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1. Let Z;, i =1,...,n beii.d. and define

Tn(g) =

S|

Zm(Z,, 9) - Em(ZZ, 9),
i=1

where 6 is a parameter and m is some given function. A pointwise weak law
of large numbers would assert that for any given 6 we have

Tn(9> _)P Oa

while a strong law would have the convergence in probability replaced by
convergence almost surely. A uniform law of large numbers on the other
hand would assert that

sup | T,(0)] =5 0,
0cO

where the set ©.

The importance of this result is that it allows us to replace the sam-
ple moment condition G, (0) = %Zf’:l m(Z;,0) by the population moment
G(0) = Em(Z;,0). We want to argue that we can replace the minimizer of
|Gn(0)]|, which is 6, by the minimizer of ||G(6)||, which is 6y, with high
probability. Pointwise convergence is not enough as can be seen from the

deterministic example

92
1G] = { 1~ Framar O=f<1
3 0=1

n=12 ...

Then,
0<6<1

Jim [|GL(0)]| = [[GO)] = { 0 —

N = =



However, the minimizer of ||G,,(0)|| is @ = 1/n for all n, which gives |G, (8)| =
0, while the minimizer of ||G(0)|| is § = 1 which gives ||G(0)] = 1/2.

Let z;;, be the value of = that satisfies F'(z;;) = j/k for integer j, k with
Jj < k. For any x between zj; and x;,1,

Flap) < F(z) < F(zjg) 3 Falzp) < Fo(@) < Fu(@jg),

while 0 < F(zj41%) — F(xjx) < 1/k, so that

1
Fo(z) = F(z) < Fuo(zjr) — Floge) < Fo(zjar) — F(oje) + z
1
Fo(z) = F(z) > Fuo(rjnr) — F(jpr) > Fa(zje) — Floe) — T
Therefore, for any = and k,
1
|[Fo(x) — F(z)| < ax | F(wje) — F(x4n)] + = (1)

Since the right hand side of (1) does not depend on x, we can replace the left
hand side by SUp_.o.pco0 |Fn(z) — F(z)|. We take k = logn, which ensures
that

sup | F(x) — F(o)] < max |Fu(zje) — Fa)| +o(1)

1<j<k

as n — oo. For any € > 0, let A; = {|F,,(z;r) — F(zjx)| > €} and

A= U;“:lAj = {max |F,(z;i) — F(zjx)| > €}.

1<j<k

Then

Pr(A) r(4;)

<
[l
_

IN
-

E (|Fu(xj) = Fa)l)

2

IN

€

Fa)(1 = F(z))

<
Il
—

I

<
[l
_

= O(logn/n).

The first inequality follows by the Bonferroni inequality, while the second
one uses the Chebychev or Markov inequality. [ |
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2. We have

fa(z) = %Pr[Agm]
d
= %EPI {L —}
d o)
= %/ FL(g)fW(z)dz
= 1

as required.

Note that

~ Olog fa 1 0fa
0 = (A;; 0) ———(A;;0),
/O ; 00 b gf o9 "

where

0fa _ ofr A l .

oL o Ail) = /0 8L0( )sz(z’ W)dz
Ofa 10fw

Taace) = [T nEhnio e we

Then we can obtain an unbiased simulator of these two derivatives as follows.
First rewrite the first derivatives as

Qf_( L) fw(z W)
Zfl( ) 7

and where f7 is the density of a chi-squared random variable with one degree
of freedom. Then let ¢; ~ x*(1), 7 =1,...,ns, and let

dfa o )
SA(Az0) = /O hi(z0) f1(2)dz,  hi(z:6) =

8fA 1 ns

o7 (A 0) ——Zh £;; 0
Similarly,

fu(25 L) fw (2 W)
Aza 9 i\E4) 7 7 i\%; 9 = £

Z g J g ( ) Zf1<2)

is unbiased. However,
1 1
Esim
TA0) 7 Ta(A0)

3



in general, and so even if we use independent samples to compute f3%(A;;0)
and the two derivative estimators,

1 of ! ofi
0fa 1
= (A 0)Esim—mt——<
o0 (4:;6) o4 0)
1 Jfa
L 9y
7 T op Y

as would be required for an unbiased simulator of the likelihood score func-
tion. Unless we can take ns — oo we will generally have problems establish-
ing consistency for this procedure.

By contrast the method of moments is quite easy here. We can take either
the following two moments

ml(Ai, 9) = AZ — WL

or

ml(Al,H) = AZ—WL
mg(Al,H) = A?—2WL—W2L2

should give consistent and asymptotic normal estimators.
|

3.

Suppose you are interested in estimating a parameter vector § = (61, 65)
from a sample moment condition G, (6) [for which G(0) = EG,(0) is equal
to zero if and only if § = 6], and that a preliminary estimator 0 of 6
is available. Outline what conditions are needed for s to satisfy for the
estimator 6; that sets Gn(91,§2) = 0 to be consistent and asymptotically
normal. Discuss the circumstances under which the distribution of 52 affects
the distribution of 51.

|

4. This is the class of estimators that minimizes |G, (0) |5 = G (0)'W G (6)

with respect to 6, where W is a 2 by 2 weighting matrix and

co) = 15T )



To determine the asymptotic distribution we just need to compute

I'= %EGH(QO) and V = Emm/.
We have
V_ E(X; - 90)2 E(X; — 90)4
-\ E(X; — 90)4 E(X; — 90)6 ’
while

-1 1
F:E<—3(Xi—90)2>:_<302>'

The estimator is asymptotically normal with mean zero and variance covari-
ance matrix
WD) 'T"WVWIL(I'WT)

1

The optimal weighting matrix is W,,, = V" in which case the asymptotic

variance becomes

(v
When X; is normally distributed, the expression for V' simplifies so that

o? 30t
V= ( 30* 1506 )

Now,

which means that

1 2

= 0.
S L 1
2 202 204
(s ) (2T ) (ane)

The asymptotic variance in this case as the same as the variance of the sample
mean, which is known to be the efficient estimator.

The efficient estimator is asymptotically equivalent to a solution to the
exactly identified system

(F/V_1F>_1 _

o1 S (X - 0) + BES (X - 0P =0,
n; [t

=1
( g ) x V7T,

5

where



The constant factor of proportional is irrelevant here. In the normal case,
we can take o = 1 and § = 0, i.e., the optimal combination of the moments
is just to take the first moment.

More generally, both moments will be used and (3 # 0. Since the variance
of the sample mean is 02 regardless of the distributional shape, it must be
that the variance of the optimal GMM estimator is less than or equal to o. B

5. We use the general theorem

Theorem 1 Assume ||G(6p)|| = 0, and
1. Define Estimator.

IGA @) = 1t |G (O)]] + 0p(1),

2. Identification.

i >
for all 6 >0, inf [|G(O)]] = €(5) > 0.

3. ULLN.
sup [|G(0) — G(O)]| = 0p(1).
0cO

Then R
0 — 90 = Op(].>.

By the law of large numbers [which holds because the random variables
are bounded]

S Halyi—0) — pEHa(y—0)
= FEsign(y; —0) + (2a — 1)
= Pr(y; >60)—Pr(y; <0)+ (2a— 1)

= 1-2F,6) + (2a — 1) = G(6),

where F), is the c.d.f. of y;.

This convergence is uniform in  because {y; > 6} is continuous in 0 with
probability one since y is continuously distributed.

Now

G(Oo(a)) =1—-2F,(0p(a)) +200 —1=1—-2a+200—1=0.
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Furthermore, the function G is monotonic in 6 provided F is strictly monotonic
at 0 = Gy(a).

Under additional assumptions, we can show that 6 is asymptotically nor-
mal with mean zero and variance V/T?, where V = Em? and T' = G'(9).
Here,

V. = EH(yi — 0o(a))
= E[1+ 2sign(y; — 0o(a))(2a — 1) + (2 — 1)?}]
= 1+2(1-2a)2a—1)+ (2a —1)?

= 4a(l — o),

while
I'=—2f,(00()).

In conclusion, the asymptotic variance of the estimator is a(1—a)/ f2(fo(c)).
We now need a first order condition for each parameter (3, . One suitable
moment condition is

%;lea(ﬂfl — 9 — ﬁzi), w; = ( iz ) .

This will be consistent. [ |
6. To show that [ is consistent we need to show that uniformly in § € B

Gr(B) —p G(B)
for some fixed function G that is uniquely zeroed at 5 = 3,. Write
Z et + — Z (Bt™) — F(Bt))t*
The first term does not depend on  and has mean zero and variance
1 Z Oé (6% (6% o—
—QZ (Bot®) (1 — F(Byt*))t** =~ - Z t"‘ =0(n*7").
=1 n ﬁo

This will go zero if and only if o < 1.
Secondly,

LD F(B) — P = 15 (1 -



asn — 00. The convergence of this deterministic quantity is uniform in g € B
because the left hand side is bounded. Thus we can take G(3) = (8,—08)/60,
which has a unique zero at 3 = .

For the asymptotic distribution here we need to find that normalization
such that G, (5,) = %Z?:l g4t® is asymptotically normal, because

oG
op

We have already calculated that the variance of G,(8,)is =5 Y, ﬂ—loto‘ =
O(n>1').In fact, we can show that

By [ wo)] "G

(1-a)/ . 1

n't ZGH(BO) dN(O7 50(014-1))7

and so g

(1-a)/2(73 _ N

nl 2(ﬁ BO) dN<O7 (a—fl))

If @ =1, we have G,,(8,) = O,(1) so that
oG, 17"
5o~ |55 00| Guls) = 0,00



