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Solutions
1. (a) The process u; is a Moving Average process of order 1. The autocorrelation function of w;
is:
1 _
(1) = (1) cov(ug,u_1)

v(0)  var(u)
p(s) = 0Vs>2.

We calculate first the variance:
var(u;) = var(e;) + 0.25var(e;_1) — 2 X 0.5cov (e, e4-1) = 1.25
then the covariance:
cov(ug, us—1) = E(uguy_1) = E[(g; — 0.56,_1)(g,-1 — 0.56,_9)] = —0.5E(¢7_|) = —0.5

using the independence between the €,’s. We get

—05
1) = —2_ 04
p(1) To5 ~ Y

p(s) = 0Vs>2.

(b) The process generating u; is (weakly) stationary, its mean, variance, and autocovariance do
not depend on ¢. The process generating y; is not stationary because it is composed by deterministic

trend. We can anyway calculate it’s mean and variance to prove it:

E(y) = pt
var(y,) = 1.25

We say that y; is trend stationary because y; — (t is stationary.
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(c) To construct the confidence interval of 3 we need its variance and mean:

T T
D i1 tyr — 3+ D i tu
S 2 S 2

and B is an unbiased estimator of 3. The variance is given by

3=

where
T 2 T T T
E (Z tut> = F Z Ztsutus =F Z tul| + E [t #* SZ Ztsutus}
t=1 t=1 s=1 t=1
T T
= > PE@u)+2> t(t—1)E [uu]
t=1 . t=1 .
= 1.25) £2+2(-0.5)) #(t—1)
t? T t:Tl T T
= 125) =) £+ > t=025) £+ ¢
t=1 t=1 t=1 t=1 t=1
Therefore,

T T
var(3) — 0.25%, 1+ %jtzlt
(=)

and the confidence interval is hence
B + za)2 var(B).

Assuming e; ~ i.i.d. N(0,1) this is exact, otherwise it is approximate.

2. (a) x; is an AR(1) with drift, its mean and variance are hence:

BElz) = —— =E(z,1) =...

var(z;) = =var(x,_1)=...
Hence the autocovariance function is

v(1) = cov(xy, x4—1) = E(xpwy—1) — E(x) E(z4-1) = E [(a+ pri—q + ug)(x4-1)] —

=F [axt,l + pr,l + ut-rtfl] - 1 =2 + pE (ﬁfl) o -




Generalizing,

] = ' O = j
v(4) = p'7(0) p’l_p
b) The point estimate of z;,, is obtained using the best linear predictor; suppose to know
+

{z¢,z4_1, ...} and the actual value of the parameters, therefore
fft+1|t =F [$t+1 ’ Tty Tp—15 - - ] = + pTy,

which is the one period ahead estimate of z;,;. We can proceed in the same fashion for the two

periods ahead:
ft+2|t =F [$t+2 | Tty Ti—1, - - ] =K [Oé + PTyq1 + Upgo | Tty Tg—1, - - ]

= a+pla+ pr) = a+ap+ pla.

Repeating this process for the r-period forward given the sample information available at time t, I,

we have

r—1
£ j T
Tiyrt = & E P+ oy,

=0
which is, as already said, the best linear predictor of z;,,;. To calculate the interval forecast we need

the variance of this forecast which is obtained from the one period ahead forecast error
€41 = T4l — -%t+1|t = Tp41 — O — PTy = Ugy-
The 2-periods ahead forecast error is
_ _ 4 _ _ 1 2 _
Cri2 = Tipa — Tyyopp = Top2 — |a(L+p) + p 24| = Uspa + pusa

after substituting for z,,5. In general we have
T
Coir = Uppr + Plppr—1 + PPUpsr—o + oo 4 prtlpyy = Z AR TR
j=1

The forecast variance is thus

T A

Var(etJrr | —[t) = Z p2(rfj)var(ut+j) — 82 Zp%T*j)

J=1 Jj=1

under the assumption we have about the errors. Hence the interval forecast is

(it+r|t71) + Za/2




(c) We can do the same for y;.
Yo = Vi1 + BE(zei1 | 1) + &
and substituting for E(x.q | I;)
Yo =af + Y1 + P+ &

then
U1 = E(Wesr | 1) = af + vy + BpE(z441 | It) = o + vy, + Bpla + py)

the associated error is
i1t = Yir1 — Yer1)e = Et1 + Bp [$t+1 - xt+1|t} = ery1 + Bp(ues1)
hence the variance of the error forecast is

var(e, 1 | 1) = o? + §%p*s?

Yepipe &+ 22\ 0% + 32p?s?

(d) The estimation of the parameters proceed as follows:

then the interval forecast is

e from the Ar(1) process

Ti41 = O+ PTy + Upgq

we get & and p by OLS

e from
yr =00+ 01y1—1 + sz + &4

we get 90, 91, 92.
e Then using the relationship given by
Yo = af + Y1 + Bpri + &

we have that

y _ b
ﬁ_@
¥ o= 0
p=t

P

Note that there’s an alternative estimate of 3.



