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41 Ohw ~ðc ð ' �c é é é c ? eh l1l1g1 dqg gh?qh
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6E~ðc wäý .6E~ðc wäc

zkhuh w lv d sdudphwhu dqg 6 lv vrph jlyhq ixqfwlrq1 D srlqwzlvh zhdn odz
ri odujh qxpehuv zrxog dvvhuw wkdw iru dq| jlyhq w zh kdyh

A?Ewä$R fc

zkloh d vwurqj odz zrxog kdyh wkh frqyhujhqfh lq suredelolw| uhsodfhg e|
frqyhujhqfh doprvw vxuho|1 D xqlirup odz ri odujh qxpehuv rq wkh rwkhu
kdqg zrxog dvvhuw wkdw

týT
wMX

mA?Ewäm $R fc

zkhuh wkh vhw Xé
Wkh lpsruwdqfh ri wklv uhvxow lv wkdw lw doorzv xv wr uhsodfh wkh vdp0

soh prphqw frqglwlrq C?Ewä ' �
?

S?
ð'�6E~ðc wä e| wkh srsxodwlrq prphqw

CEwä ' .6E~ðc wäé Zh zdqw wr dujxh wkdw zh fdq uhsodfh wkh plqlpl}hu ri
nC?Ewän c zklfk lv ewc e| wkh plqlpl}hu ri nCEwän c zklfk lv wfc zlwk kljk
suredelolw|1 Srlqwzlvh frqyhujhqfh lv qrw hqrxjk dv fdq eh vhhq iurp wkh
ghwhuplqlvwlf h{dpsoh
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Krzhyhu/ wkh plqlpl}hu ri nC?Ewän lv w ' �*? iru doo ?czklfk jlyhv nC?Ewän '
fc zkloh wkh plqlpl}hu ri nCEwän lv w ' � zklfk jlyhv nCEwän ' �*2é
Ohw %æ& eh wkh ydoxh ri % wkdw vdwlv?hv 8 E%æ&ä ' æ*& iru lqwhjhu æc & zlwk

æ é &é Iru dq| % ehwzhhq %æ& dqg %æn�c&c

8 E%æ&ä é 8 E%ä é 8 E%æn�c&ä ( 8?E%æ&ä é 8?E%ä é 8?E%æn�c&äc
zkloh f é 8 E%æn�c&äý 8 E%æ&ä é �*&c vr wkdw
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Wkhuhiruh/ iru dq| % dqg &c

m8?E%äý 8 E%äm é 4@ 
�$æ$&

m8?E%æ&äý 8 E%æ&ämn �

&
é +4,

Vlqfh wkh uljkw kdqg vlgh ri +4, grhv qrw ghshqg rq %c zh fdq uhsodfh wkh ohiw
kdqg vlgh e| týT3"÷%÷" m8?E%ä ý 8 E%äméZh wdnh & ' *L}?c zklfk hqvxuhv
wkdw

týT
%
m8?E%äý 8 E%äm é 4@ 

�$æ$&
m8?E%æ&äý 8 E%æ&ämn JE�ä

dv ?$4éIru dq| " : fc ohw øæ ' im8?E%æ&äý 8 E%æ&äm : "j dqg
ø ' ^&æ'�øæ ' i4@ 

�$æ$&
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Wkh ?uvw lqhtxdolw| iroorzv e| wkh Erqihuurql lqhtxdolw|/ zkloh wkh vhfrqg
rqh xvhv wkh Fkhe|fkhy ru Pdunry lqhtxdolw|1
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51 Zh kdyh
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dv uhtxluhg1
Qrwh wkdw

Y,?*Yw '
?[
ð'�

Y *L} sø
Yw

Eøð( wä '
?[
ð'�

�

sø

Ysø
Yw

Eøð( wäc

zkhuh

Ysø
Yu

Eøð( wä '
] "

f

Ysu
Yuf

E
øð
5
(uä

�

5
s` E5(` ä_5

Ysø
Y`

Eøð( wä '
] "

f
suE
øð
5
(uä

�

5

Ys`
Y`

E5(` ä_5

Wkhq zh fdq rewdlq dq xqeldvhg vlpxodwru ri wkhvh wzr ghulydwlyhv dv iroorzv1
Iluvw uhzulwh wkh ?uvw ghulydwlyhv dv
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dqg zkhuh s� lv wkh ghqvlw| ri d fkl0vtxduhg udqgrp yduldeoh zlwk rqh ghjuhh
ri iuhhgrp1 Wkhq ohw 0æ å ã2E�äc æ ' �c é é é c ?rc dqg ohw
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lv xqeldvhg1 Krzhyhu/
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lq jhqhudo/ dqg vr hyhq li zh xvh lqghshqghqw vdpsohv wr frpsxwh s?rø Eøð( wä
dqg wkh wzr ghulydwlyh hvwlpdwruv/

.rð6
�

s?rc�ø Eøð( wä

Ys?rc2ø

Yw
Eøð( wä ' .rð6

�

s?rc�ø Eøð( wä
.rð6

Ys?rc2ø

Yw
Eøð( wä

'
Ysø
Yw

Eøð( wä.rð6
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søEøð( wä

Ysø
Yw

Eøð( wä

dv zrxog eh uhtxluhg iru dq xqeldvhg vlpxodwru ri wkh olnholkrrg vfruh ixqf0
wlrq1 Xqohvv zh fdq wdnh ?r$4 zh zloo jhqhudoo| kdyh sureohpv hvwdeolvk0
lqj frqvlvwhqf| iru wklv surfhgxuh1
E| frqwudvw wkh phwkrg ri prphqwv lv txlwh hdv| khuh1 Zh fdq wdnh hlwkhu

wkh iroorzlqj wzr prphqwv

6�Eøðc wä ' øð ý`u
62Eøðc wä ' Eøð ý`uä2 ý 2`u

ru

6�Eøðc wä ' øð ý`u
62Eøðc wä ' ø2ð ý 2`uý` 2u2

vkrxog jlyh frqvlvwhqw dqg dv|pswrwlf qrupdo hvwlpdwruv1

61
Vxssrvh |rx duh lqwhuhvwhg lq hvwlpdwlqj d sdudphwhu yhfwru w ' Ew�c w2ä

iurp d vdpsoh prphqw frqglwlrq C?Ewä ^iru zklfk CEwä ' .C?Ewä lv htxdo
wr }hur li dqg rqo| li w ' wfoc dqg wkdw d suholplqdu| hvwlpdwru ew2 ri w2
lv dydlodeoh1 Rxwolqh zkdw frqglwlrqv duh qhhghg iru ew2 wr vdwlvi| iru wkh
hvwlpdwru ew� wkdw vhwv C?Ew�c ew2ä ' f wr eh frqvlvwhqw dqg dv|pswrwlfdoo|
qrupdo1 Glvfxvv wkh flufxpvwdqfhv xqghu zklfk wkh glvwulexwlrq ri ew2 d>hfwv
wkh glvwulexwlrq ri ew�é
71 Wklv lv wkh fodvv ri hvwlpdwruv wkdw plqlpl}hv nC?Ewän2` ' C?Ewä

â`C?Ewä
zlwk uhvshfw wr wc zkhuh ` lv d 5 e| 5 zhljkwlqj pdwul{ dqg

C?Ewä '
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Wr ghwhuplqh wkh dv|pswrwlf glvwulexwlrq zh mxvw qhhg wr frpsxwh

K '
Y

Yw
.C?Ewfä dqg T ' .66âé

Zh kdyh

T '

#
.Efð ý wfä2 .Efð ý wfäe
.Efð ý wfäe .Efð ý wfäS

$
c

zkloh

K ' .

# ý�
ýôEfð ý wfä2

$
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#
�
ôj2

$
é

Wkh hvwlpdwru lv dv|pswrwlfdoo| qrupdo zlwk phdq }hur dqg yduldqfh frydul0
dqfh pdwul{

EKâ`Kä3�Kâ`T`KEKâ`Kä3�é

Wkh rswlpdo zhljkwlqj pdwul{ lv `JR| ' T 3� lq zklfk fdvh wkh dv|pswrwlf
yduldqfh ehfrphv

EKâT 3�Kä3�é

Zkhq fð lv qrupdoo| glvwulexwhg/ wkh h{suhvvlrq iru T vlpsol?hv vr wkdw

T '

#
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#
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zklfk phdqv wkdw
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Wkh dv|pswrwlf yduldqfh lq wklv fdvh dv wkh vdph dv wkh yduldqfh ri wkh vdpsoh
phdq/ zklfk lv nqrzq wr eh wkh h!flhqw hvwlpdwru1
Wkh h!flhqw hvwlpdwru lv dv|pswrwlfdoo| htxlydohqw wr d vroxwlrq wr wkh

h{dfwo| lghqwl?hg v|vwhp

k
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?
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zkhuh #
k
q

$
2 T 3�Ké
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Wkh frqvwdqw idfwru ri sursruwlrqdo lv luuhohydqw khuh1 Lq wkh qrupdo fdvh/
zh fdq wdnh k ' � dqg q ' fc l1h1/ wkh rswlpdo frpelqdwlrq ri wkh prphqwv
lv mxvw wr wdnh wkh ?uvw prphqw1
Pruh jhqhudoo|/ erwk prphqwv zloo eh xvhg dqg q 9' fé Vlqfh wkh yduldqfh

ri wkh vdpsoh phdq lv j2 uhjdugohvv ri wkh glvwulexwlrqdo vkdsh/ lw pxvw eh
wkdw wkh yduldqfh ri wkh rswlpdo JPP hvwlpdwru lv ohvv wkdq ru htxdo wr j2é
81 Zh xvh wkh jhqhudo wkhruhp

Wkhruhp 4 Dvvxph nCEwfän ' f/ dqg

41 Gh?qh Hvwlpdwru1

nC?Eewän ' ð?u
wMX

nC?Ewänn JRE�äc

51 Lghqwl?fdwlrq1

iru doo B : fc ð?u
8w3wf8:B

nCEwän è "EBä : fc

61 XOOQ1
týT
wMX

nC?EwäýCEwän ' JRE�äé

Wkhq ew ý wf ' JRE�äé
E| wkh odz ri odujh qxpehuv ^zklfk krogv ehfdxvh wkh udqgrp yduldeohv

duh erxqghg`

�

?

?[
ð'�

MkE+ð ý wä $ R.MkE+ð ý wä

' .tð}?E+ð ý wä n E2ký �ä

' èhE+ð : wäý èhE+ð é wä n E2ký �ä

' �ý 28+Ewä n E2ký �ä ì CEwäc
zkhuh 8+ lv wkh f1g1i1 ri +ðé
Wklv frqyhujhqfh lv xqlirup lq w ehfdxvh i+ð : wj lv frqwlqxrxv lq w zlwk

suredelolw| rqh vlqfh + lv frqwlqxrxvo| glvwulexwhg1
Qrz

CEwfEkää ' �ý 28+EwfEkää n 2ký � ' �ý 2kn 2ký � ' fé
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Ixuwkhupruh/ wkh ixqfwlrqC lv prqrwrqlf lq w surylghg 8+ lv vwulfwo| prqrwrqlf
dw w ' wfEkäé
Xqghu dgglwlrqdo dvvxpswlrqv/ zh fdq vkrz wkdw ew lv dv|pswrwlfdoo| qru0

pdo zlwk phdq }hur dqg yduldqfh T*K2c zkhuh T ' .62 dqg K ' CâEwäé
Khuh/

T ' .M2
kE+ð ý wfEkää

' .d� n 2tð}?E+ð ý wfEkääE2ký �ä n E2ký �ä2jo

' � n 2E�ý 2käE2ký �ä n E2ký �ä2

' ekE�ý käc
zkloh

K ' ý2s+EwfEkääé
Lq frqfoxvlrq/ wkh dv|pswrwlf yduldqfh ri wkh hvwlpdwru lv kE�ýkä*s 2+ EwfEkääé
Zh qrz qhhg d ?uvw rughu frqglwlrq iru hdfk sdudphwhu qc wé Rqh vxlwdeoh

prphqw frqglwlrq lv
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$
é

Wklv zloo eh frqvlvwhqw1
91 Wr vkrz wkdw eq lv frqvlvwhqw zh qhhg wr vkrz wkdw xqlirupo| lq q 5 î

C?Eqä$R CEqä

iru vrph ?{hg ixqfwlrq C wkdw lv xqltxho| }hurhg dw q ' qféZulwh
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Wkh ?uvw whup grhv qrw ghshqg rq q dqg kdv phdq }hur dqg yduldqfh
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dv ?$4é Wkh frqyhujhqfh ri wklv ghwhuplqlvwlf txdqwlw| lv xqlirup lq q 5 î
ehfdxvh wkh ohiw kdqg vlgh lv erxqghg1 Wkxv zh fdq wdnh CEqä ' Eqfýqä*qqf
zklfk kdv d xqltxh }hur dw q ' qfé
Iru wkh dv|pswrwlf glvwulexwlrq khuh zh qhhg wr ?qg wkdw qrupdol}dwlrq

vxfk wkdw C?Eqfä '
�
?

S?
|'� 0||

k lv dv|pswrwlfdoo| qrupdo/ ehfdxvh

q ý qf * ý
%
YC

Yq
Eqfä

&3�
C?Eqfä

Zh kdyh douhdg| fdofxodwhg wkdw wkh yduldqfh ri C?Eqfä lv
�
?2
S?
|'�

�
qf
|k '

ïE?k3�äé Lq idfw/ zh fdq vkrz wkdw

?E�3kä*2C?Eqfä$_ ùEfc
�

qfEkn �ä
äc

dqg vr

?E�3kä*2Eeq ý qfä$_ ùEfc
qôf

Ekn �ä
äé

Li k ' �c zh kdyh C?Eqfä ' ïRE�ä vr wkdw

q ý qf * ý
%
YC

Yq
Eqfä

&3�
C?Eqfä ' ïRE�äé
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