1 Testing

There are several main uses for hypothesis testing. Firstly, to evaluate the prediction of a scientific
theory or some model thought to be true or approximately so: for example, that the interest elasticity
of demand for money is zero or that aggregate production is constant returns to scale. Secondly, we
may wish to establish whether certain assumed properties of the data hold or not. Put another way,
we want to test whether our specified model is correct. Examples of misspecifications include omitted
variables, wrong functional form, distributional specification, exogeneity, parameter variation, serial
correlation, and heteroskedasticity. Incorrect specification may lead to inefficient estimates or even
worse inconsistent estimates. This latter outcome is very common in the sort of nonlinear models
used in Microeconometrics and is one good reason for carrying out specification tests.! A final
application of testing is as part of model building process; this is often given the name pretesting.
Suppose that we have data y = (y1,...,yn), and a hypothesis Hy about its density f € F.
An hypothesis is simple if it completely specifies f(-) and is composite otherwise, i.e., when there
are nuisance parameters not referred to by Hy. We also distinguish between single and multiple
restrictions and whether the alternative Hy is one-sided or two-sided. General Notations ( Fisher,
Neyman—Pearson). Want to test Hy vs. H4. Let T' (data) be a test statistic, typically scalar valued.
Choose « € [0,1] size of test. Find C, critical region of size « such that pr[T" ¢ C,|Hy] = . Rule
is to reject Hy if (exact or approximate) T' ¢ C, (choose T so that C, is easy to find). Type I
error is to reject a true hypothesis. Type II error is of accepting a false hypothesis. Power of test:
m=pr[T ¢ C,|Hs] =1 — Type II error. An unbiased test has m > a. The p—value of a test T is

Qobs = PT[T > Tobs’HO]a

where the subscript obs refers to observed values. In two-sided case, take |T'| > |Tops|. Low apps is
evidence against the null hypothesis. Confidence interval is just critical region centered not at Hy,
but at a function of parameter estimates.

There are some critiques of hypothesis testing procedures

e It is just a primitive decision-making apparatus; can’t we do better?

e « is arbitrary. Some argue that a should be made a function of sample size, because in practice
as n gets large almost any hypothesis is rejected. In reality hypotheses are neighborhoods not

points.

Lor using estimation procedures robust to such misspecifications.



2 Likelihood Tests

Suppose we have a likelihood L, (y; 8) and a null hypothesis concerning the p-dimensional parameters:
H[) : r(9) = 0J><1.

It is often the case that € can be partitioned into 6, and 65, where the null hypothesis specifies some

aspects of 05, for example, 65 = 0, but leaves 6, unrestricted. The alternative may be two-sided, i.e.,

r(0) #0

or one-sided, e.g.
HA . 7’(9) Z 0.

When J > 1, the theory of testing against one-sided alternatives is complicated and relatively
incomplete relative to that for two-sided alternatives, see Andrews (1993).
Let 6 be the Maximum likelihood estimator of 6 and let 6* be the restricted MLE subject to

r(0) = 0. For the general case J > 1, we use the non-directional test statistics

Log — Likelihood Ratio = 2{l,,(6) — ,,(6* )}
Wald = #{RZ(0)"'R } 7

Score Test = o, —(6")Z~ (9*)%(9*)

00

where 7 = r(0) and R = %(5). The Score test can be rewritten in terms of the Lagrange multiplier
using that 92 (6*) = R*A*, where R* = 5£(6*), which is why it is often called the LM test. Note that
in the last two tests, Z(A) and Z(6,) can be replaced by any consistent (under the null) estimate
thereof. Thus one can evaluate at 8 and 6, with little or no effect on the outcome as we see below.
Also, the expected information matrix Z, which is often hard to calculate, can be replaced by the
observed information —%; with i.i.d data one can also use the outer product of the scores ), ‘g—lg%%.
One may wish to protect the test against partial misspecification, such as omitted heteroskedasticity

by using robust estimates of the asymptotic variance matrix as in the following robust version of the

Wald test
-1
821, 1 &9l B P
{ Zaaae' )} { 28989’ }{ Zaeae’ )} R} "

Under the null hypothesis,

Wald, =7




pr(Tgx)Hpr(Xigm), as n — 0o,

where x?% is a chi-squared random variable with J degrees of freedom. Here, T refers to any of the
above test statistics. The above approximation is used to calculate approximate critical values.

When J = 1, one can also test specifically against the one-sided alternative by using

Signed Log — Likelihood Ratio = sign {r(@) — r(ﬁ*)} ‘2 {ln(é) — ln(Q*)Hl/2

t = F{RIO)'R} ",
which are both asymptotically N(0,1) under the null hypothesis.

The Wald statistic is advantageous when the unrestricted model is simpler to estimate, as with
complicated cross equation restrictions in a simultaneous equation model, for example. The LM
test is simpler when the restricted model is simpler to estimate, as in a test for homoskedasticity.>
The likelihood ratio is invariant to reparameterizations which property is not shared by the other
tests. Note that we can always re-express nonlinear hypotheses in many different ways. For example,
6 = 1 is equivalent to 8! = 1. The Wald statistics corresponding to these alternative representations
are different, and although they lead to the same results asymptotically, the small sample difference
between them can be substantial, see Phillips and Park (1988).

The usual likelihood-based approach to specification testing is to embed the chosen model in a
larger parametric model which has a set of departures from the null model. For example, if serial
correlation is suspected in a regression model, one might choose as a general model a regression whose
errors follow an AR(1) process. Inside this general model, the null hypothesis that the autoregression
parameter is zero corresponds to a correctly specified initial model. This particular test is most
conveniently carried out by means of Lagrange Multiplier test. Tests for homoskedasticity can be

constructed similarly. See Harvey (1981), Engle (1984) and Godfrey (1988) for many examples.

Example. Linear regression with linear hypothesis, R3 = r. Let § = (3, 02) and

I,(0) = _Tn log 21 — %log o — %U(ﬁ)lu(ﬁ)
oy, 1,
3_5(9) = ;X u()
0?1, =1,

2The LM test can often be written as nR?, where R? is from a certain regression.
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where u(f) =y — XB. Let Q = u(B)'u(B) and Q* = u(8")'u(B").
The Wald test is

W = (RB—r) {R(X'X)'R*}) " (RB—r) = 6(2@/_”?
The Score test is
X (XX T X Q- Q
0-*2 0.*2 0.*2 (Q* n)
The Likelihood Ratio test is
n{ln(Q*) —n(Q)} = nln{l + Q*c; Q}

3 GMM Tests

There is a corresponding trinity of tests based on the GMM criterion, see Newey and McFadden
(1994). As before, let 6 and 6* refer to unrestricted and restricted estimates respectively and let
Qn(0) be the optimal GMM criterion defined above. Then

Distance Metric = n{Qn@) — Qn(07)}
!
Wald = ?’{R(D’S‘lD) 1R’} 7

_ «\ Ty o—1 TRk
LM = —5H6")D'ST D),

a1
where (D’ S _ID) is an estimate of the asymptotic variance matrix of the unrestricted GMM esti-

mator. Under the null hypothesis,
pr(Tﬁm)%pr(Xigx), as n — 0o,

where Y% is a chi-squared random variable with J degrees of freedom and T refers to any of the above
test statistics.

An important example here is in testing the overidentifying restrictions. In this case the restricted
estimate uses only the specified subset that exactly identifies the system, and @Q,,(0*) = 0. Therefore,
the test is just based on the value of the criterion function at the estimated values and the degrees

of freedom is equal to the number of overidentifying restrictions.



4 Other Tests

4.1 Hausman Test

This is a widely used specification test. It is applicable in many situations, it is simple to compute,
and appears to require less structure than the likelihood-based tests. Let 6 and 0 be two different
p x 1 random vectors (possibly estimating the parameters #). Suppose there are two states of the
world which we label, not coincidentally, Hy and H 4, and suppose that there exist possibly random

p X p matrices A,, B,, with

0—60=0,(A,), under Hy,

and

6—0= O,(B,), under Hy,

where the O,(.) notation means that, for example, A 1(§ — @) is stochastically bounded, possibly
converging in distribution to some random variable. Provided the rates of convergence A, and B,
are different between the two states of the world, we should be able to distinguish between them.

This general setup does not require the alternative states of nature to be parametrically specified.
In the usual case, n'/2(6 — 6) 2 N(0,V) under Hy, and 6 — 6 = O,(1) under H. Let

T=n(0-0)V-(0-0),

where V is a consistent estimate of V under Hy and the minus superscript denotes a generalized
inverse. Then, T is widely called a Hausman or Hausman-Wu test after the two papers of these
authors. The distribution of 7' can be approximated, in large samples, by Xg, where ¢ is the rank
of V. Usually, one selects subvectors or appropriate linear combinations such that V' is of full rank,
although the above result applies to the more general case. When one estimate, for example 5, is
efficient under the null hypothesis, then the asymptotic variance of the scaled difference is actually
the difference of the asymptotic variances of the two estimates under the null, i.e., V = Vo, — V7,
where n'/2(0 — 6) 2 N(0,V1) and n'/2(6 — 6) 2 N(0, V). This is computationally advantageous,
because otherwise one would have to also calculate the covariance between the two estimates.

Note that the setting here is very general and no parametric model is explicitly needed, only
the separation property. This test is widely used in panel data analysis to discriminate between the

situations where the uncorrelated random effects and fixed effects procedures are appropriate.



4.2 Information Matrix Test

White (1987) proposed making a specification test out of the information matrix equality. Specifically,
if the likelihood is misspecified in a substantive way, then the information matrix equality is violated.

Again, the precise form of departure is not specified here. A test is made from

n / n
sl B sl
i=1 =1

_ Pl ool
& _VeCh{aeae/<9) 26 ae’(e)}

is a J = p(p+ 1)/2 by 1 vector. Critical values are taken from a x? distribution. Some practical

where

problems can arise due when p is large due to the singularity of % > G

4.3 Distribution Free Tests

In some cases one wants to make simple comparisons between two variables. For example, you
may want to test for differences such as stochastic dominance between one income distribution from
another. A similar type of problem is to test for independence of two random variables. These
hypotheses can be stated in general terms and do not require some parametric specification such as
normality. They can also be tested outside of the usual parametric framework considered previously.
Let yi,...,y, be ii.d continuous random variables. Define the ranks Ry,..., R,, where R; is the

integer rank (in decreasing order) of y; in the sample, and the empirical distribution function

Fly) =n' Y21 {u < o}

The empirical distribution function consistently estimates the population distribution F.
Distribution-free tests are often based on either the ranks or the empirical distribution function,
see Cox and Hinkley (1975).

1. Testing for dominance of one distribution. Suppose that y1, ..., Yny, Yni+1, - - - Yn, Where n =
ny + ng, are available, and that it is believed that the population distribution from which the first n,
observations were sampled dominates the distribution of the succeeding ns observations. Then we
expect that the ranks of yi,...,y,, in the full sample to be small. A general class of test statistics

based on weighted ranks



n

T = ijRj

j=1
are used in such situations. The advantage of working with ranks is primarily robustness to distrib-
utional specification.

2. Testing for a specified distribution such as normality. Define the Kolmogorov-Smirnov and

Crameér-von Mises tests
T =n'Psup|Pu(y) ~ Bow)| : To=n [ {Fuy) = Fo(y)} dy.

where Fj is the specified distribution, e.g. the standard normal c.d.f. In this latter case, we first
scale the data y; — y’fg, where 7 is the sample mean and s? is the sample variance. The asymptotic
null distributions of the these statistics are nonstandard but are tabulated. These tests have power
against all alternative distributions, unlike the parametric - for example, with a normal null one
might use a combination of the third and fourth cumulants - tests

3. Testing for independence. Our null hypothesis is that Y is independent of X, but their

distributions are otherwise unspecified. This is a fully nonparametric hypothesis. Let
Ty = ' sup (Guly,2) = Falp) (@) 5 Ta=n [ {Guly ) = Fuly)Ha(@) dyd.

where G, is the joint empirical distribution of Y and X, and H,, is the empirical distribution of X.
When Y and X are independent, T} and 75 have a limiting distribution, but under the alternative
they tend to infinity. The asymptotic null distributions of the these statistics are nonstandard but

are tabulated.

5 Optimality

One general optimality criterion is maximum power controlling for size. There is a classical theory
that applies only to some very special cases: the Neyman-Pearson optimality theory for likelihood
ratio test. A special criterion which is widely used criterion is local asymptotic optimality. Sup-
pose that the null hypothesis is that #; = 0, and consider the local alternative 65, = én~'/2 for
some constant 0. The likelihood-based tests all asymptotically achieve optimal power against such

alternatives. See Cox and Hinkley (1975) for further discussion.
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