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Solutions

1. (a) The process ut is a Moving Average process of order 1. The autocorrelation function of ut
is:

ρ(1) =
γ(1)

γ(0)
=
cov(ut, ut−1)
var(ut)

ρ(s) = 0 ∀s ≥ 2.

We calculate Þrst the variance:

var(ut) = var(εt) + 0.25var(εt−1)− 2× 0.5cov(εt, εt−1) = 1.25

then the covariance:

cov(ut, ut−1) = E(utut−1) = E [(εt − 0.5εt−1)(εt−1 − 0.5εt−2)] = −0.5E(ε2t−1) = −0.5

using the independence between the εt�s. We get

ρ(1) =
−0.5
1.25

= −0.4
ρ(s) = 0 ∀s ≥ 2.

(b) The process generating ut is (weakly) stationary, its mean, variance, and autocovariance do

not depend on t. The process generating yt is not stationary because it is composed by deterministic

trend. We can anyway calculate it�s mean and variance to prove it:

E(yt) = βt

var(yt) = 1.25

We say that yt is trend stationary because yt − βt is stationary.
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(c) To construct the conÞdence interval of �β we need its variance and mean:

�β =

PT
t=1 tytPT
t=1 t

2
= β +

PT
t=1 tutPT
t=1 t

2

and �β is an unbiased estimator of β. The variance is given by

var(�β) =
1³PT
t=1 t

2
´2var

Ã
TX
t=1

tut

!
=

1³PT
t=1 t

2
´2E

Ã TX
t=1

tut

!2 ,
where

E

Ã TX
t=1

tut

!2 = E

"
TX
t=1

TX
s=1

tsutus

#
= E

"
TX
t=1

t2u2t

#
+E

h
t 6= s

XX
tsutus

i

=
TX
t=1

t2E(u2t ) + 2
TX
t=1

t(t− 1)E [utut−1]

= 1.25
TX
t=1

t2 + 2(−0.5)
TX
t=1

t(t− 1)

= 1.25
TX
t=1

t2 −
TX
t=1

t2 +
TX
t=1

t = 0.25
TX
t=1

t2 +
TX
t=1

t.

Therefore,

var(�β) =
0.25

PT
t=1 t

2 +
PT

t=1 t³PT
t=1 t

2
´2

and the conÞdence interval is hence
�β ± zα/2

q
var(�β).

Assuming εt ∼ i.i.d. N(0, 1) this is exact, otherwise it is approximate.
2. (a) xt is an AR(1) with drift, its mean and variance are hence:

E(xt) =
α

1− ρ = E(xt−1) = . . .

var(xt) =
s2

1− ρ2 = var(xt−1) = . . .

Hence the autocovariance function is

γ(1) = cov(xt, xt−1) = E(xtxt−1)−E(xt)E(xt−1) = E [(α+ ρxt−1 + ut)(xt−1)]− α2

(1− ρ)2 =

= E
£
αxt−1 + ρx2t−1 + utxt−1

¤− α2

(1− ρ)2 =
α2

1− ρ + ρE
¡
x2t−1

¢− α2

(1− ρ)2 =

2



=
α2

1− ρ +
s2

1− ρ2 +
α2

1− ρ2 −
α2

(1− ρ)2 = ρ
s2

1− ρ2 = ργ(0).

Generalizing,

γ(j) = ρjγ(0) = ρj
s2

1− ρ2 .
(b) The point estimate of xt+r is obtained using the best linear predictor; suppose to know

{xt, xt−1, . . .} and the actual value of the parameters, therefore

�xt+1|t = E [xt+1 | xt, xt−1, . . .] = α+ ρxt,

which is the one period ahead estimate of xt+1. We can proceed in the same fashion for the two

periods ahead:

�xt+2|t = E [xt+2 | xt, xt−1, . . .] = E [α+ ρxt+1 + ut+2 | xt, xt−1, . . .]

= α+ ρ(α+ ρxt) = α+ αρ+ ρ
2xt.

Repeating this process for the r-period forward given the sample information available at time t, It,

we have

�xt+r|t = α
r−1X
j=0

ρj + ρrxt,

which is, as already said, the best linear predictor of xt+r|t. To calculate the interval forecast we need

the variance of this forecast which is obtained from the one period ahead forecast error

et+1 = xt+1 − �xt+1|t = xt+1 − α− ρxt = ut+1.

The 2-periods ahead forecast error is

et+2 = xt+2 − �xt+2|t = xt+2 −
£
α(1 + ρ) + ρ2xt

¤
= ut+2 + ρut+1

after substituting for xt+2. In general we have

et+r = ut+r + ρut+r−1 + ρ2ut+r−2 + ...+ ρrut+1 =
rX
j=1

ρr−jut+j.

The forecast variance is thus

var(et+r | It) =
rX
j=1

ρ2(r−j)var(ut+j) = s2
rX
j=1

ρ2(r−j)

under the assumption we have about the errors. Hence the interval forecast is

¡
�xt+r|t−1

¢± zα/2
vuuts2 rX

j=1

ρ2(r−j)
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(c) We can do the same for yt.

yt = γyt−1 + βE(xt+1 | It) + εt
and substituting for E(xt+1 | It)

yt = αβ + γyt−1 + βxt + εt

then

�yt+1|t = E(yt+1 | It) = αβ + γyt + βρE(xt+1 | It) = αβ + γyt + βρ(α+ ρxt)
the associated error is

et+1|t = yt+1 − �yt+1|t = εt+1 + βρ
£
xt+1 − �xt+1|t

¤
= εt+1 + βρ(ut+1)

hence the variance of the error forecast is

var(et+1 | It) = σ2 + β2ρ2s2

then the interval forecast is

�yt+1|t ± zα/2
q
σ2 + β2ρ2s2

(d) The estimation of the parameters proceed as follows:

� from the Ar(1) process

xt+1 = α+ ρxt + ut+1

we get �α and �ρ by OLS

� from
yt = θ0 + θ1yt−1 + θ2xt + εt

we get �θ0, �θ1, �θ2.

� Then using the relationship given by

yt = αβ + γyt−1 + βρxt + εt

we have that

�β =
�θ0
�α

�γ = �θ1

�β =
�θ2
�ρ

Note that there�s an alternative estimate of β.
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