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0.1 Linear Model

e The first part of the course will be concerned with
estimating and testing in the linear model. We will
suggest procedures and derive their properties un-
der certain assumptions. The linear model is the
basis for most of econometrics and a firm ground-
ing in this theory is essential for future work.

e We observe the following data
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where rank(X ) = K. Note that this is an assump-
tion, but it is immediately verifiable from the data
in contrast to some other assumptions we will make.



e It is desirable for statistical analysis to specify a
model of how these data were generated. We sup-
pose that there is a random mechanism which is
behind everything - the data we have is one realisa-
tion of an infinity of such potential outcomes. We
shall make the following assumptions regarding the
way y, X were generated:

e Fixed Design Linear Model

— (Al) X is fixed in repeated samples

—~ (A2) 38 = (B4, ...,B8x) such that E(y) =
X38.

— (A3) Var(y) = o?Inxn.



e We stick with fixed design for most of the linear
regression section. Fixed design is perhaps uncon-
vincing for most economic data sets, because of the
asymmetry between y and x. That is, in economic
datasets we have no reason to think that some data
were randomly generated while others were fixed.
This is especially so in time series when one re-
gressor might be a lagged value of the dependent
variable.

e A slightly different specification is Random Design
Linear Model

— (Alr) X is random with respect to repeated
samples

— (A2r) 38 s.t. BE(y|X) = X8

— (A3r) Var(y|X) = 02In><n,

where formally A2r and A3r hold with probability one.



e However, one can believe in a random design model,
but want to conduct inference in the conditional
distribution [given X]. This is sensible at least in
the cross-section case where there are no lagged de-
pendent variables. In this case, we are effectively
working in a fixed design model. So the real distinc-
tion in this case is whether one evaluates quantities
in the conditional or unconditional distribution.

e Finally, we write the regression model in the more
familiar form. Definee =y — X8 = (e1,...,en)’,
then

y = X0 +e,
where [in the fixed design]
E() = 0
E(ee') = o°In.

The linear regression model is more commonly stated
like this with statistical assumptions made about



the unobservable € rather than directly on the ob-
servable y. The assumptions about the vector e
are quite weak in some respects - the observations
need not be independent and identically distrib-
uted, since only the first two mometns of the vector
are specified - but strong in regard to the second
moments themselves.

It is worth discussing here some alternative assump-
tions made about the error terms. For this purpose
we shall assume a random design, and moreover
suppose that (x;, ;) are i.i.d. In this case, we can
further assume that

- E(szz) =0
— E(g;lz;) = 0, denoted €; L x;

— ¢g; are i.i.d. and independent of x;, denoted
€4 11 ;.

— g; ~ N(0,52).



The first assumption, called an unconditional mo-
ment condition, is the weakest assumption needed
to ‘identify’ the parameter (.

The second assumption, called a conditional mo-
ment restriction, is a little bit stronger. It is really
just a rewriting of the definition of conditional ex-
pectation.

The third assumption is much stronger and is not
strictly necessary for estimation purposes although
it does have implications about efficiency and choice
of estimator.

The fourth assumption we will sometimes make in
connection with hypothesis testing and for estab-
lishing optimality of least squares.



0.2 The OLS Procedure

e In practice we don’t know the parameter 3 and seek
to estimate it from the data.

e For any b, define Xb and
u(b) = y — Xb.

Then u(b) is the vector of discrepancies between
the observed y from the predicted by Xb.

e The Ordinary Least Squares (OLS) procedure chooses
B to minimize the quadratic form

n

S(b) = u(b)'u(b) = > uf(b) = (y—Xb)'(y—Xb)
1=1

with respect to b € RF. This is perhaps the main

estimator of 3, and we shall study its properties at

length.



e The first question is whether a minimum exists.
Since the criterion is a continuous function of b,
a minimum over any compact subset always exists.

e A necessary condition for the uniqueness of a solu-
tion is that n > K. If n = K, the solution essen-
tially involves interpolating the data, i.e., the fitted
value of y will be equal to the actual value.

e When the assumption that rank(X) = K is made,
3 is uniquely defined for any y and X indepen-
dently of model; so there is no need for assumptions

A1-A3 when it comes to computing the estimator.

e We now give two derivations of the well-known re-
sult that

B=(X'X)"'X"y.



e We suppose the answer is given by this formula and

demonstrate that 8 minimizes S(b) with respect to
b. Write

u(b) = y— XB+XB—Xb,
so that

S(b) = (y—XB+XB—Xb)(y—XB+XB—Xb)

= (y—XP)(y—XB)
+(B—b)X'X(8-0)
+Hy—XB)' X (B-b) + (B—b)'X"(y—X )

= (y—XB) (y—XB) + (B—b)X'X(B-b),
because
X'(y—XB)=X'y— X'y =0.
But
(B—b)'X'X (B —b) >0,

AN

and equality holds only when b = 3.



e A minimizer of S(b) must satisfy the vector of first
order conditions:

oS -
—— —2X(y—XB) = 0.
% (y—X5)

Therefore,

X'y = X'XB.
Now we use the assumption that X is of full rank.
This ensures that X’X is invertible, and

as required. To verify that we have found a local

minimum rather than maximum it is necessary to
calculate the second derivatives

o528

Ay
8b8b’_2X X > 0.

e The vector derivatives follow by straightforward cal-
culus

0

n ou;
o 2 = 22w
=1



n
= —2> wui(b)x;; ,
1=1
since
8_bj = —T;j.

e Characterization of the Solution. Define the fitted
value § = X3 and the OLS residuals

u=y—y=y— X0

e The OLSE 3 solves the normal equations X'4 = 0,
le.,

n
Y xyt; =0
i—1

n
Z xo;u; = 0
1=1

n
1=1



e We say that X is orthogonal to u, denoted X | u.
Note that if, as usual Xj7; = 1, then, we have



0.3 Some Alternative Estimation Paradigms

e We briefly mention some alternative estimation meth-
ods which actually lead to the same estimator as
the OLS estimator in some special cases, but which
are more broadly applicable.

e Maximum Likelihood. Suppose we also assume that
y ~ N(Xp3, 0I). Then the density function of y
[conditional on X] is

1
ex
(2r02)n/2 P

fyx(v) = (—5w-X8)(w-X8)).

e The density function depends on the unknown pa-
rameters 3, 02, which we want to estimate. We
therefore switch the emphasis an call the following
quantity the log likelihood function for the observed
data

0(b, |y, X) = —%Iong—%logw2

1
—ﬁ(y—Xb)’(y—Xb),



where b and w are unknown parameters.

2
mle

imizes £(b, w?) with respect to b and w?. It is easy
to see that

The maximum likelihood estimator 3,,,;., 62, max-

AN

Bmle =

1 ~ N
~2
Omle — ;(y — Xﬁmle)/(y — Xﬁmle)°

Basically, the criterion function is the least squares
criterion apart from an affine transformation in-
volving only w.

Note however, that if we had a different assump-
tion about the errors than A4, e.g., they were from
a t-distribution, then we would have a different like-
lihood and a different estimator than 3. In particu-
lar, the estimator may not be explicitly defined and
may be a nonlinear function of y.



e Method of Moments. Suppose that we define pa-
rameters through some population moment condi-
tions; this can arise from an economic optimization
problem, see below.

e For example, suppose that we say that 8 is defined
as the unique parameter that satisfies the K mo-
ment, conditions [we need as many moment condi-
tions as parameters]

Elzi(y —z38)] = 0.
Note that this is the natural consequence of our
assumption that E(e;xz;) = 0.

e Replacing the population by the sample average we
must find b such that

12 ,
— > zi(y; —x;b) = 0.
"i=1

The solution to this is of course

B=(X'X)"1xy,



i.e., the MOM estimator is equal to OLS in this
case. Thus, for the moment conditions above we
are lead to the least squares estimator.

However, if we chose some other conditions, then
a different estimator results. For example, suppose
that we assume that

Elzi(y —28)°] =0,
we would be lead to a different estimator - any so-
lution of

1 & /1\3
— > zi(y —x;b)” = 0.
-1

In general, this would be more complicated to an-
alyze.

We emphasize here that the above estimation meth-
ods are all suggested or motivated by our assump-
tions, but of course we can always carry out the pro-
cedure without regard to underlying model - that is,
the procedures only require data, not assumptions.



0.4 Geometry of OLS and Partitioned Re-

gression

e We want to give a geometric interpretation to the
OLS procedure.

e The data: y, x1,..., xx, can all be viewed as el-
ements of the vector space R™. Define the set

C(X) = {arz1+ -+ +oagzk}
= {Xa: aec R} CRY

otherwise known as the column span of X.

e Then, C(X) is a linear subspace of R™ of dimension
K assuming that the matrix X is of full rank. If
it is only of rank K* with K* < K then C(X) is
still a linear subspace of R™ but of dimension K.



e The OLS procedure can equivalently be defined as
finding the point in C(X) closest to y, where close-
ness is measured in terms of Euclidean distance,
le.,

d(y, Xb) = |ly—Xb||* = (y—Xb)'(y—Xb)

is the Fuclidean distance of y to the point Xb &€
C(X).

e This is an old problem in geometry, which is now
given a key role in abstract mathematics.

e The projection theorem [Hilbert| says that there is
a unique solution to the minimization problem, call
it ¢, which is characterized by the fact that

u=y—y
is orthogonal to C(X).



e Equivalently we can write uniquely
y =y +u,
where § € C(X) and @ € C+(X) [the space C-(X)
is called the orthocomplement of C(X), and con-
sists of all vectors orthogonal to C(X)]. Essentially,

one is dropping a perpendicular, and the procedure
should be familiar from high school geometry.

e For example, let n = 3 and

10
X=|01
00

Then C(X) is the set of all vectors in R3 with
third component zero. What is the closest point
for the example above with y = (1,1,1)’? This is
(1,1,0) = X8, @ = (0,0,1) In fact @ is orthog-
onal to C(X), i.e., u € C+(X) = (0,0, ).



e In general how do we find y7 When X is of full
rank we can give a simple explicit solution

y = Pxy,
where the Projector matrix
Py = X(X'X) 1x’
projects onto C(X).

o Let u = y—y = Mxy, where the Projector matrix
My =1—-X(X'X)"1x’
projects onto C-(X). Thus for any y, we can write

y=y+u=Pxy+ Mxy.

The matrices Px and M x are symmetric and idem-
potent, 1.e.,

Px = P} and P% = Px.

After applying Px once you are ready in C(X).
This implies that

PxX = X and MxX :0,



so that

PxMyxy =0 for all y.

Since y € C(X), we can rewrite it as § = X3, so
that 8 = (X'X) 1 X"y.

The space C(X) is invariant to nonsingular linear
transforms

X +— XAy, where det A # 0.

Let z € C(X). Then there exists an o € R such
that z = X «. Therefore,

z= XAA la = X Ay,

where v = A~ la. € RE | and vice-versa.

Since C(X) is invariant to linear transformations,
so are § and @ (but not 3). For example, rescaling



of the components of X does not affect the values
of ¥y and u.

Yy on (X17 X2 X3)(1)

y on (x1+x2, 2xp — x3, 3x1 — 2xp + 5x3)(2)

in which case the transformation is

1 0 3
A=|1 2 -2,
0 -1 5

which is of full rank. Therefore, (1) and (2) yield
the same 9, u.

e Emphasizing C(X) rather than X itself is called the
coordinate free approach. Some aspects of model /estimate
are properties of C(X') choice of coordinates is ir-
relevant.

e When X is not of full rank



— the space C(X) is still well defined, as is the
projection from y onto C(X).

— The fitted value y and residual u are uniquely
defined in this case,

— but there is no unique coefficient vector 3.

— This is the case commonly called multicollinear-
ity.

e We next consider an important application of the
projection idea. Partition

X = (X1nxky Xonxk,) » K1+ Ky =K,

and suppose we are interested in obtaining the co-
efficient 3, in the projection of y onto C(X).

e A key property of projection is that if X7 and X>
are orthogonal, i.e., if X{ X5 = 0, then

Py = PX1 + PX2~



This can be verified algebraically, but also should
be obvious geometrically. In this case, write

J = XB = Pxy = Px,y+Px,y = X181+ X25s.

This just says that if X7 and X5 were orthogonal,
then we could get Bl by regressing y on X7 only,
and B2 by regressing y on X only.

Very rarely are X7 and X5 orthogonal, but we can
construct equivalent regressors that are orthogonal.
Suppose we have general X7 and X5, whose dimen-
sions satisfy K1+ K> = K. We make the following
observations:

— (X1, X2)and (M>X71, X5) span the same space.
This follows because

X1 = MyX; + P> Xy,
where C(P>X71) C C(X5). Therefore,

C(M2X7, X2) = C(X1, X2).



— M>X4 and X5 are orthogonal.

e This says that if we regress y on (X7, X») or y on
(MX1, Xo) we get the same 4y and u, and that
if we wanted the coeflicients on M>X7 from the

second regression we could in fact just regress y on
M 2X 1 only.

e What are the coefficients on M»> X717 Recall that

J = X181+ X206

= (M + P2) X181 + X28;
M, X181 + Xo[Ba + (X5X2) 1 X5X1 5]
= MyX1B; + XoC,

where

C = By + (X5X2) ' X5 X151

e So the coefficient on M»> X7 is the original 3 1, While
that on X is some combination of 37 and 35. Note



that M»>X7 are the residuals from a regression of
X 1 On X2.

e Practical Implication. If K is large and primarily
interested in first K7 variables, then we can get
A3 1 by regressing y [or Moy equivalently| on My X
only, i.e.,

P

B1 = (X1MpX1) 1X]{ My
= (X]MoMyX1) X My Moy.

This involves inversion of only K7 x K7 and Ky X
K> matrices, which involves less computing time
than inverting K x K matrices, especially when K
is large [this computation can be as bad as O(K?3)].

e Suppose that Xo = (1,1,...,1) =4, then

../
My = In —i(i'i) " = I, — =
n



and

1 T1; — T1

1 n
Myxy,  =x1—— ) x| ¢ | =

=1 1 T1p — T1
When regression includes an intercept, can first de-
mean the X variables (and the y’s) then do regres-
sion on the demeaned variables.



0.5 Goodness of Fit

e How well does the model explain the data? Omne
possibility is to measure the fit by the residual sum
of squares

n
RSS =3 (v — %)
1=1
In general, the smaller the RSS the better. How-
ever, the numerical value of RSS depends on the
units used to measure y in so that one cannot com-

pare across models.

e Generally used measure of goodness of fit is the R2.
In actuality, there are three alternative definitions
in general.

— One minus the ratio of the residual sum of squares
to total sum of squares,

RSS 1_ 1y — @i)z

21 B55 |
TSSs (Y — 7)?




— The sample correlation squared between y and
Y,
o1 (s — 9) (@ — 9))°

R3 = 2 LR
n (v —1)2 2 (g — 9)?

— The ratio of explained sum of squares to total
sum of squares

R = BSS _ X —9)°
TSS Y q(yi —79)?

Here, 7 = 31" y;/n and g = 37 §;/n.

e Theorem. When an intercept is included, all three
measures are the same.

e Proof of R? = R%. Since an intercept is included,

we have
n

> u; =0,

1=1



which implies that § = 3. Therefore,

S W=7)T=7) = > W) G-7) = > (=),
1=1 =1 1=1

because
n

> (g, —y) =0.

=1
Proof of R% = R%. Similarly,

i(yi ~9)° = i(yi —3;) + i(@z‘ ~ 7).
i=1 i=1 i=1

If an intercept is included, then 0 < R? < 1. If
not, then 0 < R% < 1, but R% could be greater
than one, and R% could be less than zero.

If y = a+ Bx + u, then R? is the squared sample
correlation between y and x.



e The R? is invariant to some changes of units.

o If y — ay + b for any constants a, b, then
— y; — ay; + b and
g ag+b,
— 50 R? is the same in this case.
— Clearly, it X — X A for a nonsingular matrix

A, then ¥ is unchanged, as is y and 7.

e R? always increases with addition of variables. With
K = n we can make R? = 1.

e Theil’s adjusted R? is defined as follows
n—1

—(1- R?).

R2=1-—




This amounts to dividing the sum of squares by the
appropriate degrees of freedom, so that

1 ~
n—K Z?:l(yi — yi)z

1 - R? =150 —.
mzizl(yi—y)

It follows that
AR? n—1 AR? n—1

AK n- K AK (n— K)
" =

(1 - R?).

This measure allows some trade-off between fit and
parsimony.



