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1 Dynamic Regression Models

e We have looked at pure time series models with
dynamic response and at static regression models.
In practice, we may want to consider models that
have both features.

e Distributed lag

q
Y=o+ > BiXy—j+ uy,
j=0

[could have ¢ = oo], where for now

Ut iud 0, o2,
Captures the idea of dynamic response: affect on
y of change in = may take several periods to work

through.



e Temporary change. Suppose that

rr — 1+ A

but that future x5 are unaffected, then

yr — Yyt + Bl
Yi+1 — Yt + B14 ete.

e Permanent change. Suppose that

rs — Ts+ A, Vs >t.
Then

Yyt — Yyt + BoA
yir1 — Yt + (Bo + B1)A ete.

— The impact effect is GpA.

— Long run effect is A Y 22 5 8.



e When ¢ is large (infinite) there are too many free
parameters 3, which makes estimation difficult and
imprecise. To reduce the dimensionality it is appro-
priate to make restrictions on j-

— The polynomial lag

3. = ag+ayg+...+api? itj<p
J 10 else.

— The Geometric lag

for some 0 < A < 1.



e Goemetric lag. This implies that

@)

vy = a+B8Y N j+uw

7=0

= o+ 0 Li()‘jl’j)

0

Tt + ut

= a+p Tt + Ug.

1—- AL

e Therefore,
(1 — )\L)yt = Oz(l — )\L) + Bxy + (1 — AL)ut,
which is the same as

yr = ol — X)) + Ayp—1 + Bzt + up — duy_1.

The last equation is called the lagged dependent
variable representation.



e More generally [ADL model]
A(L)ys = B(L)x¢ + ut,
where A, B are polynomials of order p, q, while

C(L)us = D(L)es, & iid. 0,02

e This is a very general class of models; estimation,
forecasting, and testing have all been worked out
at this generality, and one can find accounts of this
in advanced time series texts.

e Can write
D(L)'C(L)A(L)y; = D(L)~'C(L)B(L)x+et,

y = A(L) " 'B(L)x + A(L) " 1C(L) 1D(L)ey,



1.1 Adaptive expectations

e Suppose that

5
— g X €
Yt + /8 t+1 +£t,
demand expected price

but that the expected price is made at time t and
is unobserved by the econometrician.

e We observe x¢, where

* x *
Tyl — T =(1-2) (2t — =),
revised expectations forecast error
le.,
* *
x = Az + (1 — N)xt .
t+1 i ( )Tt

old forecast Nnews



o Write
(1—AL)af = (1 — A)ay,
which implies that
] (1-2)

o= oo™

= (1-2X) [%‘F)\xt_l —|—)\2:ct_2—|—... .

e Therefore,

B(1—A)
L

Yt = Tt + Et,

which implies that

yt = Myp—1+ ol =)+ B(1 = N)zs +er — Aep—1.
This is an ADL with an M A(1) error term.



1.2 Partial adjustment

e Suppose that
y; = a + By,

where y; is the desired level.

e However, because of costs of adjustment

vt —Ye—1 = (L= M) (yf —yt—1) +et.

actualvchange

e Substituting we get
yt = (1= N)y; +Ayg—1+ et
= a(l =)+ Ayg—1+ B(L — Nz + &

This is an ADL with an i.i.d. error term - assuming
that the original error term was i.i.d.



1.3 Error Correction

e Suppose long run equilibrium is

Y = A\x.

e Disequilibria are corrected according to

Ay = B(yt—1 — Axrp_1) + Mz 1 + &,
where 8 < 0.

e This implies that

Yyt = Yi—1(1 + B) + M1 — B)x4—1 — Axy_2 + €t



1.4 FEstimation of ADL Models

e Suppose that

yt = 01 + Oryp_1 + 0321 + &4,

where we have two general cases regarding the error
term:

(1) e isiid. 0, o°

(2) & is autocorrelated.



e In case (1), we can use OLS regression to get con-
sistent estimates of 61, 8> and 63. The original
parameters are related to the 6; in some way, for

example
01 =a(l—N)
0y = A\
03 =pB(1—A)

e In this case, we would estimate the original para-
meters by indirect least squares

A = 0o

Q)
|
)

)
>
w




e In case (2), we must use instrumental variables or
some other procedure because OLS will be incon-
sistent.

— For example, if

et = Ny — Ony_1,
then y; 1 is correlated with e¢ through n;_;.
In this case there are many instruments: (1) All

lagged xt, (2) yt—2, - - .-

— However, when

€t = PEL—1 + M,
n; 1.1.d. lagged y are no longer valid instruments
and we must rely on lagged =x.

e There are many instruments; efficiency considera-
tions require that one has a good way of combining
them such as in our GMM discussion.

e IV are not generally as efficient as ML when the
error terms are normally distributed.



2  GARCH Models

e Engle (1982) introduced the following class of mod-
els

Tt — €t0t,
where g; is i.i.d. (0, 1), while

a% = var (r¢ |[Fi_1)

is the (time-varying) conditional variance.

e For example,

2 2
o = O+ YTi_1,

which is the ARC' H(1) model.



e Provided v < 1, the process r; is weakly stationary
and has finite unconditional variance o2 given by

o’ = E(0?) < oo,

where

e This uses the law of iterated expectations E(Y) =
E(E(Y |I)) to argue

L ("“%—1) = b (E (55—1 |It—1) 0%—1)
= F <a%_1) — o2,



e The unconditional distribution of r4 is thick-tailed;
that is, even if &4 is normally distributed, r; is going
to have an unconditional distribution that is a mix-
ture of normals and is more leptokurtic. Suppose
¢ 18 standard normal, then

B(ef) = 3E%(2) = 3
but (assuming it exists)
pa = E(rf) = E (ejo}) = 3E(o?),
where
E(of) = E|(o®+~riq+200r7 1)
= o?+ 72,u4 + 204702.

e Therefore,
pa = 3 (042 + g + 204702)
3 (a2 + 204’)/02)
1 — 342

2
> 304 = 3 5
(1—7)




e The process r; is uncorrelated, i.e.,

cov(rs, T4—s) =0

for all s # 0. However, the process r; is dependent
so that

E(g(rt)g(re—s)) # E (g(rt)) E(h(rt—s))
for arbitrary functions g, h, certainly for g(r) =
h(r) = r° this is not true.

e Can write the process as an AR(1) process in u%,
1.e.,
2 2
Ty = o+ YT T+ N,

where 7, = 77 — 0% is a mean zero innovation that

is uncorrelated with its past.

e Therefore, since v > 0, the volatility process is
positively autocorrelated, i.e.,

cov (a%, a%_j> > 0.

Hence we get volatility clustering.



e We can rewrite the process as

a% — o’ = 9 (7“%_1 — 02> :
Suppose that 0%—1 — o2. When we get a large
shock, 1.e., 5%—1 > 1, we get 0% > o2 but the
process decays rapidly to o2 unless we get a se-
quence of large shocks e%_lJrS >1,5s=0,1,2,....
In fact, for a normal distribution the probability of
having €2 > 1 is only about 0.32 so we generally

see little persistence.

e Although the ARCH model implies volatility clus-
tering, it does not in practice generate enough.



e Generalize to ARC H (p), write

p
2 2
Opf =+ Z 'Vj’rt_j,
j=1

where p is some positive integer and -y; are positive
coeflicients.

e This model is fine, but estimation is difficult. When
p is large one finds that the coefficients are impre-
cisely estimated and can be negative. Have to im-
pose some restrictions on the coefficients.

e Instead GARCH(1,1)

2 2 2
of = a+ [Boy_1+yri_1,

where «, 3, v are positive.

— We have
Q
1-p0

so that it is an infinite order ARCH model with
geometric decline in the coefficients.

0@
2 —1 2
Ot = +v > B U
J=1



o If v+ B < 1, then the process r; is weakly station-
ary, i.e., the unconditional variance exists, and
o’ = E(0%) < oo,

where

(87

1-(B+7)

02:a+502—|—702:

e Surprisingly, even for some values of 3, v with
v+ B > 1, the process a% is strongly stationary
although the unconditional variance does not exist
in this case.

e More general class of models GARCH (p, q)
B(L)o? = a + C(L)rtz_l,

where A and B are lag polynomials. Usually as-
sume that the parameters in o, B, C' > 0 to ensure
that the variance is positive.



e Other models. For example, one can write the
model for log of variance, i.e.,

logo? 4+ a + Blog a%_l + fyfrf_l.

This automatically imposes the restriction that O'% >
0 so there is no need to impose restrictions on the
parameters.

e Nelsons FGARCH

logo? = a+Blogo? 1 +ver+6 (ler] — E (Jet])) -

e TARCH, SGARCH, CGARCH etc.



2.1 Estimation

e More general model

yr = bxy+ oy
2 / 2
B(L)of = a+C(L) (y-—1—Vr-1)”

o If ARCH effects are present, then we need to use
robust estimates of the standard errors for the pa-
rameters b of the mean model.

e Also, the variance process itself is of interest. Want
to estimate the parameters of a% too.



o Let

0 = (b7a7ﬁ17°")ﬁp7717° . 77(]) .
Estimation by ML suggested by ¢ being standard

normal. In this case
1 T

_ g 2 (ye — b'ze)?
(r(6) = —Etzz:l log o7 (0) — Etzz:l 20)

The ML estimator of b, 8 can be obtained from this
criterion.

— This involves nonlinear optimization.

— Have to impose the inequality restrictions on
the parameters which can be tricky.



