0001000 0]



0 0 0 0 0
0 ns.(1—mns.) —0sc(1 — s.)n 0 —n(l —n)s?
0 —0s.(1—sc)n se(1— s.)60? 0  —fOs.(1—s.)(1—n)
D,=1]0 0 0 0 0
0 —n(l—n)s> —0Os.(l1—5)(1—n) 0 s.(l—n)(1—(1-n)s.)
0 0 0 0 0
0 0 0 0 0
[0 0 0 0 000 0]
0 00 —NSe 0000
0 00 0s. 0000
De=10 00 0 0000
000 —(1—n)se 0000
0 00 0 0 00O
(000 0 0000

As well, we take a second-order expansion of the demand equation for the
goods produced in the foreign country, which is RHS equation of (1.3) in the
main text

P —0
Y;}t_( F’t) nCy + (1 —n)Cy] + G

P
obtaining
Ok ~ A Ak Ak Scn(l_nsc) A\ 2
Y, = —0scpri+ns.Cp+ (1 —n)s.Cf + Gf + #(Ct/) +
S5c(I=n)(1 =(1—=n)s.), A, A A
+ ( ) 5 ( ) )(C’t)Q—n(l—n)szC’tCt+
Se(l—8.) 5. A A n
+%92P%¢ — 5c(1 = 5)0nCipry — sc(1 — 8.)0(1 —n)Cipry —

—5:(nCy + (1 = n)CHGF + 50ppGr + s.0.4.ip.+0(|[€]°), (24)

where G* = (Gf — ()Y . Equation (24) can be rewritten in a vector-matrix
form as

- ! / 1 / / .
> B fome + fi& + SriFove + 1 Fe&l] + s06ip.+O(€][°) =0, (25)
t=0

where
fi=[0 ns. 0 —1 (1—-n)s. —0s. 0],

ff=0000000 1],

O O OO O oo
O O OO O oo




0 0 0 0 0 0 0
0 ns.(l—ns;) 0 0 —n(1l —n)s? —0s.(1 — s.)n 0
0 0 0 0 0 0 0
F,=10 0 0 0 0 0 01,
0 —n(l—n)s? 0 0 s.(1-n)(1—(1-n)s.) —0s.(l—5s.)(1—n) 0
0 —0s.(1—s)n 0 0  —0s.(1—s.)(1—n) se(1 — s.)6? 0
0 0 0 0 0 0 0|
[0 000000 0 i
000O0O0O0O —NS,
000O0O0O0O© 0
Fe=(10000000O0 0
0000000 —(1-n)s,
000O0O0O0O 0s.
0000000 0 |

We now derive the relation between relative prices and terms of trade ex-
ploiting the definition of the price index, which is the LHS equation of (1.1)

in the main text
PHt -t 1-6
(?) =n+(1—-n)T,7".
We obtain that

. . 1 -
brg=—(1=n)T; = on(l —n)(1 - 0T + O([[€]), (26)
> 1
> B+ 51“2foft] +O(|[E]1) =0, (27)
t=0
where
h;E[OO -1000 —(1-n),
[0 00000 0 i
00 0O0O0OTO O 0
00 0O0O0OTO O 0
H,=]10 00000 0
00 0O0O0OTO O 0
00 0O0O0OTO O 0
|00 0000 —n(l—n)(1—-40) ]

As well we take a second-order approximation to the RHS equation of (1.1)

in the main text
Pr, -1 0—1
(—t) =nT;"" 4+ (1 —n)

10



obtaining
) L1 :
pre =T, — (1 =n)(1 =0T + O(|I¢|*), (28)

S e+ gai L] + O(IE]) = 0, (29)

t=0

where

L'=[00000 —1 n]

000000 0
000000 0
000000 0
L,=|000000 0
000000 0
000000 0
(000000 —n(l-n)(1-96) |

The final equation that we need to consider is the risk-sharing condition,
equation (1.4) in the main text

UC(Ct7 gt) = UC(C:7 9:)

which is exactly log-linear with isoelastic preferences

~

Cr— g =Cr =g, (30)

and can be written as
> Blmba 4+ mpg] =0, (31)
t=0

where
m,=[0100 —1 0 0],

m.=[0 —100010 0.

We now proceed to construct a quadratic approximation to the welfare cri-
teria for the home and foreign countries. To this purpose, we combine con-
straints (20), (21), (23), (25), (27), (29), (31) to get rid of the linear terms
in the expansions (14) and (16). In particular we need to take a particular
linear combination of those constraints. We collect the vectors that multiply
the endogenous variables in the linear components of the above constraints
in the following (7x7) matrix

['=[ag by dy fo he Lo my).

11



In order to get the right weights to eliminate the linear terms in the welfare
approximation of the Home country, equation (14), we solve the following
system of linear equations for the vector ¢

I'¢ = z,.

As well, we solve the system
I'¢" =2}

to eliminate the linear terms in the second-order approximation to country’s
F welfare, equation (16). We obtain

1. & x
W = —50cCB{Y BwiQue + 20/Qe + Gm s + 0,72} +
t=0
+Ko + t.ip.+O(|[€]]%), (32)
where

Qo = Zs + QAz + @By + Dy + G FY,
Qe = Ze + QAe + G Be + D¢ + (4 F,
qry, = Zm, + C1ln,,

r; = Gobry,

and K is defined as o
Ko =UcClGVo + GV

For country F' we obtain that

* 1_ ~ - * * * * *
W* = —UcCE{) | B'wiQuwe + 201Qe6 + a4y, Wiy + a7, i)} +
t=0
+ K5 4 tip.+0(|€]P), (33)
where

Qr =2, +GA+GBy+ G D+ (G Fy,
Qe = Zf + G Ae + G Be + (D¢ + (f Fe,
Cry = 1y,

Ury = %y + Cbny,

K5 = UcC[¢iVo + GV -

We further note that by using the set of structural equilibrium conditions
(22), (24), (26), (28) and (30) up to first-order terms we can write

e = Noys + Nebe + O(|[€]), (34)

12



where y; = [étW Tt], with CA'tW =nC, + (1- ”)Cf and

Se  SH(1 —mn)
1 0
0 —(1—n)
N, = | s. —5s.0n ,
1 0
0 n
[0 0 010 0 0 0]
01-n 000 —(1-n) 00
0 0 0 0 0 0 0 0
Ne=10 0 00O 0 0 1
0O —-—n 000 n 0 0
0 0 0 0 0 0 0 0
0 0 000 0 00|
By substituting (34) into (32) and (33), we obtain that
W = —i0.CE {iﬁt[ 1Qut + 20, Qe + Gy Thy + Gr, i)}
= svct o Y'Yt Ye'deSt T Qm, Ty T Qrp Ty
t=0
+ Ko + t.i.p.+O(J|€]*), (35)
W* _ _1[7 C_'E {iﬂt[ /Q* 2 /Q* * 2 * *2
= 5VctEo Y&yt + 2y, f£t+qﬂ}L7TH,t+qﬂf7TF,t]}
t=0
G + tip+O(€), (36)
where B
Qx = N;QxNxa

Q¢ = NyQuNe + N, Qs
Qs = NJQ,N,,
Qf = Ny Qi Ne + N, Q.
Starting from equations (35) and (36) which are written using matrix nota-

tion, we build a more transparent quadratic form in terms of target variables.
To this end, we note that the world welfare

WY =nW + (1 —n)W*,

13



which is defined as the weighted average of country H’s and F’s welfares

with weigths n and (1 —n), can be written as
[ > - - i
wW = _§UCCEO{Z ﬁt[yéQZVyt + QZJQQEV@ + QKZW?{,t + q}:[;ﬂ-F?t
=0
+EY 4 tip4+O(|[€])),

where the elements of the matrices are the followings

s (sen+p)+pt (B=1)(sc—p)(sen+p)— g (E—1)p(1 = s.)

r,11

Sl + p
2[512 =0,
AW
z21 — 0,

(37)

?

(sen+p)(L+nset) + 1~ (1 —1) (s — p)(L+mseb) — ' (p—1) (1 — s)

~K22 = (1-n)nd

Sen+p
and
AW .
=n -1 — 8c) — (8en +p)l,
Qi Scn+p[u (1 —1)(p—5c) = (5cn + p)]
AW N
=n -1 — 8c) — (8en +p)l,
Qéha Scn+p[u (1 —1)(p—5c) = (5cn + p)]
7_1 —
~ p (g —1)s.(1+mn
OV, = n ( ) se( )
Sen+p
OV =t [ (= 1) (sentp) — i (= Dmp+ (s + )
& Sen) + p
ng,ls = n_l(l - n)@gﬁl,
Qs =n""(1—n)Q,,
ng,n = n_l(l - ”)nga
Q?ﬁs = nil(l - n)@gm;
ngm =(1- N)QQEVH,
ng,QQ:O?
Qtos = (1 —n)0Q¢ s,
Oy = (1 - m)6QY:, + n(1 — ) (i — 1)
&2 ! (sen+p)’

AW AW
Qeas = —Qeons

14
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AW

Qg2 = 0,
AW AW
Qeor = Qe

AW AW
Qeos = = Qg4

w ——1 /= 1 /= g
= —1) s+ 8n+p— -)p)n———r,
4, = (B (p—1) n+p—pt(p—1)p) sk (5 + p)
w ——1 /= 1 /- 2
= —1)Se+ 5en 4 p — —1 l—n)——,
G, = (B (B —1) n+p—a(E—1)p)( )Sck,*(scn )

Ky =nKo+ (1 -n)K;.

We observe that we can write (37) in the form
w _ _1 7 CrE G tLW KW : O 3
W = 2UC 0{25 ¢t Ky +tip+O([[E]]°),
t=0

where

~

LV = X(Cwy — Ol ) + NAT, — T, + n\Y w3, + (L= n)AY 737, (38)

h f

w — AW Tw — AW
>\c = Wz,11» )\q — wg,22)

A;fh = n_quza )‘7ur)f = (1 - n)_qu[;>

where C~'{4”/’t is defined as
Cu = —(nA) QP aws + Qg + QL sfiwe + Q?/Méw,tL (39)
and T} as
Ttw = —(XZ“)_l[anldR,t + ng,%ﬂR,t + Q?/,%GRJL (40)

where aw; = na,+(1—n)a;, and ag, = a; — a;. (The same definitions apply
to the other shocks)
We further note that

Ay = (1= n)nblz A + 2],

where

(14 0scn) 2 = At (p=1) (1 = sc)sen(pd — 1)

S+ p (5en+ p)?

21

with the consequence that when pf = 1, then 2o = 0 and z; = 6.

15



We can now write (38) in another form, noting that
}7;]’{7,5 = scé{,”[,,t +(1- n)GSCTtu’ + Gt,
?}ft = scéﬁ’/,t — nQSCTtw + GI,
and that
(Cwi=Cip)? = ns. (V=Yg )+ (1=n)s 2 (Vi = V)P —n(1-n)0* (L= T")*.
From the above conditions, it follows that

L = nAy (Vi — Vi) + (1= n)Ay (V, — Vi) + (41)
n(1 =AY (Ty = T{%)" + nAg myy + (L= n)AY mhy

where now
w o —2\w
)\y:SC >\c,
0(1 —0p) ——1 /= ——1 (=
ANy =———=(sen+p)+p (f—1)(se—1)+p  (L—1)(s.—p)]
g (Scnﬂ))[( ) ( ) ( ) ( ) ( )]

In particular we have defined
Y/ﬁ,t = 10y + o} + 3gs + cafy + csfie + it + Gy + e G,

Y, = diy + doty + 3y + dag; + dsjy + dofi; + diGy + dsG,
_SCQE/H A?(nz1 + (1 — n)f) + nz

“a= nAY (21 A + 22) ’

QM- m e )+ 2]
S nAY (21 A\ + 2)
_SCQ?,/IQ

A

o SCQZV,H(l - n)
S

B SCQE/B [AY(nz; + (1 —n)B) + nz|
nAY (21 AY + 23)

Y

C3 =

Cy; =

)

QN m e ) +2)
6= NAY (21 A\ + 29)

Y

16



.= _Scc??,/m)‘éu(nzl + (1 —n)d) + SCQZVang +n(l—n)s A (g —1) (Slc;i(i)) -
T nAY (21 AY + 22) ’

[ ) = 0) + QL — )z - n(1 - m)s A (- 1) G
T nAY (21 Y + 2)

5eQE V(21— 0) + 2]
A (21 A + 22)
_SCQE/H AY[(1 —n)zy +nb] + (1 — n)z]
nAY (21 \Y + 23)
_SCQE/lQ
AY
. 36@2/12(1 - n)
nAY
B SCQE’B A2(21 — 6) + 2]
)\g)(Zl/\lcU -+ 22)
_scég‘ﬁg AY[(1 —n)z +nb] + (1 —n)z)
nAY (1 A\Y + 22)
[chgM)\é”(zl —0) + SCQE/I422 —ns A (i — 1) (;T;%]

dlE

dQE )
d3E

d4E

d5E

Y

dGE

Y

)\}:U(Zl/\lcv + 22)

b SCQEVMX;”((l —n)z +nb) + SCQK4(1 —n)zg +n¥s At (p—1) (slc;fi)
° T nAY (21 AY + 25)

We can further use (35) and (36) to get the relative welfare criterion
Wht=w-w*

defined as the difference between the country H'’s and F’s welfare criteria.
We obtain

o0

1. _ .
W = —UcCEy {Zﬁ%f} + Ky + t.ip+O([E]P),

t=0

where R _
Lf = y,QFy + 201QF & + o mhy + af i, (42)
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and the elements of the matrices are

~f,n =0,
“R i'o
= T i — 9¢ c 1-6 c)ls
fio = (0= 50 + (sen 4 ) (1~ b))
AR _ AR
r,21 T wx,12

~p _ (1—2n)p"'¢
z22 (1+nbs.)

AR Ui 1
= T N 1—-0 c)y
R (T L
quz—l,
3R s+ n)
Qers =1 1 0s.)
~r _ PO Hmlsc—n__,
Getr == 05y

ng = —lel,
ng = —ng’
an = _le?n
ng = _ng
Q?,m =(1- ”)eégna

~ Op _
R _
QE,QQ - (1 + 77950> ( 950)7

Q§,23 =(1- n)ng,Bv

~ 1 + 7]086 —-n
QC 1 ——1
£,24 ( Tl) (1 ) C) mo,

Qf'ys = n(1 —n) "' Q¢
Qfys =1 (1 = n)Qf,
Qéyr = (1 —n) ' Q¢
Qéys = n(1 = 1) ' Qe

o

R — 11 = —
qT(h ILL ( 08 )Sck(l + 77680)’
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o
sck*(1+nfs,)’
K=Ky, K;.

g = =i (1 —0s,)

We can further write

LE = 2)\E (Cyy — CR )T, — T7) + NXT, = T72)? + AR %, + AE 12, (43)

T TE
where )
Ay = 542»
A= ~f,227
R _ R R _ R
>\7rh:q7rh >\7rf:q7rf7
and C’{f/’t is defined by
R = (A T biawy + badwy + bty + baGwy), (44)
with _ .
bl = (1 — n)_1Q§21, b2 = n_1Q2227
b3 = (1— n)_lég%, by = (1-— n)_lég%
17 is defined as
T7 = —(AL) M bsare + bedry + brfirye + bsGryl, (45)
b5 = b19717 b6 = _1;
B B a1 — pb
by = by, by = b0 1+%’

and finally
72 = —(1—2n)(AY) " brany + bsiirys + baGryl.
As another way to write the relative welfare criterion we can define
fflﬁt = scé{}/’t +(1— n)@scT[l + Gt,

YFt s C’Wt nfs. 17> + G,

and observe that

QH(CA(W’t_ég/,tXﬁ_Ttm) = 5;2(YH,t_?Iﬁt)z_sc_2(}>;,t_}71§t)2_(1_2n)92(ﬁ_ﬁr1)2‘
(46)
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By using (46) into (43), we obtain

L= )‘i (YHt - Y/quIR,t)2 - /\Zc (f/;t - }7145?02 + 5‘f';%(Tt - TtR>2 + )‘fhﬂé,t + AffWJQ?,ta
(47)
where

R _ y\R _ ,—2\R
/\yh _)‘yf = Se )‘yq/e’

01— 20~ (1 — 95,)(1 — 0p)
(1+nbs.)
T = (V) AR - 01— 2m)AE )

AF= M —6(1 —2n)Al =

q q

Y

Now we note that

Y, = =)y + hage + hag; + hsjy + heGy + hsGY],

Y& = =\ kea) + sy + kady + Keft + ke Gy + ksGyl,
hy = s.by,
hs = scbon — 0(1 — n)s,,
hy = s:bo(1 —n) 4+ 0(1 — n)s,,

hs = s.bs,
B(1 — n)soi~' (1 — 6p)
he = —(\E b
7 ( yq)+3c 4+ (1+779$C) )
0(1 —n)s.i”"(1—0p)
hg = — )
(14 nbs.)

ko = s.b1,
ks = s.ban + Ons,.,
ky = s.bo(1 —n) — Ons,,
ke = scbs,
Ons.ii~' (1 — 6p)
(1 +nbs,)
Ons.i—1 (1 — 0p)
(14 nbs,.)

k’7E—

ks = —Aj 4 scbs +

Y

where

01— 20)5~(1 = ) -
(14 nbs.) G

TtR = (5‘5)71 0(1 — 2n)bsgr, + Rt| -
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We are now ready to retrieve in a more transparent form the welfare of
the single countries. Indeed, we note that the welfare of country H can be

written as
W=w"+(1-n)WH

By using (41) and (47), we obtain that
e e : 3
W =~ UcCE{Y 5 Le} + Ko + tip+O([€]). (48)
t=0
where
Lt = )‘yh(yH,t_Y/Hh,ty—i_/\yf (yF*,t_?Ig,ty+Aq(ﬁ_ﬂh)2+/\ﬂh7r?{,t+)‘ﬁfﬂ-;‘?t’ (49>
My = 1A+ (1= mAL]
Ay = (1= )X = AR),
A, = (nkfh + (1 - n))\fh),
_ w R
)\7Tf = ((1 - n))\ﬂ'f + (1 - n))‘Wf)a
Ay = (n(1— n))\;“ + (1 - n)S\f),
Y/Hh,t = (Ayh)_l(nA;Yf}L},t + (1 - n>/\gib{/f§t)7
?}él‘,t = ()‘yf)il(l - n)()‘zuffﬁt - )‘gi?}%%t)a
Tth = ()‘q>_1(/\:1UTtw + (1 - n);\thR).

>

The welfare of country F' can be written as
W*=w" —nwt

and we obtain that

* 1 [7 /Y . * * :
W = —TeCB{Y FLi} + K +tin+O(EF),  (50)
t=0
Ly = Azh(YH,t_Yé,t)2+AZf(Y};’k,t_}}}{t)2+/\;(j:;f_th)2+/\:rhﬂ-121],t+)‘;krf7r;‘?tv (51)

* w R
)\yh - n()\yh - )\yh)’
Ay, = [ =m)Ny + A,

A= (n\Y — nAfh),
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* w R
A= ((1=n)AY —nAR),
* __ w AR
A= (N = ndf),

Ylglct = ()‘Zh)_l(n/\z} Y/I?,t - n)\g,}(% Y/Iﬁt),

h h
Y}ft = ()7 - n)AZfYﬁt + n)‘ziYF]‘?tL
T = () (T — nART).

As in Woodford (2003, ch. 7), we are going to characterize the op-
timal policy from a timeless perspective. We assume that policymakers
are committed to choose the state-contingent paths of their GDP inflation
rates — {7, }i2 and {7}, }2, for the policymakers in country H and F,
respectively— as a function of the shocks. In a non-cooperative solution, each
policymaker takes the strategy of the other policymaker as given. In a co-
operative solution, the two sequences are chosen jointly. With Calvo pricing
a commitment at time 0 would be time inconsistent since there are some
prices that are fixed in previous periods and policymakers have an incentive
to exploit this fact when setting their policies at time 0. The optimal policy
that would result in this time 0 commitment will be dependent on the time
at which the commitment is taken. We wish here to characterize an optimal
commitment in which policymakers forswear the possibility of exploiting this
incentive. This assumption boils down to ask that each policymaker takes
as given Vj and V" as functions of predetermined and exogenous variables
and of the strategy of the other policymaker.! These functions will be self
consistent, reflecting the time consistency of the solution searched, mean-
ing that they will be the same functions that will be obtained under the
equilibrium at later times. By inspecting the definitions of Vj and V' we
note that indeed they depend on transitional elements that are related to
the specialty of time 0. The timeless perspective assumption implies that,
in the above-derived welfare functions, the terms Ky, K can be considered
as given when maximizing the welfare. It follows that an equivalent way to
represent the maximization of the welfare of each country is to minimize the
discounted sum of the quadratic losses, L; and L; for policymakers H and
F’, respectively.

The loss functions (49), (51) and 41) correspond to equations (2.10),
(2.11), (3.12) in the main text.

A linear-quadratic model (section 3 of the paper). Derivation
of equations (3.13), (3.14) and (3.15).

!They can also be considered as only functions of the exogenous and predetermined
variables.
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The loss functions (49), (51) and (41) are indeed quadratic and can be
correctly evaluated by a log-linear approximation to the equilibrium condi-
tions (20), (21), (23), (25), (27), (29), (31). Up to first-order terms, these

equilibrium conditions imply in the same order
THt = k(UYH,t +pCy — Prt + e — NG — pGt) + BETH 111 (52)
Ty = K" (Y5 + pCY — Pre + 0y — nag — pg;) + BE T, 4 53
54
55

YH,t = —0s.pu; + ns.C + (1— n)scé’f + G,
Yz;k,t = _escﬁF,t + nscét + (1 — n)SCé: + é:

57
58

(53)
(54)
(55)
Py = —(1—n)T, (56)
PRt = Tth (57)
C’t—éf:gt—g;‘ (58)
We can use equations (54)-(58) into (52) and (53) to obtain
g = kl(n+ps, )Yt (1=n) (1=0p) Tit-fu—ns—pgwa—ps, ' G +BEmm 1,
Thy = K [0+ ps. Vi, —n(1=0p) Ty + iy —né; — pawe— ps. G+ BEm 41,
Ty =0""s; (Vi — Vi)

which can be further rewritten as

e = K[(Yire — Yi) + (1= n)9(Ty — T)) + w) + BETp 41, (59)
Tre = K (Vi = V) = n(Ty = T) + uj] + BEmG 0, (60)
(T, = T) = 07" s (Vi = Vi) — (Vi — Vi, (61)

where we have defined k' = k'(ps;' +n) and ¢ = (1 — pb)/(ps. ' + 1) and
e = (psyt+0) " e—ndi—pgwa—ps; Got-(n+ps. )Y+ (1=n) (1=0p)T}"),

ui = (ps; ' +n) 7 [i; —nay — pwae — psc Gy + (n+ ps; Y, —n(1—0p)T}").

Equations (59), (60), (61) corresponds to equations (3.13), (3.14) and (3.15)
in the main text. To these equations, we need to add the log-linear ap-
proximation to the constraint given by the timeless perspective equilibrium
(Vo and Vj), which up to a first-order terms requires an initial constraint on
T = Tao and 75 = T, where as in Woodford (2003, ch. 7), 7o and 7}
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have to be interpreted as function of the predetermined or exogenous vari-
ables that will be self-consistent in the equilibrium considered. In particular
we note that

up = [Eraw s+ Eagw + Eafiwe +EaGwa] + (1—n)[1ar. +7sitrs + 714G ry), (62)

uf = [Erawy + Eagw + Esfiwy + E4Gwe] — n[mary + Vsitre + 1uGral, (63)

where
¢ = i (= 1) p(1 — sc)
L XEU<3077 + p)2
¢, = At (p—1) p*(1 = se)
2T Ne(sen+p?
¢, = it (sen+p)? =t (p=1)p(1 = s.)
- N (s + p)? ’
at (p—1)plp+n)
)‘}:U(Scn + p)2 ’
by = n(l— n)q@‘l (n—1)(1—s)
a A (sen + p)?
Y2 = 07
(1 =m0l (1 + nbse)(sen +p) — " (A= 1) (1 = sc)]
A (81 + p)?
= o n(l-— n)N/Tl (n—1) (1 +6n)
N A (sen + p)?

Y

§4=—

V3=

)

Analysis of the gains from cooperation (section 4 of the paper)

This subsection presents the details of the results of section 4 of the
paper. In a non-cooperative equilibrium, each country minimizes its loss
function by choosing its path of GDP inflation as a function of the shock,
taking as given the strategy of the other policymaker. In particular, in a
non-cooperative equilibrium where each country commits from a timeless
perspective, the policymaker in country H minimizes the loss function (49)
under the constraints (59)—(61) and the constraint that 7o = 7.
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The lagrangian of this problem can be written as

- 1 ~ ~ 1 ~ ~ 1
= Ey Z ﬁt YHt YHh,t)2 + 5)‘yf (YF*,t - Y£t>2 + 5)‘(1(Tt - Tth)2 + 5)‘7%771%1,1&

1 N - - -
+§)\7Tfﬂ-}2t] + ol e — Vi — Yz:};,t) — (1= n)(Ty = T}") — B ' Taa] +
o[ T Ty — (Vi — YE) + (T, = T)) — B ] + (1 — n) s (T

_eflsgl(YH,t - H,t) + 6713;1(5};,1‘/ - Y/I?,tﬂ — Q11K ' TH.

The first-order conditions are

Ay (Ve — Vi) =1 — 0 s (1 —n)ps, =0, (64)

My (Vi = Vi) = 020+ 67", (1 — n)psy = 0, (65)

A(Ti = T]) = (1= n)pry + nibpay +n(l —n)ps, =0,  (66)

Aoy TH Ffl(@l,t —p1,-1) = 0. (67)

We now define @1 = ¢14/n and @2 = /(1 — n), :\yh = A\, /7, S\yf =

Ay, /(1 —n) and Ao = A/(n(1 —n)). We can then combine (64), (65) to get
ny, (Ve = Yize) + (L= n)Ay, (Ve = Vi) = ngre — (L= 1)@z, = 0. (68)

We take also the difference of (64) and (65) and substitute in (66) for o3,
obtaining

A Vit = Y )=y, (Vi = V) = (1407 s ) (Gr0=Go) 0 s Al T=T7) = 0.

(69)
We can substitute (69) into (68) obtaining
Pre = [+ (=)L +07" s )N, (Vie — Vi) +
+(1 - n)j‘yf - 351¢(1 + 9_1821¢)_1(?§,t - Y/}?t)
H(1=n)0 s N (L+ 07 s )N (T - T (70)

We note that

(Vo= Th) = Yiaa— 58— Gue — Gri) = V2,

= (Yie = Ygi,) = s8(L = T} + (Vij, = Vi, — s8T} — (G — Gry))

We can then substitute into (70) obtaining
Pre = 01(Vey = Vi) + 02T, = T)') + 9s.As, (71)
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where
=+ 1 —n)(1+0 s )N, + (L—n)A, 0 s (1 + 07 s )™,
Po = (1 —n)0 s N (1 + 07 s 0) ™ — (1 — n)Ay, 07 (1 + 07 s ) 7Y
s = (1 =n)A, 07 s (1 + 07 s M) 7,
A= (?Hh,t - ?ﬁt — 80T} — (Gry — Gry)).
Finally, we can combine (71) with (67) obtaining
K ey g + I AV — Y + 0 A(T, — T]') + 9304, =0. (72)

We can repeat the same steps for the foreign country obtaining a rule of the
form

KNG Ty + OTA(VE, — V) + AT = T]) + 95045 =0, (73)

for certain parameters \* - V1, U3, U5 and variable Ay, We finally recall
from the analysis of section 5 in the text, that the two targeting rules that
implement the cooperative solution have the following form

KAY e + A A (Y, — Vi) — (1 —n)yA(T, — T,%) = 0, (74)
KN Ty A AU A(YE, — Vi) +myA(T, — T) = 0. (75)

where v = ¢Yu~ts7n(i — 1)(1 — s.)(sen + 071)~L. To study under which
conditions there are no gains from cooperation, we study when the targeting
rules (72) and (73) determine the same equilibrium as the targeting rules
(74) and (75). In the first two cases, indeed, the targeting rules (72) and
(73) coincide with the targeting rules (74) and (75), respectively.

Case I: § = 1, s, = 1, with only productivity shocks a; and a; and
symmetric demand shocks g, = g;.

A first case in which the targeting rules coincide and then there are no
gains from cooperation is when the loss functions, L and L*, coincide. This
is the case when L, = L} = L¥, i.e when LF = 0 for each ¢. In particular
LE =0if and only if s. = 1, # = 1 and there are only productivity shocks a;
and a; and symmetric demand shocks g, = g;. It is then the case that under
these conditions (72) and (73) coincide with (74) and (75).

Case II: 0p =1, s, = 1, with only productivity shocks, a, and ay, and
symmetric demand shocks, ¢; = ;.
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The second case in which there are no gains from cooperation corresponds
to the case of independent economies. Under productivity shocks and sym-
metric demand shocks, there are no gains from cooperation when s. = 1 and
ph =1.

First we show that when pf = 1 it is possible to write the loss function
for the cooperative problem as

LZV = n)‘;U(YH,t - ?ﬁ,t)z + (1 - n))\f(ffﬁt - Y/Z;Ut) + )‘w 7rHt + >‘7rf7TFt
Moreover we note that LF can be written as

L = /\5,1 (YHt - ?I?,t)Q - )‘g (YF*t Ylﬁt) +6(1 - QR)TtQRt AL 7THt + )‘7rf7TFt
= /\}yi (YH,t - Ylﬁt)z - )‘é%f (YF,t - YFt) +sa (1 - 2”)<YHt - YFt).gRt + /\whﬂ'Ht + )‘7rf7TFt

~R ~

= M (Vi =Y, = MLV — V) + AR+ M ad

Yy, = Y/f?,t —(1- 2”)50 (AR) IRt
Yy = }7}1 —(1- 2n)351(/\£)_1§3’t.

We can then write L; and L} as

~h ~

Ly = Ay, (Vg — Y/H7t)2 + Ay (Y, — Y/ ) + Am 7THt + )‘ﬂﬂrFta
* * (1 2 2 % (Y 2 2 *
Lt = )\yh (YH,t - YH,t) + )‘yf (YF,t - YF,t) + )‘ 7THt + )‘Trfﬂ'Fta

where now

~h
YH,t = (M)~ (n)‘w YHt (1— ))‘R YHt)

~h
YF,t = ()‘yf)il(l )O‘w YFt )‘R YFt)

- ~R
Yy, = (A;h)—l(mghyg,t — n)\i Y i),

~ ~R
Yip, = ()\Zf)_l[(l - n))\;"fY}f—fjt + n)\ffYRt].
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It is now there case that the targeting rules in the non-cooperative equi-
librium have the form

- ~h
KA, it + Ay AV — Y,) =0,

K/*)\;k'rfﬂ-;,t + )\ZfA(Y;,t - YF,t) = 07
while in the cooperative solution they have the form

KAy THt + )\ZA(?HJ — ?ﬁt) =0,

/ﬁl*)\:fﬂ}tﬂ,t + Ay A(YE, — Yiy) = 0.
It is clear that under the assumption 6p = 1 there are no gains from
~h - ~h -
coordination if and only if Yy, = Y, Y, = Y5, Ay = AJ, Ay, = A7,
Amy = Ay Ar, = Ag,. For this to be the case it should be that s. = 1, with

Th?

only productivity shocks a; and a; and symmetric demand shocks g; = g;.

Case III: s. = 1, with only symmetric productivity and demand shocks
dt = d:a gt :g:
Under these assumptions the central planner loss function boils down to

LY =0y (Vi =Y+ (L=n) A (Vi =Y ) 4n(1=n) AT 4+nAe 7, (1—n) XY 73,

h

where 0 p
aws + ———3qwi,
n-+p n+p

while the structural equilibrium conditions collapse to

Y=

THt = f‘i[(YH,t — Y2+ (1 - H)IDTt] + BE T 141,
W},t = “*[(Y;t - f/tw) - mﬁff}] + 5Et7r},t+1a
T, =0""s; Yy — Yi,).

It is then the case that the targets 7y = 0 and 73, = 0 implement the
optimal cooperative equilibrium. It can be also shown that the loss functions
L; and Lj can be written as

Ly = Ny, (Vi — Y2 + Ay (Y, = Y2+ AT+ Ay Ty + Ae,p Ty
L: - )\Zh(YH7t - }’;;w)z + )\Zf (Y;,t - i/’;w)z + )\;j_f + )\;krhﬂ—]z‘]i + Ajrfﬂ;?t’

from which it follows that the targets 7 = 0 and 7y, = 0 are also a Nash
equilibrium. Thus there are no gains from cooperation in this case.
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Analysis of the optimal cooperative allocation (section 3 of the
main text)

In a cooperative equilibrium, each country minimizes the social loss func-
tion by choosing its path of GDP inflation as a function of the shocks. In
particular, in a cooperative equilibrium where each country commits from
a timeless perspective, the policymakers in country H and F' minimize the
loss function (41) under the constraints (59)—(61) and the constraint that
THO = %H,O and W;‘,O = 77';’0

1 w 1 ’LU
S0 = AR + Sn(1l = m)AYG

L= FEy Zﬁt n)\wat
2
+ (1 —n)palr il Tpy — yl*w,t + ng — Br* 17;t+1] +n(1 —n)ps g+

(
— 0 sy + 07 s, Z/fv,t] —ng1 kT — (1 — n)902,—1/‘v*_17T},o

with yur: = Yy — Y§), yre = (Y5, — YE,) and ¢, = (T; — 1) and where
14, par and s, are the lagrangian multipliers associated with (59), (60) and
(61) respectively. 1,1, o1 are the multipliers associated with the initial
conditions 7o and 7.

The first-order condition with respect to ym, y5, and g, are

Aoymg = 10+ (1 —n)07 s sy, (76)
Ny e = pau — 107 s oy, (77)
)\Z]UQt = @/1901,7& — V2 — P34, (78)
while the ones with respect to mpy,; and 7y, are
/€>\71fh7TH,t = QY1 — P1,-1, (79)
K AR Ty = P20 — P21, (80)

for each t > 0.

We first characterize the properties of the optimal cooperative outcome.
By taking a weighted average with weights n and (1 — n) of (76) and (77),
we obtain

Ny + (1= n)yi,) = ngrs + (1= n)pa. (s1)

We then take the difference of (76) and (77) and combine it with (78), ob-
taining

Ny 4+ 07252 N) (e — vi) = A+ 07" 0) (01 — 024), (82)
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where we have used the fact that yg, — Yy = 0s.q;. We further note that
we can write (82) as

ANy Wi = Yre) — 70 = (010 — ©21) (83)

where we have used the relation A = fs; " )[s2 AW — i~ (i—1)(1—sc)scn(scn+
p)~!] and defined v as v = Y ts;n(f — 1)(1 — s.)(sen + 671 7L
By using (81) and (83), we can obtain

Ay YH — (1 =n)vq = ¢,

/\Z}y}k’,t + NG = Pt
which combined with (79) and (80) yields the following relation

KA, Tt + Ay Ay — (1 — n)yAg = 0, (84)

/-f*)\ffw}’t + Ay Ayp, +nyAg = 0. (85)

Optimality of the flexible price allocation (section 3 of the main
text)

By inspecting (41), (59), (60) and (61), we have that when u; = uj =0
it is optimal to set 7y = 7, = 0 V& > 0. This occurs under the following
combinations of shocks and parameters:

Symmetric Shocks: a) s. = 1 with symmetric productivity and de-
mand shocks a; = a;, g = g;;

b) zr = 1 with symmetric productivity, demand and public expenditure
shocks a, = a, g = g5, G, = Gr.

In this case it is easy to check that from (62) and (63) & =0, & = 0
and & = 0. In general symmetric mark-up shocks imply a departure from
the flexible price allocation.

Asymmetric Shocks: a) For any parameters combination when there
are asymmetric demand shocks g, and g;

b) s. =1 with asymmetric productivity shocks a; and a;.

c) » = 1 with asymmetric productivity and public expenditure shocks,
ie. ay,ar, and Gy, Gr.

Again by inspection of (62) and (63), we obtain 73 = 0 and 74 = 0
depending on the cases.

30



Properties of the Nominal Exchange Rate under Cooperation
(section 3 of the main text)

First we note that kAT, = £*A7 . We now use (82) with y s —yj, = 0scq
to get that
_ U407 0) )
4y = ()\g +9_230_2)\3j’)980 Pre — P2t)-

By combining the previous equation with (79) and (80) and with the law of
motion of the terms of trade we get that

1 (1 + 9—15—1¢) )
N B > - T,
St (/{A%‘_’h ()\yw + 92302)\}1")980) (‘Pl,t 9027,:) + 1,

When 7 = 1 we obtain that

1 1 52 i A
_ (L _Se i ~ " ap,—C ) .
ot <a 936) (p+nse) (Pre = 20) + 14 0s.n (aR’t Rt

Note that in this case u; = ji; and u; = . It is easy to see that when
there are only mark-up shocks then a fixed exchange rate regime would be

optimal when (% = L When there are no mark-up shocks it then follows

Osc”
htat ) A
= T gy (e~ ).
On the other hand when s, =1 and 7 > 1
1 1 1 )
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where Tt“’ is a combination of asymmetric productivity, mark-up and public
expenditure shocks. Note that in this case uw; = &3/ + §4Gt and u; =
Esf + {4@2‘ . When there are no mark-up or government expenditure shocks
then the nominal exchange rate follows

St =

1+0n
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