
Uhsxwdwlrq/ Lqirupdwlrqdo H{whuqdolwlhv/ dqg
Glvfulplqdwlrq1�

Pdlwuhhvk Jkdwdn|

Wklv Yhuvlrq = Vhswhpehu 9/ 4<<<1

Devwudfw

Zh srvh wzr vlpsoh txhvwlrqv lq wkh frqwh{w ri d frpshwlwlyh prgho ri wkh

oderu pdunhw zkhuh vrph �upv kdyh d cwdvwh iru glvfulplqdwlrq*1 Duh �upv wkdw

vhhp wr glvfulplqdwh djdlqvw plqrulwlhv lq wkhlu klulqj ru zdjh srolflhv qhfhv0

vdulo| suhmxglfhgB Dqg fdq glvfulplqdwru| ehkdylru shuvlvw lq d frpshwlwlyh

htxloleulxpB Lq rxu prgho prqlwrulqj zrunhuv lv frvwo| dqg �upv xvh h!flhqf|

zdjhv wr surylgh lqfhqwlyhv1 Zh vkrz li �upv edvh wkhlu klulqj ghflvlrqv sduwo|

rq d zrunhu*v sdvw uhfrug zlwk rwkhu �upv/ wkhq wkh uhvxowlqj lqirupdwlrqdo

h{whuqdolwlhv ehwzhhq �upv zloo fdxvh wkh glvfulplqdwru| wdvwhv ri suhmxglfhg

�upv wr d�hfw wkh lqfhqwlyhv ri qrq0suhmxglfhg �upv wr kluh zrunhuv ehorqjlqj

wr plqrulw| jurxsv dgyhuvho|1

4 Lqwurgxfwlrq

Wklv sdshu dqdo|}hv krz cd wdvwh iru glvfulplqdwlrq* rq wkh sduw ri vrph hpsor|huv lq
d frpshwlwlyh prgho ri wkh oderu pdunhw pd| d�hfw wkh zdjh dqg klulqj vwudwhjlhv ri
rwkhu �upv zklfk duh qrw lqwulqvlfdoo| suhmxglfhg1 Lq rxu prgho prqlwrulqj lv frvwo|/
dqg �upv pd| edvh wkhlu klulqj ghflvlrq rq d zrunhu*v sdvw hpsor|phqw uhfrug zlwk
rwkhu �upv1 Zh vkrz wkdw wkh suhvhqfh ri suhmxglfhg �upv pd| lqfuhdvh wkh frvw ri
klulqj zrunhuv ehorqjlqj wr plqrulw| jurxsv wr �upv zkr duh qrw suhmxglfhg gxh wr

�Dq hduolhu yhuvlrq ri wkh sdshu zdv flufxodwhg zlwk wkh wlwoh �Vwudwhjlf Frpsohphqwdulwlhv lq
Glvfulplqdwru| Ehkdylru� dqg dovr dsshduhg dv d fkdswhu lq p| Sk1G1 glvvhuwdwlrq hqwlwohg �Hvvd|v
rq wkh Hfrqrplfv ri Frqwudfwv� vxeplwwhg wr Kduydug Xqlyhuvlw| +Mxqh/ 4<<9,1 L dp lqghewhg wr
p| dgylvruv Deklmlw Y1 Edqhumhh dqg Hulf Pdvnlq iru hqfrxudjhphqw dqg khosixo glvfxvvlrqv/ dqg
wr Nduod Kr� dqg Urklql Sdqgh/ zkrvh ghwdlohg frpphqwv ehqh�wwhg wkh sdshu juhdwo|1 Wkdqnv
duh dovr gxh wr Pdwwkhz Hoopdq/ Vhqgklo Pxoodlqdwkdq/ Fdvh| Pxooljdq dqg Ghuhn Qhdo iru khosixo
glvfxvvlrqv1 Wkh xvxdo glvfodlphu dssolhv1

|Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Fklfdjr/ 4459 H1 8<wk Vwuhhw/ Fklfdjr LO 9396:1 H0pdlo
= p0jkdwdnCxfklfdjr1hgx1
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wklv vwudwhjlf lqwhudfwlrq dqg dv d uhvxow pd| ohdg wr d pdunhw htxloleulxp lqyroylqj
glvfulplqdwlrq14

Zh ghyhors d vlpsoh h!flhqf| zdjh prgho ri wkh oderu pdunhw lq wkh suhvhqfh ri
prudo kd}dug edvhg rq wkh zrun ri Vkdslur dqg Vwljolw} +4<;7,/ dqg Juhli +4<<6,1 Lq
wkhvh prghov zrunhuv duh �uhg li wkh| duh fdxjkw vklunlqj dqg wr pdnh wkh wkuhdw ri
�ulqj fuhgleoh dqg h�hfwlyh �upv sd| zrunhuv d zdjh vwulfwo| kljkhu wkdq zkdw wkh|
zrxog eh zloolqj wr zrun iru1 Dv d uhvxow/ wkhuh lv xqhpsor|phqw lq htxloleulxp1 Wkh
h{lvwlqj olwhudwxuh rq h!flhqf| zdjhv +h1j1/ Vkdslur dqg Vwljolw}/ 4<;7 dqg Exorz dqg
Vxpphuv/ 4<;9, irfxv rq klulqj vwudwhjlhv ri �upv zklfk gr qrw orrn dw d zrunhu*v
sdvw uhfrug zlwk rwkhu hpsor|huv zkhq fkrrvlqj khu iurp wkh srro ri xqhpsor|hg
mre0vhhnhuv15 Lq frqwudvw/ Juhli +4<<6, orrnv dw �up vwudwhjlhv zklfk duh edvhg rq
d zrunhu*v sdvw hpsor|phqw uhfrug zlwk rwkhu �upv dqg lq sduwlfxodu/ lqyroyhv qrw
klulqj d zrunhu zkr kdv vklunhg zlwk dq| �up lq wkh sdvw hyhq rqfh1 Kh vkrzv wkdw
xqghu vxfk d vwudwhj| wkh wkuhdw ri �ulqj fduulhv d pxfk kljkhu sxqlwlyh ydoxh iru
dq| zdjh udwh/ dqg dv d uhvxow htxloleulxp zdjhv duh orzhu frpsduhg wr wkh vwudw0
hj| frqvlghuhg e| Vkdslur dqg Vwljolw}1 Zh ghsduw iurp wkh h{lvwlqj olwhudwxuh lq
wzr gl�huhqw gluhfwlrqv1 Iluvw/ jlyhq wkdw wkh delolw| ri �upv wr dgrsw wkh vwudwhj|
dqdo|}hg e| Juhli +4<<6, lv edvhg rq wkh dvvxpswlrq ri shuihfw  rz ri lqirupdwlrq
uhjduglqj zrunhu0klvwrulhv dfurvv �upv/ zh h{solflwo| lqwurgxfh d sdudphwhu fdswxu0
lqj wkh ghjuhh ri lqirupdwlrq wudqvplvvlrq dfurvv �upv uhjduglqj d zrunhu*v sdvw
ehkdylru1 Wklv doorzv xv ghulyh frqglwlrqv xqghu zklfk rqh ri wkhvh wzr vwudwhjlhv
zrxog hphujh hqgrjhqrxvo|1 Vhfrqg/ zh doorz zrunhuv wr ydu| dffruglqj wr vrph
revhuydeoh fkdudfwhulvwlf xquhodwhg wr surgxfwlylw| +vxfk dv udfh/ jhqghu ru fdvwh,
dqg doorz �upv wr kdyh khwhurjhqrxv wdvwhv uhjduglqj lw iroorzlqj wkh olwhudwxuh rq
cwdvwh0glvfulplqdwlrq* slrqhhuhg e| Ehfnhu +4<8:,1 Klv prgho ri wkh oderu pdunhw lv
iulfwlrqohvv h{fhsw iru wkh suhvhqfh ri vrph suhmxglfhg �upv zkr duh zloolqj wr kluh
plqrulw| zrunhuv dw d orzhu zdjh udwh wr frpshqvdwh iru wkhlu glvxwlolw| ri kdylqj
wr dvvrfldwh zlwk wkhp1 Zh vwxg| krz wkh zdjh dqg klulqj ghflvlrq ri �upv zklfk
gl�hu lq wkhlu ghjuhh ri suhmxglfh wrzdugv plqrulwlhv lqwhudfw lq d pdunhw vhwwlqj lq
wkh suhvhqfh ri iulfwlrqv lq wkh irup ri prudo kd}dug/ dqg zkhwkhu wkh suhvhqfh ri
hqrxjk qrq0suhmxglfhg �upv lv vx!flhqw wr holplqdwh glvfulplqdwlrq/ dv vxjjhvwhg e|
Ehfnhu*v ruljlqdo dqdo|vlv1 Wrzdugv wklv hqg zh ghulyh wkh h!flhqf| zdjhv ri zrunhuv
ehorqjlqj wr gl�huhqw jurxsv lq whupv wklv fkdudfwhulvwlf xqghu gl�huhqw klulqj vwudwh0
jlhv ri �upv +lq whupv ri frqglwlrqlqj rq d zrunhu*v sdvw klvwru|, dqg frpsduh wkhp
lq whupv ri srwhqwldo iru glvfulplqdwru| rxwfrphv1 Wkhrulhv ri �vwdwlvwlfdo glvfulplqd0
wlrq� +h1j1/ Skhosv/ 4<:5/ Oxqgehuj dqg Vwduw}/ 4<;6 dqg Frdwh dqg Orxu|/ 4<<6, dovr
vkrz krz revhuyhg glvfulplqdwru| sudfwlfhv ri d �up pd| qrw kdyh dq|wklqj wr zlwk

4Zh gh�qh glvfulplqdwlrq dv dq rxwfrph lq wkh oderu pdunhw zkhuh htxdoo| surgxfwlyh zrun0
huv hqg xs zlwk gl�huhqw ohyhov ri zhoiduh ghshqglqj rq zkhwkhu wkh| srvvhvv vrph fkdudfwhulvwlf
xquhodwhg zlwk surgxfwlylw|1

5Rwkhu frqwulexwlrqv wr wkh olwhudwxuh orrn dw vlplodu klulqj vwudwhjlhv1 Vhh iru h{dpsoh Exorz
dqg Vxpphuv +4<;9,/ dqg lq d voljkwo| gl�huhqw frqwh{w/ Hvzdudq dqg Nrwzdo +4<;8,1
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lwv cwdvwhv* dv vxjjhvwhg e| Ehfnhu16 Exw wkh pdlq irufh gulylqj wkh uhvxowv kdyh wr
gr zlwk pxowlsoh h{shfwdwlrqdo htxloleuld/ zklfk lv qrw qhfhvvdulo| d pdunhw skhqrp0
hqrq dqg frxog dulvh hyhq li wkhuh zdv rqo| rqh �up dqg rqh zrunhu1 Lq frqwudvw/ zh
vkrz krz glvfulplqdwru| rxwfrphv fdq uhvxow h{solflwo| iurp wkh pdunhw lqwhudfwlrq
ri �upv zlwk gl�huhqw ghjuhhv ri suhmxglfh/ dqg krz wkh xqltxh htxloleulxp ri wkh
oderu pdunhw frxog lqyroyh h{wuhph irupv ri glvfulplqdwlrq hyhq zkhq wkhuh duh pdq|
qrq0suhmxglfhg �upv1

Wkh pdlq lghd ehklqg rxu prgho lv vlpsoh1 Lq jhqhudo/ krz zh wuhdw dqrwkhu shu0
vrq lq d jlyhq elodwhudo uhodwlrqvkls lv jxlghg e|/ dsduw iurp rxu lqqdwh suhihuhqfhv
dqg wkh uhohydqw whfkqrorj|/ krz zh h{shfw rwkhuv wr wuhdw khu1 Lq rxu oderu pdunhw
vwru| wkh h{shfwhg ehkdylru ri rwkhu �upv pdwwhuv wr d jlyhq �up lq wzr zd|v1 Iluvw/
lw ghwhuplqhv wkh rxwvlgh rswlrq ri wkh zrunhu dqg/ vhfrqg/ lw ghwhuplqhv wkh uhodwlyh
ehqh�wv iurp zrunlqj dqg vklunlqj1 Irupdoo| vshdnlqj/ wkhvh wzr h�hfwv d�hfw wkh
sduwlflsdwlrq frqvwudlqw dqg wkh lqfhqwlyh0frpsdwlelolw| frqvwudlqw uhvshfwlyho|1 Exw
lq h!flhqf| zdjh prghov zrunhuv hduq pruh wkdq zkdw wkh| duh zloolqj zrun iru/
vr wkdw wkh sduwlflsdwlrq frqvwudlqw lv qrw elqglqj1 Wkh lqfhqwlyh0frpsdwlelolw| frq0
vwudlqw ghshqgv rq zkhwkhu �upv frqglwlrq wkhlu klulqj ghflvlrq edvhg rq d zrunhu*v
sdvw uhfrug1 Vxssrvh wkh| gr/ dqg lq sduwlfxodu/ d zrunhu zkr kdv ehhq uhyhdohg
wr kdyh vklunhg lq dqrwkhu �up lq wkh sdvw lv qhyhu kluhg e| dq|erg|1 Wkhq iru d
zrunhu zlwk d fohdq uhfrug wkhuh duh wzr uhdvrqv iru zrunlqj = �uvw/ wr hqmr| wkh
kljk zdjh +uhodwlyh wr lqfrph hduqhg zkloh xqhpsor|hg, dqg uhwdlq wkh fxuuhqw mre
wloo dq h{rjhqrxv vsolw rffxuv/ dqg vhfrqg/ wr pdlqwdlq d jrrg uhfrug zklfk zloo khos
khu jhw d mre pruh hdvlo| lq wkh hyhqw ri dq h{rjhqrxv vsolw1 Lq frqwudvw/ d zrunhu
zlwk d edg uhfrug zloo zrun rqo| wr hqmr| wkh kljk zdjhv zkloh hpsor|hg/ ehfdxvh
vkh zrq*w jhw d mre li wkhuh lv dq h{rjhqrxv vsolw hyhq li vkh glg qrw vklun lq khu
odvw mre1 Qrz frqvlghu wzr zrunhuv erwk ri zkrp kdyh fohdq uhfrugv dqg duh htxdoo|
surgxfwlyh/ exw gl�hu lq whupv ri vrph dwwulexwh zklfk lv xquhodwhg wr surgxfwlylw|1
Vxssrvh wkh| duh ehlqj frqvlghuhg iru hpsor|phqw e| d �up zklfk grhv qrw kdyh
dq| suhihuhqfh ryhu wklv dwwulexwh1 Li wkh| duh r�huhg wkh vdph zdjh udwh/ dqg wkh|
ghflgh wr zrun/ erwk ri wkhp pdlqwdlq d jrrg uhfrug exw wkh zrunhu ehorqjlqj wr d
cplqrulw|* jurxs idfhv d uhodwlyho| orzhu suredelolw| ri uh0hpsor|phqw lq wkh hyhqw ri
dq h{rjhqrxv vsolw ehfdxvh ri wkh suhvhqfh ri suhmxglfhg �upv1 Lq frqwudvw li wkh|
vklun/ erwk ri wkhp idfh wkh vdph frqvhtxhqfh = wkh| hqmr| d rqh0shulrg jdlq exw
wkh| duh vkxqqhg e| doo �upv lq wkh ixwxuh1 Wr frpshqvdwh iru wkh orzhu uhwxuq iurp
pdlqwdlqlqj d jrrg uhsxwdwlrq iru plqrulw| zrunhuv gxh wr wkh suhvhqfh ri suhmxglfhg
�upv/ d qrq0suhmxglfhg �up zloo kdyh wr r�hu wkhp d uhodwlyho| kljkhu zdjh1 Wklv

6Li phdvxuhv ri dq lqglylgxdo zrunhu*v surgxfwlylw| wkdw lv dydlodeoh wr d �up zkhq vfuhhqlqj khu
duh qrlv|/ wkhq lw rswlpdoo| sxwv vrph zhljkw rq prphqwv ri wkh glvwulexwlrq ri wkh uhvshfwlyh jurxs0
srsxodwlrqv1 Dffruglqjo|/ htxdoo| surgxfwlyh phpehuv ri gl�huhqw jurxsv pd| wuhdwhg gl�huhqwo|
li wkh xqghuo|lqj srsxodwlrq glvwulexwlrqv duh gl�huhqw ru �upv gl�hu lq wkhlu delolw| wr vfuhhq dq
lqglylgxdo zrunhu dfurvv jurxsv1 Pruh lqwhuhvwlqjo|/ zkhq zrunhu surgxfwlylw| lv hqgrjhqrxv wkhvh
shufhlyhg jurxs0gl�huhqfhv e| �upv fdq eh vhoi frq�uplqj lq htxloleulxp1
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krzhyhu uhgxfhv wkhlu rzq lqfhqwlyh wr kluh vxfk zrunhuv$ Frqwudvw wklv zlwk d pdunhw
zkhuh �upv grq*w orrn dw d zrunhu*v sdvw uhfrug zlwk rwkhu �upv zkhq pdnlqj klulqj
ru zdjh ghflvlrqv1 Wkhq wkh rqo| uhzdug iru zrunlqj lv wkh kljk zdjh hqmr|hg lq d
mre/ dqg wkh rqo| sxqlvkphqw iru vklunlqj lv xqhpsor|phqw iru rqh shulrg/ dqg wkhq
zdlwlqj wr eh uh0hpsor|hg zlwk vrph suredelolw|1 Wkh orzhu duh d zrunhu*v fkdqfhv ri
uh0hpsor|phqw/ wkh juhdwhu lv wkh sxqlwlyh lpsdfw ri ehlqj �uhg vr wkdw vxfk d zrunhu
zloo eh zloolqj wr zrun dw d orzhu zdjh1 Wklv pdnhv khu dwwudfwlyh wr hpsor|huv dqg
xqgrhv wkh h�hfw ri suhvhqfh ri �upv zlwk d wdvwh iru glvfulplqdwlrq1

Zh vkrz wkdw pdunhwv zkhuh lqirupdwlrq  rzv dfurvv �upv duh yhu| vwurqj/ �upv
zloo �qg lw sur�wdeoh wr orrn dw d zrunhu*v sdvw uhfrug1 Juhli*v +4<<6, vwxg| ri 440wk
fhqwxu| Mhzlvk wudghuv rshudwlqj pdlqo| lq wkh Lvodplf zruog lq zhvwhuq edvlq ri wkh
Phglwhuudqhdq +nqrzq dv Pdjkulel ru zhvwhuq wudghuv, lv d jrrg h{dpsoh ri oderu
pdunhwv zkhuh d orw ri lpsruwdqfh zdv jlyhq wr dq djhqw*v klvwru| dqg uhsxwdwlrq
zlwklq d qhwzrun ri �upv1 Juhli flwhv wkh iroorzlqj h{dpsohv iurp frqwhpsrudu|
grfxphqwv dqg ohwwhuv= dq djhqw zhqw rxw ri klv zd| wr sohdvh d wudghu hyhq zkhq
kh nqhz iru vxuh wkh| zhuh qrw jrlqj wr wudqvdfw djdlq mxvw lq rughu wr pdlqwdlq d
jrrg uhsxwdwlrq> dq djhqw lq Mhuxvdohp hpeh}}ohg d wudghu irxqg wkdw klv uhsxwdwlrq
zdv uxlqhg lq duhdv dv idu dzd| dv Vlflo|1 Wkhvh klulqj vwudwhjlhv krzhyhu fuhdwh d
orw ri lqwhughshqghqfh ehwzhhq ghflvlrqv ri gl�huhqw �upv dqg pd|/ lq wkh suhvhqfh
ri suhmxglfhg �upv/ uhvxow lq wkh frpsohwh h{foxvlrq ri plqrulwlhv iurp wkh oderu
pdunhw1 Li lqvwhdg lqirupdwlrq  rzv dfurvv �upv duh qrw yhu| vwurqj wkhq wkh rqo|
htxloleulxp lv rqh zkhuh �upv gr qrw orrn dw d zrunhu*v sdvw uhfrug dqg dv d uhvxow
wkhuh lv qr glvfulplqdwlrq1 Wklv lv yhu| vlplodu lq vslulw wr Ehfnhu*v frqfoxvlrq wkdw
dv orqj dv wkhuh duh hqrxjk qrq0suhmxglfhg �upv/ wkhuh zloo qrw eh dq| glvfulplqd0
wru| rxwfrph lq htxloleulxp1 Dq h{dpsoh ri vxfk d klulqj vwudwhj| lv vxjjhvwhg e|
wkh iroorzlqj txrwh e| Khqu| Irug = �Lw lv doo rqh wr ph li d pdq frphv iurp Vlqj
Vlqj ru Kduydug1 Zh kluh d pdq/ qrw klv klvwru|1�7 Wklv dovr frqirupv zlwk wkh
fdvxdo hpslulfdo revhuydwlrq wkdw shuydvlyh glvfulplqdwlrq lv pruh revhuyhg zlwklq
forvh0nqlw vrflhwlhv/ riwhq lq uxudo duhdv/ +h1j1/ wkh fdvwh0v|vwhp lq Lqgldq yloodjhv ru
lq wkh Dphulfdq Vrxwk, dv frpsduhg wr pruh dqrq|prxv dqg lqglylgxdolvwlf vhwwlqjv/
vxfk dv lq xuedq duhdv18 Wkhuh duh dowhuqdwlyh h{sodqdwlrqv h{sodlqlqj wkh shuydvlyh0
qhvv ri glvfulplqdwru| qrupv lq forvh0nqlw vrfldo qhwzrunv dqg zk| wkh| fdqqrw eh
holplqdwhg e| sur�w0pd{lpl}lqj ehkdylru ri lqglylgxdo djhqwv zkr grq*w ghulyh dq|
lqwulqvlf sohdvxuh iurp frqiruplqj wr vxfk qrupv1 Dnhuori*v +4<:9, prgho ri fdvwh0
glvfulplqdwlrq vkrzv krz vxfk qrupv frxog eh dq htxloleulxp skhqrphqrq li vrfldo
vdqfwlrqv djdlqvw qrq0frqiruplvwv duh vwurqj hqrxjk1 Lq frqwudvw/ rxu prgho vkrzv

7Txrwh wdnhq iurp Ilyh Wkrxvdqg Jhpv ri Zlw dqg Zlvgrp frpslohg e| Odzuhqfh Shwhu/
Orqgrq +Wuhdvxuh Suhvv/ 4<<6,1 L zrxog olnh wr wkdqn Ndqldux Zdflhql iru vxjjhvwlqj lw1

8Wkh fdvwh v|vwhp lq Lqgld lqyroyhv dq hoderudwh vhw ri uxohv uhjxodwlqj rffxsdwlrqdo fkrlfh rq d
khuhglwdu| edvlv1 Wkh| gudz ohjlwlpdf| iurp uholjlrxv vfulswxuhv dqg duh hqirufhg e| wkh wkuhdw ri
vrfldo vdqfwlrqv1 Iurp wkh sxuho| hfrqrplf srlqw ri ylhz wkh| duh lqh!flhqw ehfdxvh wkh| uhjxodwh
hfrqrplf wudqvdfwlrqv dqg ghflvlrqv zlwkrxw dq| uhjdug wr surgxfwlylw|1 Lw lv vwloo lv suhydohqw lq
uxudo Lqgld/ zkhuhdv lq xuedq duhdv lwv h�hfw lv pxfk ohvv dssduhqw1
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wkdw h{foxvlrq ri plqrulwlhv qhhg qrw qhfhvvdulo| eh hqirufhg e| wklug0sduw| ru jurxs
vdqfwlrqv wr ghyldqwv exw e| hplqhqwo| vhqvleoh frvw0ehqh�w fdofxodwlrqv1

5 Wkh Prgho

Wkh iroorzlqj duh wkh pdlq ihdwxuhv ri wkh �up0zrunhu jdph =

Surgxfwlrq Whfkqrorj| = Lq d jlyhq shulrg d �up qhhgv rqh zrunhu wr rshudwh
vrph pdfklqh dqg li wkh zrunhu zrunv/ vkh surgxfhv d sur�w ri t : f iru wkh �up1
Li vkh vklunv vkh surgxfhv }hur1 Rqfh kluhg d zrunhu lv sdlg d zdjh diwhu zklfk
kh fkrrvhv zkhwkhu wr zrun kdug/ zklfk frvwv e lq whupv ri xwlolw|/ ru vklun/ zklfk
frvwv qrwklqj1 Wkhuh lv qr dv|pphwulf lqirupdwlrq 0 wkh �up �qgv rxw zlwk fhuwdlqw|
zkhwkhu d zrunhu vklunhg ru qrw dw wkh hqg ri wkh shulrg1 Dovr/ frqglwlrqhg rq
wkh h�ruw fkrlfh ri d zrunhu/ rxwsxw lv ghwhuplqlvwlf1 Gxh wr olplwhg sxqlvkphqw
srvvlelolwlhv wkh pd{lpxp sxqlvkphqw wkdw fdq eh lq lfwhg rq d zrunhu lv �ulqj klp1
Xsrq ehlqj �uhg e| d �up d zrunhu kdv wr vwd| xqhpsor|hg iru dw ohdvw rqh shulrg
gxulqj zklfk kh hduqv vrph h{rjhqrxvo| jlyhq sd|r� ��9

Zrunhuv dqg Ilupv= Wkhuh duh 6 �upv dqg ? zrunhuv lq wkh hfrqrp|1 Vlqfh
wkh qxpehu ri �upv dqg zrunhuv duh lqhodvwlfdoo| jlyhq/ wr kdyh xqhpsor|phqw lq
htxloleulxp wkh qxpehu ri zrunhuv pxvw h{fhhg wkdw ri �upv1 Zh pdnh wkh iroorzlqj
vwurqjhu dvvxpswlrq iru vlpsolflw|=

�tt�4T|�L? �

26 	 ?�

Zrunhuv dqg �upv duh ulvn0qhxwudo dqg lq�qlwho|0olyhg1 Zrunhuv kdyh d glvfrxqw
idfwru Bczkhuh f 	 B 	 ��Wkh| duh ri wzr srvvleoh w|shv edvhg rq vrph revhuydeoh
fkdudfwhulvwlf xquhodwhg wr surgxfwlylw|/ � 5 i�c`j wr eh uhihuuhg wr dv � zrunhuv
dqg ` zrunhuv1 Ohw b eh wkh sursruwlrq ri ` zrunhuv lq wkh hfrqrp|1 Dovr/ wkhuh
duh wzr w|shv ri �upv edvhg rq wkhlu suhihuhqfhv ryhu zrunhu w|shv1 Rwkhu wklqjv
ehlqj h{dfwo| htxdo/ d iudfwlrq 4 ri �upv/ wr eh fdoohg � �upv zloo vwulfwo| suhihu
wr kluh ` wr � zrunhuv/ zkloh wkh uhpdlqlqj �upv/ wr eh fdoohg � �upv/ zloo eh
lqgl�huhqw ehwzhhq klulqj ` dqg �0zrunhuv1 Zh iroorz Ehfnhu +4<8:, lq prghoolqj
cwdvwh iru glvfulplqdwlrq* = d � �up kdv d ghjuhh ri eldv S : f wrzdugv d � zrunhu li
wkh zdjh dw zklfk vkh lv zloolqj wr r�hu hpsor|phqw wr wkdw zrunhu lv �� S zkhuh �
lv wkh jrlqj pdunhw zdjh udwh iru ` zrunhuv1

9Wkh frqwudfwlqj dvshfwv ri wklv prgho duh dgplwwhgo| yhu| uxglphqwdu| wr irfxv dwwhqwlrq rq
wkh pdlq lvvxhv ri lqwhuhvw/ qdpho| lqirupdwlrq  rzv/ h!flhqf| zdjhv dqg glvfulplqdwlrq1 Zh fdq
hdvlo| h{whqg lw wr d pruh vrsklvwlfdwhg frqwudfwlqj prgho zkhuh rxwsxw lv qrlv|/ zrunhuv fkrrvh
vrph xqrevhuydeoh dfwlrq wkdw d�hfwv wkh suredelolw| glvwulexwlrq ri rxwsxw/ dqg ehfdxvh ri olplwhg
oldelolw|/ hyhq li zrunhuv fdq eh r�huhg d frqwudfw prqrwrqlf lq rxwsxw +dv rssrvhg wr d  dw zdjh
frqwudfw,/ wkh| vwloo hduq uhqwv1 Dv d uhvxow wkh wkuhdw ri �ulqj fdq vwloo eh xvhg dv dq lqfhqwlyh
ghylfh1 Vhh Gxwwd/ Ud| dqg Vhqjxswd +4<;<, dqg Edqhumhh dqg Jkdwdn +4<<9, iru vxfk prghov1
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Lqirupdwlrq Wudqvplvvlrq = Li d zrunhu lv hyhu fdxjkw vklunlqj wkhq zkloh khu
hpsor|hu �qgv rxw zlwk fhuwdlqw|/ rwkhu �upv jhw wr �qg rxw derxw lw zlwk vrph
suredelolw| j 5 dfc �o� Lq wkdw fdvh vkh lv iruhyhu eudqghg dv d vklunhu1 Hyhq li
vkh jhwv uh0hpsor|hg lq wkh ixwxuh wkh vwljpd uhpdlqv zkhwkhu ru qrw vkh vklunv
djdlq1 Krzhyhu/ zlwk suredelolw| E��j� d zrunhu zkr lv fdxjkw vklunlqj zlwk d �up
hvfdshv ehlqj eudqghg dv d vklunhu wr rwkhu �upv vr hyhq li vkh lv �uhg e| khu fxuuhqw
hpsor|hu vkh uh0hqwhuv wkh mre0pdunhw zlwk d fohdq wudfn0uhfrug1 Iru h{dpsoh/ zh
frxog wklqn ri d exuhdx wkdw pdlqwdlqv uhfrugv ri doo zrunhuv lq wkh hfrqrp| zklfk
fdq eh dffhvvhg e| dq| �up1 Li d zrunhu vklunv zlwk vrph �up wkhq wkh �up orgjhv d
frpsodlqw djdlqvw wkh zrunhu wkdw jhwv vxffhvvixoo| hqwhuhg lqwr wkh �ohv ri wkh exuhdx
zlwk vrph suredelolw| j� Li j ' f wkhq zh kdyh dq cdqrq|prxv* ru cxuedq* vhwwlqj
zkhuh doo zrunhuv dsshdu idfhohvv wr �upv dqg li j ' � wkhq zh kdyh d cforvh0nqlw* ru
cyloodjh* vhwwlqj zkhuh lqirupdwlrq  rzv iuhho|1 Iru j 5 Efc �� zh kdyh dq lqwhuphgldwh
vlwxdwlrq1 :

Pdwfklqj dqgZdjh r�huv = Dvvxph wkdw dq hpsor|hu orrnlqj iru d zrunhu fdq
fkrrvh d zrunhu udqgrpo| iurp wkh srro ri zrunhuv orrnlqj iru d mre1 Wkh pdwfklqj
surfhvv lv iulfwlrqohvv1 Ohw e% ghqrwh wkh klvwru| ru uhfrug ri d zrunhu revhuyhg e| wkh
�up dw wkh wlph ri klulqj1 Xqghu wkh nlqg ri klulqj vwudwhjlhv zh zloo frqvlghu/ hlwkhu
zh zloo kdyh e% 5 ie�c erj zkhuh d uhfrug ri er lqglfdwhv wkdw d zrunhu zdv irxqg vklunlqj
zlwk d �up dw ohdvw rqfh lq wkh sdvw dqg d uhfrug ri e� lqglfdwhv wkh zrunhu kdv d
fohdq klvwru|/ ru e% 5 >c zkhuh d zrunhu*v sdvw hpsor|phqw klvwru| lv qrw revhuydeoh1
Ohw wkh suredelolw| ri ehlqj uh0hpsor|hg ri d zrunhu ri w|sh � zkr kdv d uhfrug e%
eh ghqrwhg e| REe%c ��� Rqfh kluhg d zrunhu ri w|sh � zkr kdv d uhfrug e% lv sdlg d
zdjh �E	%c ��c fdq eh uhwdlqhg lq vxevhtxhqw shulrgv/ uhsodfhg e| dqrwkhu zrunhu ru
pd| kdyh wr txlw gxh wr h{rjhqrxv uhdvrqv zklfk rffxuv zlwk suredelolw| ^ zkhuh
f 	 ^ 	 �1 Zh duh jrlqj wr uhihu wr REe%c �� dqg �E	%c �� dv wkh oderu0frqwudfw idfhg e|
d zrunhu ri w|sh � dqg uhfrug e% lq htxloleulxp zklfk zloo eh hqgrjhqrxvo| ghwhuplqhg
wr hqvxuh wkdw zrunhuv grq*w vklun1

6 Htxloleulxp xqghu Elodwhudo )Pxowlodwhudo Sxq0

lvkphqw Vwudwhjlhv

Li wkh jdph lv sod|hg rqfh wkhq wkh xqltxh vxejdph0shuihfw htxloleulxp lv rqh zkhuh
wkh zrunhu fkrrvhv wr vklun zkdwhyhu lv wkh �up*v zdjh r�hu/ dqwlflsdwlqj wkdw/ wkh
�up zrxog r�hu dq| � � � dqg wkh zrunhu zrxog fkrrvh vhoi0hpsor|phqw1 Wkh Iron

:Qrwh wkdw zh dvvxph rqfh eudqghg dv d vklunhu d zrunhu lv dozd|v eudqghg dv d vklunhu luuh0
vshfwlyh ri khu odwhu shuirupdqfh1 Zh frxog uhod{ wklv dvvxpswlrq zlwkrxw fkdqjlqj wkh uhvxowv
e| doorzlqj d zrunhu zlwk d edg uhfrug zkr lv r�huhg hpsor|phqw e| d �up dqg grhv qrw vklun
zlwk lw wr kdyh khu edg uhfrug hudvhg1 Wkdw lv/ lq wkh hyhqw ri dq dfflghqwdo vsolw/ khu hpsor|hu
uhfrpphqgv uhprylqj khu suhylrxv edg uhfrug zlwk vrph suredelolw| � 1 Vhh Wluroh +4<<9, iru dq
dowhuqdwlyh vshfl�fdwlrq ri wkh pdsslqj iurp d zrunhu*v ehkdylru wr wkh suredelolw| ri d srwhqwldo
hpsor|hu �qglqj rxw derxw khu uhfrug1
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Wkhruhp whoov xv wkdw li dq| jdph lv uhshdwhg lq�qlwho| rxwfrphv pruh h!flhqw wkdq
d rqh0vkrw jdph fdq eh vxvwdlqhg dqg khuh zh zdqw wr �qg rxw zkhwkhu wkhuh h{0
lvwv dq htxloleulxp zkhuh wkh zrunhu zrunv1 Iroorzlqj Juhli +4<<6, zh zloo frpsduh
vwdwlrqdu| +ru Pdunry, vxejdph0shuihfw htxloleuld ri wklv jdph zlwk �upv dgrswlqj
pxowlodwhudo sxqlvkphqw vwudwhjlhv +��7, dqg elodwhudo sxqlvkphqw vwudwh0
jlhv +��7,1 Xqghu d��7 �upv kdyh wkh iroorzlqj vwudwhj| = r�hu d zdjh ri dw ohdvw
�E	%c �� wr d zrunhu ri w|sh � zkr kdv d uhfrug 	% wr lqgxfh khu wr zrun> uhkluh wkh vdph
djhqw li vkh kdv qrw fkhdwhg vr orqj dv wkh pdwfk lv qrw eurnhq e| dq h{rjhqrxv vhs0
dudwlrq> �uh d zrunhu li vkh vklunv> grq*w kluh d zrunhu zkr kdv ehhq uhyhdohg wr kdyh
vklunhg zlwk dqrwkhu �up lq wkh sdvw/ l1h1/ REerc �� ' f( li wkhuh lv d ydfdqf|/ fkrrvh d
zrunhu udqgrpo| iurp wkh srro ri xqhpsor|hg zrunhuv zkr kdyh qrw ehhq uhyhdohg wr
kdyh vklunhg zlwk dq| �up lq wkh sdvw zlwk suredelolw| REe�c �� : f1 D zrunhu zkr lv
ri w|sh � dqg kdv klvwru| 	% kdv wkh iroorzlqj vwudwhj| = zrun li sdlg �E	%c �� dqg vklun
li sdlg ohvv wkdq �E	%c ��� D ��7 lv wkh vdph dv wkh ��7 lq doo uhvshfwv h{fhsw iru
dq lpsruwdqw rqh = d �up grhv qrw edvh lwv klulqj ghflvlrq frqglwlrqdo rq d zrunhu*v
sdvw uhfrug/ l1h1 REe�c �� ' REerc �� : f�

Zh duh jrlqj wr xvh wkh rqh0shulrg ghyldwlrq sulqflsoh wr fkhfn zkhwkhu wkh htxl0
oleulxp vwudwhjlhv duh vxejdph0shuihfw1; Wkxv wr �qg rxw li zrunlqj lq hyhu| shulrg
lv dq htxloleulxp vwudwhj| iru hpsor|hg zrunhuv zh zloo fkhfn vkh fdq jdlq e| vklun0
lqj lq wkh suhvhqw shulrg dqg wkhq uhyhuwlqj wr wkh htxloleulxp vwudwhj| ri zrunlqj
zkhqhyhu hpsor|hg +dqg r�huhg d zdjh �E	%c ��� iurp qh{w shulrg rq1 Iru wkh wzr
w|shv ri klulqj vwudwhjlhv zh frqvlghu/ wkhuh duh wkuhh vwdwh yduldeohv wkdw fkdudfwhul}h
d zrunhu = khu fxuuhqw hpsor|phqw vwdwxv +zkhwkhu vkh lv hpsor|hg ru xqhpsor|hg/
ghqrwhg e| . dqg L,/ khu klvwru| +zkhwkhu vkh lv nqrzq e| doo �upv wr kdyh vklunhg

lq wkh sdvw ru qrw/ ghqrwhg e| er ru e� xqghu��7c dqg qrwklqj xqghu ��7,/ dqg khu
w|sh +zkhwkhu vkh lv d � zrunhu ru d ` zrunhu,1 Xsrq ehlqj kluhg zrunhuv fkrrvh
wkh vwudwhj| zkhwkhu wr zrun ru vklun +ghqrwhg e| � dqg r, lq wkh fxuuhqw shulrg dqg

lq doo ixwxuh shulrgv +ghqrwhg e| � dqg r,1 Ohw +4, T �c�E.c e%c �� eh wkh htxloleulxp
olihwlph h{shfwhg xwlolw| ri d zrunhu ri w|sh � zlwk klvwru| e%c zkr lv fxuuhqwo| lq wkh
vwdwh ri ehlqj hpsor|hg/ zkr fkrrvhv wkh vwudwhj| ri vwd|lqj krqhvw lq wkh fxuuhqw
shulrg dqg lq wkh ixwxuh zkhqhyhu vkh lv hpsor|hg> +5, T �ELc e%c �� eh wkh htxloleulxp
olihwlph h{shfwhg xwlolw| ri d zrunhu ri w|sh � zlwk klvwru| e%c zkr lv fxuuhqwo| lq wkh
vwdwh ri ehlqj xqhpsor|hg dqg zkr fkrrvhv wkh vwudwhj| ri vwd|lqj krqhvw lq wkh
ixwxuh zkhqhyhu vkh lv hpsor|hg1

Wkh iroorzlqj vwdqgdug uhfxuvlyh htxdwlrqv jlyh wkh vwdwh0frqwlqjhqw olihwlph h{0

;D voljkwo| prgl�hg yhuvlrq ri wkh rqh0shulrg ghyldwlrq sulqflsoh iru lq�qlwh krul}rq jdphv dv
vwdwhg lq Ixghqehuj dqg Wluroh +4<<4, lv= lq dq lq�qlwh krul}rq jdph zlwk revhuyhg dfwlrqv/ li shu0
shulrg sd|r�v duh xqlirupo| erxqghg dqg ryhudoo sd|r�v duh d glvfrxqwhg vxp ri shu0shulrg sd|r�v/
d vwudwhj| sur�oh v lv vxejdph shuihfw li dqg rqo| li wkhuh lv qr sod|hu l dqg vwudwhj| hvl wkdw djuhhv
zlwk vl h{fhsw dw d vlqjoh shulrg w dqg klvwru| kw vxfk wkdw hvl lv d ehwwhu uhvsrqvh wr v

�l wkdq vl
frqglwlrqdo rq kw ehlqj uhdfkhg1

:



shfwhg xwlolwlhv zrunhuv zlwk uhfrug e% =

T �c�E.c e%c �� ' �E	%c ��� en BE�� ^�T �c�E.c e%c �� n B^T �ELc e%c �� +4,

T �ELc e%c �� ' � n BREe%c ��T �c�E.c e%c �� n BE�� REe%c ���T �ELc e%c �� +5,

Zh uhtxluh zdjh r�huv wr vdwlvi| wkh sduwlflsdwlrq frqvwudlqw +SF, iru d zrunhu ri
w|sh � zlwk klvwru| e% =

�Ee%c ��� e � � � +6,

Qrz zh duh uhdg| wr suryh dq lpsruwdqw surshuw| ri h!flhqf| zdjh prghov =

Ohppd 4 = T �ELc e%c �� lv qrq0ghfuhdvlqj lq REe%c �� iru zdjh r�huv wkdw vdwlvi|
wkh sduwlflsdwlrq frqvwudlqw ri d zrunhu1 Li wkh sduwlflsdwlrq frqvwudlqw lv qrw elqglqj
wkhq T �ELc e%c �� lv vwulfwo| lqfuhdvlqj lq REe%c ���

Surri = Zh fdq vroyh +�� dqg +2� vlpxowdqhrxvo| iru T �c�E.c e%c �� dqg T �ELc e%c ���
Wklv |lhogv

T �ELc e%c �� ' BREe%c ��E�E	%c ��� e� n i�� BE�� ^�j�

E�� B�d�� Bi�� EREe%c �� n ^�o
� +7,

Xsrq gl�huhqwldwlrq zh jhw=

YT �ELc e%c ��
YREe%c �� '

Bi�� BE�� ^�j

E�� B�d�� Bi�� EREe%c �� n ^�o2
iE�E	%c ��� e�� �j�

Wkhq wkh uhvxow iroorzv gluhfwo| iurp wkh gh�qlwlrq ri wkh SF ri d zrunhu/ +��1�

Wklv lpsolhv wkdw li zrunhuv hduq uhqwv lq htxloleulxp iru lqfhqwlyh uhdvrqv/ wkh
kljkhu lv wkh suredelolw| ri ehlqj uh0kluhg idfhg e| d fxuuhqwo| xqhpsor|hg zrunhu/
wkh juhdwhu lv khu olihwlph h{shfwhg xwlolw|1 Wkh vl}h ri wkh uhqw lv ghulyhg iurp wkh
lqfhqwlyh0frpsdwlelolw| frqvwudlqwv +LFF, ri zrunhuv zklfk pdnh vxuh wkdw wkh wkuhdw
ri �ulqj jlyhv vwurqj hqrxjk lqfhqwlyhv wr zrun1 Vr idu zkdwhyhu zh kdyh vdlg dssolhv
wr erwk wkh ��7 dqg wkh ��7 zlwk e% 5 ie�cerj lq wkh iruphu fdvh dqg e% 5 > lq
wkh odwwhu1 Exw lq dqdo|}lqj wkh LFF zh pxvw glvwlqjxlvk ehwzhhq wkh wzr w|shv ri
vwudwhjlhv/ ehfdxvh wkh frqvhtxhqfh ri vklunlqj lv gl�huhqw iru d zrunhu ghshqglqj rq
khu uhfrug xqghu wkh ��7 zkloh lw grhv qrw ghshqg rq khu uhfrug xqghu wkh ��7�
Xqghu wkh ��7c wkh LFF iru d zrunhu ri w|sh � ghshqgv rq zkhwkhu vkh kdv d jrrg
uhfrug ru d edg uhfrug1 Wkh| duh/ uhvshfwlyho|/

T �c�E.ce�c �� � �E	�c �� n BijT �ELc erc �� n E�� j�T �ELce�c ��j� +8,

T �c�E.c erc �� � �E	rc �� n BT �ELc erc ��� +9,

Lq frqwudvw/ xqghu wkh ��7 wkh lqfhqwlyh0frpsdwlelolw| frqvwudlqw +LFF, iru d zrunhu
ri w|sh � lv vlpso| =

T �c�E.c �� � �E�� n BT �ELc ��� +:,

;



zkhuh iru qrwdwlrqdo vlpsolflw| zh kdyh gursshg wkh dujxphqw 	% iurp wkh vwdwh0
frqwlqjhqw ydoxh ixqfwlrqv dqg wkh oderu frqwudfw xqghu wkh ��7�

Wkh plqlpxp zdjhv wkdw d �up qhhgv wr r�hu wr lqgxfh d zrunhu ri w|sh � zlwk
uhfrug e� dqg 	r wr zrun xqghu wkh ��7 duh wkrvh wkdw vdwlvi| wkh uhvshfwlyh U��
zlwk htxdolw|1 Xvlqj +�� zh fdq zulwh wkh gl�huhqfh ehwzhhq wkh plqlpxp lqfhqwlyh0

frpsdwleoh zdjhv ri zrunhuv zlwk uhfrug e� dqg 	r dv =

�E	rc ��� �E	�c �� '
�

�� ^
d^ � E�� j�i�� BE�� ^�joiT �ELce�c ��� T �ELc erc ��j +;,

Xqghu wkh ��7c rqfh eudqghg d vklunhu qr rqh kluhv d zrunhu dqg vr T �ELc erc �� '
�
�3B

� Ohw xv gh�qh =

j �
E�� ^�E�� B�

�� BE�� ^�
�

Qrwlfh wkdw +j � j� dqg ^^ � i� � BE� � ^�jE� � j�o kdyh wkh vdph vljq iurp wkh
gh�qlwlrq ri 7j� Vlploduo|/ wkh plqlpxp zdjh wkdw d �up qhhgv wr r�hu wr lqgxfh d
zrunhu ri w|sh � wr zrun xqghu wkh ��7 lv rqh wkdw vdwlv�hv +.� zlwk htxdolw|1 Xvlqj
+�� zh jhw=

�E�� '
e

BE�� ^�
n E�� B�T �ELc �� +<,

Wklv khosv xv suryh wkh iroorzlqj xvhixo uhvxow=

Ohppd 5 = Li �upv dgrsw wkh ��7c wkhq EREe�c ��� REerc ���E�E	�c ��� �E	rc ��� lv
qhjdwlyh li j : j dqg srvlwlyh li j 	 j�

Surri = Wklv iroorzv gluhfwo| iurp +H� vlqfh Ohppd 4 lpsolhv T �ELce���T �ELcer�
dqg EREe�c ��� REerc ��� dozd|v kdyh wkh vdph vljq1�

Qrz zh duh uhdg| wr vkrz xqghu zkdw frqglwlrqv wkh dowhuqdwlyh klulqj vwudwhjlhv
frqvwlwxwh dq htxloleulxp =

Sursrvlwlrq 4 = D vxejdph shuihfw htxloleulxp ri wkh lq�qlwho| uhshdwhg �up0
zrunhu jdph h{lvwv zkhq �upv dgrsw wkh ��7 rqo| li j : j� Krzhyhu/ d vxejdph
shuihfw htxloleulxp ri wkh lq�qlwho| uhshdwhg �up0zrunhu jdph dozd|v h{lvwv zkhq
�upv dgrsw wkh ��7�

Surri = Xqghu wkh ��7c REe�c �� : REerc �� ' f� Khqfh li j : j/ �E	�c �� 	 �E	rc ��
dqg doo �upv suhihu zrunhuv zlwk jrrg uhfrugv wr wkrvh zlwk edg uhfrugv jlyhq wkhlu
w|sh +� ' �c` �� Dovr/ xqghu erwk w|shv ri klulqj vwudwhjlhv qr �up fdq jdlq e|
r�hulqj d zdjh kljkhu wkdq wkdw vdwlv�hv wkh U�� zlwk vwulfw htxdolw| ehfdxvh wkhuh
lv qr iulfwlrq lq wkh pdwfklqj surfhvv dqg vlqfh wkh qxpehu ri �upv h{fhhg wkdw ri

<



zrunhuv wkh| fdq dozd|v kdyh d zrunhu zloolqj wr zrun dw wkdw zdjh1 Rq wkh rwkhu
kdqg d orzhu zdjh grhv qrw vdwlvi| wkh U���

Krzhyhu li j 	 jc �E	�c �� : �E	rc �� e| Ohppd 5 dqg vr dq lqglylgxdo �up
zrxog vwulfwo| suhihu wr kluh zrunhuv zlwk edg uhfrugv jlyhq wkhlu w|sh li �upv dgrsw
wkh ��7� Exw li doo �upv suhihu wr kluh zrunhuv zlwk edg uhfrugv/ wkhq REerc �� :
REe�c �� ' fc dqg khqfh e| Ohppd 5 zh jhw �E	�c �� 	 �E	rc ��� Exw wklv fdqqrw eh
dq htxloleulxp wrr dv dq lqglylgxdo �up zrxog vwulfwo| suhihu wr kluh d zrunhu zlwk
d jrrg uhfrug1 Khqfh d vlwxdwlrq zkhuh REe�c �� 9' REerc �� fdqqrw eh vhoi0uhlqiruflqj
dqg zloo eh uhyhuvhg e| wkh ehkdylru ri lqglylgxdo �upv1 Dffruglqjo|/ wkh xqltxh
htxloleulxp lv rqh zkhuh �upv duh lqgl�huhqw ehwzhhq klulqj zrunhuv zlwk edg dqg
jrrg uhfrugv/ wkdw lv/ �E	�c �� ' �E	rc �� ' �E�� dqg REerc �� ' REe�c �� ' RE��� Lq vxfk dq
htxloleulxp d zrunhu*v klvwru| grhv qrw pdwwhu hyhq zkhq lw lv revhuydeoh/ l1h1/ �upv
dgrsw wkh ��7� �

Ohw xv qrz glvfxvv wkh lqwxlwlrq ehklqg wklv uhvxow1 Li �upv dgrsw wkh ��7/ d
zrunhu jhwv wzr nlqgv ri ehqh�wv iurp qrw vklunlqj = �uvw/ vkh hqmr|v d kljk zdjh
+frpsduhg wr khu uhvhuydwlrq sd|r�, vr orqj dv dq h{rjhqrxv vsolw grhv qrw rffxu/
dqg vhfrqg/ e| pdlqwdlqlqj d jrrg uhfrug vkh hqvxuhv wkdw vkh zloo jhw d mre pruh
hdvlo| li dq h{rjhqrxv vsolw rffxuv1 Uhduudqjlqj whupv lq +�� zh jhw =

T �c�E.c e%c �� ' �E	%c ��� e

�� BE�� ^�
n

B^

�� BE�� ^�
T �ELc e%c ���

Wkh wzr whupv rq wkh uljkw0kdqg vlgh fdswxuhv wkhvh wzr h�hfwv1 Lq frqwudvw/ li d
zrunhu zlwk d edg uhfrug lv hyhu kluhg/ wkh rqo| uhdvrq vkh zloo zrun lv gxh wr wkh
kljkhu zdjhv vkh zloo hqmr| zkloh hpsor|hg/ ehfdxvh vkh zrq*w jhw d mre li wkhuh lv dq
h{rjhqrxv vsolw hyhq li vkh glg qrw vklun lq khu odvw mre1 Khqfh zrunhuv zkr kdyh fohdq
wudfn0uhfrugv kdyh d kljkhu devroxwh uhwxuq iurp zrunlqj frpsduhg wr zrunhuv zlwk
edg wudfn0uhfrugv ehfdxvh lq fdvh dq h{rjhqrxv vsolw rffxuv/ wkh| zrxog jhw uhkluhg
zlwk kljkhu suredelolw| xqghu wkh ��7� Irupdoo| vshdnlqj/

B^

�� BE�� ^�
T �
� ELc

e�� � B^

�� BE�� ^�
T �
� ELcer��

li RE	�c �� : RE	rc ��� Wklv phdqv/ iru wkh vdph zdjh udwh zrunhuv zlwk fohdq uhfrugv kdyh
d kljkhu lqfhqwlyh wr zrun/ zklfk lpsolhv hpsor|huv fdq holflw wkh vdph h�ruw dv d
zrunhu zlwk d edg uhfrug dw d orzhu zdjh1 Vklunlqj |lhogv dq lpphgldwh jdlq ri d kljk
zdjh zlwkrxw kdylqj wr zrun lq wkh fxuuhqw shulrg wr doo zrunhuv luuhvshfwlyh ri wkhlu
uhfrug1 Iru zrunhuv zlwk jrrg uhfrugv vklunlqj kdv wkh frvw wkdw li rwkhu �upv �qg
rxw derxw lw +zlwk suredelolw| j� vkh zrxog qhyhu jhw kluhg djdlq1 Iru zrunhuv zlwk
edg uhfrugv/ vklunlqj lv pruh frvwo| ehfdxvh qr �up zdv jrlqj wr kluh vxfk d zrunhu
dq|zd|1 Khqfh zrunhuv zkr kdyh fohdq wudfn0uhfrugv kdyh d kljkhu devroxwh uhwxuq
iurp vklunlqj frpsduhg wr zrunhuv zlwk edg wudfn0uhfrugv wrr1 Irupdoo| vshdnlqj/
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frpsdulqj wkh ohiw0kdqg vlghv ri wkh uhvshfwlyh U��r zh jhw =

BijT �
� ELcer� n E�� j�T �

� ELc
e��j � BT �

� ELc er��
Wkh dvvxpswlrq j : 7j lv qhhghg wr pdnh vxuh wkdw wkh iruphu h�hfw rxwzhljkv
wkh odwwhu vr wkdw rq edodqfh zrunhuv zlwk fohdq uhfrugv kdyh d juhdwhu qhw uhzdug
iurp zrunlqj wkdq zrunhuv zlwk edg uhfrugv iru wkh vdph zdjh udwh1 Khqfh iru wkh
vdph zdjh zrunhuv zlwk edg uhfrugv kdyh orzhu qhw uhzdugv iurp zrunlqj xqghu wkh
��7 ehfdxvh wkh| gr qrw jhw d mre li dq h{rjhqrxv vsolw rffxuv ehfdxvh ri wkhlu
sdvw uhfrug hyhq li wkh| glg qrw vklun lq wkhlu suhvhqw mre1 Dffruglqjo|/ wkh| kdyh wr
r�huhg d kljkhu h!flhqf| zdjh frpsduhg wr zrunhuv zlwk fohdq uhfrugv1 Wklv pdnhv
wkhp xqdwwudfwlyh wr doo �upv dqg khqfh/ wkh ��7 lv vhoi0hqiruflqj1 Wkh lqvljkw
ehklqg wklv uhvxow lv gxh wr Juhli +4<<6,1 Julhi dvvxphg �upv zlwklq d qhwzrun fdq
h{fkdqjh lqirupdwlrq shuihfwo|/ l1h1/ j ' �� Krzhyhu/ zh vkrz wkdw li wkh txdolw| ri
lqirupdwlrq  rz idoov ehorz d fhuwdlq fulwlfdo ohyho/ dq htxloleulxp zloo qrw h{lvw zkhq
�upv dgrsw wkh��7 ehfdxvh zrunhuv zlwk fohdq uhfrugv zloo kdyh d juhdwhu lqfhqwlyh
wr vklun wkdq zrunhuv zlwk edg uhfrugv/ pdnlqj wkh odwwhu pruh dwwudfwlyh wr �upv1
Lq vxfk d vlwxdwlrq wkh rqo| htxloleulxp lv zkhuh �upv gr qrw frqglwlrq wkhlu klulqj
rq d zrunhu*v sdvw klvwru|/ l1h1/ wkh wkh| dgrsw wkh ��7� Xqghu vxfk d vwudwhj|/ li d
zrunhu zrunv vkh jhwv �uhg zlwk suredelolw| ^ zkhuh li vkh vklunv vkh jhwv �uhg zlwk
suredelolw| � dqg khqfh dq|wklqj wkdw lqfuhdvhv wkh suredelolw| ri ehlqj uh0kluhg ri
d zrunhu zloo uhgxfh wkh sxqlwlyh lpsdfw ri ehlqj �uhg1 Vxfk d zrunhu zloo jhw d mre
hdvlo| li vkh lv �uhg iru vklunlqj dqg vlqfh �upv grq*w orrn dw zrunhuv* sdvw uhfrugv lw
zloo qrw d�hfw khu uh0hpsor|phqw fkdqfhv1 Wklv zloo pdnh khu d ohvv dwwudfwlyh kluh
wr hpsor|huv ehfdxvh vkh zloo kdyh wr sdlg d kljkhu zdjh wr pdnh khu zrun1

Xqghu erwk wkh��7 dqg ��7 qr zrunhu zloo vklun lq htxloleulxp1 Vr doo zrunhuv
zloo kdyh d jrrg uhfrug zklfk zloo eh revhuyhg dqg xvhg xqghu wkh��7 dqg ljqruhg
xqghu wkh ��7� Ohw R� eh wkh suredelolw| ri ehlqj uh0kluhg iru dq xqhpsor|hg zrunhu
ri w|sh ��Zh fdq h{solflwo| vroyh iru wkh plqlpxp zdjhv uhtxluhg wr surylgh lqfhqwlyhv
wr d zrunhu ri w|sh � lq dq htxloleulxp +wr eh uhihuuhg wr dv h!flhqf| zdjhv, xqghu
wkh ��7 dqg wkh ��7 iurp wkh uhohydqw U��r xvlqj +e� =

���7ER�� ' � n en

�
�� B n BER� n ^�

B
e

�
�

E�� ^� n B
�3B

jR�
+43,

���7ER�� ' � n en

�
�� B n BER� n ^�

B
e

�
�

E�� ^�
+44,

Qrwlfh wkdw lq erwk fdvhv wkh zdjh udwh lv juhdwhu wkdq � n e vr wkh SF ri d zrunhu
lv vdwlv�hg dqg kh hduqv d uhqw/ zklfk lv wkh uhdvrq zk| wkh wkuhdw ri �ulqj lv dq
lqfhqwlyh ghylfh1 Wkh iroorzlqj sursrvlwlrq vwdwhv dq lpsruwdqw surshuw| ri wkh wzr
nlqgv ri htxloleuld =
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Sursrvlwlrq 5 = Lq dq htxloleulxp zlwk �upv dgrswlqj wkh ��7c ���7ER�� lv
lqfuhdvlqj lq R� zkhuhdv lq dq htxloleulxp zlwk �upv dgrswlqj wkh ��7c���7ER��
lv ghfuhdvlqj lq R�1

Surri = Wkh �uvw sduw iroorzv gluhfwo| iurp +��� =

Y���7ER��

YR�
'

e

�� ^
: f�

Iru wkh vhfrqg sduw/ zh jhw

Y���7ER��

YR�
' e

E�� ^�� jE� n B
�3B

^�

iE�� ^� n B
�3B

jR�j2

iurp +�f�� Qrz E� � ^� � jE� n B
�3B

^� 	 f li j : 7jc zklfk pxvw eh wuxh iru dq
htxloleulxp zlwk �upv dgrswlqj wkh ��7 wr h{lvw e| Sursrvlwlrq 41�

Wklv uhvxow vkrzv wkdw dq lpsruwdqw surshuw| ri htxloleuld zlwk ��7 lv wkdw
dq|wklqj wkdw lqfuhdvhv wkh suredelolw| ri ehlqj uh0kluhg ri d zrunhu zloo whqg wr
pdnh khu d pruh dwwudfwlyh kluh wr doo hpsor|huv1 Xqghu vxfk d vwudwhj| d zrunhu
lv qhyhu uh0kluhg li vkh lv fdxjkw vklunlqj dqg khqfh wkh rqo| zd| wkh ehqh�wv ri
uh0hpsor|phqw hqwhu lqwr khu fdofxodwlrqv lv e| lqfuhdvlqj wkh ehqh�w iurp zrunlqj
iru wkh vdph zdjh1 Lq frqwudvw/ xqghu wkh ��7 dq|wklqj wkdw lpsuryhv wkh zrunhu*v
suredelolw| ri uh0hpsor|phqw vwuhqjwkhqv khu lqfhqwlyh wr vklun = e| vklunlqj d zrunhu
lv jxdudqwhhg wr hqmr| wkh ehqh�w ri d kljkhu fkdqfh ri jhwwlqj d mre +ehfdxvh vkh
lv �uhg, zkloh e| zrunlqj vkh hqmr|v lw rqo| zkhq wkhuh lv dq dfflghqwdo vhsdudwlrq1
Wklv uhvxow lv lpsruwdqw iru rxu vxevhtxhqw dqdo|vlv ri glvfulplqdwlrq1

Qh{w zh vkrz wkdw h!flhqf| zdjhv zloo eh gl�huhqw xqghu wkh wzr klulqj vwudwhjlhv
iru wkh vdph suredelolw| ri ehlqj uh0kluhg iru dq xqhpsor|hg zrunhu ehfdxvh wkh
sxqlvkphqw iru vklunlqj lv kljkhu xqghu wkh ��7�

Sursrvlwlrq 6 = Iru wkh vdph suredelolw| ri uh0hpsor|phqw ri d zrunhu zlwk d
fohdq uhfrug/ R�c wkh h!flhqf| zdjh lv kljkhu xqghu wkh ��7 frpsduhg wr wkh ��7�

Surri= Iroorzv xsrq lqvshfwlrq iurp E�f� dqg E��� vr orqj dv j : fc R� : f dqg
B : f��

Wklv uhvxow lv gxh wr Juhli +4<<6, dqg lv d gluhfw frqvhtxhqfh ri wkh idfw wkdw xqghu
wkh ��7 wkh frvw ri vklunlqj lv kljkhu ehfdxvh �upv h{fkdqjh zrunhu0uhfrugv dqg
khqfh li fdxjkw vklunlqj/ wkh zrunhu zloo eh iruhyhu vkxqqhg e| doo �upv1 Lq frqwudvw/
xqghu wkh ��7 wkh frvw ri ehlqj fdxjkw vklunlqj lv phuho| xqhpsor|phqw iru rqh
shulrg dqg wkhq idflqj wkh vdph suredelolw| dv dq| rwkhu xqhpsor|hg shuvrq wr eh
uh0hpsor|hg1
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7 H!flhqf| Zdjh Htxloleuld zlwk Glvfulplqdwlrq

Iluvw ohw xv frqvlghu wkh cfroru0eolqg* ehqfkpdun fdvh zkhuh hlwkhu zrunhuv gr qrw
ydu| lq whupv ri wkh fkdudfwhulvwlf � ru htxlydohqwo|/ �upv gr qrw kdyh dq| suhihuhqfh
ryhu �� Vlqfh xqghu erwk wkh ��7 dqg ��7 qr zrunhu zloo vklun lq htxloleulxp/
dqg wkh qxpehu ri zrunhuv dqg �upv duh jlyhq/ xqghu erwk vwudwhjlhv wkh suredelolw|
ri ehlqj uhkluhg iru dq xqhpsor|hg zrunhu zloo eh wkh vdph1 Lw fdq eh vroyhg iurp
wkh frqglwlrq wkdw lq vwhdg|0vwdwh htxloleulxp wkh lq rz lqwr wkh srro ri xqhpsor|hg
zrunhuv vkrxog htxdo wkh rxw rz iurp lw=

R '
^6

?�6
'

^
?
6
� �

�

�rr�6R|�J? � lpsolhv ?
6
� � : � dqg khqfh R 	 � iru dq| ^ 5 dfc �o�

Zh pxvw fkhfn zkhwkhu �upv hduq qrq0qhjdwlyh sur�wv lq htxloleulxp11 E|
Sursrvlwlrq 6 zdjhv duh kljkhu xqghu dq htxloleulxp zlwk wkh ��7�< Khqfh wkh
iroorzlqj dvvxpswlrq/ zklfk vd|v wkdw d �up*v sur�w zkhq d zrunhu zrunv lv odujh
hqrxjk/ vx!fhv=

�rr�6R|�J? 2

t � ���7E
^

?
6
� �

� : f

Qrz ohw xv frqvlghu wkh lpsolfdwlrq ri wkh suhvhqfh �upv zlwk d wdvwh iru glv0
fulplqdwlrq lq wklv prgho1 Wkh iroorzlqj wzr ihdwxuhv ri wkh prgho wrjhwkhu zlwk
Sursrvlwlrq 5 gulyh rxu pdlq uhvxowv uhjduglqj glvfulplqdwlrq =

Iluvw/ li d zrunhu lv r�huhg dq h!flhqf| zdjh wr surylgh khu lqfhqwlyhv wr zrun/
wkhq wkhuh pxvw h{lvw vrph zrunhuv zkr duh revhuydwlrqdooo| lqglvwlqjxlvkdeoh iurp
khu iurp wkh srlqw ri ylhz ri dq| hpsor|hu zkr duh xqhpsor|hg lq htxloleulxp dqg
zrxog vwulfwo| suhihu wr eh hpsor|hg1 Vhfrqg/ � �upv suhihu klulqj ` zrunhuv wr �
zrunhuv/ hyhu|wklqj hovh ehlqj wkh vdph1 Lq sduwlfxodu/ wkh| duh zloolqj wr � zrunhuv
rqo| li wkh htxloleulxp h!flhqf| zdjh ri ` zrunhuv lv kljkhu e| dq dprxqw S ru
pruh wkdq wkdw ri wkh iruphu1 Wkhvh wzr ihdwxuhv ri wklv prgho uhvwulfw wkh qxpehu
ri srvvleoh fdqglgdwhv iru dq htxloleulxp zkhq �upv dgrsw wkh ��7 ru wkh ��7�

Ohppd 6 = Lq dq| htxloleulxp ri wkh oderu pdunhw lw lv lpsrvvleoh wr kdyh erwk
� dqg � �upv klulqj erwk � dqg ` zrunhuv1

<Wklv phdqv lw lv srvvleoh kdyh d vlwxdwlrq zkhuh dq htxloleulxp zlwk wkh ESV pd| qrw h{lvw
exw rqh xqghu PSV h{lvwv1 Wklv lv wkh vhqvh lq zklfk Juhli +4<<6, fdoov PSV pruh h!flhqw wkdq
ESV= Lq sduwlfxodu/ dv t $ 4> wkh uhtxluhg h!flhqf| zdjh whqgv wr lq�qlw| xqghu wkh ESV zkloh lw
whqgv wr d �qlwh qxpehu xqghu wkh PSV= Lq d prgho zkhuh wkh ghpdqg iru zrunhuv +l1h1/ p lq wklv
prgho, lv hqgrjhqrxv wr wkh zdjh udwh/ dv lq Vkdslur dqg Vwljolw} +4<;7,/ wklv zrxog lpso| wkdw wkh
htxloleulxp udwh ri xqhpsor|phqw zrxog kdyh wr eh kljkhu xqghu wkh ESV=

46



Surri= Iru wklv wr eh dq htxloleulxp erwk w|shv ri �upv pxvw eh lqgl�huhqw
ehwzhhq klulqj � dqg ` zrunhuv1 Wkdw lv wuxh iru � �upv rqo| li �E` � ' �E�� n S

zkloh lw lv wuxh iru � �upv rqo| li �E` � ' �E�� dqg vr erwk fdq*w eh vlpxowdqhrxvo|
wuxh zkhwkhu ru qrw �upv dgrsw wkh ��7 ru wkh ��71�

Ohppd 6 uxohv rxw wkh iroorzlqj wzr srvvlelolwlhv dv fdqglgdwhv iru dq htxloleulxp
dv zhoo = +d, � �upv kluh ` zrunhuv rqo| zkloh � �upv udqgrpl}h ehwzhhq � dqg
` zrunhuv dqg/ +e, � �upv udqgrpl}h ehwzhhq � dqg` zrunhuv zkloh � �upv kluh
� zrunhuv rqo|,1 Zh glvfxvv wkh uhpdlqlqj srvvlelolwlhv lq wxuq1

Fdvh 4 = Doo �upv kluh ` zrunhuv rqo|1

Lq wklv fdvh/

RE` � '
^

b ?
6
� �

: RE�� ' f�

E|Sursrvlwlrq 6` zrunhuv vkrxog eh fkhdshu wr kluh xqghu��7 iru doo hpsor|huv/
luuhvshfwlyh ri wkhlu wdvwh1 Ohw

7b � E� n ^�
6

?
�

Wkhq zh pxvw kdyh b : 7b wr hqvxuh wkdw RE` � 5 Efc ��1 Wklv htxloleulxp lv vwdeoh
lq wkh vhqvh wkdw li vrph �up+v, vwduwv klulqj � zrunhuv iru vrph uhdvrq +vd|/ hqwu|
ri �upv zklfk suhihu wr kluh � zrunhuv/ ru jryhuqphqw srolf| hqfrxudjlqj klulqj
ri plqrulwlhv, lw zrxog qrw lqgxfh rwkhu �upv wr fkdqjh wkhlu ehkdylru vr orqj dv
RE` � : RE���

Qh{w frqvlghu wkh ��71 Li RE` � : RE��c e| Sursrvlwlrq 6 ` zrunhuv vkrxog
eh pruh h{shqvlyh wr kluh xqghu wkh ��71 Wkhq � �upv zloo vwulfwo| suhihu wr kluh
� zrunhuv +dqg lqghhg/ � �upv wrr li wkh ruljlqdo zdjh gl�huhqwldo h{fhhgv S� dqg
khqfh wklv fdqqrw eh dq htxloleulxp1

Fdvh 5 = Doo �upv kluh � zrunhuv rqo|1
Khuh

RE�� '
^

E�� b� ?
6
� �

: RE` � ' f�

Wr hqvxuh wkdw RE�� 5 Efc �� zh pxvw kdyh b 	 �� 7b�E| Sursrvlwlrq 6 � zrunhuv
vkrxog eh fkhdshu wr kluh xqghu wkh ��7�Khqfh vr orqj dv wkh zdjhv ri ` zrunhuv
zkhq RE` � ' f h{fhhg wkdw ri � zrunhuv e| pruh wkdq Sc hyhq � �upv zloo vwulfwo|
suhihu wr kluh � zrunhuv1 Wklv zloo kdsshq li =

���7Ef�� ���7

�
^

E�� b� ?
6
� �

�
: S�

Wklv lpsolhv wkdw li wkh cwdvwh iru glvfulplqdwlrq* rq wkh sduw ri � �upv lv odujh/ wkhq
wklv htxloleulxp fdqqrw h{lvw1 Vlqfh ���7ER� lv prqrwrqlfdoo| ghfuhdvlqj lq R e|
Sursrvlwlrq 6/ d vx!flhqw frqglwlrq iru vxfk dq htxloleulxp qrw wr h{lvw lv

S : ���7Ef�� ���7 E�� '
e

�� B
ijE�� B n B^�� E�� ^�E�� B�j � 7S��7
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Fdvh 6 = � �upv duh lqgl�huhqw ehwzhhq klulqj � dqg ` zrunhuv/ �

�upv kluh ` zrunhuv rqo|1

Ohw k eh wkh suredelolw| zlwk zklfk d � �up fkrrvhv d � zrunhu1 Iru frqyhqlhqfh
ri lqwhusuhwdwlrq/ ohw xv lpdjlqh wkdw d iudfwlrq k ri � �upv dozd|v kluh � zrunhuv/
dqg wkh uhpdlqlqj �� k dozd|v kluh ` zrunhuv1 Wkhq/

RE	�c` � '
^

b
4nkE�34�

?
6
� �

RE	�c�� '
^

�3b
E�34�E�3k�

?
6
� �

Wklv lv dq htxloleulxp xqghu wkh ��7 li

RE	�c` � ' RE	�c��

ru/

k '
b� 4

�� 4
�

Wkh iroorzlqj frqglwlrq qhhgv wr eh vdwlv�hg

b � 4�

iru vxfk dq htxloleulxp wr h{lvw1 Li wklv frqglwlrq lv vdwlv�hg/ wkhq �rr�6R|�J? � lv
vx!flhqw wr hqvxuh wkdw wkh htxloleulxp suredelolw| ri uh0hpsor|phqw olhv zlwklq wkh
rshq lqwhuydo Efc ���

Krzhyhu/ wklv qrq0glvfulplqdwru| htxloleulxp lv xqvwdeoh xqghu wkh ��7� Dq|
shuwxuedwlrq wkdw pdnhv RE` � : RE�� ru RE` � 	 RE�� zloo ghvwur| wkh htxloleulxp
dqg sursho wkh hfrqrp| wrzdugv htxloleuld zkhuh doo �upv hqg xs klulqj rqh w|sh ri
zrunhu rqo| +li vxfk dq htxloleulxp h{lvwv,1

Lq frqwudvw/ wklv lv d vwdeoh htxloleulxp xqghu wkh ��7� Iru h{dpsoh/ li dq|
shuwxuedwlrq pdnhv RE` � : RE��/ wkhq wkh zdjh ri ` zrunhuv zloo lqfuhdvh fdxvlqj
hpsor|huv wr suhihu � zrunhuv wkhuhe| uhvwrulqj wkh ruljlqdo zdjh htxdolw|1

Fdvh 7 = � �upv duh lqgl�huhqw ehwzhhq klulqj � dqg ` zrunhuv/ �

�upv kluh � zrunhuv rqo|1

Ohw q eh wkh iudfwlrq ri � �upv wkdw dozd|v kluh � zrunhuv1 Iru � �upv wr eh
lqgl�huhqw ehwzhhq klulqj � dqg ` zrunhuv/ zh pxvw kdyh =

�E` � ' �E�� n S�

Wkhq

RE	�c` � '
^

b
4E�3q�

?
6
� �

RE	�c�� '
^

�3b
E�34�n4q

?
6
� �
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Iru wklv wr eh dq htxloleulxp xqghu wkh ��7 zh pxvw kdyh

RE	�c` � 	 RE	�c��

ru/

q :
4� b

4
�

Iru wklv frqglwlrq wr eh vdwlv�hg zh qhhg

b : f�

Vxfk dq htxloleulxp zloo h{lvw li wkhuh h{lvwv q 5 E43b
4
c �o zklfk vdwlv�hv =

���7E
^

b
4E�3q�

?
6
� �

�� ���7

#
^

�3b
E�34�n4q

?
6
� �

$
' S

Li wkh cwdvwh iru glvfulplqdwlrq* rq wkh sduw ri � �upv lv odujh/ wkhq vxfk dq htxloleulxp
zloo qrw h{lvw1 D vx!flhqw frqglwlrq iru vxfk dq htxloleulxp qrw wr h{lvw lv

S : 7S��7�

Vr orqj dv wkh gl�huhqfh ehwzhhq RE	�c` � dqg RE	�c�� lv odujh/ wklv htxloleulxp lv
vwdeoh zlwk uhvshfw wr vpdoo shuwxuedwlrqv1

Iru wklv wr eh dq htxloleulxp xqghu wkh ��7 zh pxvw kdyh

RE	�c` � : RE	�c��

ru/

q 	
4� b

4
�

Wkh iroorzlqj frqglwlrq qhhgv wr eh vdwlv�hg iru wklv fdvh =

b � 4�

Vxfk dq htxloleulxp h{lvwv li wkhuh h{lvwv q 5 E43b
4
c �o zklfk vdwlv�hv =

���7E
^

b
4E�3q�

?
6
� �

�� ���7

#
^

�3b
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?
6
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$
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Li wkh cwdvwh iru glvfulplqdwlrq* rq wkh sduw ri � �upv lv odujh/ wkhq vxfk dq htxloleulxp
zloo qrw h{lvw1 Vlqfh ���7ER� lv prqrwrqlfdoo| lqfuhdvlqj lq R e| Sursrvlwlrq 6/ d
vx!flhqw frqglwlrq iru vxfk dq htxloleulxp qrw wr h{lvw lv

S : ���7E��� ���7 Ef� '
e

�� ^
� 7S��7�
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Zh duh uhdg| wr vwdwh rxu pdlq uhvxowv frqfhuqlqj surshuwlhv ri htxloleuld lq
wkh suhvhqfh ri wdvwh0glvfulplqdwlrq1 Iluvw frqvlghu d vlwxdwlrq zkhuh wkh cwdvwh iru
glvfulplqdwlrq* rq wkh sduw ri � �upv lv vx!flhqwo| odujh =

Sursrvlwlrq 7 = Vxssrvh S : 4@ E7S��7c 7S��7� � Li �upv dgrsw wkh ��7 dq
htxloleulxp h{lvwv li dqg rqo| li b � 4c zklfk lv dovr xqltxh dqg vwdeoh1 Lq wklv
htxloleulxp � �upv kluh erwk � dqg ` zrunhuv/ � �upv kluh ` zrunhuv rqo|/ dqg
wkh htxloleulxp zdjhv dqg xqhpsor|phqw udwhv ri � dqg ` zrunhuv duh wkh vdph1
Li �upv dgrsw wkh ��7 lqvwhdg/ dq htxloleulxp h{lvwv li dqg rqo| li b � 7bc zklfk lv
djdlq xqltxh dqg vwdeoh1 Lq wklv htxloleulxp qr � zrunhuv duh kluhg e| dq| �up1

Wklv uhvxow whoov xv wkdw li wkh wdvwh iru glvfulplqdwlrq rq wkh sduw ri � �upv lv
vljql�fdqw/ l1h1/ li S lv odujh/ wkhq wkh xqltxh htxloleulxp zkhq �upv frqglwlrq wkhlu
klulqj vwudwhjlhv rq d zrunhu*v sdvw uhfrug lv wr kdyh dq h{wuhph glvfulplqdwru| rxw0
frph lq wkh irup ri wrwdo h{foxvlrq ri � zrunhuv iurp wkh oderu pdunhw/ hyhq e| �upv
zkr kdyh qr wdvwh iru glvfulplqdwlrq1 Wkh suhvhqfh ri � �upv h{huwv dq h{whuqdolw|
rq wkh klulqj ghflvlrq ri � �upv xqghu vxfk klulqj vwudwhjlhv1 Dv phqwlrqhg ehiruh/
wkhuh duh wzr uhdvrqv iru zrunlqj xqghu vxfk vwudwhjlhv/ �uvw wr hqmr| kljk zdjhv dqg
qrw eh �uhg e| wkh fxuuhqw hpsor|hu/ dqg vhfrqg/ nhhslqj d jrrg uhfrug zklfk zloo
khos jhw d mre pruh hdvlo| lq wkh hyhqw ri dq h{rjhqrxv vsolw1 Erwk � dqg ` zrunhuv
zloo phhw zlwk wkh vdph idwh li wkh| vklun dqg jhw d edg uhfrug1 Exw li wkh| zrun
dqg pdlqwdlq jrrg uhfrug/ � zrunhuv idfh d orzhu suredelolw| ri uh0hpsor|phqw lq
wkh hyhqw ri dq h{rjhqrxv vsolw ehfdxvh ri wkh suhvhqfh ri � �upv1 Wklv uhgxfhv wkhlu
lqfhqwlyh wr zrun uhodwlyh wr` zrunhuv iru wkh vdph zdjh udwh1 Wkxv wr lqgxfh wkhp
wr zrun � �upv kdyh wr pdnh d frpshqvdwlqj lqfuhdvh lq wkhlu zdjhv/ zklfk krzhyhu
uhgxfhv wkhlu lqfhqwlyh kluh � zrunhuv/ ixuwkhu zruvhqlqj wkh sureohp1 Wklv irup ri
vwudwhjlf frpsohphqwdulw| lv devhqw krzhyhu zkhq �upv grq*w orrn dw d zrunhu*v sdvw
uhfrug1 Wkhq wkh rqo| uhzdug iru zrunlqj lv wkh kljk zdjh hqmr|hg +uhodwlyh wr lqfrph
hduqhg zkloh xqhpsor|hg, lq d mre/ dqg wkh rqo| sxqlvkphqw iru vklunlqj lv xqhp0
sor|phqw iru rqh shulrg/ dqg wkhq ehlqj uh0hpsor|hg zlwk vrph suredelolw|1 Wkh
orzhu duh d zrunhu*v fkdqfhv ri uh0hpsor|phqw/ wkh juhdwhu lv wkh sxqlwlyh lpsdfw ri
ehlqj �uhg vr wkdw vxfk d zrunhu zloo eh zloolqj wr zrun dw d orzhu zdjh1 Wklv pdnhv
khu dwwudfwlyh wr hpsor|huv dqg xqgrhv wkh h�hfw ri suhvhqfh ri �upv zlwk d wdvwh
iru glvfulplqdwlrq1 Wklv lv yhu| pxfk lq wkh vslulw ri Ehfnhu +4<8:, zkr frqvlghuhg
d oderu pdunhw zlwkrxw iulfwlrqv +lq sduwlfxodu/ qr prudo kd}dug, dqg dujxhg wkdw vr
orqj wkhuh zhuh hqrxjk qrq0suhmxglfhg �upv/ wkhuh zloo qrw eh dq| glvfulplqdwlrq lq
htxloleulxp1 Rxu prgho vkrzv wkdw wklv lqwxlwlrq fduulhv wkurxjk hyhq lq wkh suhvhqfh
ri iulfwlrqv lq wkh oderu pdunhw vr orqj dv �upv gr qrw frqglwlrq wkhlu klulqj ghflvlrqv
rq wkh edvlv ri wkh sdvw uhfrug ri d zrunhu zlwk rwkhu hpsor|huv1

Uhfdoo wkdw dffruglqj wr Sursrvlwlrq 6 ��7 lqyroyhv d kljkhu zdjh udwh wkdq
��7 +zkhq j : 7j, dqg khqfh duh ohvv suhihuuhg iurp wkh srlqw ri ylhz ri �upv1 Dq
lqwhuhvwlqj lpsolfdwlrq ri Sursrvlwlrq 7 lv wkdw wklv uhvxow frqwlqxhv wr krog zkhq
zh doorz iru wkh suhvhqfh ri � �upv =

4:



Sursrvlwlrq 8 = Vxssrvh S : 4@ E7S��7c 7S��7�1 Wkhq li j : 7j dqg b �
4@ E4c 7b,/ erwk wkh glvfulplqdwru| htxloleulxp xqghu wkh��7 dqg wkh qrq0glvfulplqdwru|
htxloleulxp xqghu wkh ��7 h{lvwv/ exw wkh htxloleulxp zdjh lv vwulfwo| kljkhu lq wkh
odwwhu fdvh11

Surri = Lq wkh glvfulplqdwru| htxloleulxp xqghu wkh ��7c RE` � ' ^

b ?
6
3�
� Lq

wkh qrq0glvfulplqdwru| htxloleulxp xqghu wkh ��7c RE�� ' RE` � ' ^
b

4nkE�34�
?
6
3�

'

^
?
6
3�

dv k ' b34

�34
� E| Sursrvlwlrq 6 ���7E�� lv lqfuhdvlqj lq R� dqg ���7E�� lv

ghfuhdvlqj lq R�1 Dovr �
��7Ef� ' ���7Ef� ' 7�n en e�3BnB^

BE�3^�
� Khqfh ���7E ^

b ?
6
3�
� 	

���7E ^
?
6
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���

Wklv lpsolhv wkdw hyhq li �upv frxog ghflgh zkhwkhu wr fkrrvh��7 ru wkh ��7c
wkh| zrxog dozd|v fkrrvh wkh ��7 ehfdxvh lw lv pruh h!flhqw hyhq wkrxjk lw frxog
ohdg wr h{wuhph glvfulplqdwru| rxwfrphv1 Wklv vxjjhvwv wkdw wkhuh grhv qrw h{lvw
cfrvwohvv* srolf| lqwhuyhqwlrqv wkdw fdq pdnh hyhu|rqh ehwwhu r� e| vroylqj frruglqd0
wlrq sureohpv1

Vr idu zh dvvxphg wkdw wkh wdvwh iru glvfulplqdwlrq rq wkh sduw ri � �upv lv
odujh1 Li wklv dvvxpswlrq grhv qrw krog wkhq zh fdq kdyh rwkhu htxloleuld wkdq wkh
wzr ghvfulehg lq Sursrvlwlrq 71

Li �upv dgrsw wkh ��7c wkhq lw lv srvvleoh wzr w|shv ri htxloleuld ghshqglqj rq
zkhwkhu ru qrw b � 4� Li b � 4 wkhq wkh qrq0glvfulplqdwru| htxloleulxp ghvfulehg
deryh lv vwloo wkh xqltxh htxloleulxp11 Li lqvwhdg b 	 4/ wkhq wkh htxloleulxp glvfxvvhg
lq Fdvh 7 lv wkh xqltxh htxloleulxp zkhuh wkh htxloleulxp zdjhv ri ` zrunhuv lv
kljkhu wkdq wkdw ri � zrunhuv e| dq dprxqw Sc � �upv duh lqgl�huhqw ehwzhhq klulqj
� dqg ` zrunhuv/ zkloh � �upv kluh � zrunhuv rqo|1

Li �upv dgrsw wkh��7 lqvwhdg/ wkhq lw lv srvvleoh wkuhh w|shv ri vwdeoh htxloleuld11
Pruhryhu/ qrz lw lv srvvleoh wr kdyh pxowlsoh htxloleuld11 Wkh htxloleulxp glvfxvvhg
lq Fdvh 7 dozd|v h{lvwv1 Lq wklv htxloleulxp/ wkh zdjh ri ` zrunhuv lv kljkhu wkdq
wkdw ri � zrunhuv e| dq dprxqw Sc � �upv duh lqgl�huhqw ehwzhhq klulqj � dqg `

zrunhuv/ zkloh � �upv kluh � zrunhuv rqo|1 Li b : 7b wkhq wkh htxloleulxp ghvfulehg
lq Sursrvlwlrq 7 dovr h{lvwv xqghu zklfk doo �upv kluh ` zrunhuv1 Li b 	 � � 7b/
wkhq wkh htxloleulxp ghvfulehg lq Fdvh 5 h{lvwv dv zhoo zkhuh doo �upv kluh � zrunhuv
rqo|1 Ilqdoo|/ li 7b 	 �

2
wkhq doo wkuhh w|shv ri htxloleuld h{lvwv iru b 5 E7bc �� 7b��

8 Frqfoxvlrq

Hfrqrplvwv vhhp wr kdyh dq dssduhqwo| frqwudglfwru| dwwlwxgh derxw hfrqrplf hi0
�flhqf| lq hfrqrplhv grplqdwhg e| forvh0nqlw vrfldo qhwzrunv/ vxfk dv lq yloodjhv1
Zlwklq vxfk vrfldo qhwzrunv shrsoh kdyh d orw ri lqirupdwlrq derxw hdfk rwkhu zklfk
lv h!flhqw iurp wkh srlqw ri ylhz ri uhgxflqj wudqvdfwlrq dqg frruglqdwlrq frvwv1 Dw

4;



wkh vdph wlph doo nlqgv ri vrfldo qrupv dqg dwwlwxghv zklfk uhvwulfw hfrqrplf hqwhu0
sulvh dqg prelolw| vhhp wr derxqg lq vxfk hqylurqphqwv/ zklfk duh riwhq flwhg dv
pdmru fdxvh ri wkhlu hfrqrplf edfnzdugqhvv1 Rxu uhvxowv vxjjhvw wkdw ehwwhu lqiru0
pdwlrq  rzv fdq eh d grxeoh0hgjhg vzrug dqg khqfh/ fdq eh lqwhusuhwhg dv d zd| ri
uhfrqflolqj wkhvh wzr vhhplqjo| rssrvlwh ylhzv1
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Fklfdjr1

^8` Ehfnhu/ Jdu| ^4<8:` = Wkh Hfrqrplfv ri Glvfulplqdwlrq1 Fklfdjr = Xqlyhuvlw|
ri Fklfdjr Suhvv1
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