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Solutions
1. Bookwork. |
2. Let my(2,0) = (y — 0) and my(z,0) = {(y — 0)> — 6*}. The sample equivalent is

ln yz_e)
_”Z( {(y;: — 0)* 92})

The GMM estimator then minimizes a quadratic form in G, (0), i.e., minimizes
Qn(0) = GL () WG, (0)

with respect to 6 for some 2 x 2 matrix W. The Maximum Likelihood Estimator maximizes the log
likelihood function
2 1w —0)°
= ——Zlog@ — —ZT

=1
This estimator has first order condition

e B

Both of these estimation methods are nonlinear in the parameters. However, the OLS estimator

is consistent in this case, and it is very simple to compute. This is what motivates doing a two-step

approach here. First, let
N 1. 3
Oors ==Y _ yi =7.
Nz

To motivate the two-step method we linearize the score function about 50 Ls, i.e.,

00.(0) _ 0lu(Bors) N 820, (GoLs)

20 00 002 (6 = boss),




and then let R R
n(BoLs) = 0*n(BoLs)
00 o0*

Go(0:00Ls) = (60— aOLS)-

This has zero

820, (0ors) - 04, (0oLs)
06° 90

This estimator will be asymptotically efficient because

92fstep = QOLS - [

0ln(Bors) _ 9la(By) | 9% (00)

a0 Y BYE (ors — 00)

0%(Oors) _ 0*a(bo)
96° T 062
so that

ViBoser —00) ~ vBors — ) — lc’) 29(290)] N l@ég(:o) n 8229(290) (Bors — 0o)

- la%ang(geo)} faea%90)7

which is asympotically normal with mean zero and variance given by the inverse information.

3. First, notice that h need not be a density function. However, we can write

m(z, ) :/A%p(x)dx

for any density function p with support A. We then compute

_ 1 E (X z,0)
m(z,a) =—=>» ———",
o) =5 ; p(X7)
where X1, ..., Xp are i.i.d. draws from p. By construction

Em(z,a) =m(z,«a)

for all z, . Actually, could choose p to be uniform on A in which case we dont need to divide out.

The conditional moment condition implies that
E[(y; — m(zi, a0) — %wi) 9(zi,w;)] =0

for any function g. Therefore let



where 7i(z, ) was defined above. Since i(z, ) is unbiased, we have EG,(0) = G,(6) for all ,
so that consistent estimation can be based on this first order condition if g has at least as many

components as ¢. The nonlinear least squares estimator works from the population condition where

om(z,ap)
glz,w)=| >
w

and so in this case we have

1 n
—Z -—m Z@, ﬁwz) (Zl,w@,Oé),
n i=1
where
1 R Oh(Xrz,0) 1
9(z,w;a) = ( Rer=t o plXy) )
w

Now, EGA—’n(H) # G, (0) unless we make m and ¢ independent - by taking a different sample in each.
Therefore we do this.

The asymptotic distribution depends on

1 n
VG (0 7 Z m(zi, ) — m(z;, ap))) g(2i, wi; ap) + 0p(1)
=1

because

1 R Oh(Xpzi0) 1 .

R = - 2, Wi &

Z m(z;, ap) — m(z;, ap))) ( 7T S(XT) 4 0 ) = 0p(1)
We have
~ 1 & _ w
VnGpL(8) = W Z (e; — (M(z;, ) — m(zi, ))) 9(zi, wi; a0) = N(0,V + E)’
i=1
where
Om(zi,a0) Om(z;,0) Bm(zi,ao)w_T
V = E 8? Oa oo 204)T Oa 7
Wy 3(;7’“ . U)ZU)ZT
Bm(gi,ao) 8m(§zip}a0) 8m(gi,a0)w_T
W = RE | var[m(z;, ao)|z) a'(?m(zi,a?) wa’wT :
(3 ool (A}
where ) ) )
Rvar[m(z;, ap)|zi] = /Mdiﬂ — (/ h(x; zi,ao)d:c> .

p(z)

Also,
o om(z;,0) Bm(zi%ao) Bm(zi,ao)wr
I'=—EG (6, = Ooa da oo 7 ]
69 ( 0) ( wiama(ziq’“a()) wlwlT
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Therefore,
W

V(0 —0) = N,V + =

).

4. The efficient GMM estimator of # minimizes the quadratic form
Grn(0)Wop G (0),

where

and
Wopt = (E [m(Z;, 00)m(Z;, 00)]) "

This estimator has asymptotic variance

(I'Wop ')~ (Z T2E [m;(Z;, 00) }) _

The estimator éj that solve the first order condition
~ 1
Gnj(05) = —>_m;(Z:,0;) = 0
has asymptotic variance

var[y/nGy;(0o)]
FJZ ’

where

var[y/nGn;(6o)] = E[m;(Z;,00)7

The estimators have asymptotic covariance

VNG (0o) VnGur(bo) | E[myi(Zi, 00)mi(Zis 00)]
E [ I'; L'y ] B LT -

The weighted estimator has asymptotic variance

var9 ) = var [ij ] = var [ij } :Zw %’90)].

Jj=1



Let ) ;
I/ Elm;(Z;,00)]

w; = :
’ 11 T3/ Elm;j(Z;,00)]

Then these weights sum to one and

1
>/ T2E [m;j(Z;,60)%

j=1+7

varf(w) =

5. The NLLSE solves the equation G,,(8) = 0 where

f) i;(yi_ 1+ﬂz’°‘> 1+ pin)2

We deal with the three cases separately.

ifa=0 . . .
Gn<ﬂ>=§(w— 1+ﬁ> T

In this case, we let 6 = 1/(1+ () in which case there is an exact solution to the first order condition
for 0, i.c., @ = 7. Substituting back we find 8 = (1 — 6)/6. Therefore,

~ 1— y
p=
y
Clearly, f3 is consistent unless 8 = 0 or § = oo [which corresponds to 8 = oo or § = —1]. The

asymptotic distribution follows from the delta method. Thus

R _7 .y o2
Vit =) = vt (12 = 152 = G- ) = N0 50) = N0+ )
The case o > 0. We have
111
1+ pgic — g’
and so
o) =S (5 — == | =
A i=1 v gie ) B
Therefore,

The first term is

while the second term is approximately

. noq n,. N
(%ﬁ) 2 O




Therefore, if we re-normalize

el

e (Y — ;Za Ewo
Gn(ﬂ) _ ( 1+/31) (14+6i)

Yie1 7= 7
we find that provided 37, i72* — oo
B— 5o
Gn(B) — = G(P),
( ) p /60/83 ( )

which has a unique zero at 8 = f3,. Therefore a sufficient condition for consistency is that 31 ; 172* —

oo, which is equivalent to the requirement that o < 1/2. The asymptotic distribution is now deter-

mined by I' = G'(3,) = 1/33 and var[,/>" , i—22G,,(8,)], specifically,

A Zz 20(f — By) => N(0, ﬁj))

1
1+ i

The case v < 0. Now we have

~1— i
and so

p) = i (yi — 1+ Bi%)i%(1 — 2Bi%) = Y ed® + > (B — B)i*.
i=1 . ,

S et = 0| S0,
i=1 i=1

Therefore we renormalize by Y ; i** and define

The first term is

Pied

n 1 __

a5 = == (Z/i - 1+,6ia) (1+ix)2

n(ﬁ) — Zn Z’2a ’
i=1

Provided Y7, i — oo we have

Gn(B) —p Bo — B =G(P),

which is uniquely zeroed at § = (3,. Provided o« > —1/2 we have consistency. As for asymptotic
\| 2 (B — o) = N(0,0%).
i=1

Elyi € [pg— o, po +0l} = Pr(y € [y — o, g + o)

normality, we have

6. (a) We have

= Fy(po +0) = Fy(py — o).
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Therefore
EGu(o) = Fy (1 + 0) — Byt + 70) — (Fy{pto — 0) — Fylny — 70)).
(b) We can show that
Gn(o) =, G(o) = EGy(0)

uniformly in o [the criterion is bounded and continuous with prob one- use the theorem in the notes].
Clearly, G(0¢) = 0. The question is, does there exist another o* for which G(o*) = 0?7 Provided F is
strictly monotonic in a neighborhood of oy, the answer is no. If o* < o¢, then F,(pq+00) > F,(p9+0")
and Fy(pg—o*) > Fy(uy—09) so that EG,(c*) > 0, while if 0* > o¢, then F,(1y+00) < F,(pg+0")
and Fy(py — 0*) < Fy(py — 09) so that EG,,(c*) < 0.

(c) The asymptotic distribution requires we compute

D = 2-Glov) = fylut + 70) + fylita — 0)

V = varlyGh(oy)] = var— i ({01 € 1 — o0, g + o]} — 0.5)]

= Pr(y; € [pg — 00, o + 00]) — Pr (y; € (g — 00, 1o + 00])°

]

Therefore,
1

V(3 = By) = N(0, A(fy (o + 00) + fy(po — 00))

7)-

(d) The first order condition we choose is

1 x;sign(y; — Bz;)
B ”; ( {yi € [pr; — 0, Bz; + 0]} — 0.5 ) |

where 0 = (3, 0).



