
Phwkrgv ri Hfrqrplf Lqyhvwljdwlrq LL/

Sduw L

Rolyhu Olqwrq

Ghfhpehu 5/ 4<<<
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Frqwhqwv

4 Olqhdu Prgho :

41314 Wkh ROV Surfhgxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <

5 Jhrphwu| ri ROV dqg Sduwlwlrqhg Uhjuhvvlrq 48

51315 Jrrgqhvv ri Ilw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<

6 Vwdwlvwlfdo Surshuwlhv ri wkh ROV Hvwlpdwru 54

61316 Rswlpdolw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56

7 K|srwkhvlv Whvwlqj 5:

71317 Jhqhudo Qrwdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;

71318 H{dpsohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<

71319 Whvw ri d Vlqjoh Olqhdu K|srwkhvlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63

7131: Whvw ri d Pxowlsoh Olqhdu K|srwkhvlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 65

8 Whvw ri Pxowlsoh Olqhdu K|srwkhvlv Edvhg rq ?w 68

9 H{dpsohv ri 88Whvwv/ | yv1 8 6<

: Olnholkrrg Edvhg Whvwlqj 74

; Rplvvlrq ri Uhohydqw Yduldeohv/ Lqfoxvlrq ri Luuhohydqw Yduldeohv/ dqg Prgho Vh0

ohfwlrq 78
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;131; Rplvvlrq ri Uhohydqw Yduldeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78

;131< Lqfoxvlrq ri luuhohydqw yduldeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:

;13143 Prgho Vhohfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:

< Gdwd Sureohpv 7<

<13144 Ixqfwlrqdo Irup 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7<

<13145 Pxowlfroolqhdulw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84

<13146 Lq xhqwldo Revhuydwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85

<13147 Plvvlqj Revhuydwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85

43 Dv|pswrwlf Wkhru| L 88

44 Dv|pswrwlf Wkhru| LL 94

4413148Wkh ghowd phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 96

45 Huuruv lq Yduldeohv 9:

4513149Vroxwlrqv wr HLY 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9<

451314:Gxuelq0Zx0Kdxvpdq Whvw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :3

46 Khwhurvnhgdvwlflw| :6

461314;H>hfwv ri Khwhurvnhgdvwlflw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :6

461314<Sodq D= Hlfnhu8Zklwh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8

4613153Sodq E= Prgho Khwhurvnhgdvwlflw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8

4613154Whvwlqj iru Khwhurvnhgdvwlflw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ::

47 Qrqolqhdu Uhjuhvvlrq Prghov :<

4713155Frpsxwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;3

48 Dv|pswrwlf Surshuwlhv ;6

4813156Frqvlvwhqf| ri QOOV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;6

4813157Dv|pswrwlf Glvwulexwlrq ri QOOV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;7



FRQWHQWV 8

4813158Olnholkrrg dqg H!flhqf| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;9

49 Jhqhudol}hg Phwkrg ri Prphqwv ;<

4: Wlph Vhulhv <6

4:13159 Vrph Ixqgdphqwdo Surshuwlhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6

4:1315: Hvwlpdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <:

4:1315; Iruhfdvwlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <<

4; Dxwrfruuhodwlrq dqg Uhjuhvvlrq 434

4;1315<Whvwlqj iru dxwrfruuhodwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436

4< G|qdplf Uhjuhvvlrq Prghov 438

4<13163Vrph h{dpsohv iurp hfrqrplfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:

4<13164Hvwlpdwlrq ri DGO prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;

53 Qrqvwdwlrqdulw| 444
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Fkdswhu 4

Olqhdu Prgho

Wkh ?uvw sduw ri wkh frxuvh zloo eh frqfhuqhg zlwk hvwlpdwlqj dqg whvwlqj lq wkh olqhdu prgho1 Zh

zloo vxjjhvw surfhgxuhv dqg ghulyh wkhlu surshuwlhv xqghu fhuwdlq dvvxpswlrqv1 Wkh olqhdu prgho lv

wkh edvlv iru prvw ri hfrqrphwulfv dqg d ?up jurxqglqj lq wklv wkhru| lv hvvhqwldo iru ixwxuh zrun1

Zh revhuyh wkh iroorzlqj gdwd

+ '

3EEC
+�
111

+?

4FFD ( f '

3EEC
%�� ü ü ü %g�

111
111

%�? %g?

4FFD '

3EEC
%â�
111

%â?

4FFD c
zkhuh udqn+f, ' gé Qrwh wkdw wklv lv dq dvvxpswlrq/ exw lw lv lpphgldwho| yhul?deoh iurp wkh gdwd

lq frqwudvw wr vrph rwkhu dvvxpswlrqv zh zloo pdnh1 Lw lv ghvludeoh iru vwdwlvwlfdo dqdo|vlv wr vshfli|

d prgho ri krz wkhvh gdwd zhuh jhqhudwhg1 Zh vxssrvh wkdw wkhuh lv d udqgrp phfkdqlvp zklfk lv

ehklqg hyhu|wklqj 0 wkh gdwd zh kdyh lv rqh uhdolvdwlrq ri dq lq?qlw| ri vxfk srwhqwldo rxwfrphv1 Zh

vkdoo pdnh wkh iroorzlqj dvvxpswlrqv uhjduglqj wkh zd| +cf zhuh jhqhudwhg=

Il{hg Ghvljq Olqhdu Prgho

+D4, f lv ?{hg lq uhshdwhg vdpsohv

+D5, <q ' Eq�c é é é c qgä
â vxfk wkdw .E+ä ' fq1

:
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+D6, YduE+ä ' j2U?f?é

D voljkwo| gl>huhqw vshfl?fdwlrq lv

Udqgrp Ghvljq Olqhdu Prgho

+D4u, f lv udqgrp zlwk uhvshfw wr uhshdwhg vdpsohv

+D5u, <q v1w1 .E+mfä ' fq

+D6u, YduE+mfä ' j2U?f?c

zkhuh irupdoo| wkhvh uhodwlrqv krog zlwk suredelolw| rqh1

Dq h{dpsoh eulqjv rxw wkh gl>huhqfh ehwzhhq wkhvh wzr vdpsolqj vfkhphv1

H{dpsoh1 D vwxghqw gursv fkdon iurp gl>huhqw khljkwv

+ ' |ð4i i*@Tti_

% ' üið}ü| Lu Uü@*!é

Hdfk vwxghqw lq wkh fodvv wdnhv d phdvxuhphqw rq +c %( lq wkh ?{hg ghvljq zh zrxog revhuyh wkh vdph

% ydoxh iru hdfk vwxghqw1 Lq wkh udqgrp ghvljq zh pljkw kdyh d udqjh ri gl>huhqw % ydoxhv1

Zh vwlfn zlwk ?{hg ghvljq iru prvw ri olqhdu uhjuhvvlrq vhfwlrq1 Il{hg ghvljq lv shukdsv xqfrq0

ylqflqj iru prvw hfrqrplf gdwd vhwv/ hvshfldoo| wlphv vhulhv/ ehfdxvh ri wkh dv|pphwu| ehwzhhq +

dqg %1 Wkdw lv/ lq hfrqrplf gdwdvhwv zh kdyh qr uhdvrq wr wklqn wkdw vrph gdwd zhuh udqgrpo|

jhqhudwhg zkloh rwkhuv zhuh ?{hg/ hvshfldoo| lq wlph vhulhv zkhq rqh uhjuhvvru pljkw eh d odjjhg

ydoxh ri wkh ghshqghqw yduldeoh1 Krzhyhu/ rqh fdq eholhyh lq d udqgrp ghvljq prgho/ exw zdqw wr

frqgxfw lqihuhqfh lq wkh frqglwlrqdo glvwulexwlrq ^jlyhq f`> lq wklv fdvh/ zh duh h>hfwlyho| zrunlqj

lq d ?{hg ghvljq prgho1 Vr wkh uhdo glvwlqfwlrq shukdsv lv udwkhu zkhwkhu rqh hydoxdwhv txdqwlwlhv lq

wkh frqglwlrqdo ru xqfrqglwlrqdo glvwulexwlrq1



<

Ilqdoo|/ zh zulwh wkh uhjuhvvlrq prgho lq wkh pruh idploldu irup1 Gh?qh 0 ' +ýfq ' E0�c é é é c 0?ä
â/

wkhq

+ ' fq n 0c

zkhuh

.E0ä ' .E0mfä ' f

.E00âä ' j2U?é

Iuhtxhqwo|/ wkh prgho lv vwdwhg olnh wklv zlwk vwdwlvwlfdo dvvxpswlrqv pdgh derxw wkh xqrevhuydeoh 0

udwkhu wkdq gluhfwo| rq wkh revhuydeoh +é

Lw lv zruwk glvfxvvlqj khuh vrph dowhuqdwlyh dvvxpswlrqv pdgh derxw wkh huuru whupv> iru wklv

sxusrvh zh vkdoo dvvxph d udqgrp ghvljq1

41 .E0ðm%ðä ' fc ghqrwhg 0ð B %ð

51 0ð duh l1l1g1 dqg lqghshqghqw ri %ðc ghqrwhg 0ð BB %ðé

Wkh ?uvw dvvxpswlrq lv txlwh zhdn dqg lv uhdoo| mxvw uhzulwlqj wkh gh?qlwlrq ri frqglwlrqdo h{0

shfwdwlrq> lw lv d plqlpdo dvvxpswlrq qhhghg wr clghqwli|* wkh uhjuhvvlrq1 Wkh vhfrqg dvvxpswlrq lv

pxfk vwurqjhu dqg lv qrw vwulfwo| qhfhvvdu| iru hvwlpdwlrq sxusrvhv dowkrxjk lw grhv kdyh lpsolfdwlrqv

derxw h!flhqf| dqg fkrlfh ri hvwlpdwru1 D ixuwkhu dvvxpswlrq/ zklfk zh zloo pdnh/ lv wkdw

61 0ðìùEfc j2äé

Wklv lv hyhq vwurqjhu wkdq wkh lqghshqghqfh dvvxpswlrq> lw lv xvhg iru k|srwkhvlv whvwlqj dqg iru

hvwdeolvklqj rswlpdolw| ri ohdvw vtxduhv1

41314 Wkh ROV Surfhgxuh

Lq sudfwlfh zh grq*w nqrz wkh sdudphwhu q dqg vhhn wr hvwlpdwh lw iurp wkh gdwd1 Iru dq| K/ gh?qh

fK dqg üEKä ' + ý fKé Wkhq üEKä lv wkh yhfwru ri glvfuhsdqflhv ehwzhhq wkh revhuyhg + iurp wkh
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suhglfwhg e| fK1 Wkh Ruglqdu| Ohdvw Vtxduhv +ROV, surfhgxuh fkrrvhv eq wr plqlpl}h wkh txdgudwlf

irup

7EKä ' üEKäâüEKä '
?[
ð'�

ü2ð EKä ' E+ ýfKäâE+ ýfKä

zlwk uhvshfw wr K 5 U&é Wklv lv shukdsv wkh pdlq hvwlpdwru ri qc dqg zh vkdoo vwxg| lwv surshuwlhv dw

ohqjwk1

Frpphqwv

41 Ehwwhu wkdq
S?

ð'� üðEKäc ru m
S?

ð'� üðEKäm/ zk|B

51 Dowhuqdwlyhv duh 4ð?K
S?

ð'� müðEKäm/ wkh Ohdvw Devroxwh Ghyldwlrq fulwhulrq/ ru rwkhu glvwdqfhv

vd| wkh shushqglfxodu vtxduhg glvwdqfh iurp wkh gdwd wr wkh olqh1

61 Dq| phwkrg qhhgv dw ohdvw ? è gé Li ? ' gc wkh vroxwlrq hvvhqwldoo| lqyroyhv lqwhusrodwlqj wkh

gdwd/ l1h1/ wkh ?wwhg ydoxh ri + zloo eh htxdo wr wkh dfwxdo ydoxh1

71 eq lv gh?qhg iru dq| + dqg f lqghshqghqwo| ri prgho/ surylghg h@?!Efä ' g/ vr wkhuh lv qr

qhhg iru dvvxpswlrqv D40D6 zkhq lw frphv wr frpsxwlqj wkh hvwlpdwru1

Zh eulh | phqwlrq vrph dowhuqdwlyh hvwlpdwlrq phwkrgv zklfk dfwxdoo| ohdg wr wkh vdph hvwlpdwru

lq vrph fdvhv1 Wkhvh phwkrgv duh xvhixo lq pruh jhqhudo vlwxdwlrqv/ zklfk lv zk| zh pxvw lqwurgxfh

wkhp1

Pd{lpxp Olnholkrrg1 Vxssrvh zh dovr dvvxph wkdw

D71 + å ùEfqc j2Uä1

Wkhq wkh orj olnholkrrg ixqfwlrq iru wkh revhuyhg gdwd lv

ìEKc /2ä ' ý?
2
*L} 2Z ý ?

2
*L}/2 ý �

2/2
E+ýfKäâE+ýfKäc

zkhuh K dqg / duh xqnqrzq sdudphwhuv1 Wkh pd{lpxp olnholkrrg hvwlpdwru eq6,ec ej26,e pd{lpl}hv
ìEKc /2ä zlwk uhvshfw wr K dqg /2é Lw lv hdv| wr vhh wkdw 4@ Kc/ ìEKc /

2ä lv htxlydohqw wr 4ð?K 7EKä/ l1h1/
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eq lv wkh POH ri q zkhq D7 krogv1 Krzhyhu/ li zh kdg d gl>huhqw dvvxpswlrq derxw wkh huuruv wkdq

D7/ h1j1/ wkh| zhuh iurp d w0glvwulexwlrq/ wkhq zh zrxog kdyh d gl>huhqw olnholkrrg dqg d gl>huhqw

hvwlpdwru wkdq eqé Lq sduwlfxodu/ wkh hvwlpdwru pd| qrw eh h{solflwo| gh?qhg dqg pd| eh d qrqolqhdu

ixqfwlrq ri +é

Phwkrg ri Prphqwv1 Vxssrvh wkdw zh gh?qh sdudphwhuv wkurxjk vrph srsxodwlrq prphqw

frqglwlrqv> wklv fdq dulvh iurp dq hfrqrplf rswlpl}dwlrq sureohp/ vhh ehorz1 Iru h{dpsoh/ vxssrvh

wkdw zh vd| wkdw q lv gh?qhg dv wkh xqltxh sdudphwhu wkdw vdwlv?hv wkh g prphqw frqglwlrqv

.d%ðE+ð ý%âðqäo ' fé +414,

Qrwh wkdw zh qhhg dv pdq| prphqw frqglwlrqv dv sdudphwhuv1 Wkh vdpsoh frqglwlrqv duh wr ?qg

K vxfk wkdw �
?

S?
ð'� %ðE+ð ý%âðKä ' f/ zkrvh vroxwlrq lv eq ' Ef âfä3�f â+ +@ ROV,1 Wkxv/ iru wkh

prphqw frqglwlrqv +414,/ zh duh ohdg wr wkh ohdvw vtxduhv hvwlpdwru1 Krzhyhu/ li zh fkrvh vrph

rwkhu frqglwlrqv/ vd| .d%ðE+ðý%âðqäôo ' fc zh zrxog eh ohdg wr d gl>huhqw hvwlpdwru 0 dq| vroxwlrq ri
�
?

S?
ð'� %ðE+ð ý%âðKäô ' f1 Lq jhqhudo/ wklv zrxog eh pruh frpsolfdwhg wr dqdo|}h1

Zh hpskdvl}h khuh wkdw wkh deryh hvwlpdwlrq phwkrgv duh doo vxjjhvwhg ru prwlydwhg e| rxu

dvvxpswlrqv/ exw ri frxuvh zh fdq dozd|v fduu| rxw wkh surfhgxuh zlwkrxw uhjdug wr xqghuo|lqj

prgho 0 wkdw lv/ wkh surfhgxuhv rqo| uhtxluh gdwd/ qrw dvvxpswlrqv1

Zh qrz jlyh wzr ghulydwlrqv ri wkh zhoo0nqrzq uhvxow wkdw

eq ' Ef âfä3�f â+é

Surri1 +l, Zh vxssrvh wkh dqvzhu lv jlyhq e| wklv irupxod dqg ghprqvwudwh wkdw eq plqlpl}hv 7EKä

zlwk uhvshfw wr K1 Zulwh

7EKä ' E+ýfeqnfeqýfKäâE+ýfeqnfeqýfKä
' E+ýfeqäâE+ýfeqä n EeqýKäâf âfEeqýKä n E+ýfeqäâfEeqýKä n EeqýKäâf âE+ýfeqä
' E+ýfeqäâE+ýfeqä n EeqýKäâf âfEeqýKäc
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ehfdxvh f âE+ýfeqä ' f â+ ýf â+ ' fé Exw

EeqýKäâf âfEeq ý Kä è fc

dqg htxdolw| krogv rqo| zkhq K ' eqé
Surri1 +ll, D plqlpl}hu ri 7EKä pxvw vdwlvi| wkh yhfwru ri ?uvw rughu frqglwlrqv=

Y7

YK
' 2f âE+ýfeqä ' fé

Wkhuhiruh/

f â+ ' f âfeqé
Qrz zh xvh wkh dvvxpswlrq wkdw f lv ri ixoo udqn1 Wklv hqvxuhv wkdw f âf lv lqyhuwleoh/ dqg

eq ' Ef âfä3�f â+

dv uhtxluhg1 Wr yhuli| wkdw zh kdyh irxqg d orfdo plqlpxp udwkhu wkdq pd{lpxp lw lv qhfhvvdu| wr

fdofxodwh wkh vhfrqg ghulydwlyhv4
Y27

YKYKâ
'2f âf : fé

Fkdudfwhul}dwlrq ri wkh Vroxwlrq1 Gh?qh wkh ?wwhg ydoxh e+ ' feq dqg wkh ROV uhvlgxdoveü ' + ý e+ ' + ýfeqé Wkh ROVH eq vroyhv wkh qrupdo htxdwlrqv f âeü ' fc l1h1/

?[
ð'�

%�ðeüð ' f

4Wkh yhfwru ghulydwlyhv iroorz e| vwudljkwiruzdug fdofxoxv

C

Cem

q[
l@4

xl+e,
5@5

q[
l@4

xl+e,
Cxl
Cem

@ý5
q[
l@4

xl+e,{lm > m @ 4> = = = => N>

vlqfh
Cxl
Cem

@ ý{lm=
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?[
ð'�

%2ðeüð ' f

111
?[
ð'�

%gðeüð ' fé

Zh vd| wkdw f lv ruwkrjrqdo wr eüc ghqrwhg f B eü1 Qrwh wkdw li/ dv xvxdo f�ð ' �/ wkhq/ zh kdyhS?
ð'� eüð '3é
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Fkdswhu 5

Jhrphwu| ri ROV dqg Sduwlwlrqhg

Uhjuhvvlrq

Zh zdqw wr jlyh d jhrphwulf lqwhusuhwdwlrq wr wkh ROV surfhgxuh1 Wkh gdwd= +c %�c é é é c %g c duh doo

hohphqwv ri W+?1 Gh?qh wkh vhw

FEfä ' ik�%� n ü ü ü n kg%gj ' ifk G k 5 W+gj ë W+?c

rwkhuzlvh nqrzq dv wkh froxpq vsdq ri f1 Wkhq/ FEfä lv d olqhdu vxevsdfh ri W+? ri glphqvlrq gé

Wkh ROV surfhgxuh lv wr ?qg wkh srlqw lq FEfä forvhvw wr +é Qrwh wkdw

E+ýfKäâE+ýfKä ' n+ýfKn2

lv wkh Hxfolghdq _ðt|@?Ui Lu ) |L |üi srlqw fK 5 FEjäé Wklv lv dq rog sureohp lq jhrphwu|/ zklfk lv

qrz jlyhq d nh| uroh lq devwudfw pdwkhpdwlfv1 Wkh surmhfwlrq wkhruhp ^ri Kloehuw` vd|v wkdw wkhuh

lv d xqltxh vroxwlrq wr wkh plqlpl}dwlrq sureohp/ fdoo lw e+c zklfk lv fkdudfwhul}hg e| wkh idfw wkdw

+ ý e+ ' eü lv ruwkrjrqdo wr FEjäé Wkdw lv/ zh fdq zulwh xqltxho|

+ ' e+ n eüc
zkhuh e+ 5 FEfä dqg eü 5 FzEfä ^wkh vsdfh FzEfä lv fdoohg wkh ruwkrfrpsohphqw ri FEfäc dqg

frqvlvwv ri doo yhfwruv ruwkrjrqdo wr FEfä`1 Hvvhqwldoo|/ rqh lv gursslqj d shushqglfxodu/ dqg wkh

surfhgxuh vkrxog eh idploldu iurp kljk vfkrro jhrphwu|1

48



49 FKDSWHU 51 JHRPHWU\ RI ROV DQG SDUWLWLRQHG UHJUHVVLRQ

Iru h{dpsoh/ ohw ? ' ô dqg

f '

3EEC
� f

f �

f f

4FFD é
Wkhq FEfä lv wkh vhw ri doo yhfwruv zlwk wklug frpsrqhqw }hur1 Zkdw lv wkh forvhvw srlqw iru wkh

h{dpsoh deryh zlwk + ' E�c �c �äâB Wklv lv E�c �c fäâ ' feq/ eü ' Efc fc �äâ Lq idfw eü lv ruwkrjrqdo wr

FEfä +l1h1/ wr f dqg dq| olqhdu frpelqdwlrq wkhuhri,/ l1h1/ eü 5 FzEfä ' Efc fc käâ1

Lq jhqhudo krz gr zh ?qg e+B Zkhq f lv ri ixoo udqn zh fdq jlyh d vlpsoh h{solflw vroxwlrq>e+ ' åf+/ zkhuh wkh Surmhfwru pdwul{ åf ' fEf âfä3�f â surmhfwv rqwr FEfä1 Ohw eü ' +ýe+ '�f+/

zkhuh wkh Surmhfwru pdwul{ �f ' U ýfEf âfä3�f â surmhfwv rqwr FzEfä1 Wkxv iru dq| +c zh fdq

zulwh

+ ' e+ n eü ' åf+ n�f+é

Wkh pdwulfhv åf dqg �f duh v|pphwulf dqg lghpsrwhqw/ l1h1/ åf ' å âf dqg å 2
f ' åf é Diwhu

dsso|lqj åf rqfh |rx duh uhdg| lq FEfä1 Wklv lpsolhv wkdw

åff ' f +514,

�ff ' f +515,

åf�f+ ' f iru doo +é +516,

Vlqfh e+ 5 FEfäc lw fdq eh zulwwhq dv e+ ' feqc vr wkdw eq ' Ef âfä3�f â+é

Wkh vsdfh FEfä lv lqyduldqw wr qrqvlqjxodu olqhdu wudqvirupv

f :ý$ føgfg c zkhuh _i|ø 9' fé

Ohw 5 5 FEfäé Wkhq wkhuh h{lvwv dq k 5 W+g vxfk wkdw 5 ' fk1 Wkhuhiruh/

5 ' føø3�k ' føòc

zkhuh ò ' ø3�k 5 W+gc dqg ylfh0yhuvd1 Vlqfh FEfä lv lqyduldqw wr olqhdu wudqvirupdwlrqv/ vr duh e+
dqg eü +exw qrw eq,> iru h{dpsoh/ uhvfdolqj ri wkh frpsrqhqwv ri f grhv qrw d>hfw wkh ydoxhv ri e+ dqgeüé

+ L? E �c  2c  ôäE�ä
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+ L? E � n  2c 2 2 ý  ôc ô � ý 2 2 n D ôäE2ä

ø '

3EEC
� f ô

� 2 ý2
f ý� D

4FFD é
+4, dqg +5, |lhog wkh vdph e+/ eü1

Hpskdvl}lqj FEfä udwkhu wkdq f lwvhoi lv fdoohg wkh frruglqdwh iuhh dssurdfk1 Vrph dvshfwv ri

prgho2hvwlpdwh duh surshuwlhv ri FEfä fkrlfh ri frruglqdwhv lv luuhohydqw1

Dovr/ qrwh wkdw hyhq zkhq f lv qrw ri ixoo udqn/ wkh vsdfh FEfä lv vwloo zhoo gh?qhg dv lv wkh

surmhfwlrq iurp + rqwr FEfäé Wkh ?wwhg ydoxh e+ dqg uhvlgxdo eü duh xqltxho| gh?qhg/ exw wkhuh lv qr
xqltxh frh!flhqw yhfwru eq1 Wklv fdvh zloo eh glvfxvvhg ehorz xqwhu wkh wlwoh pxowlfroolqhdulw|1

Zh qh{w frqvlghu dq lpsruwdqw dssolfdwlrq ri wkh surmhfwlrq lghd1 Sduwlwlrq

f ' Ef�?fg� cf2?f&2ä c g� ng2 ' gc

dqg vxssrvh zh duh lqwhuhvwhg lq rewdlqlqj wkh frh!flhqw eq� lq wkh surmhfwlrq ri + rqwr FEfäé

D nh| surshuw| ri surmhfwlrq lv wkdw li f� dqg f2 duh ruwkrjrqdo/ l1h1/ f â
�f2 ' fc wkhq åf '

åf� nåf2 1 Wklv fdq eh yhul?hg dojheudlfdoo|/ exw dovr vkrxog eh reylrxv jhrphwulfdoo|1 Lq wklv fdvh/

zulwh e+ ' feq ' åf+ ' åf�+ n åf2+ ' f�
eq� nf2

eq2é
Wklv mxvw vd|v wkdw li f� dqg f2 zhuh ruwkrjrqdo/ wkhq zh frxog jhw eq� e| uhjuhvvlqj + rq f� rqo|/

dqg eq2 e| uhjuhvvlqj + rq f2 rqo|1

Yhu| uduho| duh f� dqg f2 ruwkrjrqdo/ exw zh fdq frqvwuxfw htxlydohqw uhjuhvvruv wkdw duh ru0

wkrjrqdo1 Vxssrvh zh kdyh jhqhudo f� dqg f2/ zkrvh glphqvlrqv vdwlvi| g� ng2 ' g1 Zh pdnh

wkh iroorzlqj revhuydwlrqv=

41 Ef�c f2ä dqg E�2f�c f2ä vsdq wkh vdph vsdfh1 Wklv iroorzv ehfdxvh f� ' �2f� n å2f�/

zkhuh FEå2f�ä ã FEf2äé Wkhuhiruh/ FE�2f�c f2ä ' FEf�c f2ä1

51 �2f� dqg f2 duh ruwkrjrqdo1
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Wklv vd|v wkdw li zh uhjuhvv + rq Ef�c f2ä ru + rq E�2f�c f2ä zh jhw wkh vdph e+ dqg eüc dqg wkdw

li zh zdqwhg wkh frh!flhqwv rq �2f� iurp wkh vhfrqg uhjuhvvlrq zh frxog lq idfw mxvw uhjuhvv + rq

�2f� rqo|1

Zkdw duh wkh frh!flhqwv rq �2f�B Uhfdoo wkdw

e+ ' f�
eq� nf2

eq2
' E�2 n å2äf�

eq� nf2
eq2

' �2f�
eq� nf2deq2 n Ef â

2f2ä
3�f â

2f�
eq�o

' �2f�
eq� nf2

eäc
zkhuh eä ' eq2 n Ef â

2f2ä
3�f â

2f�
eq�é Vr wkh frh!flhqw rq �2f� lv wkh ruljlqdo eq�c zkloh wkdw rq f2

lv vrph frpelqdwlrq ri eq� dqg eq21 Qrwh wkdw �2f� duh wkh uhvlgxdov iurp d uhjuhvvlrq ri f� rq f21

Sudfwlfdo Lpsolfdwlrq1 Li g lv odujh dqg sulpdulo| lqwhuhvwhg lq ?uvw g� yduldeohv/ wkhq fdq

jhw eq� e| uhjuhvvlqj + ^ru �2+ htxlydohqwo|` rq �2f� rqo|/ l1h1/

eq� ' Ef â
��2f�ä

3�f â
��2+ ' Ef â

��2�2f�ä
3�f â

��2�2+é

Wklv lqyroyhv lqyhuvlrq ri rqo| g� ûg� dqg g2 ûg2 pdwulfhv/ zklfk lqyroyhv ohvv frpsxwlqj wlph

wkdq lqyhuwlqjgûg pdwulfhv/ hvshfldoo| zkhqg lv odujh ^wklv frpsxwdwlrq fdq eh dv edg dv ïEgôä`1

Vxssrvh wkdw f2 ' E�c �c é é é c �äâ ' ð/ wkhq

�2 ' U? ý ðEðâðä3�ðâ ' U? ý ðð
â

?

dqg

�2%�?f� ' %� ý
�

?

?[
ð'�

%�ð

3EEC
�
111

�

4FFD '

3EEC
%�ð ý %�

111

%�? ý %�

4FFD é
Zkhq uhjuhvvlrq lqfoxghv dq lqwhufhsw/ fdq ?uvw ghphdq wkh f yduldeohv +dqg wkh +*v, wkhq gr

uhjuhvvlrq rq wkh ghphdqhg yduldeohv1
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51315 Jrrgqhvv ri Ilw

Krz zhoo grhv wkh prgho h{sodlq wkh gdwdB Rqh srvvlelolw| lv wr phdvxuh wkh ?w e| wkh uhvlgxdo vxp

ri vtxduhv

-77 '
?[
ð'�

E+ð ý e+ðä2é
Lq jhqhudo/ wkh vpdoohu wkh -77 wkh ehwwhu1 Krzhyhu/ wkh qxphulfdo ydoxh ri -77 ghshqgv rq wkh

xqlwv xvhg wr phdvxuh + lq vr wkdw rqh fdqqrw frpsduh dfurvv prghov1 Jhqhudoo| xvhg phdvxuh ri

jrrgqhvv ri ?w lv wkh -2é Lq dfwxdolw|/ wkhuh duh wkuhh dowhuqdwlyh gh?qlwlrqv lq jhqhudo1

Rqh plqxv wkh udwlr ri wkh uhvlgxdo vxp ri vtxduhv wr wrwdo vxp ri vtxduhv/

-2
� ' �ý -77

A77
' �ý

S?
ð'�E+ð ý e+ðä2S?
ð'�E+ð ý +ä2

é E�ä

Wkh vdpsoh fruuhodwlrq vtxduhg ehwzhhq + dqg e+c
-2
2 '

d
S?

ð'�E+ð ý +äEe+ð ý e+äo2S?
ð'�E+ð ý +ä2

S?
ð'�Ee+ð ý e+ä2 é E2ä

Wkh udwlr ri h{sodlqhg vxp ri vtxduhv wr wrwdo vxp ri vtxduhv

-2
ô '

.77

A77
'

S?
ð'�Ee+ð ý +ä2S?
ð'�E+ð ý +ä2

Eôäé

Khuh/ + '
S?

ð'� +ð*? dqg e+ 'S?
ð'� e+ð*?é

Wkhruhp 4 Zkhq dq lqwhufhsw lv lqfoxghg/ doo wkuhh phdvxuhv duh wkh vdph1

Surri1 ^+5, @ +6,` Vlqfh dq lqwhufhsw lv lqfoxghg/ zh kdyh
S?

ð'� eüð ' fc zklfk lpsolhv wkdw e+ ' +é

Wkhuhiruh/
?[
ð'�

E+ð ý +äEe+ð ý e+ä ' ?[
ð'�

E+ð ý +äEe+ð ý +ä ' ?[
ð'�

Ee+ð ý +ä2c
ehfdxvh

S?
ð'� eüðEe+ð ý +ä ' fé

Surri1 ^+4, @ +6,` Vlploduo|/
?[
ð'�

E+ð ý +ä2 '
?[
ð'�

E+ð ý e+ðä2 n ?[
ð'�

Ee+ð ý +ä2é
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FRPPHQWV

41 Li dq lqwhufhsw lv lqfoxghg/ wkhq f é -2 é �é Li qrw/ wkhq f é -2
2 é �/ exw -2

ô frxog eh juhdwhu

wkdq rqh/ dqg -2
� frxog eh ohvv wkdq }hur1

51 Li + ' kn q%n ü/ wkhq -2 lv wkh vtxduhg vdpsoh fruuhodwlrq ehwzhhq + dqg %1

61 Wkh -2 lv lqyduldqw wr vrph fkdqjhv ri xqlwv1 Li + :$ @+ n K iru dq| frqvwdqwv @c Kc wkhqe+ð :$ @e+ð n K dqg + :$ @+ n Kc vr -2 lv wkh vdph lq wklv fdvh1 Fohduo|/ li f :$ fø iru d

qrqvlqjxodu pdwul{ øc wkhq e+ lv xqfkdqjhg/ dv lv + dqg +é
71 -2 dozd|v lqfuhdvhv zlwk dgglwlrq ri yduldeohv1 Zlwk g ' ? zh fdq pdnh -2 ' �é

81 Wkhlo*v dgmxvwhg -2 lv gh?qhg dv iroorzv

-
2
' �ý ?ý �

?ýg E�ý-2äé

Wklv dprxqwv wr glylglqj wkh vxp ri vtxduhv e| wkh dssursuldwh ghjuhhv ri iuhhgrp/ vr wkdw

�ý-2
'

�
?3g

S?
ð'�E+ð ý e+ðä2

�
?3�

S?
ð'�E+ð ý +ä2

é

Lw iroorzv wkdw
{-

2

{g
'
?ý �

?ýg� ~} �
n

{-2

{g
ý ?ý �

E?ýgä2� ~} �
3

E�ý-2äé

Wklv phdvxuh doorzv vrph wudgh0r> ehwzhhq ?w dqg sduvlprq|1 Zh zloo uhwxuq wr wklv odwhu

zkhq zh glvfxvv prgho vhohfwlrq1



Fkdswhu 6

Vwdwlvwlfdo Surshuwlhv ri wkh ROV

Hvwlpdwru

Zh qrz lqyhvlwjdwh wkh vwdwlvwlfdo surshuwlhv ri wkh ROV hvwlpdwru lq erwk wkh ?{hg dqg udqgrp

ghvljqv1 Vshfl?fdoo|/ zh fdofxodwh lwv h{dfw phdq dqg yduldqfh1 Zh vkdoo h{dplqh odwhu zkdw kdsshqv

zkhq wkh vdpsoh vl}h lqfuhdvhv1

Wkh ?uvw wklqj wr qrwh lq frqqhfwlrq zlwk eq lv wkdw lw lv *ð?i@h ð? )c l1h1/ |üihi i ðt|t d pdwul{ ä

qrw ghshqglqj rq + vxfk wkdw

eq ' Ef âfä3�f â+ ' ä+é

Wklv surshuw| pdnhv d orw ri fdofxodwlrqv vlpsoh1 Zh zdqw wr hydoxdwh krz eq ydulhv dfurvv k|srwkhw0

lfdo uhshdwhg vdpsohv1

Il{hg Ghvljq1 Iluvw/

.Eeqä ' Ef âfä3�f â.E+ä ' Ef âfä3�f âfq ' qc

zkhuh wklv htxdolw| krogv iru doo qé Zh vd| wkdw eq lv xqeldvhg1

Ixuwkhupruh/ zh vkdoo fdofxodwh wkh g ûg fryduldqfh pdwul{ ri eqc
54
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V@hEeqä ' .iEeq ý qäEeq ý qäâjé
Wklv kdv gldjrqdo hohphqwv YduEeqæä dqg r>0gldjrqdov çLñEeqæ c eq&äé Zh kdyh

V@hEEf âfä3�f â+ä ' Ef âfä3�f âV@h +fEf âfä3�

' .iEf âfä3�f â00âfEf âfä3�j
' Ef âfä3�f âj2UfEf âfä3�

' j2Ef âfä3�é

Udqgrp Ghvljq1 Zh ?uvw frqglwlrq rq f( wklv uhvxowv lq d ?{hg ghvljq dqg wkh deryh uhvxowv krog1

Wkxv/ li zh duh diwhu frqglwlrqdo uhvxowv/ zh fdq vwrs khuh1 Li zh zdqw wr fdofxodwh xqfrqglwlrqdo

phdq dqg yduldqfh zh pxvw qrz dyhudjh ryhu doo srvvleoh f ghvljqv1 Wkxv

.Eeqä ' .i.Eeqmfäj ' .Eqä ' qé

Rq dyhudjh zh jhw wkh wuxh sdudphwhu q1 Qrwh wkdw wklv fdofxodwlrq xvhv wkh lpsruwdqw surshuw|

fdoohg 3Wkh Odz ri Lwhudwhg H{shfwdwlrq4/ zklfk vd|v +pruh jhqhudoo|, wkdw .Et mU�ä ' .d.Et mU2ämU�oc
zkhqhyhu U� ë U2 iru wzr lqirupdwlrq vhwv U�c U2é

Dv iru wkh yduldqfh/ zh xvh dq lpsruwdqw surshuw|

V@hd+o '.dV@hE+mfäo n V@hd.E+mfäoc

zklfk lv hvwdeolvkhg e| uhshdwhg dssolfdwlrq ri wkh odz ri lwhudwhg h{shfwdwlrq1 Zh qrz rewdlq

V@hEeqä ' .V@hEeqmfä ' .ij2Effä3�jé

Wklv lv qrw txlwh wkh vdph dqvzhu dv lq wkh ?{hg ghvljq fdvh/ dqg wkh lqwhusuhwdwlrq lv ri frxuvh

gl>huhqw1

Wkh yduldqfh iru lqglylgxdo frh!flhqw fdq eh rewdlqhg iurp wkh sduwlwlrqhg uhjuhvvlrq irupxod

hq� ' Ef â
��2f�ä

3�f â
��2+é
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Lq wkh Il{hg Ghvljq wkhq

V@hdeq�o ' Ef â
��2f�ä

3�f â
��2.00

â�2f�Ef
â
��2f�ä

3� ' j2Ef â
��2f�ä

3�é

Lq wkh vshfldo fdvh wkdw f2 ' E�c é é é c �äâ/ zh kdyh

V@hEeq�ä ' j2S?
ð'�E%ð ý %ä2

é

Wklv lv wkh zhoo nqrzq yduldqfh ri wkh ohdvw vtxduhv hvwlpdwru lq wkh vlqjoh uhjuhvvru soxv lqwhufhsw

uhjuhvvlrq1

Zh qrz wxuq wr wkh glvwulexwlrq ri eq1 Wklv zloo eh lpsruwdqw zkhq zh zdqw wr frqgxfw k|srwkhvlv
whvwv dqg frqvwuxfw frq?ghqfh lqwhuydov1 Lq rughu wr jhw wkh h{dfw glvwulexwlrq zh zloo qhhg wr pdnh

dq dgglwlrqdo dvvxpswlrq1

+D7, + å ùEfqc j2Uä ru

+D7u, +mf å ùEfqc j2Uäé

Xqghu D7/ eq å ùEqc j2Ef âfä3�ä

lq wkh ?{hg ghvljq fdvh/ ehfdxvh

eq ' Ef âfä3�f â+ '
?[
ð'�

Sð+ðc

l1h1/ eq lv d olqhdu frpelqdwlrq ri lqghshqghqw qrupdov1

Xqghu D7u/ wkh frqglwlrqdo glvwulexwlrq ri eq jlyhq f lv qrupdo zlwk phdq q dqg yduldqfh

j2Ef âfä3�é Krzhyhu/ wkh xqfrqglwlrqdo glvwulexwlrq zloo qrw eh qrupdo 0 lq idfw/ lw zloo eh d vfdoh

pl{wxuh ri qrupdov1

61316 Rswlpdolw|

Wkhuh duh pdq| hvwlpdwruv ri q1 Frqvlghu wkh vfdodu uhjuhvvlrq +ð ' q%ð n 0ð1 Wkh ROV hvwlpdwru

lv eq '
S?

ð'� %ð+ð*
S?

ð'� %
2
ð 1 Dovr sodxvleoh duh hq ' +*% dqg q '

S?
ð'� +ð*%ð ^dv zhoo dv qrqolqhdu
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hvwlpdwruv vxfk dv wkh ODG surfhgxuh @h}4ð?q
S?

ð'� m+ð ý q%ðm`1 Lq idfw/ eqc hqc dqg q duh doo olqhdu

xqeldvhg1 Krz gr zh fkrrvh ehwzhhq hvwlpdwruvB Frpsxwdwlrqdo frqyhqlhqfh lv dq lpsruwdqw lvvxh/

exw wkh deryh hvwlpdwruv duh doo vlplodu lq wkhlu frpsxwdwlrqdo uhtxluhphqwv1 Zh qrz lqyhvwljdwh

vwdwlvwlfdo rswlpdolw|1

Gh?qlwlrq= Wkh phdq vtxduhg huuru +khuhdiwhu PVH, pdwul{ ri d jhqhulf hvwlpdwru ew ri d sdudphwhu
w 5 UR lv

.dEewýwäEewýwäâo ' .dEewý.Eewän.Eewäý wäEewý.Eewän.Eewäýwäâo
' .dEewý.EewääEewý.Eewääâo� ~} �

V@hð@?Ui

n d.Eewäýwod.Eewäýwoâ� ~} �
t^ý@hi_ Mð@t

é

Wkh PVH pdwul{ lv jhqhudoo| d ixqfwlrq ri wkh wuxh sdudphwhu wé Zh zrxog olnh d phwkrg wkdw

grhv zhoo iru doo wc qrw mxvw d vxevhw ri sdudphwhu ydoxhv 0 wkh hvwlpdwru ew ' f lv dq h{dpsoh ri d

surfhgxuh wkdw zloo kdyh PVH htxdo wr }hur dw w ' fc dqg khqfh zloo gr zhoo dw wklv srlqw/ exw dv w

pryhv dzd|/ wkh PVH lqfuhdvhv txdgudwlfdoo|1

PVH gh?qhv d frpsohwh rughulqj zkhq R ' �/ l1h1/ rqh fdq dozd|v udqn dq| wzr hvwlpdwruv

dffruglqj wr PVH1 Zkhq R : �/ wklv lv qrw vr1 Zh vd| wkdw ew lv ehwwhu +dffruglqj wr PVH, wkdq hw li
î è ø +l1h1/ î ý ø lv d srvlwlyh vhplgh?qlwh pdwul{,/ zkhuh î lv wkh PVH pdwul{ ri hw dqg ø lv wkh

PVH ri ew1 Iru h{dpsoh/ vxssrvh wkdw
ø '

é
�

f

f

�

è
c î '

é
2

f

f

�*e

è
é

Lq wklv fdvh/ zh fdq qrw udqn wkh hvwlpdwruv1 Wkh sureohp lv gxh wr wkh pxowlyduldwh qdwxuh ri

wkh rswlpdolw| fulwhulrq1 Rqh vroxwlrq lv wr wdnh d vfdodu ixqfwlrq ri PVH vxfk dv wkh wudfh ru

ghwhuplqdqw> exw gl>huhqw ixqfwlrqv zloo udqn hvwlpdwruv gl>huhqwo| ^vhh wkh h{dpsoh deryh`1

Dovr qrwh wkdw qr hvwlpdwru fdq grplqdwh xqlirupo| dfurvv w dffruglqj wr PVH ehfdxvh lw zrxog

kdyh wr ehdw doo frqvwdqw hvwlpdwurv zklfk kdyh }hur PVH dw d vlqjoh srlqw1 Wklv lv lpsrvvleoh xqohvv

wkhuh lv qr udqgrpqhvv1 Rqh vroxwlrq lv wr fkdqjh wkh fulwhulrq ixqfwlrq1 Iru h{dpsoh/ zh pljkw
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wdnh 4@ w |hE�7.äc zklfk wdnhv wkh prvw shvvlplvwlf ylhz1 Lq wklv fdvh/ zh pljkw wu| dqg ?qg wkh

hvwlpdwru wkdw plqlpl}hv wklv fulwhulrq 0 wklv zrxog eh fdoohg d plqlpd{ hvwlpdwru1 Wkh wkhru| iru

wklv fodvv ri hvwlpdwruv lv yhu| frpsolfdwhg/ dqg lq dq| fdvh lw lv qrw vxfk d ghvludeoh fulwhulrq1

Lqvwhdg/ zh uhgxfh wkh fodvv ri doorzdeoh hvwlpdwruv1 Vshfl?fdoo|/ zh uhvwulfw dwwhqwlrq wr olqhdu

xqeldvhg hvwlpdwhv/ l1h1/ hq ' ø+

uLh tL4i � i_ 4@|hð ú vxfk wkdw

.Ehqä ' qc ;qé
Wklv odwwhu frqglwlrq lpsolhv wkdw Eøf ý Uäq ' f iru doo qc zklfk lv htxlydohqw wr øf ' Ué

Wkhruhp 5 Jdxvv Pdunry Dvvxph wkdw D48D6 krog1 Wkh ROV hvwlpdwru eq lv Ehvw Olqhdu Xqeldvhg
+EOXH,/ l1h1/

V@hEeqä é V@hEhqä
iru dq| rwkhu OXH1

Surri1 YduEeqä ' j2Ef âfä3�> YduEhqä ' j2øøâ
V@hEhqäýV@hEeqä ' j2døøâ ý Ef âfä3�o

' j2døøâ ý øfEf âfä3�f âøâo

' j2ødU ýfEf âfä3�f âoøâ

' j2ø�øâ

' j2Eø�ä ü E� âøâä

è fé

Frpphqwv=
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+4, Pdnhv qr dvvxpswlrq derxw wkh glvwulexwlrq ri wkh huuruv> lw rqo| dvvxphv 3 phdq dqg j2U

yduldqfh1

+5, Uhvxow rqo| frpsduhv olqhdu hvwlpdwruv> lw vd|v qrwklqj derxw iru h{dpsoh
S?

ð'� m+ð ý q%ðm1
+6, Uhvxow rqo| frpsduhv xqeldvhg hvwlpdwruv ^eldvhg hvwlpdwruv fdq kdyh 3 yduldqfhv`1

+7, Wkhuh duh h{whqvlrqv wr frqvlghu d!qh hvwlpdwruv hq ' @ n ø+ iru yhfwruv @1 Wkhuh duh dovr

htxlydohqw uhvxowv iru wkh lqyduldqw txdqwlw| e+é
Ilqdoo|/ zh vwdwh zlwkrxw surri wkh zhoo nqrzq uhvxow

khruhp 6 Fudpëu8Udr Xqghu D40D7/ eq lv Ehvw Xqeldvhg +vwdwhphqw lv iru POH*v,1
E| pdnlqj wkh vwurqjhu dvvxpswlrq D7/ zh jhw d pxfk vwurqjhu frqfoxvlrq1 Wklv doorzv xv wr

frpsduh vd| ODG hvwlpdwlrq zlwk ROV1



Fkdswhu 7

K|srwkhvlv Whvwlqj

Zh revhuyh fhuwdlq gdwd E+cfä1 Wkhuh lv d wuxh gdwd glvwulexwlrq ghqrwhg e| s / zklfk lv nqrzq wr olh

lq d idplo| ri prghov I 1 Zh qrz vxssrvh wkhuh lv d ixuwkhu uhgxfwlrq fdoohg d K|srwkhvlv Mf ë I 1
Wklv dulvhv dv=

+4, Suhglfwlrq ri vflhqwl?f wkhru|/ h1j1/ lqwhuhvw hodvwlflw| ri ghpdqg iru prqh| lv }hur> wkh judyl0

wdwlrqdo frqvwdqw lv <1

+5, Devhqfh ri vrph vwuxfwxuh/ h1j1/ lqghshqghqfh ri huuru whup ryhu wlph/ krprvnhgdvwlflw| hwf1

+6, Suhwhvwlqj +xvhg dv sduw ri prgho exloglqj surfhvv,1

Rxu sxusrvh khuh lv wr surylgh d phwkrg iru lqwhusuhwlqj zkdw gdwd vd| derxw wkh k|srwkhvlv1 Zh

glvwlqjxlvk ehwzhhq d Vlpsoh k|srwkhvlv +xqghuMfc wkh gdwd glvwulexwlrq lv frpsohwho| vshfl?hg, dqg

d Frpsrvlwh k|srwkhvlv +lq zklfk fdvh/ Mf grhv qrw frpsohwho| ghwhuplqh wkh glvwulexwlrq/ l1h1/ wkhuh

duh cqxlvdqfh* sdudphwhuv qrw vshfl?hg e| Mf,1 Zh dovr glvwlqjxlvk ehwzhhq Vlqjoh dqg Pxowlsoh +rqh

ru pruh uhvwulfwlrq rq sdudphwhuv ri s, k|srwkhvhv1 Zh vkdoo dovr lqwurgxfh Møc zklfk zloo eh wkh

frpsohphqw ri Mf lq I / l1h1/ I ' Mf^Møé Wkdw lv/ wkh fkrlfh ri I lv lwvhoi ri vrph vljql?fdqfh vlqfh

lw fdq uhvwulfw wkh udqjh ri ydoxhv wdnhq e| wkh gdwd glvwulexwlrq1 Zh vkdoo dovr glvwlqjxlvk ehwzhhq

rqh0vlghg dqg wzr0vlghg dowhuqdwlyhv1

H{dpsohv

+d, Wkh wkhruhwlfdo prgho lv wkh Free8Grxjodv surgxfwlrq ixqfwlrq ' ' øgkuq1 Hpslulfdo

5:
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yhuvlrq= wdnh orjv dqg dgg dq huuru whup wr jlyh d olqhdu uhjuhvvlrq

^ ' @n k& n qìn 0é

Lw lv riwhq ri lqwhuhvw zkhwkhu frqvwdqw uhwxuqv wr vfdoh rshudwh/ l1h1/ zrxog olnh wr whvw zkhwkhu

kn q ' � lv wuxh1 Zh pd| vshfli| wkh dowhuqdwlyh dv kn q ÷ �/ ehfdxvh zh fdq uxoh rxw lqfuhdvlqj

uhwxuqv wr vfdoh1

+e, Pdunhw h!flhqf|

o| ' >n ò
âU|3� n 0|c

zkhuh o| duh hi|ýh?t rq vrph dvvhw khog ehwzhhq shulrg | ý � dqg |/ zkloh U| lv TýM*ðU ð?uLh4@|ðL?

@| |ð4i |é Wkhru| suhglfwv wkdw ò ' f( wkhuh lv qr sduwlfxodu uhdvrq wr uhvwulfw wkh dowhuqdwlyh khuh1

+f, Vwuxfwxudo fkdqjh

+ ' kn q%| n ò(| n 0|

(| '

+
f c | ÷ �b.e

� c | è �b.eé

Zrxog olnh wr |it| ò ' fé

71317 Jhqhudo Qrwdwlrqv

Zdqw wr whvw Mf yv1 MøB D k|srwkhvlv whvw lv d uxoh ^ixqfwlrq ri wkh gdwd` zklfk |lhogv hlwkhu uhmhfw

ru dffhsw rxwfrphv1 Wkhuh duh wzr w|shv ri plvwdnhv wkdw dq| uxoh fdq pdnh= W|sh L huuru lv wr

uhmhfw zkhq wkh qxoo k|srwkhvlv lv wuxh/ zkloh W|sh LL huuru lv ri dffhswlqj d idovh k|srwkhvlv1 Zh

zrxog olnh wr kdyh dv vpdoo d W|sh L dqg W|sh LL huuru dv srvvleoh1 Xqiruwxqdwoh|/ wkhvh duh xvxdoo|

lq frq lfw1 Wkh xvxdo dssurdfk lv wr ?{ wkh W|sh L huuru dqg wkhq wu| wr gr wkh ehvw lq whupv ri wkh

W|sh LL huuru1

Zh fkrrvh k *5 dfc �o fdoohg wkh vl}h ri wkh whvw ^pdjqlwxgh ri W|sh L huuru`1 Ohw A +gdwd, eh d whvw

vwdwlvwlf/ w|slfdoo| vfdodu ydoxhg1 Wkhq/ ?qg fulwlfdo uhjlrq äk ri vl}h k vxfk wkdw

èhdA *5 äkmMfo ' ké +714,



5<

Uxoh lv wr uhmhfw Mf li A *5 äk dqg wr dffhsw rwkhuzlvh1 Wkh sudfwlfdo sureohp lv krz wr fkrrvh A vr

wkdw äk lv hdv| wr ?qg1 Gh?qh dovr Srzhu ri whvw=

q ' èhdA *5 äkmMøo ' �ý W|shLLé

Lw lv ghvludeoh/ fhwhulv sdulexv/ wr kdyh d whvw zklfk pd{lpl}hv srzhu iru dq| jlyhq vl}h1

Dq xqeldvhg whvw vdwlv?hv q è kc l1h1/ |rx duh pruh olnho| wr uhmhfw xqghu wkh dowhuqdwlyh k|srwkhvlv
wkdq wkh qxoo1 Wklv lv d ghvludeoh surshuw| dqg edvlfdoo| d suhww| plqlpdo uhtxluhphqw> doo whvwv zh

h{dplqh kdyh wklv surshuw|1

Wkhuh duh vrph zhoo nqrzq fulwlflvpv ri wkh vwdqgdug k|srwkhvlv whvwlqj dssurdfk=

î Lw uhdoo| lv yhu| sulplwlyh ghflvlrq0pdnlqj1 Wkh rxwfrph lv rqo| rqh ri wzr wklqjv1 Wkhuh lv

dq dv|pphwulf zd| lq zklfk wkh qxoo k|srwkhvlv lv wuhdwhg yhuvxv wkh dowhuqdwlyh1

î k lv duelwudu|1 Vrph dujxh wkdw k vkrxog eh pdgh d ixqfwlrq ri vdpsoh vl}h/ ehfdxvh lq

sudfwlfh dv ? jhwv odujh doprvw dq| k|srwkhvlv lv uhmhfwhg1 Lq uhdolw| k|srwkhvhv duh qhljkerxukrrgv

qrw srlqwv1

D pruh lqirupdo dssurdfk lv wr uhsruw wkh R8ydoxh ri d whvw A

kLMt ' èhdA è ALMtmMfoé

Lq wzr0vlghg fdvh/ wdnh mA m è mALMtm1 Orz kLMt lv hylghqfh djdlqvw wkh qxoo k|srwkhvlv1 Pruh lqiru0

pdwlrq lv frqyh|hg e| wklv dssurdfk 0 wkh uhdghu fdq ghflgh rq klv ru khu rzq k dqg fduu| rxw wkh

whvw1

71318 H{dpsohv

K|srwkhvlv Whvwlqj lq Olqhdu Uhjuhvvlrq= .E+ä ' fq/ YduE+ä ' j2U/ + å ùEfqc j2Uä1

Vlqjoh +Olqhdu, K|srwkhvlv= Sâq ' òtU@*@h/ h1j1/ q2 ' f +|8whvw,1

Pxowlsoh +Olqhdu, K|srwkhvlv= -^fgqgf� ' o^f�/ ^ é g/ h1j1/ q2 ' qô ' ü ü ü ' qg ' f1

Vlqjoh Qrq0olqhdu K|srwkhvlv= q2� n q
2
2 n ü ü ü n q2g ' �1

Qrwh wkdw wkhvh duh doo frpsrvlwh k|srwkhvhv/ l1h1/ wkhuh duh qxlvdqfh sdudphwhuv olnh j2 wkdw duh

qrw vshfl?hg e| wkh qxoo k|srwkhvlv1
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71319 Whvw ri d Vlqjoh Olqhdu K|srwkhvlv

Zh zlvk wr whvw wkh k|srwkhvlv Sâq ' ò/ h1j1/ q2 ' f1 Vxssrvh wkdw + å ùEfqc j2Uä1 Wkhq/

Sâeq ý ò
j
s
SâEf âfä3�S

å ùEfc �äé

Zh grq*w nqrz j dqg pxvw uhsodfh lw e| dq hvwlpdwh1 Wkhuh duh wzr zlgho| xvhg hvwlpdwhv=

ej26,e '
e0âe0
?

r2 '
e0âe0
?ýg

Wkh ?uvw hvwlpdwh lv wkh pd{lpxp olnholkrrg hvwlpdwru ri j2c zklfk fdq eh hdvlo| yhul?hg1 Wkh

vhfrqg hvwlpdwh lv d prgl?fdwlrq ri wkh POH/ zklfk kdsshqv wr eh xqeldvhg1

Qrz gh?qh wkh whvw vwdwlvwlf

A '
Sâeq ý ò

r
s
SâEf âfä3�S

é

Wkhruhp 7 Xqghu Mf/ A å |E?ýgäé

Surri1 Zh vkrz wkdw=

+4, ?3g
j2
r2 å ã2?3g

+5, r2 dqg Sâeq ý ò duh lqghshqghqw1

Wklv hvwdeolvkhv wkh wkhruhp e| wkh gh?qlqj surshuw| ri d w0udqgrp yduldeoh/ vhh iru h{dpsoh ^`1

Uhfdoo wkdw
0â0
j2

'
?[
ð'�

í0ð
j

ì2
å ã2?é

Exw e0 duh uhvlgxdov wkdw xvh g sdudphwhu hvwlpdwhv1 Ixuwkhupruh/ e0âe0 ' 0â�f0 dqg

.d0â�f0o ' .d|h�f00
âo ' |h�f.E00

âä

' j2|h�f ' j2E?ý |håfä

' j2E?ýgä
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|hEfEf âfä3�f âä ' |hf âfEf âfä3� ' |h Ug ' gé

Wkhvh fdofxodwlrqv vkrz wkdw .e0âe0 ' ?ýgc zklfk vxjjhvwv wkdw e0âe0 fdqqrw eh ã2? ^dqg lqflghqwdoo|

wkdw .r2 ' j2oé Qrwh wkdw �f lv d v|pphwulf lghpsrwhqw pdwul{/ zklfk phdqv wkdw lw fdq eh

zulwwhq �f ' '\'âc zkhuh ''â ' U dqg \ lv d gldjrqdo pdwul{ ri hljhqydoxhv/ zklfk lq wklv

fdvh duh hlwkhu }hur +g wlphv, ru rqh +? ý g wlphv,1 Ixuwkhupruh/ e| d surshuw| ri wkh qrupdo

glvwulexwlrq/ '0 ' 0W kdv h{dfwo| wkh vdph glvwulexwlrq dv 0 ^lw kdv wkh vdph phdq dqg yduldqfh/

zklfk lv vx!flhqw wr ghwhuplqh wkh qrupdo glvwulexwlrq`1 Wkhuhiruh/

e0âe0 ' ?3g[
ð'�

0W2ð +715,

iru vrph l1l1g1 vwdqgdug qrupdo udqgrp yduldeohv 0Wð é Wkhuhiruh/ +715, lv ã
2
?3g e| wkh gh?qlwlrq ri d

fkl0vtxduhg udqgrp yduldeoh1

Ixuwkhupruh/ xqghu Mf/ Sâeq ý ò ' SâEf âfä3�f â0 lv xqfruuhodwhg zlwk e0 '�f0c vlqfh

.d�f00
âfEf âfä3�So ' j2�ff� ~} �

'f

Ef âfä3�S ' fé

Xqghu qrupdolw|/ xqfruuhodwhgqhvv lv htxlydohqw wr lqghshqghqfh1

Fdq qrz edvh whvw ri Mf rq

A '
Sâeq ý ò

r
s
SâEf âfä3�S

xvlqj wkh |?3& glvwulexwlrq iru dq h{dfw whvw xqghu qrupdolw|1 Erwk rqh0vlghg dqg wzr0vlghg dowhuqd0

wlyhv/ l1h1/ uhmhfw li mA m è |?3gEk*2ä ru A è |?3gEkä1
Deryh lv d jhqhudo uxoh/ dqg zrxog uhtxluh vrph dgglwlrqdo frpsxwdwlrqv lq dgglwlrq wr eqé Vrph0

wlphv rqh fdq dyrlg wklv= li frpsxwhu dxwrpdwlfdoo| sulqwv rxw uhvxowv ri k|srwkhvlv iru qð ' f/ dqg

rqh fdq uhghvljq wkh qxoo uhjuhvvlrq vxlwdeo|1 Iru h{dpsoh/ vxssrvh wkdw

Mf G q2 n qô ' �é

Vxevwlwxwh wkh uhvwulfwlrq lq wr wkh uhjuhvvlrq +ð ' q� n q2%ð n qô5ð n üðc zklfk jlyhv wkh uhvwulfwhg

uhjuhvvlrq +ð ý 5ð ' q� n q2E%ð ý 5ðä n üð1 Qrz whvw zkhwkhu qô ' f lq wkh uhjuhvvlrq +ð ý 5ð '
q� n q2E%ð ý 5ðä n qô5ð n üðé
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7131: Whvw ri d Pxowlsoh Olqhdu K|srwkhvlv

Zh qrz frqvlghu d whvw ri wkh pxowlsoh k|srwkhvlv -q ' o1 Gh?qh wkh txdgudwlf irup

8 ' E-eq ý oäâ ûr2-Ef âfä3�-â
ú3�

E-eq ý oä*^ ' E-eq ý oäâ d-Ef âfä3�-âo3� E-eq ý oä*^
E?ýgär2*E?ýgä

é +716,

Li + å ùEfqc j2Uä/ wkhq

8 '
ã2^*^

ã2?3g*E?ýgä
å 8 E^c ?ýgä

ý?_ih Mfé Wkh uxoh lv wkdw li

8 è 8kE^c ?ýgäc

wkhq uhmhfw Mf dw ohyho k1 Qrwh wkdw zh fdq rqo| whvw djdlqvw d wzr0vlghg dowhuqdwlyh -q 9' o ehfdxvh
zh kdyh vtxduhg ydoxh lq +716,1

H{dpsohv

+4, Vwdqgdug 88whvw/ zklfk lv rxwsxwhg iurp frpsxwhu/ lv ri wkh k|srwkhvlv

q2 ' fc é é é c qg ' fc

êüihi |üi ð?|ihUiT| q� ðt ð?U*ý_i_é Lq wklv fdvh/ ^ ' g ý �/ dqg Mf G -q ' f/ zkhuh

- '

5997
f
111 Ug3�
f

6::8 é
Wkh whvw vwdwlvwlf lv frpsduhg zlwk fulwlfdo ydoxh iurp wkh 8 Eg ý �c ?ýgä glvwulexwlrq1

+5, Vwuxfwxudo Fkdqjh1 Qxoo k|srwkhvlv lv + ' fq n üé Dowhuqdwlyh lv

+� ' f�q� n ü�c ð é ?�c
+2 ' f2q2 n ü2c ð è ?2c

zkhuh ? ' ?� n ?2é Ohw

+ '

ë
+�
+2

ê
c fW '

é
f�

f

f

f2

è
c qW '

ë
q�
q2

ê
2gf�

c ü '

ë
ü�
ü2

ê
?f�

é
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Wkhq/ zh fdq zulwh wkh dowhuqdwlyh uhjuhvvlrq dv

+ ' fWqW n üé

Frqvlghu wkh qxoo k|srwkhvlv Mf G q� ' q21 Ohw -gf2g ' dUg
111 ý Ugo1 Frpsduh zlwk 8 Egc ?ý2gä1

Frq?ghqfh lqwhuydo lv mxvw fulwlfdo uhjlrq fhqwuhg qrw dw Mf/ exw dw d ixqfwlrq ri sdudphwhu

hvwlpdwhv1 Iru h{dpsoh/ Sâeq÷|k*2E?ýgäriSâEf âfä3�Sj�*2 +ru 5k*2,1 Fdq dovr frqvwuxfw pxowlyduldwh
frq?ghqfh lqwhuydov1
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Fkdswhu 8

Whvw ri Pxowlsoh Olqhdu K|srwkhvlv Edvhg

rq ?w

Lghd ehklqg 8 whvw lv wkdw xqghu Mf/ -eqýo vkrxog eh vwrfkdvwlfdoo| vpdoo/ exw xqghu wkh dowhuqdwlyh
k|srwkhvlv lw zloo qrw eh vr1 Dq dowhuqdwlyh dssurdfk lv edvhg rq ?w1 Li zh hvwlpdwh q vxemhfw wr

wkh uhvwulfwlrq -q ' o/ wkhq wkh vxp ri vtxduhg uhvlgxdov iurp wkdw uhjuhvvlrq vkrxog eh forvh wr

wkdw iurp wkh xqfrqvwudlqhg uhjuhvvlrq zkhq wkh qxoo k|srwkhvlv lv wuxh ^exw li lw lv idovh/ wkh wzr

uhjuhvvlrqv zloo kdyh gl>huhqw ?wwlqj srzhu`1

+4, Xquhvwulfwhg uhjuhvvlrq=

4ð?
K
E+ ýfKäâE+ ýfKä :ý$ eq c eü ' + ýfeq c ' ' eüâeüé

+5, Uhvwulfwhg uhjuhvvlrq=

4ð?
K
E+ ýfKäâE+ ýfKä té|é -K ' o :ý$ qW c üW ' + ýfqW c 'W ' üWâüWé

Wkh lghd lv wkdw xqghu Mf/ 'W å 'c exw xqghu wkh dowhuqdwlyh wkh wzr txdqwlwlhv gl>hu1 Wkh iroorzlqj
wkhruhp pdnhv wklv pruh suhflvh1

Wkhruhp 8 Xqghu Mfc
'W ý'
'

?ýg
^

' 8 å 8 E^c ?ýgäé

68
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Surri1 Zh vkrz wkdw

'W ý' ' E-eq ý oäâ û-Ef âfä3�-â
ú3�

E-eq ý oä
Wkhq/ vlqfh r2 ' '*E?ýgä wkh uhvxow lv hvwdeolvkhg1

Qrz/ qW dqg bW vroyh wkh ?uvw rughu frqglwlrq ri wkh Odjudqjhdq

OEKc bä ' �

2
E+ ýfKäâE+ ýfKä n bâE-Ký oäé

Wkh ?uvw rughu frqglwlrqv duh

ýf â+ nf âfqW n-âbW ' fE�ä

-qW ' oéE2ä

Qrz/ iurp +4,

-âbW ' f â+ ýf âfqW ' f âüWc

zklfk lpsolhv wkdw

Ef âfä3�-âbW ' Ef âfä3�f â+ ý Ef âfä3�f âfqW ' eq ý qW
dqg

-Ef âfä3�-âbW ' -eq ý-qW ' -eq ý oé
Wkhuhiruh/

bW '
û
-Ef âfä3�-â

ú3�
E-eq ý oä

dqg

qW ' eq ý Ef âfä3�-â
û
-Ef âfä3�-â

ú3�
E-eq ý oäé

Wklv jlyhv wkh uhvwulfwhg ohdvw vtxduhv hvwlpdwru lq whupv ri wkh uhvwulfwlrqv dqg wkh xquhvwulfwhg ohdvw

vtxduhv hvwlpdwru1



6:

Zh qrz uhwxuq wr wkh whvwlqj txhvwlrq1 Iluvw/ zulwh qW ' eq n qW ý eq dqg

E+ ýfqWäâE+ ýfqWä ' d+ ýfeq ýfEqW ý eqäoâd+ ýfeq ýfEqW ý eqo
' E+ ýfeqäâE+ ýfeqä n Eeq ý qWäâf âfEeq ý qWäý E+ ýfeqäâfEqW ý eqä
' eüâeün Eeq ý qWäâf âfEeq ý qWä

xvlqj wkh ruwkrjrqdolw| surshuw| ri wkh xquhvwulfwhg ohdvw vtxduhv hvwlpdwru1 Wkhuhiruh/

'W ý' ' Eeq ý qWäâf âfEeq ý qWäé
Vxevwlwxwlqj rxu irupxodh iru eq ý qW dqg bW rewdlqhg deryh dqg fdqfhoolqj rxw/ zh jhw

'W ý' ' E-eq ý oäâ û-Ef âfä3�-â
ú3�

E-eq ý oä
dv uhtxluhg1

Dq lqwhuphgldwh uhsuhvhqwdwlrq lv

'W ý' ' bW
â
-Ef âfä3�-âbWé

Wklv eulqjv rxw wkh xvh ri wkh Odjudqjh Pxowlsolhuv lq gh?qlqj wkh whvw vwdwlvwlf/ dqg ohdgv wr wkh xvh

ri wklv qdph1

Lpsruwdqfh ri wkh uhvxow= wkh ?w yhuvlrq zdv hdvlhu wr dsso| lq wkh rog gd|v/ ehiruh idvw frpsxwhuv/

ehfdxvh rqh fdq mxvw gr wzr vhsdudwh uhjuhvvlrqv dqg xvh wkh vxp ri vtxduhg uhvlgxdov1

Vshfldo fdvhv=

+d, ]hur uhvwulfwlrqv

q2 ' ü ü ü ' qg ' f

Wkhq uhvwulfwhg uhjuhvvlrq lv hdv|1 Lq wklv fdvh/ ^ ' g ý �1 Qrwh wkdw wkh -2 fdq eh xvhg wr gr dq

88whvw ri wklv k|srwkhvlv1 Zh kdyh

-2 ' �ý '

'W
'
'W ý'
'

c
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zklfk lpsolhv wkdw

8 '
-2*Eg ý �ä

E�ý-2ä*E?ý &ä é +814,

+e, Vwuxfwxudo fkdqjh1 Doorz frh!flhqwv wr eh gl>huhqw lq wzr shulrgv1 Sduwlwlrq

+ '

ë
+�
+2

ê
?�
?2

+� ' f�q� n ü�

+2 ' f2q2 n ü2

,
ru + '

é
f�

f

f

f2

èë
q�
q2

ê
n üé

Qxoo lv ri qr vwuxfwxudo fkdqjh/ l1h1/ Mf G q� ' q2/ - ' EU
111 ý Uä1

Frqvlghu wkh pruh jhqhudo olqhdu uhvwulfwlrq

q� n q2 ý ôqe ' �

qS n q� ' 2é

Kdughu wr zrun zlwk1 Qhyhuwkhohvv/ fdq dozd|v uhsdudphwhul}h wr rewdlq uhvwulfwhg prgho dv d vlpsoh

uhjuhvvlrq1 Sduwlwlrq fc qc dqg -

f ' E f�
?fE&3^ä

c f2
?f^

ä ( - ' E -�
^fE&3^ä

c -2
^f^

ä ( q '

ë q�
E&3^äf�
q2
^f�

ê
c

zkhuh

f�q� nf2q2 ' fq ( -�q� n-2q2 ' oc

zkhuh -2 lv ri ixoo udqn dqg lqyhuwleoh1 Wkhuhiruh/

q2 ' -3�2 Eo ý-�q�ä

fq ' f�q� nf2d-
3�
2 Eo ý-�q�äo ' Ef� ýf2-

3�
2 -�äq� nf2-

3�
2 oc

vr wkdw

+ ýf2-
3�
2 o ' Ef� ýf2-

3�
2 -�äq� n üé

Lq rwkhu zrugv/ zh fdq uhjuhvv +W ' +ýf2-
3�
2 o rq f

W
� ' Ef�ýf2-

3�
2 -�ä wr jhw qW�/ dqg wkhq gh?qh

qW2 ' -
3�
2 Eoý-�q

W
�ä1 Zh wkhq gh?qh üW ' +ýf�q

W
�ýf2q

W
2 dqg '

W dffruglqjo|1 Fkhfn zlwk vshfldo

fdvhv deryh1



Fkdswhu 9

H{dpsohv ri 88Whvwv/ | yv1 8

Fkrz Whvwv= Vwuxfwxudo fkdqjh zlwk lqwhufhswv1

Wkh xquhvwulfwhg prgho lv

#
+�

+2

$
'

%
ð� f %� f

f ð2 f %2

&3EEEEC
k�

k2

q�

q2

4FFFFDn

#
ü�

ü2

$
c

dqg ohw w ' Ek�c k2c q�c q2äé Gl>huhqw vorshv dqg lqwhufhswv doorzhg1

Wkh ?uvw qxoo k|srwkhvlv lv wkdw wkh t*LTit @hi |üi t@4ic l1h1/

Mf G q� ' q2 ' q E�äé

Wkh uhvwulfwhg uhjuhvvlrq lv

#
+�

+2

$
'

%
ð� f %�

f ð2 %2

&3EEC
k�

k2

q

4FFDn

#
ü�

ü2

$
é

Wkh whvw vwdwlvwlf lv

8 '
EüW

â
üW ý eüâeüä* _ð4Eq�äeüâeü*E?ý _ð4Ewää

c

6<



73 FKDSWHU 91 H[DPSOHV RI 88WHVWV/ A YV1 8

zklfk lv frpsduhg zlwk wkh txdqwlohv iurp wkh 8 E_ð4Eq�äc ?ý _ð4Ewää glvwulexwlrq1

Wkh vhfrqg qxoo k|srwkhvlv lv wkdw wkh ð?|ihUiT|t @hi |üi t@4ic l1h1/

Mf G k� ' k2 ' k E2äé

Uhvwulfwhg uhjuhvvlrq Ekc q�c q2ä

#
+�

+2

$
'

%
ð� %� f

ð2 f %2

&3EEC
k

q�

q2

4FFDn

#
ü�

ü2

$
é

Qrwh wkdw wkh xquhvwulfwhg prgho fdq eh uhzulwwhq xvlqj gxpp| yduldeohv=

+ð ' kn q%ð n ò(ð n B%ð(ð n üðc

zkhuh

(ð '

+
� ð? TihðL_ 2

f i*tié

Wkhq/ lq shulrg 4

+ð ' kn q%ð n üðc

zkloh lq shulrg 5

+ð ' kn ò n Eq n Bä%ð n üðé

Wkh qxoo k|srwkhvlv lv wkdw ò ' fé

îý| ?Lê týTTLti |ü@| ?2 ÷ gé Uhvwulfwhg uhjuhvvlrq lv rn1 Wkh xquhvwulfwhg uhjuhvvlrq uxqv lqwr

sureohpv lq vhfrqg shulrg ehfdxvh ?2 lv wrr vpdoo1 Lq idfw/ eü2 ì f1 Ghjuhhv ri iuhhgrp orvw duh ?2
qrw g1 Wkxv

8 '
E'W ý'ä*?2
'*E?� ýgä

å 8 E?2c ?� ýgäé



Fkdswhu :

Olnholkrrg Edvhg Whvwlqj

Zh kdyh frqvlghuhg vhyhudo gl>huhqw dssurdfkhv zklfk doo ohg wr wkh I whvw lq olqhdu uhjuhvvlrq1 Zh

qrz frqvlghu d jhqhudo fodvv ri whvw vwdwlvwlfv edvhg rq wkh Olnholkrrg ixqfwlrq1 Lq sulqflsoh wkhvh

dsso| wr dq| sdudphwulf prgho/ exw zh vkdoo dw wklv vwdjh mxvw frqvlghu lwv dssolfdwlrq wr olqhdu

uhjuhvvlrq1

Wkh Olnholkrrg lv ghqrwhg uE+cf( wäc zkhuh +cf duh wkh revhuyhg gdwd dqg w lv d yhfwru ri

xqnqrzq sdudphwhu1 Wkh pd{lpxp olnholkrrg hvwlpdwru fdq eh ghwhuplqhg iurp uE+cf( wäc dv zh

kdyh douhdg| glvfxvvhg1 Wklv txdqwlw| lv dovr xvhixo iru whvwlqj1

Frqvlghu djdlq wkh olqhdu uhvwulfwlrqv

Mf G -w ' oé

Wkh pd{lpxp olnholkrrg hvwlpdwru lv ghqrwhg e| ew/ zkloh wkh uhvwulfwhg POH lv ghqrwhg e| wWc ^wklv

lv pd{lpl}hv u vxemhfw wr wkh uhvwulfwlrqv -w ý o ' f`1 Qrz gh?qh wkh iroorzlqj whvw vwdwlvwlfv=

w+ G 2

%
*L}

uEewä
uEwWä

&
' 2i*L}uEewäý *L}uEwWäj

@̀*_ G E-ew ý oäâ+- éýY2 *L}u
YwYwâ

ñññew
è3�

-â
,3�

E-ew ý oä
w� G

Y *L}u

Yw

ñññâ
wW

é
ýY

2 *L}u

YwYwâ
ñññ
wW

è3�
Y *L}u

Yw

ñññ
wW
é
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75 FKDSWHU :1 OLNHOLKRRG EDVHG WHVWLQJ

Wkh Zdog whvw rqo| uhtxluhv frpsxwdwlrq ri wkh xquhvwulfwhg hvwlpdwru/ zkloh wkh Odjudqjh Pxowlsolhu

rqo| uhtxluhv frpsxwdwlrq ri wkh uhvwulfwhg hvwlpdwru1 Wkh Olnholkrrg udwlr uhtxluhv frpsxwdwlrq ri

erwk1 Wkhuh duh flufxpvwdqfhv zkhuh wkh uhvwulfwhg hvwlpdwru lv hdvlhu wr frpsxwh/ dqg wkhuh duh

vlwxdwlrqv zkhuh wkh xquhvwulfwhg hvwlpdwru lv hdvlhu wr frpsxwh1 Wkhvh frpsxwdwlrqdo gl>huhqfhv duh

zkdw kdv prwlydwhg wkh xvh ri hlwkhu wkh Zdog ru wkh OP whvw1 Wkh OU whvw kdv fhuwdlq dgydqwdjhv>

exw frpsxwdwlrqdoo| lw lv wkh prvw ghpdqglqj1

Lq wkh olqhdu uhjuhvvlrq fdvh/ w ' Eqc j2ä/ dqg wkh uhvwulfwlrqv rqo| dsso| wr qc vr wkdw -q ' oé

Ixuwkhupruh/ zh fdq uhsodfh wkh ghulydwlyhv zlwk uhvshfw wr w e| ghulydwlyhv zlwk uhvshfw wr q rqo|

^wklv uhtxluhv dq dgglwlrqdo mxvwl?fdwlrq/ zklfk zh zloo qrw glvfxvv khuh`1

Wkh orj0olnholkrrg lv

*L}uEwä '
ý?
2

*L} 2Z ý ?
2
*L} j2 ý �

2j2
üEqäâüEqä

dqg lwv ghulydwlyhv duh

Y *L}u

Yq
'

�

j2
f âüEqä

Y *L}u

Yj2
' ý ?

2j2
n

�

2je
üEqäâüEqä

Y2 *L}u

YqYq â
'

ý�
j2
f âf

Y2 *L}u

EYj2ä2
'

?

2je
ý 2

2jS
üEqäâüEqä

Y2 *L}u

YqYj2
' ý �

je
f âüEqäé

Wkh Zdog whvw lv

` ' E-eq ý oäâ û-Ef âfä3�-âej2ú3� E-eq ý oä ' 'W ý'
E'*?ä

c +:14,

zkhuh ej2 ' '*? lv wkh POH ri j2c dqg vr lv yhu| vlplodu wr wkh 88whvw dsduw iurp wkh xvh ri ej2
lqvwhdg ri r2 dqg d pxowlsolfdwlyh idfwru ^1 Lq idfw/

` ' ^8
?

?ý & é



76

Wklv lv dssur{lpdwho| htxdo wr ^8 zkhq wkh vdpsoh vl}h lv odujh1

Wkh Odjudqjh Pxowlsolhu ru Vfruh ru Udr whvw vwdwlvwlf lv

u� '
üW

â
f

jW2

ã
f âf
jW2

â3�
f âüW

jW2
+:15,

zkhuh jW2 ' 'W*?é Wklv fdq eh uhzulwwhq lq wkh irup

bW
â
-Ef âfä3�-âbW

jW2
c

zkhuh bW lv wkh yhfwru ri Odjudqjh Pxowlsolhuv hydoxdwhg dw wkh rswlpxp ^Uhfdoo wkdw f âüW ' -âbW`é

Ixuwkhupruh/ zh fdq zulwh wkh vfruh whvw dv

u� '
'W ý'
E'W*?ä

' ?

ë
�ý '

'W

ê
é

Zkhq wkh uhvwulfwlrqv duh wkh vwdqgdug }hur rqhvc wkh whvw vwdwlvwlf lv ? wlphv wkh -2 iurp wkh

xquhvwulfwhg uhjuhvvlrq1

Olnholkrrg Udwlr

*L}uEeqc ej2ä ' ý?
2
*L} 2Z ý ?

2
*L} ej2 ý �

2ej2eüâeü ' ý?
2
*L} 2Z ý �

2ej2 *L} eüâeü? ý ?
2

*L}uEqWc jW2ä ' ý?
2
*L} 2Z ý ?

2
*L} jW2 ý �

2jW2
üWâüW ' ý?

2
*L} 2Z ý ?

2
*L}

üW
â
üW

?
ý ?

2
é

Wkhvh wzr olqhv iroorz ehfdxvh ej2 ' eüâeü*? dqg jW2 ' üWâüW*?é Wkhuhiruh/

u- ' 2 *L}
uEeqc ej2ä
uEqc j2ä

' ?

é
*L}

'W

?
ý *L}

'

?

è
' ?d*L}'W ý *L}'oé

Qrwh wkdw Z/ OP/ dqg OU duh doo prqrwrqlf ixqfwlrqv ri 8c lq idfw

` ' 8
^?

?ý & c u� '
`

� n`*?
c u- ' ? *L}

ë
� n

`

?

ê
é

Li zh nqhz wkh h{dfw glvwulexwlrq ri dq| ri wkhp zh fdq rewdlq wkh glvwulexwlrqv ri wkh rwkhuv dqg

wkh whvw uhvxow zloo eh wkh vdph1 Krzhyhu/ lq sudfwlfh rqh xvhv dv|pswrwlf fulwlfdo ydoxhv/ zklfk ohdg

wr gl>huhqfhv lq rxwfrphv1Zh kdyh

u� é u- é `c
vr wkdw wkh Zdog whvw zloo uhmhfw pruh iuhtxhqwo| wkdq wkh OU whvw dqg wkh OP whvwv/ vxssrvlqj wkdw

wkh vdph fulwlfdo ydoxhv duh xvhg1
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Fkdswhu ;

Rplvvlrq ri Uhohydqw Yduldeohv/ Lqfoxvlrq

ri Luuhohydqw Yduldeohv/ dqg Prgho

Vhohfwlrq

Zh qrz zrun wrzdugv d frqvlghudwlrq ri prgho vhohfwlrq/ l1h1/ zklfk yduldeohv ru krz pdq| yduldeohv

wr lqfoxgh lq d uhjuhvvlrq1 Zh vkdoo dvvxph wkdw wkhuh lv d wuxh prgho/ zklfk ri frxuvh zh pd| ru

pd| qrw nqrz1 Zh kdyh qrz wr frqvlghu wkh h>hfwv ri lqfoxglqj wrr pdq| yduldeohv dqg ri lqfoxglqj

wrr ihz yduldeohv1

;131; Rplvvlrq ri Uhohydqw Yduldeohv

Vxssrvh

+ ' f�q� nf2q2 n üc

exw zh uhjuhvv + rq f� rqo|1 Wkhq/

eq� ' Ef âfä3�f â
�+

' Ef â
�f�ä

3�Ef�q� nf2q2 n üä

' q� n Ef â
�f�ä

3�f â
�f2q2 n Ef â

�f�ä
3�f â

�üc
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79FKDSWHU ;1 RPLVVLRQRIUHOHYDQWYDULDEOHV/ LQFOXVLRQRI LUUHOHYDQWYDULDEO

vr wkdw

.Eeq�ä ' q� n Ef â
�f�ä

3�f â
�f2q2 ' q� n q�2c

zkhuh q�2 ' Ef â
�f�ä

3�f â
�f2q2é Lq jhqhudo eq� lv eldvhg dqg lqfrqvlvwhqw> wkh gluhfwlrq dqg pdjqlwxgh

ri wkh eldv ghshqgv rq q2 dqg rq f â
�f21

H{dpsoh1 Zdjhv rq hgxfdwlrq jhw srvlwlyh h>hfw exw duh rplwwlqj delolw|1 Li delolw| kdv d

srvlwlyh h>hfw rq zdjhv dqg lv srvlwlyho| fruuhodwhg zlwk hgxfdwlrq wklv zrxog h{sodlq vrph ri wkh

srvlwlyh h>hfw1 Zdjhv rq udfh2jhqghu +glvfulplqdwlrq,1 Rplw h{shulhqfh2hgxfdwlrq1

Zkdw derxw yduldqfhB Lq ?{hg ghvljq/ yduldqfh lv j2Ef â
�f�ä

3�c zklfk lv vpdoohu wkdq zkhq f2

duh lqfoxghg1 Wkhuhiruh/ li PVH lv wkh fulwhulrq/ rqh pd| dfwxdoo| suhihu wklv surfhgxuh 0 dw ohdvw lq

?qlwh vdpsohv1

Hvwlpdwhg yduldqfh lv r2Ef â
�f�ä

3�c zkhuh

r2 '
+â��+

?ýg�
'

Ef2q2 n üä
â��Ef2q2 n üä

?ýg�
c

zklfk kdv h{shfwdwlrq

j2 n
q â2f

â
2��f2q2
?ýg�

è j2c

vlqfh �� lv d srvlwlyh vhpl0gh?qlwh pdwul{1 Wkhuhiruh/ wkh hvwlpdwhg yduldqfh ri eq� lv xszdugo|

eldvhg1

Qrwh wkdw li f â
�f2 ' f/ wkhq eq lv xqeldvhg/ exw vwdqgdug huuruv duh vwloo eldvhg zlwk h{shfwdwlrq

j2 n
qâ2f

â
2f2q2

?ýg�

é

Lq wklv vshfldo fdvh/ wkh |8udwlr lv grzqzdug eldvhg1

Pruh jhqhudoo|/ |8udwlr frxog eh xszdug ru grzqzdug eldvhg ghshqglqj ri frxuvh rq wkh gluhfwlrq

ri wkh eldv ri eq�é
Vrph frpprq h{dpsohv ri rplwwhg yduldeohv

+4, Vhdvrqdolw|

+5, G|qdplfv

+6, Qrqolqhdulw|1



7:

Lq sudfwlfh zh pljkw vxvshfw wkdw wkhuh duh dozd|v jrlqj wr eh rplwwhg yduldeohv1 Wkh txhvwlrqv

lv= lv wkh pdjqlwxgh odujh dqg wkh gluhfwlrq xqdpeljxrxvB Wr dgguhvv wklv txhvwlrq zh ?uvw orrn dw

wkh frqvhtxhqfhv ri lqfoxglqj wrr pdq| yduldeohv lq wkh uhjuhvvlrq1

;131< Lqfoxvlrq ri luuhohydqw yduldeohv

Vxssrvh qrz wkdw

+ ' f�q� n üc

exw zh uhjuhvv + rq erwk f� dqg f21 Wkhq

eq� ' Ef â
��2f�ä

3�f â
��2+ ' q� n Ef â

��2f�ä
3�f â

��2ü

.Eeq�ä ' q� doo q�

V@hEeq�ä ' j2Ef â
��2f�ä

3�é

Frpsduh wklv zlwk wkh yduldqfh ri + rq f�c zklfk lv rqo| j2Ef â
�f�ä

3�1 Qrz

f â
�f� ýf â

��2f� ' f
â
�å2f� è f, Ef â

�f�ä
3� ý Ef â

��2f�ä
3� é fé

Dozd|v ehwwhu r>/ dv idu dv yduldqfh lv frqfhuqhg/ zlwk wkh vpdoohu prgho1

Zh fdq jhqhudol}h wkh deryh glvfxvvlrq wr wkh fdvh zkhuh zh kdyh vrph olqhdu uhvwulfwlrqv -q ' oé

Li zh hvwlpdwh e| uhvwulfwhg ohdvw vtxduhv zh jhw vpdoohu yduldqfh exw li wkh uhvwulfwlrq lv qrw wuxh/

wkhq wkhuh lv d eldv1

Wkhuh lv fohduo| d wudgh0r> ehwzhhq eldv dqg yduldqfh1

;13143 Prgho Vhohfwlrq

Ohw P eh d froohfwlrq ri olqhdu uhjuhvvlrq prghov rewdlqhg iurp d jlyhq vhw ri g uhjuhvvruv f '

Ef�c é é é c fgä/ h1j1/ fcf�c Ef2c f2.äc e|Sé Wkhuh duh d wrwdo ri E2gý�ä gl>huhqw vxevhwv rif1 Vxssrvh

wkdw wkh wuxh prgho olhv lqP1 Ohw gæ eh wkh qxpehu ri h{sodqdwru| yduldeohv lq d jlyhq uhjuhvvlrq1

Wkh iroorzlqj fulwhuld fdq eh xvhg iru vhohfwlqj wkh cehvw* uhjuhvvlrq=

-
2

æ ' �ý ?ý �

?ýgæ
E�ý-2

æä ' �ý ?ý �

?ýgæ

eüæeüæ
üâü

c E�ä



7;FKDSWHU ;1 RPLVVLRQRIUHOHYDQWYDULDEOHV/ LQFOXVLRQRI LUUHOHYDQWYDULDEO

åäæ '
eüâæeüæ
?ýgæ

ë
� n

gæ

?

ê
E2ä

øUäæ ' *?
eüâæeüæ
?

n
2gæ

?
Eôä

îUäæ ' *?
eüâæeüæ
?

n
gæ *L} ?

?
é Eeä

Wkh ?uvw fulwhulrq vkrxog eh pd{lpl}hg/ zkloh wkh rwkhuv vkrxog eh plqlpl}hg1 Qrwh wkdw pd{lpl}lqj

-
2

æ lv htxlydohqw wr plqlpl}lqj wkh xqeldvhg yduldqfh hvwlpdwh eüæeüæ*E?ýgæäé

Lw kdv ehhq vkrzq wkdw doo wkhvh phwkrgv kdyh wkh surshuw| wkdw wkh vhohfwhg prgho lv odujhu

wkdq ru htxdo wr wkh wuxh prgho zlwk suredelolw| whqglqj wr rqh> rqo| îUäæ fruuhfwo| vhohfwv wkh wuxh

prgho zlwk suredelolw| whqglqj wr rqh1

Sureohpv

41 P pd| eh odujh dqg 2g uhjuhvvlrqv lqihdvleoh1

51 Wuxh prgho pd| qrw eh lqP/ exw surfhgxuh lv jxdudqwhhg wr ?qg d ehvw prgho +gdwd plqlqj,1

61 Rwkhu fulwhuld duh lpsruwdqw/ hvshfldoo| iru qrqh{shulphqwdo gdwd1

+d, Frqvlvwhqf| zlwk hfrqrplf wkhru| hodvwlflwlhv wkh uljkw vljqB Ghpdqg vorshv grzqB

+e, Frqvlvwhqf| zlwk gdwd/ h1j1/ vxssrvh ghshqghqw yduldeoh lv irrg vkduh *5 dfc �o/ wkhq lghdoo|

grq*w zdqw d prgho wkdw suhglfwv rxwvlgh wklv udqjh1

+f, Uhvlgxdov vkrxog eh dssur{lpdwho| udqgrp/ l1h1/ sdvv gldjqrvwlf fkhfnv iru vhuldo fruuhod0

wlrq/ khwhurvnhgdvwlflw|/ qrqolqhdulw|/ hwf1

+g, Krz zhoo prgho shuirupv rxw0ri0vdpsoh1 +Riwhq xvhg lq wlph vhulhv dqdo|vlv1,

+h, Fruuhodwlrq lv qrw fdxvdwlrq1

Dq dowhuqdwlyh vwudwhj| lv wr fkrrvh d odujh lqlwldo prgho dqg shuirup d vhtxhqfh ri |8whvwv wr

holplqdwh uhgxqgdqw yduldeohv1 Ilqdoo|/ zh jlyh d zhoo nqrzq uhvxow wkdw olqnv wkh surshuwlhv ri wkh

uhjuhvvlrq w whvw dqg wkh U vtxduhg1

Wkhruhp 9 -
2
idoov +ulvhv, zkhq wkh ghohwhg yduldeoh kdv | : E÷ä�



Fkdswhu <

Gdwd Sureohpv

<13144 Ixqfwlrqdo Irup

Olqhdulw| fdq riwhq eh uhvwulfwlyh1 Zh vkdoo qrz frqvlghu krz wr jhqhudol}h voljkwo| wkh xvh ri wkh

olqhdu prgho/ vr dv wr doorz fhuwdlq w|shv ri qrqolqhdulw|/ exw zlwkrxw ixqgdphqwdoo| dowhulqj wkh

dssolfdelolw| ri wkh dqdo|wlfdo uhvxowv zh kdyh exlow xs1 Vshfl?fdoo|/ rqh fdq surylgh juhdwhu jhqhudolw|

e| frqvlghulqj wudqvirupdwlrqv ri wkh yduldeohv/ hlwkhu rqh dw d wlph ru lq sdluv1

Gxpp| yduldeohv Zdjhv ' kn qe_n òLùUïù n ü

Lqwhudfwlrq whupv Zdjhv ' kn qe_n ò@Kn Be_ ü @Kn ü
Sro|qrpldov Zdjhv ' kn qe_n òe%n Be%2 n 4e%ô n ü

Orj wudqvirupdwlrq *?Eê@}itä

Orjlw wudqvirupdwlrq *L} sr
�3sr ' kn qð?Sn üc sr 5 dfc �oc *L}ð|Esrä 5 Eý4c4äé

Wkhvh duh doo olqhdu lq wkh sdudphwhuv prgho/ l1h1/ fdq zulwh + ' fq n ü iru vrph f/ vrph q/

vrph +1 Dqrwkhu lqwhuhvwlqj h{dpsoh lv Vsolqhv1 Wklv lv d Slhfhzlvh Olqhdu ixqfwlrq1 Iru h{dpsoh/

vxssrvh zh kdyh d vfdodu uhjuhvvru %c zklfk lv wlph/ l1h1/ %| ' |c | ' �c 2c é é é c Aé Ixuwkhu vxssrvh wkdw

+ '

;AA?AA=
k� n q�%n ü ðu % é |W�
k2 n q2%n ü ðu |W� é % é |W2
kô n qô%n ü ðu % è |W2é

7<
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Wklv fdq eh h{suhvvhg dv iroorzv=

+ ' k� n q�%n ò�(� n B�(� ü %n ò2(2 n B2(2 ü %n üc

zkhuh

(� '

+
� ðu % è |W�c
f i*ti

(2 '

+
� ðu % è |W2c
f i*tié

Krz gr zh lpsrvh wkdw wkh ixqfwlrq mrlq xsB Zh pxvw kdyh

k� n q�|
W
� ' k� n ò� n Eq� n B�ä|

W
�

k� n q�|
W
2 n ò� n B�|

W
2 ' k� n ò� n Eq� n B�ä|

W
� n ò2 n B2|

W
2c

zklfk lpsolhv wkdw ò� ' ýB�|W� dqg ò2 ' ýB2|W2c zklfk duh wzr olqhdu uhvwulfwlrqv rq wkh sdudphwhuv/

l1h1/

+ ' k� n q�%n E(�%ý(�|
W
�äB� n E(2%ý(2|

W
2äB2 n üé

Vrph Qrqolqhdu lq Sdudphwhuv Ixqfwlrqv

+4, Er{8Fr{

+ ' kn q
%b ý �

b
n ü @t b$ fc

%b ý �

b
$ *?E%ä @t b$ �c

%b ý �

b
$ %ý �

+5, Uhdo prqh| ghpdqg

+ ' q�f� n
q2

%2 ý ò n üé

Wu wkhuh h{lvwv ò : fc wkhq zh kdyh d wð^ýð_ð|) |h@Té

+6, FHV surgxfwlrq ixqfwlrq

' ' q�
û
q2g

3qô n E�ý q2äu3qô
úqe*qô n üé

Phwkrgv iru wuhdwlqj wkhvh prghov zloo eh frqvlghuhg ehorz1
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<13145 Pxowlfroolqhdulw|

H{dfw pxowlfroolqhdulw|= f âf lv vlqjxodu/ l1h1/ wkhuh lv dq h{dfw/ olqhdu/ uhodwlrqvkls ehwzhhq yduldeohv

lq f1 Lq wklv fdvh/ fdqqrw gh?qh ohdvw vtxduhv hvwlpdwhv eq ' Ef âfä3�f â+1 Vroxwlrq= Ilqg d plqlpdo

+qrw xqltxh, edvlv fW iru FEfä dqg gr ohdvw vtxduhv1

H{dpsoh= Vhdvrqdo gxpplhv

(� ' � ðu "ý@h|ih �c f i*ti

(2 ' � ðu "ý@h|ih 2c f i*ti

(ô ' � ðu "ý@h|ih ôc f i*ti

(e ' � ðu "ý@h|ih ec f i*tié

Gh?qh wkh uhjuhvvru pdwul{

f '

3EEEEEEEEEEEC

� � f f f
111 f � f f
111 f f � f
111 f f f �

�
111

111 f f
111

111
111

111
111

4FFFFFFFFFFFD
é

Lq wklv fdvh/ ä2 n äô n äe n äD ' ä� iru doo revhuydwlrqv1 Vroxwlrq=

+4, Gurs (e/ dqg uxq + ' kn q�(� n q2(2 n qô(ô n ü

+5, Gurs lqwhufhsw/ dqg uxq + ' ò�(2 n ò2(2 n òô(ô n òe(e n üé

Jlyhv vdph e+ dqg eü/ exw gl>huhqw sdudphwhuv1 Lqwxlwlyho|/ wkh vdph yhfwru vsdfh lv jhqhudwhg e|

erwk vhwv ri uhjuhvvruv1

cDssur{lpdwh Pxowlfroolqhdulw|*/ l1h1/ _i|Ef âfä ä f1 Lqirupdoo|/ li wkh froxpqv ri f duh kljko|

pxwxdoo| fruuhodwhg wkhq lw lv kdug wr jhw wkhlu vhsdudwh h>hfwv1 Wklv lv uhdoo| d plvqrphu dqg vkdq*w

uhdoo| eh wuhdwhg dv d vhsdudwh vxemhfw1 Duwkxu Jrogehujhu lq klv wh{w rq hfrqrphwulfv looxvwudwhg

wklv srlqw e| kdylqj d vhfwlrq rq cplfurqxphurvlw|*/ d vxssrvhg sureohp zkhuh rqh kdv wrr ihz

revhuydwlrqv1 Wkh frqvhtxhqfh ri wklv lv wkdw wkh yduldqfh ri wkh sdudphwhu hvwlpdwhv lv odujh 0

suhflvho| wkh v|pswrp ri cDssur{lpdwh Pxowlfroolqhdulw|*1
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<13146 Lq xhqwldo Revhuydwlrqv

Dw wlphv rqh fdq vxvshfw wkdw vrph revhuydwlrqv duh kdylqj d odujh lpsdfw rq wkh uhjuhvvlrq uhvxowv1

Wklv frxog eh d uhdo lq xhqfh/ l1h1/ mxvw sduw ri wkh zd| wkh gdwd zhuh jhqhudwhg/ ru lw frxog eh

ehfdxvh vrph revhuydwlrqv kdyh ehhq plvuhfrughg/ vd| zlwk dq h{wud }hur dgghg rq e| d fduhohvv

fohun1

Krz gr zh ghwhfw lq xhqwldo revhuydwlrqvB Ghohwh rqh revhuydwlrq dw d wlph dqg vhh zkdw fkdqjhv1

Gh?qh wkh ohdyh0rqh0rxw hvwlpdwru dqg uhvlgxdo

eqEðä ' dfEðäâfEðäo3�fEðäâ+EðäeüæEðä ' +æ ýf â
æ
eqEðäc

zkhuh +Eðä ' E+�c é é é c +ð3�c +ðn�c é é é c +?äâ dqg vlploduo| iru fEðäéZh vkdoo vd| wkdw revhuydwlrq Efðc +ðä

lv lq xhqwldo li eüðEðä lv odujh1 Qrwh wkdw eüðEðä ' üð ýf â
ðE
eqEðäý qäc vr wkdw

.deüðEðäo ' f

V@hdeüðEðäo ' j2d� n %âðEf âEðäfEðää3�%ðoé

Wkhq h{dplqh vwdqgdugl}hg uhvlgxdov

Að '
eüðEðä

ùr
s
� n %âðEf âEðäfEðää3�%ð

é

Odujh ydoxhv ri Aðc lq frpsdulvrq zlwk vwdqgdug qrupdo/ duh hylghqfh ri h{wuhph revhuydwlrqv ru

rxwolhuv1 Xqiruwxqdwho|/ zh gr qrw ohduq zkhwkhu wklv lv ehfdxvh wkh huuru glvwulexwlrq kdv d gl>huhqw

vkdsh iurp wkh qrupdo/ h1j1/ w0glvwulexwlrq/ ru zkhwkhu wkh revhuydwlrq kdv ehhq plvuhfrughg e| vrph

eoxqghulqj fohun1

<13147 Plvvlqj Revhuydwlrqv

Lq vxuyh|v/ uhvsrqghuv duh qrw uhsuhvhqwdwlyh vdpsoh ri ixoo srsxodwlrq1 Iru h{dpsoh/ zh grq*w

kdyh lqirupdwlrq rq shrsoh zlwk + : m2Dfc fffc + é mDc fff1 Lq wklv fdvh/ �
?

S?
ð'� +ð lv eldvhg dqg

lqfrqvlvwhqw dv dq hvwlpdwh ri wkh srsxodwlrq phdq1



86

Lq uhjuhvvlrq/ sdudphwhu hvwlpdwhv duh eldvhg li vhohfwlrq lv= +d, Rq ghshqghqw yduldeoh +ru rq

huuru whup,> +e, Qrq0udqgrp1 Iru h{dpsoh/ wkhuh lv qr eldv ^dowkrxjk suhflvlrq lv d>hfwhg` li lq d

uhjuhvvlrq ri lqf rq hgxfdwlrq/ zh kdyh plvvlqj gdwd zkhq hgx è 8 |hduv1

Zh orrn dw cljqrudeoh* fdvh= h1j1/ wlph vhulhv> h1j1/ huuruv lq uhfruglqj dgg wr }hur1

+d, Plvvlqj +

+ø fø ?ø

q fî ?îé

Zkdw gr zh grB Rqh vroxwlrq lv wr lpsxwh ydoxhv ri wkh plvvlqj yduldeoh1 Lq wklv fdvh/ zh pljkw

ohw e+î ' fîeqøc zkhuh eqø ' Ef â
øføä

3�f â
ø+øé

Zh fdq wkhq uhfrpsxwh wkh ohdvw vtxduhv hvwlpdwh ri q xvlqj cdoo wkh gdwd*

eq ' Ef âfä3�f â
é
+øe+î
è
c f '

ë
fø
fî

ê
é

krzhyhu/ vrph vlpsoh dojheud uhyhdov wkdw wkhuh lv qr qhz lqirupdwlrq lq e+îc dqg lq idfw eq ' eqøé
Vwduw iurp

Ef âfä3�f â
é
+ø

fîeqø
è
' Ef â

øføä
3�f â

ø+øc

dqg suh0pxowlso| erwk vlghv e| f âf ' Ef â
øfø nf â

îfîäc zh kdyh

f â
é
+ø

fîeqø
è

' f â
ø+ø nf â

îfî
eqø ' f â

ø+ø nf â
îfîEf

â
øføä

3�f â
ø+ø

f âfEf â
øføä

3�f â
ø+ø ' f â

ø+ø n Ef â
îfîäEf

â
øføä

3�f â
ø+øé

Wkhuhiruh/ wklv lpsxwdwlrq phwkrg kdv qrw uhdoo| dgghg dq|wklqj1 Lw lv qrw srvvleoh wr lpsuryh

hvwlpdwlrq lq wklv fdvh1

+e, Qrz vxssrvh wkdw zh kdyh vrph plvvlqj fé Iru h{dpsoh/ f ' E%c 5ä/ dqg %î lv plvvlqj/ l1h1/

zh revhuyh E%øc %øc +øä dqg E5îc +îä1 Vxssrvh qrz zh suhglfw %K e| uhjuhvvlqj %ø rq 5ø

e%î ' 5îE5
â
ø5øä

3�5âø%øé
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Wkhq uhjuhvv + rq ef '

ë
%øe%î 5ø5î

ê
é

Wklv vrphwlphv lpsuryhv pdwwhuv/ exw vrphwlphv grhv qrw$ Wkh dqvzhu ghshqgv rq uhodwlrqvkls

ehwzhhq % dqg 5é Lq dq| fdvh/ wkh h>hfw ri % lv qrw ehwwhu hvwlpdwhg> wkh h>hfw ri 5 pd|eh lpsuryhg1



Fkdswhu 43

Dv|pswrwlf Wkhru| L

H{dfw glvwulexwlrq wkhru| lv olplwhg wr yhu| vshfldo fdvhv ^Qrupdo l1l1g1 huuruv olqhdu hvwlpdwruv`/ ru

lqyroyhv yhu| gl!fxow fdofxodwlrqv1 Wklv lv wrr uhvwulfwlyh iru dssolfdwlrqv1 E| pdnlqj dssur{lpdwlrqv

edvhg rq odujh vdpsoh vl}hv/ zh fdq rewdlq glvwulexwlrq wkhru| lq d pxfk zlghu udqjh ri flufxpvwdqfhv1

Dv|pswrwlf wkhru| lqyroyhv jhqhudol}lqj wkh xvxdo qrwlrqv ri frqyhujhqfh iru uhdo vhtxhqfhv wr

doorz iru udqgrp yduldeohv1 Zh vd| wkdw d uhdo vhtxhqfh %? frqyhujhv wr d olplw %"c ghqrwhg

*ð4?<" %? ' %"/ li iru doo " : f wkhuh h{lvwv dq ?f vxfk wkdw m%? ý %"m ÷ " iru doo ? è ?fé
Ghilqlwlrq= Zh vd| wkdw d vhtxhqfh ri udqgrp yduldeohv if?j"?'� frqyhujhv lq suredelolw| wr d

udqgrp yduldeoh fc ghqrwhg/

f?
åý$ fc +4314,

li iru doo 0 : fc

*ð4
?<"

èhdmf? ýfm : 0o ' fé

f frxog eh d frqvwdqw ru d udqgrp yduldeoh1 Zh vrphwlphv zulwh f 'R *ð4
?<"

f?é

Ghilqlwlrq= Zh vd| wkdw d vhtxhqfh ri udqgrp yduldeohv if?j"?'� frqyhujhv doprvw vxuho| ru

zlwk suredelolw| rqh wr d udqgrp yduldeoh fc ghqrwhg w?
@éréý$ wc li

èhdw? $ wo ' �é

88
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Ghilqlwlrq= Zh vd| wkdw d vhtxhqfh ri udqgrp yduldeohv if?j"?'� frqyhujhv lq glvwulexwlrq wr

d udqgrp yduldeoh fc ghqrwhg/

f?
(ý$ fc +4315,

li iru doo %c

*ð4
?<"

èhdf? é %o ' èhdf é %oé
Vshfl?fdoo|/ zh riwhq kdyh s

?Eew ý wä (ý$ ùEfc j2ä é

Qrwh wkdw frqyhujhqfh lq suredelolw| lv vwurqjhu wkdq frqyhujhqfh lq glvwulexwlrq/ exw wkh| duh

htxlydohqw zkhq f lv d frqvwdqw +l1h1/ qrw udqgrp,1

Ghilqlwlrq= Zh vd| wkdw d vhtxhqfh ri udqgrp yduldeohv if?j"?'� frqyhujhv lq phdq vtxduh wr

d udqgrp yduldeoh fc ghqrwhg f?
6éréý$ fc li

*ð4
?<"

.dmf? ýfm2o ' fé +4316,

Wklv suhvxphv ri frxuvh wkdw .f2
? ÷4 dqg .f2 ÷4éZkhq f lv d frqvwdqw/

.dmf? ýfm2o ' .dmf? ý .f?m2o n m.f? ýfm2 ' V@hEf?ä n m.f? ýfm2c

dqg lw lv qhfhvvdu| dqg vx!flhqw wkdw .f? $ f dqg YduEf?ä$ f1

Phdq vtxduh frqyhujhqfh lpsolhv frqyhujhqfh lq suredelolw|1 Wklv iroorzv iurp wkh Fkhe|fkhy

lqhtxdolw|

èhdmf? ýfm : 0o é .dmf? ýfm2o
02

é +4317,

Doprvw vxuh frqyhujhqfh lpsolhv frqyhujhqfh lq suredelolw|/ exw wkhuh lv qr qhfhvvdu| uhodwlrqvkls

ehwzhhq doprvw vxuh frqyhujhqfh dqg frqyhujhqfh lq phdq vtxduh1

Zh qrz frph wr wkh wzr pdlq wkhruhpv/ wkh Odz ri Odujh Qxpehuv +OOQ,/ dqg wkh Fhqwudo

Olplw Wkhruhp +FOW,1

Wkhruhp : +Nroprjrury, Ohw f�c é é é c f? lv l1l1g1 Wkhq d qhfhvvdu| dqg vx!flhqw frqglwlrq iru
�
?

S?
ð'�fð

@éréý$ > ì .Ef�ä lv wkdw .Emfðmä ÷41
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Wkhruhp ; +Olqghehuj0Ohy|, Ohw f�c é é é c f? eh l1l1g1 zlwk .Efðä ' > dqg YduEfðä ' j21 Wkhq

�s
?

?[
ð'�

Efð ý >ä (ý$ ùEfc j2äé

Wkhvh uhvxowv duh lpsruwdqw ehfdxvh pdq| hvwlpdwruv dqg whvw vwdwlvwlfv fdq eh uhgxfhg wr vdpsoh

dyhudjhv ru ixqfwlrqv wkhuhri1 Wkhuh duh qrz pdq| jhqhudol}dwlrqv ri wkhvh uhvxowv iru gdwd wkdw duh

qrw l1l1g1/ h1j1/ khwhurjhqhrxv/ ghshqghqw zhljkwhg vxpv1

Wkhruhp < +Olqghehuj0Ihoohu, Ohw f�c é é é c f? eh lqghshqghqw udqgrp yduldeohv zlwk .Efðä ' f

dqg YduEfðä ' j2ð 1 Vxssrvh dovr wkdw Olqghehuj*v frqglwlrq

�S?
ð'� j

2
ð

?[
ð'�

.

%
f2
ð �

#
f2
ð : "

ð[
æ'�

j2æ

$&
$ f iru doo " : f +4318,

krogv1 Wkhq
�sS?
ð'� j

2
ð

?[
ð'�

fð
(ý$ ùEfc �äé

D vx!flhqw frqglwlrq iru +4318, lv wkdw .dmfðmôo ÷4é
Wkh iroorzlqj uhvxowv duh yhu| xvhixo lq frqmxqfwlrq zlwk wkh OOQ dqg FOW=

Wkhruhp 43 Pdqq8Zdog1 Li f?
(ý$ f dqg li } lv frqwlqxrxv/ wkhq }Ef?ä

(ý$ }Efäé Wu f?
åý$

kc |üi? }Ef?ä
åý$ }Ekäé

Wkhruhp 44 Voxwvn|1 Li f?
(ý$ f/ +?

åý$ k/ wkhq= Eðä f? n +?
(ý$ f n k( +ll, f?+?

(ý$ kf( dqg

+lll, f?*+?
(ý$ f*k/ surylghg k 9' fé

Ilqdoo|/ zh srlqw rxw wkdw zkhq ghdolqj zlwk d yhfwru f? ' Ef?�c é é é c f?&ä
âc zh kdyh wkh uhvxow

wkdw

nf? ýfn åý$ fc

zkhuh n%n ' E%â%ä�*2 lv Hxfolghdq qrup/ li dqg rqo| li

mf?æ ýfæm åý$ f
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iru doo æ ' �c é é é c &é Wkh li sduw lv qr vxusulvh dqg iroorzv iurp wkh frqwlqxrxv pdsslqj wkhruhp1 Wkh

rqo| li sduw iroorzv ehfdxvh li nf? ýfn ÷ 0 wkhq mf?æ ýfæm ÷ 0 iru hdfk æé Dv uhjdugv frqyhujhqfh
lq glvwulexwlrq/ zh kdyh wkh Fudphuv Wkhruhp

Wkhruhp 45 D yhfwru f? frqyhujhv lq glvwulexwlrq wr d qrupdo yhfwru f li dqg rqo| li Sâf? frq0

yhujhv lq glvwulexwlrq wr Sâf iru hyhu| yhfwru Sé

Zh duh qrz deoh wr hvwdeolvk vrph uhvxowv derxw wkh odujh vdpsoh surshuwlhv ri wkh ohdvw vtxduhv

hvwlpdwru1 Lq wkh l1l1g1 fdvh/ wkh uhvxow lv yhu| vlpsoh1 Li zh dvvxph wkdw %ðc 0ð duh l1l1g1 zlwk

.E0ðm%ðä ' f zlwk suredelolw| rqh/ wkhq surylghg . d%ð%
â
ðo ÷4 dqg . dn%ð0ðno ÷4c zh kdyh eq åý$ qé

Wkhvh frqglwlrqv duh riwhq uhjdughg dv xqqhfhvvdu| dqg shukdsv vwurqj dqg xqvxlwhg wr wkh ?{hg

ghvljq1 Zh qh{w frqvlghu wkh ceduh plqlpxp* frqglwlrq wkdw zrunv lq pruh jhqhudo vdpsolqj vfkhphv

lqfoxglqj wuhqglqj yduldeohv1

Wkhruhp 46 Vxssrvh wkdw D30D5 krog dqg wkdw

b4ð?Ef
âfä$4 @t ?$4é Eöä

Wkhq/ eq åý$ qé

Surri1 Iluvw/

.Eeqä ' qé
Vlqfh YduEeqä ' j2Ef âfä3� exw

mEf âfä3�m ' b4@ EEf
âfä3�ä '

�

b4ð?Ef âfä
c

dqg surylghg +ö, lv wuxh/ YduEeqä$ f1

Li zh gr kdyh d udqgrp ghvljq wkhq wkh frqglwlrqv dqg frqfoxvlrq vkrxog eh lqwhusuhwhg dv kroglqj

zlwk suredelolw| rqh lq wkh frqglwlrqdo glvwulexwlrq jlyhq fé
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H{dpsoh=

f '

3EEC
� ��*2

111 2�*2

� ?�*2

4FFD
f âf '

#
?

S
ð�*2S

ð�*2
S?

ð'� ð

$
ä
%

? 2
ô
?ô*2

2
ô
?ô*2 ?2

2

&

Ef âfä3� '

#
?2*2 ý2

ô
?ô*2

ý2
ô
?ô*2 ?

$
*

ë
?ô

2
ý e

b
?ô
ê

' �H

#
?2

2
ý2

ô
?ô*2

ý2
ô
?ô*2 ?

$
*?ô $ f @t ?$4é

Qrwh wkdw lw lv qrw hqrxjk wkdw hdfk hohphqw ri f âf $4/ ehfdxvh wdnh

f âf '
í?
?

?

?

ì
é

Zh qrz wxuq wr wkh olplwlqj glvwulexwlrq ri wkh ohdvw vtxduhv hvwlpdwru1 Lq wkh l1l1g1 fdvh/ wkh

uhvxow lv yhu| vlpsoh1

Wkhruhp 47 Li %ðc 0ð duh l1l1g1 zlwk 0ð lqghshqghqw ri %ð/ wkhq surylghg .E02ð ä ' j2c . d%ð%
â
ðo ÷ 4c

zh kdyh s
?Eeq ý qä (ý$ ùEfc j2 i. d%ð%

â
ðoj3�äé

Surri xvhv Pdqq8Zdog Wkhruhp dqg Voxwvn| Wkhruhpv1 Zh qh{w frqvlghu wkh ?{hg ghvljq fdvh1

Lq wklv fdvh/ lw vx!fhv wr kdyh d yhfwru fhqwudo olplw wkhruhp iru wkh zhljkwhg l1l1g1 vhtxhqfh

E
?[
ð'�

%ð%
â
ðä
3�

?[
ð'�

%ð0ð '
?[
ð'�

çð0ðc

iru vrph zhljkwv ghshqglqj rqo| rqfé Wkdw lv/ wkh vrxufh ri wkh khwhurjhqhlw| lv wkh ?{hg uhjuhvvruv1

Lq wklv fdvh/ d vx!flhqw frqglwlrq iru wkh vwdqgdugl}hg udqgrp yduldeoh
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A? '

S?
ð'�çð0ð

E
S?

ð'�ç
2
ð j

2ä
�*2

wr frqyhujh wr d vwdqgdug qrupdo udqgrp yduldeoh lv wkh iroorzlqj frqglwlrq

4@ �$ð$?ç2
ðS?

ð'�ç
2
ð

$ fé

Wklv lv d vr0fdoohg qhjoljlelolw| uhtxluhphqw/ zklfk phdqv wkdw qr rqh ri wkh zhljkwv grplqdwhv hyhu|

rwkhu whup1 Wkhuhiruh/ s
?Eeq ý qä (ý$ ùEfc j2�3�äc

surylghg f âf*?$� : f dqg wkh iroorzlqj qhjoljlelolw| frqglwlrq krogv=

4@ 
�$ð$?

%ðEf
âfä3�%âð $ f @t ?$4é +4319,

Dfwxdoo| lw vx!fhv iru wkh gldjrqdo hohphqwv ri wklv pdwul{ wr frqyhujh wr }hur1 Wkh frqglwlrq lv

xvxdoo| vdwlv?hg1 Vxssrvh & ' �c wkhq wkh frqglwlrq +4319, lv

4@ 
�$ð$?

%2ðS?
æ'� %

2
æ

$ fé

Iru h{dpsoh/ li %ð ' ð/
4@ �$ð$? ð2S?

æ'� æ
2

'
?2

ïE?ôä
$ fé

Lq wklv fdvh/ hyhq wkrxjk wkh odujhvw hohphqw lv lqfuhdvlqj zlwk vdpsoh vl}h pdq| rwkhu hohphqwv duh

lqfuhdvlqj mxvw dv idvw1 Dq h{dpsoh/ zkhuh wkh FOW zrxog idlo lv

%ð '

+
� li ð ÷ ?

? li ð ' ?é

Lq wklv fdvh/ wkh qhjoljlelolw| frqglwlrq idlov dqg wkh glvwulexwlrq ri wkh ohdvw vtxduhv hvwlpdwru zrxog

eh odujho| ghwhuplqhg e| wkh odvw revhuydwlrq1
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Dv|pswrwlf Wkhru| LL

Zh khuh frqvlghu ixuwkhu dssolfdwlrqv ri wkh wrrov ri dv|pswrwlf wkhru| wr vwdqgdug huuruv dqg whvw

vwdwlvwlfv1 Wklv lqyroyhv frpelqlqj wkh Pdqq0Zdog wkhruhp dqg Voxwvn| wkhruhp zlwk wkh odz ri

odujh qxpehuv dqg fhqwudo olplw wkhruhpv1 Lq wkh vhtxho zh vkdoo xvh wkh Rughu qrwdwlrq=

f? ' JREB?ä ðu
f?
B?

åý$ f

f? ' ïREB?ä ðu iru doo gc *ð4
?<"

èh

éññññf?B?
ññññ : gè ÷ �é

Wkh odwwhu phdqv wkdw f? lv ri qr odujhu rughu wkdq B? ^zh vd| wkdw f? lv vwrfkdvwlfdoo| erxqghg `c

zkloh wkh ?uvw rqh lv vwurqjhu dqg vd|v wkdw f? lv ri vpdoohu rughu wkdq B?é Wkhvh frqfhswv fruuhvsrqg

wr wkh JEüä dqg ïEüä xvhg lq vwdqgdug uhdo dqdo|vlv1 Wkh rughu v|perov reh| wkh iroorzlqj dojheud/

zklfk lv uhdoo| mxvw wkh 5*ý|t!) wkhruhp=

ïRE�äJRE�ä ' JRE�ä

ïRE@?äïREK?ä ' ïRE@?K?ä

ïRE@?ä nïREK?ä ' ïRE4@ i@?c K?jäé

Zh ?uvw frqvlghu wkh vwdqgdug huuru1 Zh kdyh

r2 '
eüâeü
?ý &

94
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'
�

?ý &iü
âüý üâfEf âfä3�f âüj

'

ë
?

?ý &
ê
üâü
?
ý �

?ý &
üâfs
?
Ef âf*?ä3�f âü*

s
?é

Wkhruhp 48 Vxssrvh wkdw üð duh l1l1g1 zlwk ?qlwh irxuwk prphqw/ dqg wkdw wkh uhjuhvvruv duh iurp

d ?{hg ghvljq dqg vdwlvi| Ef âf*?ä$�czkhuh � lv d srvlwlyh gh?qlwh pdwul{1 Wkhq

s
?Er2 ý j2ä (ý$ ùEfc V@hdü2 ý j2oäé

Surri1 Qrwh wkdw

ñ@hE
üâfs
?
ä ' j2

f âf
?
c

zklfk vwd|v erxqghg/ vr wkdw Eüâf*
s
?ä ' ïRE�äé Wkhuhiruh wkh vhfrqg whup lv ïRE?3�ä1 Wkhuhiruh/

r2 ' d� n JRE�äoj
2 ý �

?ý &ïRE�ä ' j
2 n JRE�äé

Zkdw derxw wkh dv|pswrwlf glvwulexwlrq ri r2B

s
?Er2 ý j2ä ' d� n JRE�äo

�s
?

?[
ð'�

Eü2ð ý j2äý
s
?

?ý &ïRE�ä

'
�s
?

?[
ð'�

Eü2ð ý j2ä n JRE�ä
(ý$ ùEfc V@hdü2 ý j2oäc

surylghg wkh vhfrqg prphqw ri Eü2ð ý j2ä h{lvwv/ zklfk lw grhv xqghu rxu dvvxpswlrq1 Zkhq wkh

huuruv duh qrupdoo| glvwulexwhg/ V@hdü2 ý j2o ' 2jeé

Qrz zkdw derxw wkh w vwdwlvwlf=

| '

s
?Sâeq

r
t
Sâ Ef

âfä3�
?

S
é

Wkhruhp 49

| '

s
?Sâeq

j
s
Sâ�3�S

n JRE�ä

(ý$ ùEfc j2Sâ�3�Sä

j
s
Sâ�3�S

ì ùEfc �ä ý?_ih Mfé
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Dv iru wkh Zdog vwdwlvwlf

` ' ?E-eq ý oäâ %r2-ëf âf
?

ê3�
-â
&3�

E-eq ý oäé
Wkhruhp 4: Vxssrvh wkdw - lv ri ixoo udqn/ wkdw üð duh l1l1g1 zlwk ?qlwh irxuwk prphqw/ dqg wkdw

wkh uhjuhvvruv duh iurp d ?{hg ghvljq dqg vdwlvi| Ef âf*?ä $ �c c zkhuh � lv d srvlwlyh gh?qlwh

pdwul{1 Wkhq/

`
(ý$ ùEfc j2-�3�-âä ü dj2-�3�-âo3� üùEfc j2-�3�-âä ' ã2^é

4413148 Wkh ghowd phwkrg

Wkhruhp 4; Vxssrvh wkdw
s
?Eew ý wä (ý$ ùEfc Pä dqg wkdw s lv d frqwlqxrxvo| gl>huhqwldeoh

ixqfwlrq1 Wkhq
s
?EsEewäý sEwää (ý$ ù

ë
fc
Ys

Yw
P
Ys

Ywâ

ê
é

Surri1 +Vfdodu fdvh, E| wkh 4i@? ñ@*ýi |üiLhi4

sEewä ' sEwä n Eew ý wäs âEwWäc l1h1/
s
?EsEewäý sEwää ' s âEwWä ü s?Eew ý wäé

Exw vlqfh ew åý$ w , wW åý$ w , s âEwWä åý$ s âEwä 9' f ÷41 Wkhuhiruh/

s
?EsEewäý sEwää ' ds âEwä n JRE�äo

s
?Eew ý wäc

dqg wkh uhvxow qrz iroorzv1

H{dpsoh 41 sEqä ' eq/ zkdw lv wkh glvwulexwlrq ri eeq +vfdodu,
s
?Ee

eq ý eqä ' eqs?Eeq ý qä, ùEfc e2qj2�3�ä

H{dpsoh 51 Vxssrvh wkdw

+ ' q� n q2%2 n qô%ô n üé
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Zkdw derxw eq2*eqôB Zh kdyh

s
?

#eq2eqô ý q2qô
$

(ý$ ù

ë
fc j2

Ys

Yq
�3� Ys

Yq â

ê
c

zkhuh Ys
Yq

'

3EEC
f

�*qô

ýq2*q2ô

4FFD/ vr wkdw wkh olplwlqj yduldqfh lv

j2

+#
�
qô
3q2
q2ô

$#
�22 �2ô

�ô2 �ôô

$#
�
qô
3q2
q2ô

$,
é

H{dpsoh 51 Vxssrvh + ' %qnüc & ' �1 Gh?qh wkh uhyhuvh uhjuhvvlrq hvwlpdwru ^iurp uhjuhvvlqj

% rq +` eqo ' +â+
%â+

'
�eq%�+ é

Wkhq

eqo ' Eün %qäâE%q n üä
%âE%q n üä

'
q2%â%n 2q%âün üüâ

q%â%n %âü

'
q2 n 2q %

âü
%â% n

üâü
%â%

q n %âü
%â%

'
q2 n 2q �I

?
%âü*

I
?

%â%*
I
?
n üâü*?

%â%*?

q n �I
?
%âü*

I
?

%â%*?

'
q2 nïRE?

3�*2ä n j2�3�

q nïRE?3�*2ä

'
q2 n j2�3�

q
n JRE�ä

' q n
j2

q�
n JRE�ä

Wr ghulyh wkh dv|pswrwlf glvwulexwlrq zh xvh wkh ghowd8phwkrg1 Zulwh

eqo ' eùe(é
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Wkh qxphudwru vdwlv?hv

s
?d eù ýù o ' 2q

%âü*
s
?

�
n

Eüâüý j2ä*s?
�

c

zkhuh ù ' q2 n j2�3�é Wklv lv dv|pswrwlfdoo| qrupdo zlwk phdq }hur dqg ?qlwh yduldqfh1 Ghqrp0

lqdwru vdwlv?hv s
?E e( ý qä ' %âü*

s
?

�
é

Wkhq/
s
?

# eùe( ý ù
(

$
'
s
?
eù ýù
(

ý ù

(2

s
?E e( ý(ä n JRE�ä

e| wkh ghowd phwkrg1 Lq idfw/ zh qhhg wkh mrlqw dv|pswrwlf glvwulexwlrq/ vr vxssrvh wkdw# s
?E eù ýùäs
?E e( ý(ä

$
(ý$ ùEfcläc l '

#
l�� l2�

l�2 l22

$
é

Wkhq wkh dv|pswrwlf glvwulexwlrq ri eqo lv
ùEfc

l��

(2
n
ù2

(e
l22 ý 2

ù

(ô
l�2äé
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Fkdswhu 45

Huuruv lq Yduldeohv

Rqh lqwhusuhwdwlrq ri olqhdu prgho lv wkdw wkhuh lv vrph xqrevhuydeoh +W vdwlvi|lqj

+4d, +W ' fq

dqg zh revhuyh +W vxemhfw wr huuru

+4e, + ' +W n 0é

Khuh/ 0 lv d phdq }hur vwrfkdvwlf huuru whup vdwlvi|lqj 0 B +W ^ru pruh ixqgdphqwdoo|/ 0 B f`1

Wkhuhiruh/

+ ' fq n 0c

zkhuh 0 kdv wkh surshuwlhv ri wkh xvxdo olqhdu uhjuhvvlrq huuru whup1 Lw lv fohdu wkdw zh wuhdw fc +

dv|pphwulfdoo|> f lv dvvxphg wr kdyh ehhq phdvxuhg shuihfwo|1 Zkdw derxw dvvxplqj lqvwhdg wkdw

+ ' fWq n 0c

zkhuh

+5, f ' fW n L c Lc 0 B fWé

Khuh/ f lv vwrfkdvwlf dqg fW lv ?{hg/ dowkrxjk rqh fdq dovr frqvlghu wkh fdvh zkhuh fW lv vwrfkdvwlf1

Wrjhwkhu +4, dqg +5, lpso| wkdw

+ ' fq n 0ý Lq ' fq n Dc +4514,

9:
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zkhuh D ' 0 ý Lq lv fruuhodwhg zlwk f1 Lq sudfwlfh/ zh kdyh pdq| lqvwdqfhv ri plvphdvxuhg

fryduldwhv1

Wkh frqvhtxhqfhv ri wkh vshfl?fdwlrq +4514, duh pdq|irog1 Iluvw/ wkh ohdvw vtxduhv hvwlpdwru kdv

dq reylrxv eldv1 Zh kdyh

eq ' Ef âfä3�f â+ ' q n Ef âfä3�f âD ' q n Ef âfä3�f â0ý Ef âfä3�f âLqé

Wdnh h{shfwdwlrqv

.Eeqä ' q ý .iEf âf3�f âLjqé
Lw lv ehwwhu wr zrun zlwk dv|pswrwlf dssur{lpdwlrq1 Wkh ghqrplqdwru ri eq vdwlv?hv

f âf
?

'
fWâfW

?
n 2

fWâL
?

n
L âL
?
é

Zh vkdoo vxssrvh wkdw

fWâfW

?
ý$ 'W

fWâL
?

åý$ f

L âL
?

åý$ P00c

zklfk zrxog eh mxvwl?hg e| wkh Odz ri Odujh Qxpehuv1 Wkhuhiruh/

f âf
?

åý$ 'W nP00é

Wkh qxphudwru ri eq vdwlv?hv

f âL
?

'
fWâL
?

åý$ f n
L âL
?

åý$ P00é

Wkhuhiruh/ eq åý$ q ý d'W nP00o
3�P00q ' id'W nP00o

3�'Wj ü q ì äqé
Lq wkh vfdodu fdvh/

ä '
^

^ n j20
'

�

� n j20*^
c
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zkhuh j20*^ lv wkh qrlvh wr vljqdo udwlr> zkhq
?Lðti
tð}?@*

' f/ eq lv xqeldvhg1 Zkhq ?Lðti
tð}?@*

%/ meldvm lqfuhdvhv
dqg q vkulqnv wrzdugv }hur1

Uhpdunv

41 Lq wkh yhfwru fdvh mR *ð4 eqm é mqm/ exw lw lv qrw qhfhvvdulo| wkh fdvh wkdw hdfk hohphqw lv vkuxqn

wrzdugv }hur1

51 Vxssrvh wkdw g : �/ exw rqo| rqh uhjuhvvru lv phdvxuhg zlwk huuru/ l1h1/ P00 '
k
j20
f

f
f

l
1 Lq wklv

fdvh/ doo eq duh eldvhg> wkdw sduwlfxodu frh!flhqw hvwlpdwh lv vkuxqn wrzdugv }hur1

61 Li fW lv wuhqglqj/ wkhq phdvxuhphqw huuru pd| surgxfh qr eldv> iru h{dpsoh/ vxssrvh wkdw

%W| ' | dqg %| ' %
W
| nL|1 Qrz f

WâfW '
SA

|'� |
2 ' ïEA ôä/ L âL '

SA
|'� L

2
| ' ïREA ä1 Wkhuhiruh/

f âf
A ô

åý$ fWâfW

A ô

f âL
A ô*2

'
fWâL
A ô*2

n
L âL
A ô*2

åý$ fé

Wkhuhiruh/ eq å$ qé Wklv lv ehfdxvh wkh vljqdo khuh lv yhu| vwurqj dqg vzdpsv wkh qrlvh1

4513149 Vroxwlrqv wr HLY

+4, Dvvxph nqrzohgjh ri vljqdo wr qrlvh udwlr ^*j20 dqg dgmxvw eq dssursuldwho|1 Wklv lv kdug wr

mxvwli| qrzdgd|v1

+5, Lqvwuxphqwdo yduldeohv1 Ohw ~?f& eh lqvwuxphqwv zlwk

~ âf
?

åý$ '~f +4515,

~ âD
?

åý$ fc +4516,

l1h1/ ~ â0*? åý$ f/ ~ âL*? åý$ f1 Wkhq gh?qh wkh lqvwuxphqwdo yduldeohv hvwldwru +LYH,

eqUT ' E~ âfä3�~ â+é
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Zh kdyh eqUT ' q n

ë
~ âf
?

ê3�
~ âD
?

åý$ qc

xvlqj dvvxpswlrqv +4515, dqg +4516,1 Surylghg dovr wkdw ~ âD*
s
? vdwlv?hv d fhqwudo olplw wkhruhp zh

fdq frqfoxgh wkdw

s
?EeqUT ý qä ' ë~ âf?

ê3�
~ âDs
?

(ý$ ùEfc j2D'
3�
~f'~~'

3�
~fäé

Wklv lv wkh fdvh zkhuh D duh l1l1g1 zlwk phdq }hur dqg yduldqfh j2Dé

Zkhuh gr wkh lqvwuxphqwv frph iurpB

+4, Lqglfdwru yduldeohv ru udqnv1 Vxssrvh wkdw phdvxuhphqw huuruv d>hfwv fduglqdo rxwfrph exw

qrw ruglqdolw|/ l1h1/

%ð ÷ %æ / %Wð ÷ %
W
æ

Wkhq

+5d, Wdnh dv 5ð wkh udqn ri %ð

+5e, 5ð '

+
� ðu %ð : 4i_ð@? %

f ðu %ð ÷ 4i_ð@? %

Phwkrg ri jurxslqj Zdog +4<73,1 Wkh hvwlpdwru lv +�*%�1

+6, Wlph vhulhv h{dpsohv/ 5 duh odjjhg yduldeohv1

+7, Vshfl?f h{dpsohv1

451314: Gxuelq0Zx0Kdxvpdq Whvw

Zh qrz frqvlghu d zhoo nqrzq whvw iru wkh suhvhqfh ri phdvxuhphqw huuru/ fdoohg wkh Gxuelq0Zx0

Kdxvpdq whvw1 Dfwxdoo|/ wkh whvw lv dssolfdeoh pruh jhqhudoo|1

Mf = qr phdvxuhphqw huuru1

Wkh whvw vwdwlvwlf lv

M ' Eeqïu7 ý eqUT äâeT 3�Eeqïu7 ý eqUT äc
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dqg rqh uhmhfwv wkh qxoo k|srwkhvlv iru odujh ydoxhv ri wklv vwdwlvwlf1 Wkh lghd lv wkdw eqïu7 dqg eqUT
duh erwk frqvlvwhqw xqghu Mf/ exw xqghu Mø/ eqïu7 lv lqfrqvlvwhqw1 Wkhuhiruh/ wkhuh vkrxog eh d

glvfuhsdqf| wkdw fdq eh slfnhg xs xqghu wkh dowhuqdwlyh1 Zkdw lv wkh qxoo dv|pswrwlf yduldqfhB

eqïu7 ý eqUT ' iE~ âfä3�~ â ý Ef âfä3�f âjD ' øD

zlwk yduldqfh T ' j2Døø
âé Lq idfw/ øøâ vlpsol?hv

øâø ' E~ âfä3�~ â~E~ âfä3� ý E~ âfä3�~ âfEf âfä3� ý Ef âfä3�f â~E~ âfä3� n Ef âfä3�

' E~ âfä3�~ â~E~ âfä3� ý Ef âfä3� è f

M) |üi Jdxvv Pdunry Wkhruhpé Vr zh xvh

eT ' r2DiE~ âfä3�~ â~E~ âfä3� ý Ef âfä3�j

' r2DE~
âfä3�~ â�f~Ef

â~ä3�c

zkhuh r2D '
�
?3&

S?
ð'� eD2ð / eDð ' +ð ýfeqUT 1 Wkxv/ eT 3� ' r32D f â~E~ â�f~ä

3�~ âfé Xqghu Mf

M
($ ã2g c

dqg wkh uxoh lv wr uhmhfw iru odujh ydoxhv ri M1
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Khwhurvnhgdvwlflw|

Zh pdgh wkh dvvxpswlrq wkdw

V@hE+ä ' j2U

lq wkh frqwh{w ri wkh olqhdu uhjuhvvlrq prgho1 Wklv frqwdlqv wzr pdwhuldo sduwv= +d, r> gldjrqdov duh

}hur +lqghshqghqfh,/ dqg +e, gldjrqdov duh wkh vdph1 Khuh zh h{whqg wr wkh fdvh zkhuh

V@hE+ä '

5997
j2� f

1 1 1

f j2?

6::8 ' P c j2ð 9' j2æ c

l1h1/ wkh gdwd duh khwhurjhqhrxv1

Zh orrn dw wkh h>hfwv ri wklv rq hvwlpdwlrq dqg whvwlqj lqvlgh olqhdu +qrqolqhdu, uhjuhvvlrq prgho/

zkhuh .E+ä ' fq1 Lq sudfwlfh/ pdq| gdwd duh khwhurjhqhrxv1

461314; H>hfwv ri Khwhurvnhgdvwlflw|

Frqvlghu wkh ROV hvwlpdwru eq ' Ef âfä3�f â+é

Lq wkh qhz flufxpvwdqfh/ wklv lv ý?Mð@ti_c ehfdxvh

.Eeqä ' qc ;qc

:6
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exw

V@hEeqä ' Ef âfä3�f âPfEf âfä3� 9' j2Ef âfä3�é

Dv vdpsoh vl}h lqfuhdvhv/ V@hEeqä$ fc vr wkdw wkh ROVH lv vwloo frqvlvwhqw1 Wkh pdlq sureohp wkhq

lv zlwk wkh yduldqfh1

+d, Ohdvw vtxduhv vwdqgdug huuruv duh hvwlpdwlqj wkh zurqj txdqwlw|1 Zh kdyh

r2 '
�

?ý &eüâeü
'

�

?

?[
ð'�

ü2ð n JRE�ä

åý$ j2 ì *ð4
?<"

�

?

?[
ð'�

j2ð c

exw
�

?

?[
ð'�

%ð%
â
ðj

2
ð 9'

�

?

?[
ð'�

j2ð ü
�

?

?[
ð'�

%ð%
â
ðc

vr wkhuh lv qr fdqfhoodwlrq1

+e, ROV lv lqh!flhqw1 Zk|B

+W ' P3�*2+ ' P3�*2fq nP3�*2ü ' fWq n üWc

zkhuh üW duh krprjhqhrxv1 Wkhuhiruh/

eqW ' EfWâfWä3�%W
â
+W ' Ef âP3�fä3�f âP3�+

lv h!flhqw e| Jdxvv8Pdunry1 Vr

eqBw5 ' Ef âP3�fä3�f âP3�+

lv wkh h!flhqw hvwlpdwru khuh> wklv lv qrw htxdo wr eqïu7 ' Ef âfä3�f â+c xqohvv P ' j2U +ru vrph

pruh frpsolfdwhg frqglwlrqv duh vdwlv?hg,1 Fdq vkrz gluhfwo| wkdw

Ef âP3�fä3� é Ef âfä3�f âPfEf âfä3�é

Lq vrph vshfldo fdvhv ROV@JOV/ exw lq jhqhudo wkh| duh gl>huhqw1 Zkdw wr grB
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461314< Sodq D= Hlfnhu8Zklwh

Xvh ROV exw fruuhfw vwdqgdug huuruv1 Dffhsw lqh!flhqf| exw kdyh fruuhfw whvwv/ hwf1 Krz gr zh gr

wklvB Fdq*w hvwlpdwh j2ð / ð ' �c é é é c ? ehfdxvh wkhuh duh ? ri wkhp1 Krzhyhu/ wklv lv qrw qhfhvvdu| 0

lqvwhdg zh pxvw hvwlpdwh wkh vdpsoh dyhudjh �
?

S?
ð'� %ð%

â
ðj

2
ð 1 Zh hvwlpdwh V@hEeqä e|

eT '
�

?

#
�

?

?[
ð'�

%ð%
â
ð

$3�#
�

?

?[
ð'�

%ð%
â
ðeü2ð
$#

�

?

?[
ð'�

%ð%
â
ð

$3�
é

Wkhq xqghu uhjxodulw| frqglwlrqv

�

?

?[
ð'�

%ð%
â
ðEeü2ð ý j2ð ä åý$ fc

zklfk vkrzv wkdw

eT * T '
�

?

#
�

?

?[
ð'�

%ð%
â
ð

$3�#
�

?

?[
ð'�

%ð%
â
ðj

2
ð

$#
�

?

?[
ð'�

%ð%
â
ð

$3�
é

W|slfdoo| ?qg wkdw Zklwh*v vwdqgdug huuruv ^rewdlqhg iurp wkh gldjrqdo hohphqwv ri eT o duh odujhu wkdq
ROV vwdqgdug huuruv1 Ilqdoo|/ rqh fdq frqvwuxfw whvw vwdwlvwlfv zklfk duh urexvw wr khwhurvnhgdvwlflw|/

wkxv

?E-eq ý oäâd-eT -âo3�E-eq ý oä ($ ã2a é

4613153 Sodq E= Prgho Khwhurvnhgdvwlflw|

Vrphwlphv prghov duh vxjjhvwhg e| gdwd1 Vxssrvh ruljlqdo revhuydwlrqv duh e| lqglylgxdo/ exw wkhq

djjuhjdwh xs wr d krxvhkrog ohyho1 Krprjhqhrxv dw wkh lqglylgxdo ohyho lpsolhv khwhurjhqhrxv dw wkh

krxvhkrog ohyho/ l1h1/

üð '
�

?ð

?ð[
æ'�

üðæé

Wkhq/

V@hEüðä '
�

?ð
V@hEüðæä '

j2

?ð
é

Khuh/ wkh yduldqfh lv lqyhuvho| sursruwlrqdo wr krxvhkrog vl}h1 Wklv lv hdv| fdvh vlqfh dsduw iurp

vlqjoh frqvwdqw/ j2/ j2ð lv nqrzq1
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Jhqhudo vwudwhj|

Vxssrvh wkdw P ' PEwäé Ixuwkhu h{dpsoh j2ð ' eò%ð ru j2ð ' ò%2ð uLh tL4i T@h@4i|ih òé Vxssrvh zh

kdyh d qrupdo huuru dqg wkdw w _ q ' èé Wkhq/

uEqc wä ' ý�

2
*? mPEwäm ý �

2
E+ ýfqäâP3�EwäE+ ýfqä

' ý�

2

?[
ð'�

*?j2ð Ewäý
�

2

?[
ð'�

E+ð ý %âðqä2j32ð Ewäé

Lq wklv fdvh/

YO
Yq

'
?[
ð'�

%ðE+ð ý %âðqäj32ð Ewä +4614,

YO
Yw

' ý�

2

?[
ð'�

Y *? j2ð
Yw

Ewä n
�

2

?[
ð'�

E+ð ý %âðqä2j3eð Ewä
Yj2ð
Yw
é +4615,

Wkh hvwlpdwruv Eeq�w,cew�w,ä vroyh +4614,/ +4615,/ zklfk duh qrqolqhdu htxdwlrqv lq jhqhudo1 Krz0

hyhu/ wkh htxdwlrq iru q lv frqglwlrqdoo| olqhdu/ wkdw lv vxssrvh wkdw zh kdyh d vroxwlrq ew�w,c wkhq

eq�w, '

%
?[
ð'�

%ð%
â
ðj
32
ð Eew�w,ä

&3� ?[
ð'�

%ð+ðj
32
ð Eew�w,äé

Kdyh wr xvh lwhudwlrqv1 Vwduw zlwk eqïw5/ zklfk lv frqvlvwhqw/ wklv jlyhv xv ewc zklfk zh wkhq xvh lq

wkh JOV gh?qlwlrq1 Vhh ehorz iru d surshu wuhdwphqw ri qrqolqhdu hvwlpdwruv1

H{dpsoh1 Vxssrvh wkdw

j2ð '
�

wE%âð%ðä
iru vrph srvlwlyh frqvwdqw wé Lq wklv fdvh

Yì

Yw
'

�

2

?[
ð'�

�

w
n

�

2

?[
ð'�

ü2ð Eqä%
â
ð%ðé

Wkhuhiruh/ zh kdyh d forvhg irup vroxwlrqew ' �
�
?

S?
ð'� eü2ð Eeqä%âð%ð c

zkhuh eüð ' +ð ý %âðeq�w,é
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Surshuwlhv ri wkh Surfhgxuh

Iluvwo|/ xqghu jhqhudo frqglwlrqv qrw uhtxlulqj + wr eh qrupdoo| glvwulexwhg/% s
?Eeq�w, ý qäs
?Eew�w, ý wä

&
(ý$ ùEfclä uLh tL4i l

Li + lv qrupdo/ wkhq l ' U3�/ wkh lqirupdwlrq pdwul{1

U '

%
*ð4?<" ?3�f âP�f f

f q

&
é

Lq wklv fdvh/ eq lv dv|pswrwlfdoo| htxlydohqw wr

eqBw5 ' Ef âP3�fä3�f âP3�+

Zh vd| wkdw eq�w lv dv|pswrwlfdoo| Jdxvv8Pdunry h!flhqw/ EODXH1

Riwhq shrsoh xvh dg krf hvwlpdwhv ri w dqg frqvwuxfw

eq6Bw5 ' Ef âP3�EewøMäfä3�f âP3�EewøMä+é
Surylghg ew åý$ w dqg vrph dgglwlrqdo frqglwlrqv/ wklv surfhgxuh lv dovr dv|pswrwlfdoo| htxlydohqw wreqBw51
4613154 Whvwlqj iru Khwhurvnhgdvwlflw|

Wkh olnholkrrg iudphzrun kdv ehhq zlgho| hpsor|hg wr vxjjhvw whvwv ri khwhurvnhgdvwlflw|1 Vxssrvh

wkdw

j2ð Ewä ' ke
ò%ð

Mf G ò ' f ñté ò 9' fé

Wkh OP whvwv duh vlpsohvw wr lpsohphqw khuh ehfdxvh zh rqo| kdyh wr hvwlpdwh xqghu krprjhqhrxv

qxoo1 Zh kdyh
YO
Yò

' ý�

2

?[
ð'�

%ð

ë
ü2ð
k
ý �

ê
é



:; FKDSWHU 461 KHWHURVNHGDVWLFLW\

Xqghu qrupdolw|/ Ydu
í
ü2

2

ì
' 2é Wkhuhiruh/

w� '

%
?[
ð'�

ëeü2ðek ý �

ê
%ð

&
d2

?[
ð'�

%ð%
â
ðo
3�
%

?[
ð'�

ëeü2ðek ý �

ê
%ð

&
c

zkhuh ek '
�

?

?[
ð'�

eü2ð c
zkhuh eü2ð duh wkh ROV uhvlgxdov iurp wkh uhvwulfwhg uhjuhvvlrq1 Xqghu Mf

w�
(ý$ ã2�é

Uhmhfw iru odujh OP1



Fkdswhu 47

Qrqolqhdu Uhjuhvvlrq Prghov

Zh qrz frqvlghu d pruh jhqhudo fodvv ri uhjuhvvlrq prghov> wkh Qrqolqhdu uhjuhvvlrq prgho1 Zh kdyh

qrwhg wkdw wkh olqhdu lq sdudphwhuv exw qrqolqhdu lq yduldeohv fdq uhdoo| eh dffrpprgdwhg lqvlgh wkh

fodvvlfdo olqhdu iudphzrun/ vr wkh uhdo gl!fxow| lv lq dffrpprgdwlqj qrqolqhdu lq sdudphwhuv prghov1

Zh vxssrvh wkdw

.d+mfo Lh .d+o '

5997
}�E%�c qä

111

}?E%?c qä

6::8 c
êüihi iru h{dpsoh }E%c qä ' %qé Fdq dovr vshfli| Ydud+o ' j2Uc wr rewdlq

+ð ' }E%ðc qä n 0ðc ð ' �c 2c é é é c ?c

zkhuh 0ð duh l1l1g1 phdq }hur zlwk yduldqfh j2é

Lq wklv fdvh/ krz gr zh hvwlpdwh qB Wkh pdlq fulwhulrq zh vkdoo frqvlghu lv wkh Qrqolqhdu ohdvw

vtxduhv/ zklfk lv ri frxuvh wkh POH zkhq + å ùE}c j2Uä1 Lq wklv fdvh rqh fkrrvhv q wr plqlpl}h

7?Eqä '
�

?

?[
ð'�

d+ð ý }E%ðc qäo2

ryhu vrph sdudphwhu vhw îé Ohw eqùuu7 ' @h}4ð?
qMî

7?Eqäé

:<
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Li î lv frpsdfw dqg } lv frqwlqxrxv/ wkhq wkh plqlpl}hu h{lvwv exw lv qrw qhfhvvdulo| xqltxh1 Pruh

jhqhudoo|/ rqh fdqqrw hyhq jxdudqwhh h{lvwhqfh ri d vroxwlrq1 Lq dq| hyhqw/ frpsxwdwlrq ri cwkh

hvwlpdwru* lv d elj lvvxh1 Zh xvxdoo| wu| wr vroyh d ?uvw rughu frqglwlrq/ zklfk zrxog eh dssursuldwh

iru ?qglqj lqwhulru plqlpd lq gl>huhqwldeoh fdvhv1 Lq jhqhudo/ wkh ?uvw rughu frqglwlrqv gr qrw kdyh

d forvhg irup vroxwlrq1 Li wkhuh duh pxowlsoh vroxwlrqv wr wkh ?uvw rughu frqglwlrq/ wkhq rqh fdq hqg

xs zlwk gl>huhqw dqvzhuv ghshqglqj rq wkh zd| wkh dojrulwkp lv lpsohphqwhg1 Vwdwlvwlfdo surshuwlhv

dovr dq lvvxh/ eqùuu7 lv d qrqolqhdu ixqfwlrq ri +/ vr zh fdqqrw hdvlo| fdofxodwh phdq dqg yduldqfh1

4713155 Frpsxwdwlrq

Zh pdnh vrph uhpdunv

î Li 7? lv joredoo| frqyh{/ wkhq wkhuh h{lvwv d xqltxh plqlpxp iru doo ? uhjdugohvv ri wkh sdudphwhu

vsdfh1 Olqhdu uhjuhvvlrq kdv d joredoo| frqyh{ fulwhulrq 0 lw lv d txdgudwlf ixqfwlrq1 Vrph

qrqolqhdu prghov duh dovr nqrzq wr kdyh wklv surshuw|1

î Lq rqh0glphqvlrq zlwk d erxqghg sdudphwhu vsdfh îc wkh phwkrg ri olqh vhdufk lv h>hfwlyh1

Wklv lqyroyhv glylglqj î lqwr d julg ri/ shukdsv htxdoo| vsdfhg/ srlqwv/ frpsxwlqj wkh fulwhulrq

dw hdfk srlqw dqg wkhq vhwwolqj rq wkh plqlpxp1 Wkhuh fdq eh ixuwkhu uh?qhphqwv 0 |rx ixuwkhu

vxeglylgh wkh julg durxqg wkh plqlpxp hwf1 Xqiruwxqdwho|/ wklv phwkrg lv qrw vr xvhixo lq

kljkhu glphqvlrqv _ ehfdxvh ri wkh cfxuvh ri glphqvlrqdolw|*1 Wkdw lv/ wkh qxpehu ri julg srlqwv

uhtxulhg wr dfklhyh d jlyhq dffxudf| lqfuhdvhv h{srqhqwldoo| lq _é

î cFrqfhqwudwlrq* ru cSur?olqj* fdq vrphwlphv khos= vrph dvshfwv ri wkh sureohp pd| eh olqhdu/

h1j1/ }E%c wä ' q %
b3�
b

1 Li b zhuh nqrzq/ zrxog hvwlpdwh q e|

eq ' dfEbäâfEbäo3�fEbäâ+ c fEbä '

5997
%b�3�
b
111

%b?3�
b

6::8 é
Wkhq zulwh

7?EeqEbäc bä ' �

?

?[
ð'�

é
+ð ý eqEbä%bð ý �

b

è2
c
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zklfk lv wkh UL?Ui?|h@|i_ Uhð|ihðL? ixqfwlrq1 Qrz ?qg eb wr plq wklv/ h1j1/ e| olqh vhdufk rq

^3/4`1

î Ghulydwlyh edvhg phwkrgv1 Zh duh wu|lqj wr ?qg d urrw ri

Y7?
Yq

Eeqùùu7ä ' f

Fdq hydoxdwh 7?/ Y7?*Yq/ Y27?*YqYq
â/ iru dq| q1 Vxssrvh zh wdnh dq lqlwldo jxhvv q� dqg

wkhq prgli| lw 0 zklfk gluhfwlrq dqg krz iduB Li Y7?Eq�ä*Yq : f/ wkhq zh duh wr wkh uljkw ri

wkh plqlpxp/ vkrxog pryh ohiw1 Zh ?w d olqh wdqjhqw wr wkh fxuyh Y7?*Yq dw wkh srlqw q� dqg

?qg zkhuh wkdw olqh lqwhuvhfwv wkh }hur1 Wkh wdqjhqw dw q� lv Y
27?Eq�ä*Yq

2 dqg wkh frqvwdqw

whup lv Y7?Eq�ä*Yq ý Y27?Eq�ä*Yq2q�1 Wkhuhiruh/

f '
Y27?

Yq2
Eq�äq2 n

Y7?
Yq

Eq�äý
Y27?
Yq

Eq�äq�c

zklfk lpsolhv wkdw

q2 ' q� ý
é
Y27?

Yq2
Eq�ä

è3�
Y7?
Yq

Eq�äé

Uhshdw xqwlo frqyhujhqfh1 Lq sudfwlfh wkh iroorzlqj fulwhuld duh xvhg

mqon� ý qom ÷ ô c m7?Eqon�äý 7?Eqoäm ÷ ôé

Wklv lv ûiê|L?ât 4i|üL_é Lq &8glphqvlrqv

q2 ' q� ý
é
Y27?
YqYqâ

Eq�ä

è3�
Y7?
Yq

Eq�äé

Wkhuh duh vrph prgl?fdwlrqv wr wklv wkdw vrphwlphv zrun ehwwhu1 Rxwhu surgxfw +RSH, ri wkh

vfruhv

q2 ' q� ý
%

?[
ð'�

Y7ð
Yq

Eq�ä
Y7ð
Yqâ

Eq�ä

&3� ?[
ð'�

Y7ð
Yq

Eq�äé

Yduldeoh vwhs ohqjwk b

q2Ebä ' q� ý b
é
Y27?
YqYqâ

Eq�ä

è3�
Y7?
Yq

Eq�äc

dqg fkrrvh b wr pd{ 7?Eq2Ebää1 Wkhuh duh vrph lvvxhv zlwk doo wkh ghulydwlyh0edvhg phwkrgv=
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î Li wkhuh duh pxowlsoh orfdo plqlpd/ qhhg wr wu| gl>huhqw vwduwlqj ydoxhv dqg fkhfn wkdw

dozd|v frqyhujh wr vdph ydoxh1

î Zkhq wkh fulwhulrq ixqfwlrq lv qrw joredoo| frqyh{ rqh fdq kdyh ryhuvkrrwlqj/ dqg wkh

surfhvv pd| qrw frqyhujh1 Wkh yduldeoh vwhs ohqjwk phwkrg fdq lpsuryh wklv1

î Li wkh fulwhulrq lv  dw qhdu wkh plqlpxp/ wkhq wkh dojrulwkp pd| wdnh d yhu| orqj wlph

wr frqyhujh1 Wkh suhflvh rxwfrph ghshqgv rq zklfk frqyhujhqfh fulwhulrq lv xvhg1 Li |rx

xvh wkh fkdqjh lq wkh fulwhulrq ixqfwlrq wkhq wkh fkrvhq sdudphwhu ydoxh pd| dfwxdoo| eh

idu iurp wkh wuxh plqlpxp1

î Li wkh plqlpxp lv dw d erxqgdu| srlqw/ wkhq wkh ghulydwlyh0edvhg phwkrgv zloo qrw frq0

yhujh1

î Lq vrph sureohpv/ wkh dqdo|wlf ghulydwlyhv duh gl!fxow ru wlph frqvxplqj wr frpsxwh/ dqg

shrsoh vxevwlwxwh wkhp e| qxphulfdo ghulydwlyhv/ frpsxwhg e| dq dssur{lpdwlrq1 Wkhvh

fdq udlvh ixuwkhu sureohpv ri vwdelolw| dqg dffxudf|1



Fkdswhu 48

Dv|pswrwlf Surshuwlhv

4813156 Frqvlvwhqf| ri QOOV

Zh vwdwh wkh iroorzlqj wkhruhp derxw wkh frqvlvwhqf| ri wkh qrqolqhdu ohdvw vtxduhv hvwlpdwru1 Zh

vkdoo mxvw pdnh kljk ohyho frqglwlrqv wkdw frxog uhdoo| dsso| wr pxfk pruh jhqhudo fulwhulrq ixqfwlrq

dqg wkhq lqyhvwljdwh wkhvh frqglwlrqv lq wkh vshfldo fdvh ri lqwhuhvw1

Wkhruhp 4< Vxssrvh wkdw +4, Wkh sdudphwhu vsdfh î lv d frpsdfw vxevhw ri Ug ( +5, 7?Eqä lv
frqwlqxrxv lq q iru doo srvvleoh gdwd> +6, 7?Eqä frqyhujhv lq suredelolw| wr d qrq0udqgrp ixqfwlrq

7Eqä xqlirupo| lq q 5 î( +7, Wkh ixqfwlrq 7Eqä lv xqltxho| plqlpl}hg dw q ' qfé Wkhq

eq åý$ qfé

Surri1 Vhh Dphpl|d +4<;9/ Wkhruhp 71414,1

Zh mxvw vkrz zk| +6, dqg +7, duh sodxvleoh1 Vxevwlwxwlqj lq iru +ðc zh kdyh

7?Eqä '
�

?

?[
ð'�

d0ð n }E%ðc qfäý }E%ðc qäo2

'
�

?

?[
ð'�

02ð n
�

?

?[
ð'�

d}E%ðc qäý }E%ðc qfäo2 n 2
�

?

?[
ð'�

0ðd}E%ðc qäý }E%ðc qfäoé

;6
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E| wkh Odz ri Odujh qxpehuv

�

?

?[
ð'�

02ð
åý$ j2

�

?

?[
ð'�

0ðd}E%ðc qäý }E%ðc qfäo åý$ fc

zkhuh wkh odwwhu uhvxow lv wuxh iru dq| jlyhq qé Wkhuhiruh/

7?
åý$ j2 n R *ð4

?<"
�

?

?[
ð'�

d}ðEqäý }ðEqfäo2 ì 7Eqäé

Qhhg frqyhujhqfh lq suredelolw| wr krog xqlirupo| lq d frpsdfw vhw frqwdlqlqj qf +ru ryhu î,/ zklfk

uhtxluhv vxewoh dujxphqwv1 Qrz 7Eqfä ' j
2/ exw 7Eqä è j2 iru doo q1 Vr/ lq wkh olplw/ qf plqlpl}hv

71 Qhhg 7Eqä wr eh xqltxho| plqlpl}hg dw qf +lghqwl?fdwlrq frqglwlrq,1

H{dpsoh zkhuh +7, lv vdwlv?hg lv zkhuh } lv olqhdu/ l1h1/ }E%ðc qä ' q
â%ð/ wkhq

7Eqä ' j2 n Eq ý qfäâf âfEq ý qfäc

zklfk lv d txdgudwlf ixqfwlrq ri q1 +6, dovr krogv lq wklv fdvh xqghu plog frqglwlrqv rq fé

4813157 Dv|pswrwlf Glvwulexwlrq ri QOOV

Zh vwdwh wkh iroorzlqj wkhruhp derxw wkh dv|pswrwlf glvwulexwlrq ri wkh qrqolqhdu ohdvw vtxduhv

hvwlpdwru1

Wkhruhp 53 Vxssrvh wkdw= +4, eq lv vxfk wkdw Y7?Eeqä*Yq ' f dqg vdwlv?hv eq åý$ qfc zkhuh qf lv

dq lqwhulru srlqw ri î> +5, Y27?Eqä*YqYq â h{lvwv dqg lv frqwlqxrxv lq dq rshq frqyh{ qhljkerxukrrg

ri qf( +6, Y
27?Eqä*YqYq

â frqyhujhv lq suredelolw| wr d ?qlwh qrqvlqjxodu pdwul{ øEqä xqlirupo| lq q

ryhu dq| vkulqnlqj qhljkerxukrrg ri qf( +7,
s
?Y7?Eqfä*Yq

(ý$ ùEfc îEqfää iru vrph ?qlwh pdwul{

îEqfä1 Wkhq/ s
?Eeq ý qfä (ý$ ù

ý
fc ø3�EqfäîEqfäø

3�Eqfä
ü
é
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Surri1 Zh kdyh

f '
s
?
Y7?
Yq

Eeqä ' s?Y7?
Yq

Eqfä n
Y27?
YqYqâ

EqWä
s
?Eeq ý qfäc

zkhuh qW olhv ehwzhhq qf dqg eq e| wkh pxowlyduldwh phdq ydoxh wkhruhp1 Dsso|lqj dvvxpswlrqv

+4,0+6, zh jhw s
Eeq ý qä ' ýø3�Eqfäs?Y7?Yq Eqfä n JRE�äé

Ilqdoo|/ dsso| dvvxpswlrq +7, zh jhw wkh ghvluhg uhvxow1

Zh qrz lqyhvwljdwh wkh vruw ri frqglwlrqv qhhghg wr vdwlvi| wkh dvvxpswlrqv ri wkh wkhruhp1 Lq

rxu fdvh
Y7?
Yq

Eqfä ' ý2
�

?

?[
ð'�

d+ð ý }E%ðc qfäo
Y}

Yq
E%ðc qfä '

ý2
?

?[
ð'�

0ð ü Y}
Yq

E%ðc qfäé

Vxssrvh wkdw E%ðc 0ðä duh l1l1g1 zlwk .E0ðm%ðä ' f zlwk suredelolw| rqh1 Lq wklv fdvh/ surylghg

.

éðððð02ð Y}Yq E%ðc qfä Y}Yqâ E%ðc qfä
ððððè ÷4c

zh fdq dsso| wkh vwdqgdug fhqwudo olplw wkhruhp wr rewdlq

s
?
Y7?
Yq

Eqfä
(ý$ ù

ë
fc e.

é
02ð
Y}

Yq
E%ðc qfä

Y}

Yqâ
E%ðc qfä

èê
é

Zkdw derxw +6,B

Y27?
YqYq â

Eqä ' ý2�
?

?[
ð'�

Y2}

YqYq â
E%ðc qäd+ð ý }E%ðc qäo n 2

�

?

?[
ð'�

Y}

Yq

Y}

Yq â
E%ðc qäc

zklfk lq wkh vshfldo fdvh q ' qf lv

Y27?
YqYq â

Eqfä '
ý2
?

?[
ð'�

0ð
Y2}

YqYqâ
E%ðc qfä n

2

?

?[
ð'�

Y}

Yq

Y}

Yqâ
E%ðc qfäé

Surylghg .
kððð0ð Y2}

YqYqâ E%ðc qfä
ðððl ÷ 4 dqg .

kððð Y}Yq Y}
Yqâ E%ðc qfä

ðððl ÷ 4c zh fdq dsso| wkh odz ri odujh

qxpehuv wr rewdlq

�

?

?[
ð'�

0ð
Y2}

YqYqâ
E%ðc qfä

åý$ f

�

?

?[
ð'�

Y}

Yq

Y}

Yqâ
E%ðc qfä

åý$ .

é
Y}

Yq

Y}

Yq â
E%ðc qfä

è
é
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Wkhvh frqglwlrqv qhhg wr eh vwuhqjwkhqhg d olwwoh wr rewdlq xqliruplw| ryhu wkh qhljkerxukrrg ri qf1

Iru h{dpsoh/ vxssrvh wkdw zh kdyh dgglwlrqdo vprrwkqhvv dqg

Y2}

Yq2
E%ðc q

Wä '
Y2}

Yq2
E%ðc qfä n EqW ý qfä

Yô}

Yqô
E%ðc q

WWä

iru vrph lqwhuphgldwh srlqw qWWé Wkhq/ surylghg

týT
qMî

mY
ô}

Yqô
E%c qWWäm é (E%ä

iru vrph ixqfwlrq ( iru zklfk .(2E%ä ÷4c frqglwlrq +5, zloo eh vdwlv?hg1

Vlplodu uhvxowv fdq eh vkrzq lq wkh ?{hg ghvljq fdvh/ exw zh qhhg wr xvh wkh FOW dqg OOQ iru

zhljkwhg vxpv ri l1l1g1 udqgrp yduldeohv1

Qrwh wkdw zkhq 0ð duh l1l1g1 dqg lqghshqghqw ri %ðc zh kdyh

øEqfä ' e.

é
Y}

Yq

Y}

Yq â
E%ðc qfä

è
' îEqfä*j

2

dqg wkh dv|pswrwlf glvwulexwlrq lv
s
?Eeq ý qfä (ý$ ù

ý
fc j2ø3�Eqfä

ü
é

4813158 Olnholkrrg dqg H!flhqf|

Wkhvh uhvxowv jhqhudol}h wr wkh olnholkrrg iudphzrun iru ðéðé_é _@|@

ìE_@|@c wä '

?[
ð'�

ìðEwäé

Ohw ew pd{lpl}h ìE_@|@c wä
ew (ý$ wf

s
?Eew ý wfä (ý$ ù

3Cfc

%
�

?

?[
ð'�

Yìð
Yw

Yìð
Ywâ

&3�4D ì U dð?uLh4@|ðL? 4@|hð o

xqghu ydulhw| ri frqglwlrqv rq ì= l1l1g1/ vprrwkqhvv/ prphqwv +qrupdo olqhdu uhjuhvvlrq lv d vshfldo

fdvh ri wklv,1
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Wkhruhp 54 Fudpëu8Udr1 Dq| xqeldvhg hvwlpdwru hw ri w kdv
V@hEhwä è U3�*?é

Fruroodu| 55 Wkh POH lv dv|pswrwlfdoo| 3h!flhqw4 dprqjvw wkh fodvv ri doo dv|pswrwlfdoo| qrupdo

hvwlpdwhv +vwurqjhu wkdq Jdxvv8Pdunry,1

Lq wkh qrupdo olqhdu uhjuhvvlrq fdvh w ' Eqc j2ä

U '

%
fâf
j2

f

f ?
2je

&
c

zklfk lv d _ð@}L?@* ð?uLh4@|ðL? 4@|hð é Wklv surylghv d txlfn zd| ri ?qglqj dv|pswrwlf glvwulexwlrq

ri
s
?Eej2 ý j2äc l1h1/ s

?Eej2 ý j2ä (ý$ ùEfc 2jeäé

Qrwh wkdw
s
?Er2 ý j2ä (ý$ ùEfc 2jeäc zkhuh r2 ' eüâeü*E?ýgä1

Erwk dv|pswrwlfdoo| h!flhqw hvwlpdwruv ri j21 Lq ?qlwh vdpsohv

+4, Ydud
s
?Eeq ý qäo ' j2Ef âf*?ä3�

+5, Ydud
s
?Er2 ý j2äo ' 2je?*E?ýgä vwulfwo| juhdwhu wkdq olplw1

+4, lv fdvh zkhuh h!flhqf| lv dfklhyhg lq ?qlwh vdpsohv1

+5, lv fdvh zkhuh h!flhqf| lv rqo| dfklhyhg lq lq?qlwh vdpsoh1
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Fkdswhu 49

Jhqhudol}hg Phwkrg ri Prphqwv

Kdqvhq dqg Vlqjohwrq/ Hfrqrphwulfd +4<;5,1 Rqh ri wkh prvw lq xhqwldo hfrqrphwulf sdshuv ri wkh

4<;3v1

Lqwhuwhpsrudo frqvxpswlrq2Lqyhvwphqw ghflvlrq= S| frqvxpswlrq üEüä xwlolw| üS : fc üSS ÷ f/

� n oðc|n�/ ð ' �c é é é c 6 lv jurvv uhwxuq rq dvvhw ð dw wlph | n �é Wkh uhsuhvhqwdwlyh djhqw vroyhv wkh

iroorzlqj rswlpl}dwlrq sureohp

4@ 
tS|cç|å"|'f

"[
ô'f

qô.düES|nô ämU|oc

zkhuh ç| lv d yhfwru ri sruwirolr zhljkwv1 Wklv lv d g|qdplf surjudpplqj sureohp1 Zh dvvxph wkdw

wkhuh lv d xqltxh lqwhulru vroxwlrq> wklv lv fkdudfwhul}hg e| wkh iroorzlqj frqglwlrq

üâES|ä ' q.dE� n oðc|n�äüâES|n�ämU|o c ð ' �c é é é c 6é

Qrz vxssrvh wkdw

üES|ä '

+
S�3ò|

�3ò li ò : fc ò 9' �c

*L} S| ò ' �é

Khuh/ ò lv wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq1 Wkhq

S3ò| ' q.dE� n oðc|n�äS
3ò
|n�mU|oc

;<
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dqg uhduudqjlqj zh jhw

.

%
�ý q

+
E� n oðc|n�ä

ë
S|n�
S|

ê3ò,ñññUW|
&
' f c ð ' �c é é é c 6

zkhuh UW| ã U| dqg UW| lv wkh hfrqrphwulfldq*v lqirupdwlrq vhw1

Zh zdqw wr hvwlpdwh wkh sdudphwhuv dqg whvw wkh wkhru| jlyhq d gdwdvhw frqvlvwlqj ri S|c oðc|n�c UW| 1

Ohw wRf� ' Eqc òä dqg gh?qh wkh yhfwru

}Ewc %|ä '

599997
111é

�ý q
ã
E� n oðc|n�ä

í
S|n�
S|

ì3òâè
5|

111

6::::8
^f�

c

zkhuh 5| 5 UW| / dqg %| ' E5|c S|c S|n�c o�c|n�c é é é c o6c|n�ä
â1 Zh vkdoo vxssrvh wkdw ^ è Ré Zkhq ^ ' R

zh vd| wkdw zh duh h{dfwo| lghqwl?hg/ zkloh zkhq ^ : R zh duh ryhulghqwl?hg1 Lq dq| fdvh/ zh vkdoo

vxssrvh wkdw .d}Ewfc %|äo ' f iru vrph xqltxh wf1 Zh dovr vxssrvh wkdw %| lv l1l1g1/ exw wklv lv qrw

qhfhvvdu|1

Hvwlpdwlrq vwudwhj| lv edvhg rq wkh frqvhtxhqfh wkdw

CA Ewä '
�

A

A[
|'�

}Ewc %|ä ä f

zkhq w lv wkh wuxh sdudphwhu ydoxh1 Ohw 'A Ewä ' CA Ewäâ`ACA Ewä/ zkhuh `A lv d zhljkwlqj pdwul{1

Wkhq ohw ewC�� ' @h}4ð?
w
'A Ewäé

Wklv gh?qhv d odujh fodvv ri hvwlpdwruv/ rqh iru hdfk zhljkwlqj pdwul{ `A é Lw lv jhqhudoo| d qrqolqhdu

rswlpl}dwlrq sureohp olnh qrqolqhdu ohdvw vtxduhv> ydulrxv whfkqltxhv duh dydlodeoh iru ?qglqj wkh

plqlpl}hu1

Zh qrz wxuq wr wkh dv|pswrwlf surshuwlhv1 Surylghg `A
åý$` : f/ ^ è R/ dqg wf lv wkh xqltxh

ydoxh/ zh kdyh ewC�� åý$ wfé
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Xqghu ixuwkhu frqglwlrqv/ zh fdq hvwdeolvk

s
A EewC�� ý wfä (ý$ ùEfc T E` ää

zkhuh T lv d frpsolfdwhg ixqfwlrq ri ` 1 Vshfl?fdoo|/

T E` ä ' EKâ`Kä3�Kâ`l`KEKâ`Kä3�c

zkhuh +lq wkh l1l1g1 fdvh,

lEwfä ' V@h
s
ACA Ewfä '

�

A

A[
|'�

.}|Ewfä}|Ewfä
âc

zkloh K ' R *ð4 YCA Ewfä*Ywé Kdqvhq zhqw vwhs ixuwkhu dqg dvnhg zkdw lv wkh rswlpdo fkrlfh ri ` 1

Lq idfw `A vkrxog eh dq hvwlpdwh ri l3�1 Zh wdnh

lEhwä ' �

A

A[
|'�

}|Ehwä}|Ehwäâ c ^ û ^
zkhuh hw lv d suholplqdu| hvwlpdwh ri wf rewdlqhg xvlqj vrph duelwudu| zhljkwlqj pdwul{/ h1j1/ U^1 Lq

vxp/ wkhq/ wkh ixoo surfhgxuh lv

+4, hw ' @h}4ð?CA Ewä
âCA Ewä

+5, ew ' @h}4ð?CA Ewä
âhl3�CA Ewäé

Wkh dv|pswrwlf glvwulexwlrq lv qrz qrupdo zlwk phdq }hur dqg yduldqfh EKâ73�Kä3�é Wklv lv4ð?ð4ý4 @4L?} @** B

ðt iæUði?| lq wkhvh whupvé Fdq hvwlpdwh wkh dv|pswrwlf yduldqfh e| deKâel3�eKo3�1 Fdq qrz gr lqihuhqfh

derxw w1

Wulyldo h{dpsoh/ olqhdu uhjuhvvlrq ü ' + ýfqé Prphqw frqglwlrqv

.df âüEqfäo ' fé

Khuh wkhuh duh g frqglwlrqv dqg g sdudphwhuv h{dfwo| lghqwl?hg fdvh1 Lq wklv fdvh/ wkhuh h{lvwv d

xqltxh eq wkdw vdwlv?hv wkh hpslulfdo frqglwlrqv1

Vxssrvh qrz .df âüEqfäo 9' f exw

.d~ âüEqfäo ' f
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iru ~af� lqvwuxphqwv/ a : g1 Lq wklv fdvh/ zh fdq*w vroyh xqltxho| iru eqUT ehfdxvh wkhuh duh wrr

pdq| htxdwlrqv zklfk fdq*w doo eh vdwlv?hg vlpxowdqhrxvo|1 Vxssrvh dovr wkdw ü kdv yduldqfh pdwul{

j2U lqghshqghqw ri ~c wkhq

V@h
�s
A
~ âü ' j2

~ â~
A
é

Wkhuhiruh/ zh wdnh

'A Ewä ' E+ ýfqäâ~E~ â~ä3�~ âE+ ýfqäé
Wklv kdv d forvhg irup vroxwlrq1 Ohw å~ ' ~E~ â~ä3�~ âé Wkhq/ wkh vroxwlrq lv wkh vdph dv

4ð?E+W ýfWqäâE+W ýfWqäc

zkhuh +W ' å~+ dqg fW ' å~fc zklfk lpsolhv wkdw

eqC�� ' EfWâfWä3�fWâ+W ' Ef âå~fä3�f âå~+ ' EfWâfä3�fWâ+c

l1h1/ lw lv dq lqvwuxphqwdo yduldeohv hvwlpdwru zlwk lqvwuxphqwv fWé



Fkdswhu 4:

Wlph Vhulhv

Zh qrz frqvlghu wlph vhulhv gdwd/ l1h1/ gdwd wkdw duh surgxfhg lq vhtxhqfh1 Wkhuh duh vrph vshfldo

ihdwxuhv ri wkhvh prghov1

Zh vwduw zlwk xqlyduldwh wlph vhulhv i+|jA|'�1

4:13159 Vrph Ixqgdphqwdo Surshuwlhv

Wkhuh duh wzr pdlq ihdwxuhv=

+d, vwdwlrqdulw|2qrqvwdwlrqdulw|

+e, ghshqghqfh1

Zh ?uvw gh?qh vwdwlrqdulw|1

Vwurqj Vwdwlrqdulw|1 Wkh vwrfkdvwlf surfhvv + lv vdlg wr eh vwurqjo| vwdwlrqdu| li wkh yhfwruv

E+|c é é é c +|noä dqg E+|nrc é é é c +|nrnoä kdyh wkh vdph glvwulexwlrq iru doo |c rc o1

Zhdn Vwdwlrqdulw|1 Wkh vwrfkdvwlf surfhvv + lv vdlg wr eh zhdno| vwdwlrqdu| li wkh yhfwruv

E+|c é é é c +|noä dqg E+|nrc é é é c +|nrnoä kdyh wkh vdph phdq dqg yduldqfh iru doo |c rc o1

Prvw ri zkdw zh vd| lv uhvwulfwhg wr ^zhdno|` vwdwlrqdu| vhulhv/ exw lq wkh odvw 53 |hduv wkhuh

kdyh ehhq pdmru dgydqfhv lq wkh wkhru| ri qrqvwdwlrqdu| wlph vhulhv1 Wkhuh kdv dovr ehhq vrph

h{sorudwlrq ri wkh gl>huhqfh ehwzhhq zhdn dqg vwurqj vwdwlrqdulw|1

<6
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Ghshqghqfh= Rqh phdvxuh ri ghshqghqfh lv jlyhq e| wkh frydulrjudp ^ru fruuhorjudp`

çLñE+|c +|3rä ' òr ( 4r '
òr
òf
é

Qrwh wkdw vwdwlrqdulw| zdv xvhg khuh lq rughu wr dvvhuw wkdw wkhvh prphqwv rqo| ghshqg rq wkh jds

r dqg qrw rq fdohqgdu wlph | dv zhoo1 Iru l1l1g1 vhulhv/ òr ' f iru doo r 9' fc zkloh iru srvlwlyho|

+qhjdwlyh, ghshqghqw vhulhv òr : E÷äf1 Hfrqrplfv vhulhv gdwd riwhq dsshdu wr frph iurp srvlwlyho|

ghshqghqw vhulhv1

Pl{lqj= +Fryduldqfh, Li òr $ f dv r$4é
Wklv mxvw vd|v wkdw wkh ghshqghqfh ^dv phdvxuhg e| wkh fryduldqfh` rq wkh sdvw vkulqnv zlwk krul}rq1

Wklv lv dq lpsruwdqw surshuw| wkdw lv srvvhvvhg e| pdq| prghov1

DUPD Prghov= Wkh iroorzlqj lv d yhu| jhqhudo fodvv ri prghov fdoohg ú+�úERc ^ä G

+| ' >n è�+|3� n ü ü ü n èR+|3R n 0| ý w�0|3� ý ü ü ü ý w^0|3^c

zkhuh 0| lv l1l1g1/ phdq }hur dqg yduldqfh j21 Zh vkdoo iru frqyhqlhqfh xvxdoo| dvvxph wkdw > ' fé

Zh dovr dvvxph iru frqyhqlhqfh wkdw wklv prgho krogv iru | ' fc ÷�c é é é1 Lw lv frqyhqlhqw wr zulwh

wklv prgho xvlqj odj sro|qrpldo qrwdwlrq

øEuä+| ' îEuä0|c

zkhuh wkh *@} TL*)?L4ð@*t øEuä ' �ý è�uý ü ü ü ý èRuR dqg îEuä ' �ý w�uý ü ü ü ý w^u^é Khuh/
u+| ' +|3�éWkh uhdvrq iru wklv lv wr vdyh vsdfh dqg wr hpskdvl}h wkh pdwkhpdwlfdo frqqhfwlrq zlwk

wkh wkhru| ri sro|qrpldov1

Vshfldo fdvh DU+4,1 Vxssrvh wkdw

+| ' è+|3� n 0|é

Khuh/ øEuä ' �ý òu1 Zh dvvxph mèm ÷ �c zklfk lv qhfhvvdu| dqg vx!flhqw iru +| wr eh d vwdwlrqdu|

surfhvv1 Qrz zulwh

+|3� ' è+|32 n 0|3�é

Wklv lpsolhv wkdw

+| ' 0| n è0|3� n è2+|32
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' 0| n è0|3� n è20|32 n ü ü ü

'
"[
æ'f

èæ0|3æc

zklfk lv fdoohg wkh PD+4ä uhsuhvhqwdwlrq ri wkh wlph vhulhv> wklv vkrzv wkdw +| ghshqgv rq doo wkh

sdvw vkrfnv1 Qrwh wkdw zh qhhg mèm ÷ � iru wkh deryh vxp wr ch{lvw*1

Qrz zh fdofxodwh wkh prphqwv ri +| xvlqj wkh vwdwlrqdulw| surshuw|1 Zh kdyh

.E+|ä ' è.E+|3�äc

zklfk fdq eh skudvhg dv

> ' è>/ > ' fc

zkhuh > ' .E+|ä ' .E+|3�äé Ixuwkhupruh/

ñ@hE+|ä ' è
2ñ@hE+|3�ä n j2c

zklfk lpsolhv wkdw

òf '
j2

�ý è2 c

zkhuh òf ' ñ@hE+|ä ' ñ@hE+|3�äé Wklv odvw fdofxodwlrq ri frxuvh uhtxluhv wkdw mèm ÷ �c zklfk zh duh

dvvxplqj iru vwdwlrqdulw|1 Ilqdoo|/

ULñE+|c +|3�ä ' .E+|+|3�ä ' è.E+2|3�ä n fc

zklfk lpsolhv wkdw

ò� ' è
j2

�ý è2 c

zkloh

çLñE+|c +|32ä ' .E+|+|32ä ' è.E+|3�+|32ä ' è2
j2

�ý è2 é

Lq jhqhudo

òr ' j
2 è2

�ý è2 ( 4r '
èr

�ý è2 é

Wkh fruuhodwlrq ixqfwlrq ghfd|v jhrphwulfdoo| wrzdugv }hur1
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^H{huflvh fdofxodwh fruuhorjudp iru DU+5,1`

Prylqj Dyhudjh PD+4,1 Vxssrvh wkdw

+| ' 0| ý w0|3�c

zkhuh dv ehiruh 0| duh l1l1g1 phdq }hur zlwk yduldqfh j2é Lq wklv fdvh/

.E+|ä ' fc

dqg

ñ@hE+|ä ' j
2E� n w2äé

Ixuwkhupruh/

ULñE+|c +|3�ä ' .iE0| ý w0|3�äE0|3� ý w0|32äj ' ýw.E02|3�ä ' ýwj2é

Wkhuhiruh/

4� '
ýw

� n w2
c 4æ ' fc æ ' 2c é é é é

Wklv lv d 48ghshqghqw vhulhv1 PD+^, lv d ^8ghshqghqw vhulhv1 Qrwh wkdw wkh surfhvv lv dxwrpdwlfdoo|

vwdwlrqdu| iru dq| ydoxh ri wé Li mwm ÷ �c zh vd| wkdw wkh surfhvv lv lqyhuwleoh dqg zh fdq zulwh

"[
æ'f

wæ+|3æ ' 0|é

Lq jhqhudo ú+�úERc ^äc zh fdq zulwh

øEuä+| ' îEuä0|c

zkhuh øEuä ' �ý è�uý ü ü ü ý èRuR dqg îEuä ' �ý w�uý ü ü ü ý w^u^czkhuh u lv wkh odj rshudwru

u+| ' +|3�/ u2+| ' uEu+|ä ' +|32/ zkloh øEuä dqg îEuä duh sro|qrpldov lq wkh odj rshudwru1 Wkh

vwdwlrqdulw| frqglwlrq iru dq DUPD+Rc ^, surfhvv lv mxvw wkdw zh qhhg wkh urrwv ri wkh dxwurhjuhvvlyh

sro|qrpldo � ý è�5 ý ü ü ü ý èR5R wr eh rxwvlgh xqlw flufoh1 Olnhzlvh wkh frqglwlrq iru lqyhuwlelolw|
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lv wkdw wkh urrwv ri wkh pryllqj dyhudjh sro|qrpldo �ý w�uý ü ü ü ý w^u^ olh rxwvlgh wkh xqlw flufoh1
Dvvxplqj wkhvh frqglwlrqv duh vdwlv?hg zh fdq zulwh wklv surfhvv lq wzr gl>huhqw zd|v

øEuä

îEuä
+| '

"[
æ'f

òæ+|3æ ' 0|

+| '
îEuä

øEuä
0| '

"[
æ'f

Bæ0|3æ é

Wkh ?uvw olqh lv fdoohg wkh ø-E4ä uhsuhvhqwdwlrq/ dqg h{suhvvhv + lq whupv ri lwv rzq sdvw1 Wkh

vhfrqg olqh lv fdoohg wkh �øE4ä uhsuhvhqwdwlrq/ dqg h{suhvvhv + lq whupv ri wkh sdvw klvwru| ri wkh

udqgrp vkrfnv1

4:1315: Hvwlpdwlrq

Lq wklv vhfwlrq zh glvfxvv hvwlpdwlrq ri wkh dxwrfryduldqfh ixqfwlrq ri d vwdwlrqdu| wlph vhulhv dv

zhoo dv wkh sdudphwhuv ri dq DUPD prgho1

Dxwrfryduldqfh

Uhsodfh srsxodwlrq txdqwlwlhv e| vdpsoh

eòr ' �

A ý 7
A[

|'rn�

E+| ý +äE+|3r ý +ä

e4r ' eòr*eòfé
Wkhvh vdpsoh txdqwlwlhv duh riwhq xvhg wr ghvfuleh wkh dfwxdo vhulhv surshuwlhv1 Er{0Mhqnlqv dqdo|vlv=

clghqwl?fdwlrq* ri wkh surfhvv e| orrnlqj dw wkh fruuhorjudp1 Lq sudfwlfh/ lw lv kdug wr lghqwli| dq|

exw wkh vlpsohvw surfhvvhv/ exw wkh fryduldqfh ixqfwlrq vwloo kdv pdq| xvhv1
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Hvwlpdwlrq ri DUPD sdudphwhuv

D srsxodu hvwlpdwlrq fulwhulrq lv wkh Olnholkrrg xqghu qrupdolw|1 Vxssrvh wkdw3EEC
0�
111

0A

4FFD å ùEfc j2Uäc wkhq

3EEC
+�
111

+A

4FFD å ùEfc Päc

zkhuh iru dq DU+4, surfhvv

P '
j2

�ý ò2

5997
� ò ò2 ü ü ü òA3�

1 1 1
111

1 1 1 �

6::8 c
zkloh iru dq PD+4, surfhvv

P ' j2E� n w2ä
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6::8 é
Lq hlwkhu fdvh/

ì '
ýA
2

*L} 2Z ý �

2
*L} mPm ý �

2
+âP3�+é

Pd{lpl}h zlwk uhvshfw wr doo wkh sdudphwhuv1 Lq sudfwlfh/ mPm dqg P3� fdq eh wrxjk wr ?qg1 Zh vhhn

d khosixo dssurdfk wr frpsxwlqj wkh olnholkrrg dqg dq dssur{lpdwlrq wr lw/ zklfk lv hyhq hdvlhu wr

zrun zlwk1

Wkh Suhglfwlrq huuru ghfrpsrvlwlrq lv mxvw d idfwrul}dwlrq ri wkh mrlqw ghqvlw| lqwr wkh surgxfw ri

d frqglwlrqdo ghqvlw| dqg d pdujlqdo ghqvlw|/

sE%c +ä ' sE%m5äsE5äé

Zh xvh wklv uhshdwhgo| dqg wdnh orjv wr jlyh

ìE+�c é é é c +A ( wä '
A[

|'Rn�

ìE+|m+|3�c é é é c +�ä n ìE+�c é é é c +Räé
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Wklv zulwhv wkh orj olnholkrrg lq whupv ri frqglwlrqdo glvwulexwlrqv dqg d vlqjoh pdujlqdo glvwulexwlrq1

Lq DU fdvhv ìE+|m+|3�c é é é c +�ä lv hdv| wr ?qg= +|m+|3�c é é é c +� lv ùEè�+|3� n é é é n èR+|3Rc j
2äé Lq wkh

DU+4, fdvh

ì|�|3� å ý�

2
*L} j2 ý �

2j2
E+| ý è�+|3�ä2é

Wkh pdujlqdo glvwulexwlrq ri +� lv ùEfc j2*E�ý è2ääc zklfk phdqv wkdw

ìE+�ä ' ý�

2
*L}

j2

�ý è2 ý
E�ý è2
2j2

+2�é

Wkhuhiruh/ wkh ixoo olnholkrrg lq wkh DU+4, fdvh lv

ì ' ýA ý �

2
*L} j2 ý �

2j2

A[
|'2

E+| ý è+|3�ä2 ý �

2
*L}

j2

�ý è2 ý
�ý è2
2j2

+2� é

Riwhq lw lv dujxhg wkdw ìE+�ä lv vpdoo uhodwlyh wr
SA

|'2 ìE+|m+|3�c é é é c +�äc lq zklfk fdvh zh xvh

ýA ý �

2
*L} j2 ý �

2j2

A[
|'2

E+| ý è+|3�ä2é

Wklv fulwhulrq lv htxlydohqw wr wkh ohdvw vtxduhv fulwhulrq/ dqg kdv xqltxh pd{lpxp

eè '

SA
|'2 +|+|3�SA
|'2 +

2
|3�

é

Wklv hvwlpdwru lv mxvw wkh ROV ri +| rq +|3� ^exw xvlqj wkh uhgxfhg vdpsoh`1 Wkh ixoo POH zloo

eh voljkwo| gl>huhqw iurp wkh dssur{lpdwh POH1 Lq whupv ri dv|pswrwlf surshuwlhv/ wkh gl>huhqfh

lv qhjoljleoh1 Krzhyhu/ lq ?qlwh vdpsoh wkhuh fdq eh vljql?fdqw gl>huhqfhv1 Iru h{dpsoh/ wkh POH

lpsrvhv wkdw eè eh ohvv wkdq rqh 0 dv è $ ÷�c ì $ ý4é Wkh ROV hvwlpdwh krzhyhu fdq eh hlwkhu

vlgh ri wkh xqlw flufoh1

4:1315; Iruhfdvwlqj

Ohw wkh vdpsoh eh i+�c é é é c +Aj1 Vxssrvh wkdw

+| ' ò+|3� n 0| c mòm ÷ �c
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zkhuh zh ?uvw dvvxph wkdw ò lv nqrzq1 Zdqw wr iruhfdvw +An�c +An2c é é é c +Ano jlyhq wkh vdpsoh

lqirupdwlrq1 Zh kdyh

+An� ' ò+A n 0An�é

Wkhuhiruh/ iruhfdvw +An� M) e+An��A ' .d+An�mt@4T*io ' ò+A é

Wkh iruhfdvw huuru lv 0An�c zklfk lv phdq }hur dqg kdv yduldqfh j21

Zkdw derxw iruhfdvwlqj o shulrgv dkhdgB

+Ano ' ò
o+A n ò

o3�0An� n ü ü ün 0Anoé

Wkhuhiruh/ ohw e+Ano�A ' òo+A

eh rxu iruhfdvw1 Wkh iruhfdvw huuru e+Ano�A ý+Ano kdv phdq }hur dqg yduldqfh j2E�nò2n ü ü ü nò2o32ä1
Lq sudfwlfh/ zh pxvw xvh dq hvwlpdwh ri ò/ vr wkdw

e+Ano�A ' eòo+A c
zkhuh eò lv hvwlpdwhg iurp vdpsoh gdwd1 Li ò lv hvwlpdwhg zhoo/ wkhq wklv zloo qrw pdnh pxfk gl>huhqfh1

Iruhfdvw lqwhuydo

e+Ano�| ÷ �ébS ü 7( c 7( ' j2E� n ò2 n ü ü ü n ò2o32äé

Wklv lv wr eh lqwhusuhwhg olnh d frq?ghqfh lqwhuydo1 Djdlq zh pxvw uhsodfh wkh xqnqrzq sdudphwhuv

e| frqvlvwhqw hvwlpdwhv1



Fkdswhu 4;

Dxwrfruuhodwlrq dqg Uhjuhvvlrq

Uhjuhvvlrq prghov zlwk fruuhodwhg glvwxuedqfhv

+| ' q
â%| n ü|c

zkhuh %| lv h{rjhqrxv/ l1h1/ lv ghwhuplqhg rxwvlgh wkh v|vwhp olnh ?{hg uhjuhvvruv1 Wkhuh duh d qxpehu

ri gl>huhqw yduldwlrqv rq wklv wkhph 0 vwurqjo| h{rjhqrxv dqg zhdno| h{rjhqrxv1 D zhdno| h{rjhqrxv

surfhvv frxog lqfoxgh odjjhg ghshqghqw yduldeohv1 Zh zloo iru qrz dvvxph vwurqj h{rjhqhlw|1

Zh dovr vxssrvh wkdw

.Eü|ürä 9' f iru vrph r 9' |é

Dv dq h{dpsoh/ vxssrvh wkdw

*?Bûè ' q� n q2|ð4i n ü|é

Zh h{shfw wkh ghyldwlrq iurp wuhqg/ ü|c wr eh srvlwlyho| dxwrfruuhodwhg uh hfwlqj wkh exvlqhvv f|foh/

l1h1/ qrw l1l1g11 Uhfhvvlrq txduwhu whqgv wr eh iroorzhg e| uhfhvvlrq txduwhu1

Zh fdq zulwh wkh prgho lq pdwul{ irup

+ ' fq n ü c .Eüüâä ' P '

5997
òf ò� ò2 ü ü ü òA3�

1 1 1 ò2
1 1 1 òf

6::8 é
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Wkh frqvhtxhqfhv iru hvwlpdwlrq dqg whvwlqj ri q duh wkh vdph dv zlwk khwhurvnhgdvwlflw|= ROV lv

frqvlvwhqw dqg xqeldvhg/ exw lqh!flhqw/ zkloh wkh VH*v duh zurqj1 Vshfl?fdoo|/

ñ@hEeqä ' Ef âfä3�f âPfEf âfä3�c

zkhuh

[A ' f âPf '
[
|

[
r

f|f
â
|ò�|3r� '

A[
|'�

f|f
â
|òf n

A3�[
H'�

òæ
[
�|3r�

f|f
â
|næ é +4;14,

D qdlyh lpsohphqwdwlrq ri wkh Hlfnhu0Zklwh vwudwhj| lv jrlqj wr idlo khuh/ l1h1/ li zh uhsodfh

òæ e| eü|eü|næ lq +4;14,/ wkhq zh jhw lqfrqvlvwhqw hvwlpdwhv1 Wklv lv edvlfdoo| ehfdxvh wkhuh duh wzr

pdq| udqgrp yduldeohv lq wkh vdpsoh pdwul{/ lq idfw rughu A 2c zkhuhdv lq wkh lqghshqghqw exw

khwhurjhqhrxv fdvh wkhuh zhuh rqo| rughu A whupv1 Wkh fruuhfw dssurdfk lv wr xvh vrph grzqzhljkwlqj

wkdw frqfhqwudwhv zhljkw rq d vpdoohu iudfwlrq ri wkh whupv1 Eduwohww2Zklwh2Qhzh|2Zhvw VH*v=

Uhsodfh e| vdpsoh htxlydohqwv dqg xvh zhljkwv

çEæä ' �ý æ

?n �
c

vr wkdw e[A '
[[

|crG�|3r�$?EA ä
f|f

â
rçEm|ý rmäeü|eüré

Wklv dovr hqvxuhv d srvlwlyh gh?qlwh fryduldqfh pdwul{ hvwlpdwh1 Surylghv frqvlvwhqw vwdqgdug huuruv

^hyhq zkhq ü| lv dovr khwhurjhqhrxv/ wklv lv vwloo wuxh`1

Dq dowhuqdwlyh vwudwhj| lv wr sdudphwhul}h ü| e| vd| dq DUPD surfhvv dqg gr pd{lpxp olnholkrrg

ì ' ý�

2
*? mPEwäm ý �

2
E+ ýfqäâPEwä3�E+ ýfqäé

Vdph dv ehiruh/ h!flhqw hvwlpdwh ri q +xqghu Jdxvvldqlw|, lv

eq�w ' Ef âPEewä3�fä3�f âPEewä3�+c
zkhuh ew lv wkh POH ri wé Wklv zloo eh dv|pswrwlfdoo| h!flhqw zkhq wkh fkrvhq sdudphwulf prgho lv

fruuhfw1
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4;1315< Whvwlqj iru dxwrfruuhodwlrq

Vxssrvh wkdw zh revhuyh ü|c zklfk lv jhqhudwhg iurp dq ø-E�ä surfhvv

ü| ' 4+|3� n 0|c

zkhuh 0| duh l1l1g1 Wkh qxoo k|srwkhvlv lv wkdw ü| ðt ðéðé_éc l1h1/

Mf G 4 ' f

ñté Mø G 4 9' f c 4 : fé

Wklv lv xvhg dv +d, jhqhudo gldjqrvwlf dqg +e, h!flhqw pdunhwv1

Jhqhudo vwudwhj|= xvh OU/ Zdog ru OP whvwv wr ghwhfw ghsduwxuhv1 Wkh OP whvw lv hdvlhvw/ wklv lv

edvhg rq

u� ' A

ëS
| eü|eü|3�S
| eü2|3�

ê2

' Ao2�
(ý$ ã2�c

zkhuh eü| duh wkh ROV uhvlgxdov1 Wkhuhiruh/ zh uhmhfw wkh qxoo k|srwkhvlv zkhq u� lv odujh uhodwlyh

wr wkh fulwlfdo ydoxh iurp ã2�é Wklv dssurdfk lv olplwhg wr wzr vlghg0dowhuqdwlyhv1 Zh fdq krzhyhu

dovr xvh wkh vljqhg yhuvlrq/
s
Ao�c zklfk vdwlv?hv

s
Ao�

(ý$ ùEfc �ä

xqghu wkh qxoo k|srwkhvlv1 Zh frxog dovr mxvw xvh Yì*Y4 '
S

|Eü|ý4ü|3�äü|3�c dqg gr d vlplodu whvw1
Rwkhu whvwv

Wkh Gxuelq8Zdwvrq g lv

_ '

SA
|'2Eeü| ý eü|3�ä2SA

|'� eü2| é

Wklv lv dozd|v sulqwhg rxw e| pdq| uhjuhvvlrq sdfndjhv1 Zh kdyh

_ ' 2/ 4 ' f

_ : 2/ 4 ÷ f

_ ÷ 2/ 4 : fé
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Xvlqj wkh dssur{lpdwlrq _ ä 2E�ý o�äc zh kdyh
s
A

ë
�ý _

2

ê
$ ùEfc �äé

Grq*w erwkhu zlwk wkh Erxqgv whvw/ mxvw xvh dv|pswrwlfv1

Jhqhudol}dwlrq +whvw djdlqvw DUERä,1 Er{8Slhufh '

' ' A
å[
æ'�

o2æ
($ ã2å é

Wkh ?qlwh vdpsoh dgmxvwphqw

'W ' A EA n 2ä
å[
æ'�

o2æ
A ý æ

($ ã2å c

jlyhv d ehwwhu dssur{lpdwlrq1
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G|qdplf Uhjuhvvlrq Prghov

Glvwulexwhg odj

+| ' kn

^[
æ'f

qæf|3æ n ü|c

zkhuh iru qrz ü|
ðð_å fc ò21 ^Frxog kdyh ^ '4`1 Fdswxuhv wkh lghd ri g|qdplf uhvsrqvh= d>hfw rq +

ri fkdqjh lq % pd| wdnh vhyhudo shulrgv wr zrun wkurxjk1

Whpsrudu| fkdqjh1 Vxssrvh wkdw %| $ %| n{ exw wkdw ixwxuh %r duh xqd>hfwhg/ wkhq

+| $ +â| n qf{

+|n� $ +| n q�{é

Shupdqhqw fkdqjh1 Vxssrvh wkdw %r $ %r n{ c ;r è |é Wkhq

+| $ +| n qf{

+|n� $ +| n Eqf n q�ä{

Wkh lpsdfw h>hfw lv qf{1 Orqj uxq h>hfw lv *ð4r<" qr*{ ' f1

Zkhq ^ lv odujh +lq?qlwh, wkhuh duh wrr pdq| iuhh sdudphwhuv qæ c zklfk pdnhv hvwlpdwlrq gl!fxow

dqg lpsuhflvh1 Wr uhgxfh wkh glphqvlrqdolw| lw lv dssursuldwh wr pdnh uhvwulfwlrqv rq qæ1 Iru h{dpsoh/
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wkh sro|qrpldo odj

qæ '

+
@f n @�æ n ü ü ü n @RæR li æ é R

f i*tié

Wkh Jhrphwulf odj

qæ ' qb
æ c æ ' fc �c é é é Ef ÷ b ÷ �äc

zklfk lpsolhv wkdw

+| ' kn q
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æ'f

bæ%|3æ n ü|

' kn qd
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Ebæuæäo%| n ü|

' kn q
�

�ý bu%| n ü|é

Wkhuhiruh/

E�ý buä+| ' kE�ý buä n q%| n E�ý buäü|é

Wkhuhiruh/

+| ' kE�ý bä n b+|3� n q%| n ü| ý bü|3�é

Wkh odvw htxdwlrq lv fdoohg wkh odjjhg ghshqghqw yduldeoh uhsuhvhqwdwlrq1

Pruh jhqhudoo| ^ú#w prgho`

øEuä+| ' îEuä%| n ü|c

zkhuh ø/ î duh sro|qrpldov ri rughu Rc ^c zkloh

äEuäü| ' (Euä0| c 0| ðéðé_é fc j
2é

Wklv lv d yhu| jhqhudo fodvv ri prghov> hvwlpdwlrq/ iruhfdvwlqj/ dqg whvwlqj kdyh doo ehhq zrunhg rxw

dw wklv jhqhudolw|/ dqg rqh fdq ?qg dffrxqwv ri wklv lq dgydqfhg wlph vhulhv wh{wv1
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4<13163 Vrph h{dpsohv iurp hfrqrplfv

Dgdswlyh h{shfwdwlrqv

Vxssrvh wkdw

+|�~}�
_i4@?_

' kn q %W|n�c|� ~} �
i TiU|i_ èh ðUi

n0|c

exw wkdw wkh h{shfwhg sulfh lv xqrevhuyhg e| wkh hfrqrphwulfldq1 Zh gr krzhyhu revhuyh %|/ zkhuh

%W|c|n� ý %W|3�c|� ~} �
hiñðti_ i TiU|@|ðL?t

' E�ý bä E%| ý %W|3�c|ä� ~} �
uLhiU@t| ihhLh

c

l1h1/

%W|c|n� ' b%W|3�c|� ~} �
L*_ uLhiU@t|

nE�ý bä%|� ~} �
?iêt

é

Zulwh

E�ý buä%W| ' E�ý bä%|c
zklfk lpsolhv wkdw

%W| '
E�ý bä
�ý bu%| ' E�ý bäd%| n b%|3� n b2%|32 n ü ü üoc

dqg wkhuhiruh/

+| ' kn
qE�ý bä
�ý bu %| n 0|c

zklfk lpsolhv wkdw

+| ' b+|3� n kE�ý bä n qE�ý bä%| n 0| ý b0|3�é
Wklv lv dq DGO zlwk dq �øE�ä huuru whup1

Sduwldo dgmxvwphqw

Vxssrvh wkdw

+W| ' kn q%|c
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zkhuh +W| ðt |üi _itðhi_ *iñi*é Krzhyhu/ ehfdxvh ri frvwv ri dgmxvwphqw

+| ý +|3�� ~} �
@U|ý@* Uü@?}i

' E�ý bäE+W| ý +|3�ä n 0|é

Vxevwlwxwlqj zh jhw

+| ' E�ý bä+W| n b+|3� n 0|

' kE�ý bä n b+|3� n qE�ý bä%| n 0|é

Wklv lv dq DGO zlwk dq l1l1g1 huuru whup 0 dvvxplqj wkdw wkh ruljlqdo huuru whup zdv l1l1g1

Huuru fruuhfwlrq

Vxssrvh orqj uxq htxloleulxp lv

+ ' b%c

dqg glvhtxloleuld duh fruuhfwhg dffruglqj wr

{+| ' qE+|3� ý b%|3�ä n b{%|3� n 0|c

zkhuh q ÷ fé Wklv lpsolhv wkdw

+| ' +|3�E� n qä n bE�ý qä%|3� ý b%|32 n 0|é

4<13164 Hvwlpdwlrq ri DGO prghov

Vxssrvh wkdw

+| ' k� n ò2+|3� n qô%| n 0|c

zkhuh zh kdyh wzr jhqhudo fdvhv uhjduglqj wkh huuru whup=

+4, 0| lv l1l1g1 fc ò2

+5, 0| lv dxwrfruuhodwhg1
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Lq fdvh +4,/ zh fdq xvh ROV uhjuhvvlrq wr jhw frqvlvwhqw hvwlpdwhv ri k/ ò/ dqg q1 Li wkhuh duh

frqvwudlqwv/ h1j1/
w� ' kE�ý bä
w2 ' b

wô ' qE�ý bä

<AA@AA> c
wkhq zh hvwlpdwh wkh sdudphwhuv e| eb ' ew2ek '

ew�
�3ew2eq '
ewô

�3ew2 é
Lq fdvh +5,/ zh pxvw xvh lqvwuxphqwdo yduldeohv ru vrph rwkhu surfhgxuh ehfdxvh ROV zloo eh

lqfrqvlvwhqw1 Iru h{dpsoh/ li 0| ' #| ý w#|3�/ wkhq +|3� lv fruuhodwhg zlwk 0| wkurxjk #|3�1 Lq wklv

fdvh wkhuh duh pdq| lqvwuxphqwv= +4, Doo odjjhg %|( +5, +|32cü ü ü1 Krzhyhu/ zkhq 0| ' 40|3� n #|/ #|
l1l1g1 odjjhg + duh qr orqjhu ydolg lqvwuxphqwv1

Uhpdunv1

41 LY duh qrw jhqhudoo| dv h!flhqw dv PO zkhq wkh huuru whupv duh qrupdoo| glvwulexwhg1

51 Dovr qrwh wkdw zkhq wkhuh lv d odjjhg ghshqghqw yduldeoh/ wkh GZ whvw lv qr orqjhu ydolg1 Lq

wklv fdvh/ wkh fruuhvsrqglqj whvw lv edvhg rq wkh vwdwlvwlf

û '

ë
�ý �

2
_

êv
A
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Fkdswhu 53

Qrqvwdwlrqdulw|

Qrqvwdwlrqdu| Wlph Vhulhv Prghov

+4, Wuhqg vwdwlrqdu|

+| ' >n q|n ü|c

zkhuh iü|j ðt @ t|@|ðL?@h) ThLUittc TLttðM*) øEuäü| ' îEuä0|é Wklv lv wkh wuhqg.vwdwlrqdu| gh0

frpsrvlwlrq1

JQS jurzv dw 6( shu |hdu +rq dyhudjh, iru hyhu diwhu1 Dq| vkrfnv Eü|ä duh wudqvlwru| 0 wkh| odvw

iru vrph shulrg ri wlph dqg wkhq duh irujrwwhq dv + uhwxuqv wr wuhqg1

+5, Gl>huhqfh vwdwlrqdu| UE�ä

+| ' >n +|3� n ü|c

zkhuh iü|j ðt t|@|ðL?@h) ThLUitté Zh fdq*w qrz vxssrvh wkdw wkh surfhvv kdv ehhq jrlqj rq iru

dq lq?qlwh dprxqw ri wlph/ dqg wkh vwduwlqj frqglwlrq lv ri vrph vljql?fdqfh1 Zh fdq pdnh wzr

dvvxpswlrqv derxw wkh lqlwldo frqglwlrq=

+f
� i_

h@?_L4 V@hð@M*i ùEfc üäé

Wklv frpsohwhv wkh vshfl?fdwlrq ri wkh surfhvv1 Wkh gl>huhqfhg vhulhv lv wkhq {+| ' > n ü|é Dq|
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vkrfnv kdyh shupdqhqw d>hfwv

+| ' +f n |>n
|[
r'�

üré

Dqrwkhu lpsruwdqw gl>huhqfhv ehwzhhq +4, dqg +5, lv wkdw lq fdvh +4,/ ñ@h +| ' j2 c ;|c zkloh lq
fdvh +5,/

ñ@h +| ' j
2 ü |$4 @t |$4 +5314,

Lq +5, erwk phdq dqg yduldqfh h{sorgh/ lq +4, rqo| wkh phdq1

Pduwlqjdohv

.d+|m+|3�c é é é o ' +|3� @étéc
l1h1/ +| ' +|3� n ü|c zkhuh ü| pd| eh khwhurjhqhrxv exw xqfruuhodwhg1 Kdoo +4<:;,= Frqvxpswlrq lv d

pduwlqjdoh1 Idpd= Vwrfn sulfhv duh pduwlqjdohv1

Qrwh wkdw gl>huhqflqj lq +4, jlyhv

{+| ' q n ü| n ü|3�c

zklfk lv d ý?ð| hLL| �úé Vr dowkrxjk gl>huhqflqj dssduhqwo| holplqdwhv vwdwlrqdulw| lw lqgxfhv qrq0

lqyhuwlelolw|1 Olnhzlvh ghwuhqglqj +5, lv qrw shuihfw1 Lq dq| fdvh/ zdqw wr nqrz zklfk rqh lv wkh

fdvh1

H>hfwv ri wlph wuhqg= |rx jhw vxshufrqvlvwhqw A ô*2 hvwlpdwhv ri q/ exw vwloo Jdxvvldq |8whvwv vwloo

ydolg1

H>hfwv ri xqlw urrw= vxshufrqvlvwhqw hvwlpdwhv/ exw zlwk qrqvwdqgdug glvwulexwlrqv= |8whvwv qrw

ydolg$

Vxssrvh +| ' 4+|3� n ü|/ ü| å fc j2é Wkhq/

e4ïw5 ' SA
|'2 +|+|3�SA
|'2 +

2
|3�

$ 4c ;4é

Li 4 ÷ � s
A Ee4ý 4ä$ ùEfc �ý 42äc

dqg qrwh wkdw wkh vfdoh sdudphwhu j2 grhvq*w dsshdu rq wkh olplwlqj glvwulexwlrqv1 Wklv lv rqh

gl>huhqfh iurp wkh uhjuhvvlrq fdvh1
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Li 4 ' �/ � ý 42 ' f/ vr wkh lpsolhg yduldqfh deryh lv }hur1 Vr zkdw kdsshqv lq wklv fdvhB Li

4 ' �/

A Ee4ý 4ä ($ fc

zkhuh f lv qrw Jdxvvldq> lw lv dv|pphwulf dqg lq idfw .Ee4ä ÷ �/ ;A 1 Wkh udwh ri frqyhujhqfh lv

idvwhu exw wkh dv|pswrwlf glvwulexwlrq lv qrq vwdqgdug1

Whvwlqj iru xqlw urrwv

Glfnh|8Ixoohu +4<;4, ghulyhg wkh glvwulexwlrq ri e4 dqg |4 zkhq 4 ' �/ dqg wkh| wdexodwhg lw1 Fulwlfdo

ydoxhv duh txlwh gl>huhqw iurp wkh xvxdo |8wdeohv1 Fulwlfdo ydoxhv fdq eh odujh qhjdwlyh qxpehuv

á ý�ébS1
Fdq dovr uhzulwh dv whvw ri ò ' f lq wkh prgho

{+| ' ò+|3� n ü|é

Zh gr d rqh0vlghg whvw yv1 ò ÷ f1 Dxjphqwhg G8I

{+| ' >n ò+|3� n
R3�[
æ'�

èæ{+|3æ n #|é

Wklv doorzv iru vwdwlrqdu| g|qdplfv lq ü|1

Frlqwhjudwlrq

Vxssrvh +| dqg %| duh UE�ä exw wkhuh lv d q vxfk wkdw +| ý q%| lv UEfä/ wkhq +|/ %| duh frlqwhjudwhg1
Qrwh wkdw q lv qrw qhfhvvdulo| xqltxh1 Iru h{dpsoh/ frqvxpswlrq dqg lqfrph duh erwk jhqhudoo|

UE�ä exw dsshdu wr ghyldwh iurp hdfk rwkhu lq rqo| d vwdwlrqdu| idvklrq/ l1h1/ wkhuh h{lvwv d orqj0uxq

htxloleulxp uhodwlrqvkls derxw zklfk wkhuh duh rqo| vwdwlrqdu| ghyldwlrqv1

JDUFK Prghov
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Iru ?qdqfldo gdwd +vshfl?fdoo|/ vwrfn uhwxuqv,/ wkh vfdoh ri wkh surfhvv dsshduv wr kdyh vrph vwuxfwxuh1

Hqjoh +4<;5, lqwurgxfhg wkh iroorzlqj fodvv ri prghov

+| ' q
â%| n

ü|}��~
0|j| c

zkhuh 0| lv l1l1g1 +3/4,/ zkloh j2| 'Ydud+|mI|3�ä lv wkh +wlph0ydu|lqj, frqglwlrqdo yduldqfh1
JDUFKERc ^ä

øEuäj2| ' kf n äEuäü
2
|3�c

zkhuh ø dqg î duh odj sro|qrpldov1 Iru h{dpsoh/

j2| ' kf n òü
2
|3�c

zklfk lv wkh ú+çOE�äé

ü Qrqolqhdu surfhvv

ü Jhqhudwhv yrodwlolw| foxvwhulqj/ l1h1/ vrph shuvlvwhqfh lq yrodwlolw|

ü Wkh xqfrqglwlrqdo glvwulexwlrq ri ü| lv wklfn0wdlohg

ü Hvwlpdwlrq e| PO= qrqolqhdu1 Pruh h!flhqw wkdq ROV iru qé


