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41 Wkh qrq0}hur frqglwlrq lv luuhohydqw1 Wkh Eðc æä*wk hohphqw ri f âf lv
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Wkh rqo| fdvh zkhq @âEf âfä@ ' f lv li hyhu| hohphqw ri wkh yhfwru 5 lv }hur/
l1h1/ f@ ' f1 Exw li f lv ri ixoo udqn/ f@ ' f li dqg rqo| li @ ' fé Wkhuhiruh li
f lv ixoo udqn wkhq f âf lv vwulfwo| srvlwlyh gh?qlwh1

51 Iluvw qrwh wkdw Eøîäâ ' îâøâ iru dq| pdwulfhv øcîé Li ø lv vtxduh dqg qrq0
vlqjxodu/ wkhq øâ lv dovr vtxduh dqg qrqvlqjxodu vr lwv lqyhuvh h{lvwv1 Zh kdyh

øø3� ' U ' U â ' Eøø3�äâ ' Eø3�äâøâé

Vlqfh ø dqg î duh vtxduh/ qrq0vlqjxodu pdwulfhv/ wkhlu lqyhuvhv ø3� dqg î3�

h{lvw1 Wkhq
øîEî3�ø3�ä ' øUø3� ' U ' Eî3�ø3�äøîc

zklfk lv wkh gh?qlqj surshuw| ri dq lqyhuvh1

61 ø lv srvlwlyh gh?qlwh zkhqhhyhu %âø% : f iru doo % 9' fé Wklv lpsolhv wkdw
ø% 9' f iru dhyhu| % 9' fc zklfk lpsolhv wkdw ø% ' f rqo| iru % ' fc l1h1/ ø lv
qrq0vlqjxodu1

71 Ohw + ' @â% n Kc wkhq .E+ä ' @â> n K dqg ñ@hE+ä ' @âP@é Lq idfw/ + å ùE@â>n
Kc @âP@äé Wkh surri lv edvhg rq prphqw jhqhudwlqj ixqfwlrq dujxphqw1 Li wkh
prphqw jhqhudwlqj ixqfwlrq h{lvwv lw xqltxho| fkdudfwhul}hv wkh glvwulexwlrq
^dowhuqdwlyho| rqh fdq xvh fkdudfwhulvwlf ixqfwlrqv zklfk dozd|v h{lvw/ exw duh
frpsoh{0ydoxhg lq jhqhudo`1 Wkh pji ri % lv
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Wkh pji ri + lv
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' i TE|Kä i TE|@â>n |2@âP@*2ä

' i TE|E@â>n Kä n |2@âP@*2ä

e| lghqwli|lqj r ' |@é Wklv lv wkh pji ri d ùE@â>n Kc @âP@ä udqgrp yduldeoh1

81 Vlqfh ø lv v|pphwulf dqg srvlwlyh gh?qlwh/ wkhuh h{lvwv d uhsuhvhqwdwlrq

ø ' '\'âc

zkhuh \ lv d gldjrqdo pdwul{ frqwdlqlqj wkh hljhqydoxhv ri ø dqg ' lv dq
ruwkrqrupdo pdwul{ zlwk ''â ' U frqwdlqlqj wkh hljhqyhfwruv ri øé Gh?qh

å ' ø�*2 ' '\�*2'âc

zkhuh \�*2 lv d gldjrqdo pdwul{ zkrvh hohphqwv duh wkh vtxduh urrwv ri wkh
fruuhvsrqglqj \ pdwul{1 Wkhq/ å lv v|pphwulf dqg

åå â ' '\�*2'â'\�*2'â ' '\�*2U\�*2'â ' '\'â ' øé

Lq idfw/ å lv qrw xqltxh/ ehfdxvh å ' '\�*2 dovr vdwlv?hv åå â ' ø( krzhyhu/
å ' '\�*2 lv qrw d v|pphwuulf pdwul{1 Dq| fryduldqfh pdwul{ lv uhdo dqg
v|pphwulf/ dqg vr lv lwv lqyhuvh P3�é Wkhuhiruh/ zh fdq gh?qh wkh pdwul{ P3�*2

dv deryh1 Wkhq

%âP3�% ' %âP3�*2P3�*2% ' +â+ '
?[
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zkhuh + ' P3�*2% ^wkh pdwul{ P3�*2 lv uhdo dqg v|pphwulf wkh ?uvw zd| zh
gh?qhg lw`é Wkh glvwulexwlrq ri + lv ùEfc Uä vr wkdw zh fdq frqfoxgh wkdw +â+ lv
ã2 zlwk ? ghjuhhv ri iuhhgrp1

91 Zh fdq zulwh + '
SS

ðcæ %ð%æøðæé Wkhuhiruh/

Y2+

Y%ðY%æ
' øðæ nøæðc

vr wkdw wkh Khvvldq pdwul{ lv ø n øâc zklfk lv htxdo wr 2ø lq wkh v|pphwulf
fdvh1

:1 Ohw sft c sf�t c dqg sf c st eh wkh mrlqw/ frqglwlrqdo dqg pdujlqdo ghqvlwlhv ri
f dqg t ^zh mxvw wuhdw wkh frqwlqxrxv fdvh/ exw wkh glvfuhwh fdvh lv wkh vdph`1
Wkhq

.Efmt ' +ä '
]
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]
%
sft E%c +ä

st E+ä
_%
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e| wkh gh?qlwlrq ri frqglwlrqdo ghqvlw|1 Ixuwkhupruh/ e| lqghshqghqfh sft E%c +ä '
sfE%äst E+ä vr wkdw]

%
sft E%c +ä

st E+ä
_% '

]
%
sfE%äst E+ä

st E+ä
_% '

]
%sfE%ä_% ' .Efäé

Wkh uhyhuvh lv qrw wuxh1 Lv wkh uhyhuvh wuxhB Qr1 Vxssrvh wkdw

f ' 0jEt äc

zkhuh 0 lv lqghshqghqw ri t dqg kdv phdq }hur dqg yduldqfh rqh/ zkloh jEt ä
lv vrph qrq0wulyldo ixqfwlrq1 Wkhq

.Efmt ä ' .E0jEt ää ' jEt ä.E0mt ä ' f ' .Efäé

Krzhyhu/
ñ@hEfmt ä ' ñ@hE0mt äj2Et ä ' j2Et äc

zklfk grhv ydu| zlwk té Wkxv/f lv qrw lqghshqghqw ri té Wr eh vshfl?f/ vxssrvh
wkdw 0 lv vwdqgdug qrupdo dqg wkdw jEt ä ' tc zkhuh t ' � zlwk suredelolw|
�*2 dqg 2 zlwk surredelolw| �*2é Wkhq
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Wkhuhiruh/ sf�t 9' sf é

;1 Zh kdyh

ULñEfc t ä ' . dEf ý .Efää Et ý.Et ääo ' .Eft äý.Efä.Et ä

' .E.Efmt ät äý.Efä.Et ä

' .Efä.Et äý.Efä.Et ä ' fé

Wkh uhyhuvh lv qrw wuxh lq jhqhudo1 Vxssrvh wkdw

f ' t 2c

zkhuh t å ùEfc �äé Wkhq

ULñEfc t ä ' .Eft äý.Efä.Et ä ' .Et ôäý .Et 2ä.Et ä ' fé

Krzhyhu/
.Efmt ä ' t 2 9' f

h{fhsw zkhq t ' fé
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<1 Zh kdyh
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E| wkh Jdxvv0Pdunry wkhruhp zh nqrz wkdw eq lv wkh ehvw olqhdu xqeldvhg
hvwlpdwru1 Wkhuhiruh/ zh nqrz wkdw lw ehdwv hq dqg q dffruglqj wr yduldqfh1
Wklv fdq eh yhul?hg gluhfwo| dv zhoo1 Exw zkdw derxw wkh frpsdulvrq ehwzhhqhq dqg qq Wkhuh lv qr xqlirup udqnlqj/ lw mxvw ghshqgv rq wkh vdpsoh1 Iru
h{dpsoh/ li ? ' 2c %� ' �/ dqg %2 ' fc ñ@hEqä ' 4c zkloh ñ@hEhqä ' 2j2c vr
wkdw hq lv ehwwhu lq wklv fdvh1 Rq wkh rwkhu kdqg/ li %� ' �/ dqg %2 ' ý�c wkhq
ñ@hEhqä '4c zkloh ñ@hEqä ' j2*2c vr wkdw q lv ehwwhu lq wklv fdvh1

431 Wkh lwhudwhg ohdvw vtxduhv fdofxodwlrq vkrxog frqyhujh wr ekc eqé Wklv lv uhdoo| d
yhuvlrq ri wkh vr0fdoohg Mdfrel ru Jdxvv0Vhlgho lwhudwlyh phwkrg wkdw lv xvhg iru
vroylqj odujh olqhdu v|vwhpv1
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