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Abstract

Local linear fitting in modelling of nonlinear processes under strong (i.e., &) mixing con-
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tion of ARMA and GARCH models. In this paper we develop an asymptotic theory of local
linear fitting for near-epoch dependent (NED) processes. We establish the pointwise asymp-
totic normality of the local linear kernel estimators under some restrictions on the amount of
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1 Introduction

In this paper we consider local linear modelling in a time series context under near epoch de-
pendence. Andrews (1995) established uniform convergence with rates for nonparametric density
and regression estimators based on the local constant estimation paradigm also under near epoch
dependence conditions. The purpose of this study is to provide a Central Limit Theorem for
the more desirable class of local linear estimators (Fan and Gijbels (1996)) under similar weak
dependence conditions.

Assume that {(Y;, X;)} is a R!*%valued stationary sequence (with Y; being R!-valued and
X; being R?-valued), defined on some probability space (2, F, P) (throughout the paper all the
random variables are defined on this space). Among the widely used mixing conditions, such
as ¢-, p-, B- and a-mixings, a-mixing is no doubt the weakest and most popular in the econo-
metric literature. Under some suitable conditions, the stationary solutions of many time series
econometric models (linear or nonlinear) are a-mixing; see, for example, Gorddeskii (1977), Pham
(1986), Pham and Tran (1985), Tgstheim (1990) and Tong (1990) on nonlinear AR models, and
Masry and Tgstheim (1995), Lu (1998), Cline and Pu (1999), Lu and Jiang (2001), Carrasco and
Chen (2002), and Saikkonen (2001) on nonlinear ARCH/GARCH models. This mixing condition
is used extensively in the time series literature (c.f., Fan and Yao, 2003). Masry and Fan (1997)
establish the asymptotic normality of local polynomial regression estimators under this condition.
For reference, its definition is stated as follows.

Definition 0. A stationary sequence {X;, t =0, £1, ...} is said to be a—mixing if

a(k) = sup |P(AB) — P(A)P(B)| — 0 (1.1)

AeFr  BEFE,

as k — oo, where 7" and F, are two o-fields generated by {X;, t <n} and {Xy, t > n+k},
respectively. We call a(-) the mixing coefficient.

However, from a practical point of view, the a-mixing concept suffers from many undesirable
features. As Davidson (1994) points out, the following shortcomings are often serious (see also
Lu (2001)): (i) even simple autoregressive processes might not be a-mixing, (ii) a-mixing is
hard to verify in practice, especially in the case of compound processes. For the former case,

Andrews (1984) showed that the stationary solution to a simple linear AR(1) model of the form



X; = 1/2X;1 + e, with e;’s being independent symmetric Bernoulli random variables taking
values —1 and 1, is not a-mixing (but it is near epoch dependent, defined in Definition 1 below).
For the latter case, the ARMA process with ARCH/GARCH errors, discussed in Engle (1982)
and Weiss (1984) as well as Lin and Li (1997), is well applied in financial econometrics, where the

model is composed of two time series (ARMA and ARCH/GARCH) models:

Xt = alXt_l + -+ CLpXt_p +é&r — b18t_1 — = qut_q, (12)

£t = ethtl/z, hy = ag+ a1l | + -+ aper_p + Brh—1+ -+ Bohi—g (1.3)

where a; and b; are the coefficients in the ARM A(p, q) model, and «; and ; are the coefficients in
the GARCH (P, Q) model, with e; being i.i.d innovation with mean 0 and variance 1. Although
the ARCH model and its generalized version, GARCH, by Bollerslev (1986) have been proved
to be a-mixing under some mild conditions (c.f., Lu (1996a, b), Carrasco and Chen (2002)),
no results exist to examine whether the compound processes are a-mixing. For this reason we
use a generalized version of mixing processes, called stable or near epoch dependent processes,
which can easily cover the compounded processes and many nonlinear/non-a-mixing processes.
This concept was introduced in Ibragimov (1962) and was developed further by Billingsley (1968)
and McLeish (1975a,1975b,1977). It has been used extensively in econometrics following Bierens
(1981), see for example Gallant (1987), Gallant and White (1988), and Andrews (1995). Lu
(2001) established asymptotic normality for kernel density estimators under this condition. Nze,
Biithlmann and Doukhan (2002) have investigated an alternative class of dependent processes they
call ‘weak dependent’. They establish the asymptotic normality of local constant nonparametric
regression estimators under their conditions.

Let Y; and X; be both stationary processes, of R'- and R?- valued, respectively, defined based

on a stationary process {&;} by

Y% = \I/y(Et,Et_l,Et_g,...), (14)
Xy = (Xe1, -+, Xead)” = Ux (e, 601,602, ), (1.5)
where X” denotes the transpose of X (a vector or matrix), ¥y : R® — R! and Uy : R® — RY

are two Borel measurable functions, respectively, and {e;} may be vector-valued. Let v > 0 be a

positive real number.



Definition 1.  The stationary process {(Y:, X;)} is said to be near epoch dependent in L,

norm (NED in L, for simplicity) with respect to a stationary a-mixing process {e;}, if

ou(m) = BV =Y BIX, =X 0 (16)
as m — oo, where |- | and || - || are the absolute value and the Euclidean norm of R?, respec-
tivelya th(m) = \IIY,m(gh R gt—m—i-l)v Xgm) = (Xt(im)a e 7Xt(;n))7- = \IIX,m(gb R gt—m—i-l)v and

Vy,, and ¥x ,, are R!- and R%valued Borel measurable functions with m arguments involved,
respectively. We will call v, (m) the stability coefficients of order v of the process {(Y;, X¢)}.

Clearly, {(Y;(m), Xgm))} is an a-mixing process with mixing coefficient

alk —m) k>m+1,
am (k) < (1.7)
1 k <m.

The type of setting where our results are useful is for models with complicated dynamics in
both mean and variance for which the usual mixing conditions do not necessarily apply. These
sorts of models are common in finance and economics.

Our limiting results will resemble conventional limiting results for local linear estimators under
more standard conditions. That is, under some restrictions on a(k) and v,(m) we obtain the
optimal pointwise rate of convergence for i.i.d. data (Stone (1980)) along with the same asymptotic
distribution that would obtain were the data i.i.d. with the same marginal distribution. This type
of result is to be contrasted with those obtained by Phillips and Park (1998) and Karlsen and
Tjostheim (2001) for unit root or null recurrent processes (see also Bandi (2004) for near-integrated
processes) for which the rates of convergence are slower and limiting distributions are non-normal.

In the next section we define the setting and estimator we shall examine. The main asymptotic

results are given in section 3. In section 4 we provide some numerical results based on some

common econometric models.

2 Methodology

2.1 Notation and main assumptions

We summarize here the main assumptions we are making on the data generating process (DGP)

(1.6) and the kernel K to be used in the estimation method. Assumptions (A1)-(A4) are related



to the nonlinear process itself.

(A1) The DGP is a strictly stationary NED process (c.f., (1.6)), with order v = 2 4 §/2, with
respect to the a-mixing process {e;}, where the constant 6 > 0 is specified in Assumption
(A2) below. For all i and j in Z, the vectors X; and X; admit a joint density f;;; moreover,
fi;(x/,x") < Cfor alli,j € Z, all x',x"” € R, where C > 0 is some constant, and f denotes

the marginal density of X;.

(A2) The random variable Y; has finite absolute moment of order (2+0), that is, E [|Yi|2+5} < 00

for some & > 0.

(A3) The regression function g(x) = E(Y;|X: = x) is twice differentiable. Denoting by ¢'(x) and
g"(x) its gradient and the matrix of its second derivatives (at x), respectively, x — ¢”(x) is

continuous at all x.
Assumption (A4) is an assumption of the mixing coefficients.

(A4) For the mixing coefficient of &, the function « is such that
o0
lim k¢ Z{a(j)}é/(“"s) =0 for some constant a > §/(4 + 9).
k—o0 =k
Assumption (A5) deals with the kernel function K : R? — R, to be used in the estimation
method. For any ¢ := (cp,c])” € R define
Kc(u) := (co+ cju)K(u). (2.1)

(A5)(i) For any ¢ € R¥*! |K,(u)| is uniformly bounded by some constant KJ

<, and is integrable:
/d | Ke(x)|dx < o0.
R

(ii) For any c € R%T! |K,| has an integrable second order radial majorant, that is, QX (x) :=

SUD)jy||>Ix| [[ly|I?Kc(y)] is integrable.

(iii) For any ¢ € R9*! K, is Lipschitz continuous of order 1, that is, for some constant C' > 0,

|Kc(u) — Ke(v)| < Clju— v for any u, v e R%



This assumption allows an unbounded support for the kernel function; compare this with
Condition 2(i) of Masry and Fan (1997, page 170) who require the kernel function to have a
bounded support.

Throughout, we assume that the observations of the NED process {(Y;, X;)} are (Y, Xy), t =
1,2, ..., T. For convenient reference, we are listing here some conditions on the asymptotic
behavior, as T' — oo, of the bandwidth by that will be used for generality in the sequel (c.f.,
Lemma 3.4 below), where Assumption (B1) below is standard, while Assumptions (B2) through
(B4) below look complex: some simple and verifiable conditions on the stability and mixing
coefficients to ensure they hold will be given in the main theorem (Theorem 3.1) and its corollary

(Corollary 3.1).

(B1) The bandwidth by tends to zero in such a way that Tb% — oo as T — oc.

(B2) There is a positive integer m = mq — oo such that the stability coefficients, defined in (1.6)

with ¥ = 2 and v = 2 + §/2, satisfy
T2/ 0y BFAR2A/0) ) (m) -0, and bR () = 0(1),

and

b;(2+2d+6/2+4d/6)02+6/2 (m) = O(1).

(B3) There exist two sequences of positive integer vectors, p = pr € Z and q = qp = 2myp € Z,
with m = mp — oo such that p = ppr = o(( Tb%)l/Q), q/p — 0 and T/p — oo, and
Tp~ta(m) — 0.

(B4) by tends to zero in such a manner that gb% = O(1) such that

o0
b S (1)) 50 as T — oo (2.2)
t=q
Remark. Assumption (Bl) is standard on the bandwidth as in the i.i.d. case, Assumption

(B2) is concerned with the conditions on the stability coefficients related to the bandwidth,

and Assumptions (B3) and (B4) are on the mixing coefficients which are associated with the

bandwidth, among which (B3) together with (B1) is similar to the conditions specified for the

strongly mixing processes in Condition 3 of Masry and Fan (1997, page 172). Assumptions B2-B4



are phrased as restrictions on the decay rates of the stability and mixing coefficients for a given
bandwidth, although one could rewrite these conditions as restrictions on the bandwidth (and
hence the implied rate of convergence of the estimator) for a given decay rate thereby allowing
greater dependence at the cost of slower convergence. Although Assumptions (B2) through (B4)
look somewhat complex, some milder and more specific conditions can be derived from them with
the bandwidth set as a power function of the number of observations, as is generally the case in
practice. For the details, see Theorem 3.1 together with Corollary 3.1 and the remark there in

Section 3.

2.2 Least-square local linear fitting

Although the Nadaraya-Watson method is central in most nonparametric regression method in the
traditional i.i.d. series case, it has been well documented (see, for instance, Fan and Gijbels 1996)
that this approach suffers from several severe drawbacks, such as poor boundary performances,
excessive bias and low efficiency, and that the local polynomial fitting methods developed by
Stone (1977) and Cleveland (1979) are generally preferable. Local polynomial fitting, and par-
ticularly its special case—local linear fitting —recently have become increasingly popular in the
light of recent work by Cleveland and Loader (1996), Fan (1992), Fan and Gijbels (1992, 1995),
Hastie and Loader (1993), Ruppert and Wand (1994), and several others. Masry and Fan (1997)
have studied the asymptotics of local polynomial fitting for regression under general a-mixing
conditions; see also Fan and Yao (2003). In this paper, we extend this approach to the context of
our generalized mixing dependence—NED processes by defining an estimator of g based on local
linear fitting and establishing its asymptotic properties.

The idea of local linear fitting consists in approximating, in a neighborhood of x, the unknown

function ¢ by a linear function. Under (A3), we have

9(z) = g(x) + (g'(x))"(z — %) := ao + aj (z — x).

Locally, this suggests estimating (ag, a]) = (9(x), ¢’(x)), hence constructing an estimator of g

from

X a T X,
gr(x) = O = arg  min Z(YJ —ap —a] (X, —x))’K ( JbT X> ,

a (ao,al)ERaH'l

(2.3)
j=1



where br is a sequence of bandwidths tending to zero at appropriate rate as T" tends to infinity,
and K (-) is a (bounded) kernel with values in R™.

In the classical i.i.d. and time series case, the solution of the minimization problem (2.3) is
easily shown to be {X (x)"W(x)X (x)} ~HX(x)"W(x)V}, where X (x) is an n x (d+1) matrix with
ith row (1, by (X;=x)7), W(x) = by'diag (K (X%), ..., K (X)), and Y = (V3 .., Yp)"
(see, e.g., Fan and Gijbels 1996). In the generalized NED series case, though such an expression
still holds, we rather write the solution to (2.3) in the following form, which is very convenient

for the purpose of characterizing its limiting distribution:

aop N vT0 uroo  UTO1
:UTlVT, where Vo := and Up :=

arby V71 urip uri1

with (letting (Xg;x)o = 1)

(Vo) = @) Sy (F) K (F) i

and

(Uz),, == (Tb%) 1%( >1<X]’_X)ZK<X9'_X), i, 0=0,...,d

It follows that

ap — a x) — g(x a
ol L B A Uz {ve-ur| | V= untwy, (24)
éle — ale (gép(x) — g’(x))bT ale
where
wTo £l X —x
WT = ) (WT) TbT Z < ) K < jb > ; 1= 07 ada (2 5)
W71 j=1 7 T

and Z; :=Y; —apg — a](X; — x).
The organization of the paper is as follows. If, under adequate conditions, we are able to show

that:
(C1) (Tb%)Y/?(W7 — EW7) is asymptotically normal,

(C2) (T)Y? (EWr — py) —0 and Var (( Tb$)/2Wr) — 3, and

(C3) Ur U,



then (2.4) and Slutsky’s classical argument imply that, for all x (all quantities involved indeed

depend on x)

gr(%) = 9(x)
(97(x) = g'(x))br

(Tb7)"/? — U pp | = (T6$)'? [Hy — U™y | 5 V(0, U'SUY),

This asymptotic normality result (with explicit values of pp, ¥ and U), under various forms
(depending on the stability assumption, the mixing assumption, the choice of the bandwidth by,

etc.), is the main contribution of this paper; see Theorem 3.1 and its Corollary 3.1.

2.3 Approximations

A fundamental technique which will be widely used to study (C1)—(C3) is the following approxima-
tion to the NED process {(Y;, X;)} by the a-mixing process {(Yt(m), Xgm))} defined in Definition

1, that is
v =Y+ (V=) = v o, (2.6)
Xy = X{™ 4 (X = X{™) = X[ 4607, (2.7)
where
B 5] = Ofun )’
v o(m)),and E |5y / O(v2(m)),as m — oo, (2.8)

and the mixing coefficients of {(Yt(m)7 Xgm))} satisfy
am(k) <lfork=0,1,...,m, and an(k)=alk—m)fork>m+1, (2.9)

with a(-) defined in Definition 0.
On the bases of (2.6) and (2.7), we can construct the approximations to Uy and Wy, respec-

tively, by:

u u w
Ug@ = (TO()’ (TO; , and Wgﬂ) = (TO) ,
Upryg Upy W1

X(m)f
with (letting ( o x) =1)
0

Xy —x X —x Xy —x
‘[]’(m) — (T dy\—1 J J K J . — .
( T >M. ( bT) ' ( bT )( bT )é ( bT )7 Z7€ 07"'7d7

J=1




and
T X(-m) - x X(-m) —x
(M pd -1 (m) o
J= i

and ZJ(-m) = Yj(m) —ap — a{(Xgm) - X).

We have the following lemma on the approximations.

Lemma 2.1 Let m = myp be a positive integer tending to oo and L = L a positive real number

tending to oo as T — oo. Then under Assumptions (A2) and (A5), as T — oo,

=0 <de1L\/U2(m)) +o (b}dL_(H‘S)) , (2.11)

B|(W§Y), - (W),

B|(U§Y) — (Up)y| =0 (b}d_lL\/vg(m)) o (b71L0+0) (2.12)
fori, £=0,1,...,d.
The proof of this lemma is relegated to Section 5.2. O

3 Asymptotic results

We begin with some preliminaries on the asymptotic bias and variance.

3.1 Preliminaries

Claim (C3) is easily established from the following lemma, the proof of which is similar to that

of Lemma 3.2 below, and is therefore omitted.

Lemma 3.1 Assume that Assumptions (A1), (A4), and (A5) hold, that by satisfies Assump-
tions (B1) and (B2) . Then, for all x,

fx) [K(u)du  f(x) [uK(a)du
f(x) [uK(u)du f(x)[uu"K(u)du

Up 25U =

as T — oo.



The remainder of this subsection is devoted to claim (C2). The usual Cramér-Wold device

will be adopted. For all ¢ := (cp,c])” € R4, let

Ap = ( TV 2" Wr = ( Tb) 1/222 K. (X _X>,
Jj=1 br

with K¢(u) defined in (2.1). The following lemma provides the asymptotic variance of Ay for all

c, hence that of (Tb%)/>Wr.

Lemma 3.2 Assume that Assumptions (A1), (A2), (A4), and (A5) hold, and that by satisfies
Assumptions (B1) and (B2). Then,

lim Var[A7] = Var(V;|X; = x)f(x)/ KZ%(u)du = c"Xc, (3.1)
T—o0 Rd

where

K?%(u)du u” K2(u)du
Y = Var(¥;|X; = x) f(x) J K (w) J (u)
[k () [ uu” K2(u)du

Hence, limp_.o, Var ((Tb%)l/QWT) =Y.

Proof. See Section 5.2 O

Next, we consider the asymptotic behavior of E[Ar].

Lemma 3.3 Under Assumptions (A3) and (A5),

1) = TV 1) 1 [0 / w” Ke(wydu| + o (/o127
— \/TV462 [co Bo(x) + ¢]B1 (x <\/T?5T> (3.2)

where

d d
Bo( Zzgw /UjuiK(u)dlh Bi(x ZZQW /ujuiuK(u)du,
i=1j=1 i=1j=1

9ij(x) = 9%g(x)/0x;0xj, i, j =1, ..., d, and u = (uy,...,uq)" € RY.

Proof. The proof of Lemma 3.3 will be given in Section 5.2. O

10



3.2 Asymptotic normality

The asymptotic normality of our estimators relies on the following lemma (see (2.10) for the

definition of Wr(x)).

Lemma 3.4 Suppose that Assumptions (A1), (A2), (A4) and (A5) hold, and that the band-
width by satisfies conditions (B1)-(B4). Denote by o* the asymptotic variance (5.1). Then

(TH4)/2(cT[Wr(x) — EWp(x)]/0) is asymptotically standard normal as T — oco.
The proof of this lemma will be given in Section 5.3. O

We now turn to the main consistency and asymptotic normality result.

Theorem 3.1 Let Assumptions (A1), (A2), (A3), and (A5) hold, with vays/s(z) = O(z™H)
and a(x) = O(x™*) for some p > max{4(x; — 1),k3/(1 + §/4)}re and some X\ > (a + 1)(1 +
4/6) with a > 6/(4 + 0), such that T2+4/‘§b‘%/'{2_"il — 0, Tb[T1+2/{(a(1+4/5md/logT — o0, and
Tb[jg’\/{(a(lH/a)}_udlogT — 0 as T — oo, where K1 = 2+d+2d/6 and ko = a(14+4/0)(1+5/4)/d,
Ky =2+2d+8/2+4d/s. Then,

gr(x) — g(x)
br(g7(x) — ¢'(x)) B (x)

(Tbd)1/2 | SN (0, UTIR(UTY),  (33)

as T — oo, where U, X, By(x) and B1(x) are defined in Lemmas 3.1, 3.2, and 3.3, respectively.

If furthermore the kernel K(-) is a symmetric density function, then (3.3) can be reinforced

mnto
(T6)'? [gr(x) — g(x) — By(x)b7] < a o, jx) 0
(THF2) (g (%) — ¢/ (%)] 0 of(x)

(so that gr(x) and g/n(x) are asymptotically independent), where

_ Var(Y;|X; = x) [ K?(u)du
f(x) ’

d
By(x) = 5 Y g [(EK (wdu, o)
i=1

and

o3 (x) = Var()?()}i; = %) {/ uuTK(u)du} B {/ uuTK2(u)du} {/ uuTK(u)du] B :

11



From this theorem, we can derive the following corollary which gives the conditions under
which the usually used optimal bandwidth, by = O (T -1/ (4+d)>, is achievable.

Corollary 3.1 Let Assumptions (A1), (A2), (A3), and (A5) hold, with vy, s/:(x) = O(z™H)
and a(x) = O(x™) for some pu > max{4(rky — 1),k3/(1 + §/4), (k4 + K1) }k2 and some X >
max{(a+1),a(14+2/d)}(1+4/0) with a > max{1,d/2}5/(4+ ), and by = O (T*I/(”d)), where
K1, k2 and k3 are specified in Theorem 3.1, and k4 = (4+ d)(2+4/9). Then the conclusion of
Theorem 3.1 holds.

The proof of Theorem 3.1 and its corollary is relegated to the Appendix.

Remark. (i) In Theorem 3.1 and its Corollary 3.1, the positive constants p and A specify the
decay rates for the stability and mixing coefficients tending to 0 (the larger p and A, the faster
the decay rates), which are related to the positive constant 6 determining the moment order of Y;.
For example, if we let a = 2dd/(4 + 9) and d = 1 in Corollary 3.1, then simple calculation leads
to the requirement that p > 37+ 6.55 +44/6 and X\ > max{3 +4/§,6}. Therefore, when p and A
are sufficiently large, § can be equal to a small number close to 0. This condition is automatically
satisfied when both the stability and mixing coefficients decay at geometric rates (c.f., examples
in Section 4). (ii) When the model (1.2) with (1.3) being an integrated GARCH model, then the
second order moment of Y; are unavailable, for which the asymptotic normality for the estimates
stated in Theorem 3.1 and Corollary 3.1 cannot be ensured but the consistency of the estimates
is still obtainable if F|Y;| < oo is available.

The asymptotic distribution is as if the sequence (Y}, X;) were i.i.d. with the same marginal
distributions. These results are expected for such weakly dependent stationary processes as
ours has already been shown by Masry and Fan (1997) for a-mixing processes. By contrast
for nonstationary or strongly dependent time series slower convergence rates and even non-
normal limiting distributions can hold, see Phillips and Park (1998), Karlsen and Tjgstheim
(2001), and Bandi (2004). Consistent standard errors can be computed by estimating the con-
ditional variance and marginal covariate density. For the conditional variance we can use that
Var(Y;|X; =x) = E(Yj?\Xj = x) — E%(Y;|X; = x) and then compute the additional regression es-
timator of £ (YjQ|Xj = x). We can estimate the marginal density by the kernel estimator (Ur),

defined above. Consistency of the standard errors follows under our conditions. The optimal

12



bandwidth can be found using the same formula given in Masry and Fan (1997, section 3.1).
One of the important advantages of local polynomial (and linear) fitting over more traditional
Nadaraya-Watson approach is that it has much better boundary behavior. This advantage often
has been emphasized in the usual regression and time-series settings when the regressors take
values on a compact subset of R%. For example, as Fan and Gijbels (1996) and Fan and Yao (2003)
illustrate, for a univariate regressor X with bounded support ([0, 1], say; here, d = 1), it can be
proved, using an argument similar to the one we are developing in the proof of Theorem 3.1, that
asymptotic normality still holds at the boundary point x = cbp (here ¢ is a positive constant),

but with asymptotic bias and variance

1 (9% o0 _ Var(Y;|X; = 0%) [ K?(u)du
By := 5 (aﬁ>o+ [C WK (u)du, o} = = 705 , (3.4)
and
o Var(Yj| X; =07) [ [ , I e
o7 = jf(()Jrj) o K(u)du] [/_C uw K (u)du} : (3.5)

4 Numerical results

4.1 Simulation

In this section we report the results of a brief Monte Carlo study of the method described in this
paper, the purpose of which is to illustrate that local linear estimates with a conventional choice of
bandwidth as pointed out by Masry and Fan (1997) for a-mixing processes can work reasonably
well for the processes for which alpha-mixing is not guaranteed but near-epoch dependence is
satisfied.

Model 1 (AR(1)-GARCH(1) model): In financial econometrics, a well applied model is the

following compound model:

e = ag + ary_1 + &y, (4.1)

£t = €tht1/2> he = ap + a1er_y + Brhi—1, (4.2)

where r; is the daily return of some equity on day ¢, modelled by an AR(1) model (4.1), and
h; is the conditional variance of r;, given the past information up to day ¢ — 1, modelled by a

GARCH(1,1) model (4.2), with a9 > 0, a1 > 0, 81 > 0, and {e;} being i.i.d. random sequence

13



with Ee; = 0 and Ee? = 1 (taken to be standard normally distributed in this example). This is
a special case of the general ARMA (p,q)-GARCH(P,Q) model given in (1.2) and (1.3).

If |a| < 1, it is well-known that model (4.1) can be expressed as

[ee]
re=ap/(1—a)+e + Zajet,j,
j=1

and under oy + ;1 < 1 with some suitably regular conditions (c.f. Carrasco and Chen (2002)),
the ¢ in the GARCH(1,1) model (4.2) is strongly (a-) mixing with a geometrically decaying
mixing coefficient. Here it is difficult to show under such natural and mild conditions |a| < 1 and
a1 + 1 < 1 (to the best of our knowledge) that r; is strongly (a-) mixing, but it can be shown

that r; is NED of order 2 4+ ¢ w.r.t. a strongly (a-) mixing process, if E|e;|**? < oo, with stable

coefficients (owing to the convex property of | - |>79)
249
‘2+5

vors(k) = FE ’rt - r,gk) = wi“E

o0 ]
a’
S 'IUI%—HSE 2 ’5t—j|2+6 _ O (‘a|(2+5)k> ,
. Wi
j=k+1
decaying at a geometric rate, where r,gk) =ap/(1—a)+et+ Z?Zl aler_j, and wy, = 352, 4 af =

O(a*). Here the conditions to ensure El|ey|?>T% < oo can be found in Carrasco and Chen (2002),
and therefore E|r¢|?t? < oo can be guaranteed.

We are concerned with estimation of the autoregression function m(x) = E(ri|ri—1 = ) =
ap + ax and the conditional variance function v(x) = E((r; — m(x))?|r;—1 = x), where our theory
developed in this paper applies obviously while the theory based on the strong (a-) mixing in the
literature would not do if r; is non-strongly mixing. The boxplots of the local linear estimators
of m and v, based on 100 replications with each sample size equal to 100 and 500, are depicted in
Figure 1(a)-(d), respectively, where e; is with standard normal distribution, and as suggested by a
referee, we took the parameters ag = 0.001682, a = 0.020602, oy = 0.137526, cr;y = 0.094518, and
B1 = 0.726777, which are the parameter estimates of the model (4.1) with (4.2) obtained from
the real data of F'T100 index given in Subsection 4.2 below by the maximum likelihood method
procedure in the GARCH module of S-plus. In the simulations, the bandwidth by was chosen
by the conventional generalized cross-validation rule of Wahba (1977) and Craven and Wahba

(1979).
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Figure 1: Simulation for Model 1 — Boxplots of the local linear fitting for the conditional mean

and conditional variance of 100 replications of the linear AR(1)-GARCH(1,1) model (Model 1)

with ag =

et ~ N(0,1), for different sample sizes: (a) conditional mean m(x) = E(r¢|r;—1 = x) = ag + ax,
sample size= 100, (b) conditional variance v(x), sample size= 100, (c¢) conditional mean m(x) =

E(r¢|ri—1 = x) = ap + ax, sample size= 500, and (d) conditional variance v(x), sample size= 500.
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Overall, the simulation results in the example of Model 1 adapt very well to our asymptotic
theory: with the sample size increasing, the local linearly estimated curves with a conventional
choice of bandwidth become more stable and fit better to the actual curve lines both for the
conditional mean and conditional variance functions; see Figure 1(a)(c) for the estimates of the
conditional mean, which are compatible to the actual line in Model 1, and Figure 1(b)(d) for the
estimates of the conditional variance. Impressively, the sample size equal to 500 seems to work

very well in all cases.

4.2 A real example

We consider the UK FT100 Index, with sample size 602 from 1st January 1990 to 21st April 1992,
as our real example for an illustration of application. In Figure 2, the index series P, and the

return series r¢, defined by

r = log(P;/Pi—1) x 100,

are plotted in (a) and (b), respectively. The local linear estimates of the conditional mean m(z) =
E(r¢|ri_1 = z) and the conditional variance function v(z) = E((r;y — m(z))?|ri_1 = z) together
with the 95% confidence intervals based on the asymptotic normality in Section 3 are plotted in
Figure 2(c) and (d), where the bandwidths used for the conditional mean and conditional variance
are 0.34 and 0.5, respectively, chosen by cross-validation rule. In addition the estimates of the

following parametric linear model

Ty = Qg + ary—1 + e/ oo + 5&17’?71 (4.3)

with e; the same as in the above, leading to E(rri—1 = z) = ao + ax and Var(ri|ri—1 = z) =
& + a2, are also plotted in Figure 2(c) and (d), respectively, where the estimated parameters
are ag = 0.01069, a = 0.01906, &y = 0.69223 and &; = 0.07707.

From Figure 2(c) and (d), we can observe that both the conditional mean and conditional
variance functions look to be nonlinear. Roughly, the conditional mean first increases before x
taking value around —0.4, then decreases between -0.4 and 0.7 around, and increases again when
x > 0.7. Correspondingly, the conditional variance mostly follows the similar pattern to that

of the conditional mean, increasing with x when z < —0.75 and x > 0.8 and decreasing with
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Figure 2: Real example — The local linear fitting for the conditional mean and conditional variance

of the return series of the UK FT100 Index from 1st January 1990 to 21st April 1992, with 602

observations: (a) FT100 Index series, (b) return series of FT100 Index, (c) conditional mean,

and (d) conditional variance. The dashed lines in (c) and (d) are the estimated linear mean and

quadratic variance functions, respectively, from the parametric linear model (4.3).
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x when 0.25 < x < 0.9, which appears to be consistent with the “high return, high risk” rule,
but the pattern completely different from that of the conditional mean when —0.75 < x < 0.25,
which looks to be of “U” shape as observed in Figure 1(d) in simulation example. However, the
pointwise standard errors reveal that the mean effect is never significantly different from linear,

while the variance effect is only rarely different from a quadratic function.

5 Appendix: proofs

5.1 Some basic lemmas

The proof of the main results relies on some intermediate results. The first one is a lemma

borrowed from Ibragimov and Linnik (1971) or Deo (1973), where we refer to for a proof.

Lemma 5.1 (i) Let L.(F) denote the class of F-measurable random wvariables & satisfying
€] = (BIE[)YT < co. Let X € L(F1) and Y € Ly(Fz). Then, for any 1 < r,5,h < 00
such that r~1 +s 1+ h7t =1,

E[X Y]~ E[X]E[Y]| < C||XI| ||V [ls[a(F1, Fo)] ™, (5.1)

where a(F1, F2) = Supacr, per, |P(AB) — P(A)P(B)|.
(ii) If moreover | X| and |Y| are P-a.s. bounded, the right-hand side of (5.1) can be replaced
with Ca(F1, Fz).

O
The following lemma establishes the relationship between the related quantities based on the

original samples (X;,Y;) and on the approximated a—mixing samples (Xgm),Y;(m)), which will

play important roles throughout the proofs in the sequel.

Lemma 5.2 Let m = mp be a positive integer tending to co as T' — oo. Then under Assumptions

(A2) and (A5), it holds that for any positive real number L = Ly tending to oo, as T" — oo,

EY™ K ((x = X{"™)/b) = EYiK ((x = X;)/b) + O (b Lvy/*(m)) + 0 (L7+D) . (5.2)

EY ™ K2((x — X™) /b)

= EY2K?((x = X;)/b) + O (b72L2v3(m) ) + O (b L2vy*(m)) + 0 (L70) (5.3)
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for i # j,
EYYE (k= X DK ((x = X))
= EYY; K ((x = X;) /) K((x = X;)/b) + O (b LPvy*(m)) + 0 (L7),  (5.4)
and for any 0 < ¢’ < 6,
E\Yi(m) |2+5’K2+5’((X _ Xgm))/b)
< CEYP K2 (x = X3)/b) + O (b2 L vy (m)) + 0 (L704) (5.5)
where O(-) and o(+) hold uniformly with respect to .
Proof. We prove (5.2)—(5.5) one by one. To prove (5.2), note first that
BY™ K ((x = X{"™) /br) = BY:K ((x = X{™) /br) + B = Y) K ((x = X)) /br)
= BYiK((x = X{™)/br) + b1 (5.6)
Here, using the bounded property of the kernel function K (-),
il < BY(™ = Yil K((x = X{™)br) < CEY™ =¥ < CEY™ = Yi)'2 = 0 (\/ia(m) ).

(5.7)
Next, let Y;, = Yiljy;<zy and Yy = Yil{jy; 1), where 4 is an indicator function of set A.

Then

EYK ((x = X{™)/br) = BY; LK ((x = X{"™) /br) + BY; s K ((x = X{"™) /br)
= BY; 1K ((x — X;)/br) + BYi L (K((x — X{™) /br) — K((x = X;)/br) + BY; K ((x — X{"™) /br)
=: Sor + 837 + dar, (5.8)

where, owing to |EY; yK((x — X;)/br)| = o (L_(1+5)> as T — oo (in an argument similar to

(5.11) below),
oy = EYiK((x = X1)/br) — EY;u K ((x = Xy) /br) = EY:K ((x = X3)/br) + 0 (L~0F) ; (5.9)
owing to the Lipschitz continuity of the kernel function K(-),
057 | < B|Y: z] K ((x — X{™) /br) — K ((x = X;) /br)|

xm _ X,
< CLE H

< b LIE|IX™ - X |3)V2 =0 (leL ’Ug(m)> : (5.10)
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using the boundedness of K(-),

(67| < EYilTy, s K ((x = X™) /o) < L0 BV Iy o 0y K (- X™) /br)

< CL MBI gy gy = o (L70H)) (5.11)
Then it follows from (5.8) together with (5.9), (5.10) and (5.11) that
EYK ((x — X™) /br) = BY;K((x = X;)/br) + O (b;lL vg(m)) fo(L70). (5.12)

Finally, (5.2) follows from (5.6) together with (5.7) and (5.12).

For (5.3), it can be proved in an argument similar to that in the above. First,

EY™PE((x - XU™) /br) = EY2K?((x — X™) /br) + 2EY,(Y™ — Vi) K2 ((x — X™) /br)
+ B — ¥)2K3((x — X{™) /br)

=: 057 + b6 + 77 (5.13)
Here, similarly to (5.7) by the boundedness of K(-),
07r] < BIY," = Y2 K2((x = X™) /br) < CE|Y™ = Y;* = O (vs(m)); (5.14)
again by the boundedness of K(-) together with Cauchy inequality,
garl <2 [BY2) 7 [E - %] =0 (fualm)). (5.15)
Next,

bsr = BY I ((x — X™) /br) + EY2 K2 ((x — X™) /br)
= BEY? K2((x — X,)/br) + 2BV K ((x — X3) /br) (K (x = X™) /br) — K ((x — X3)/br))
+ EYA (K ((x — X{™) /br) — K((x — X;)/br))? + EY2 K ((x — X{™)/Br)

=: 0g7 + dg7 + d107 + 0117, (5.16)
where, similarly to (5.11),
[0ut] < BIYiPLy o0 K (k= X{™)/Br) < CLYEYi Y Iyory =0 (7)) (5.17)
owing to |E1/;?UK2((X —X;)/br)| =o (L_(S) (the same argument to (5.17)),
st = BY2K*(x—X,) /br) — EYZ, K2 ((x — X,) /br) = EY2K?((x=X,)/br) +0 (L) (5.18)
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the same argument to (5.10)) leads to
[Gror| < E|Y; of? [K((x = X{™) /br) — K ((x — X;) /br)?

< CIL?E

(m) _ 5 ||
HXX < OO LPBIX™ =Xl = 0 (b°L2(m)) . (5.19)

and

(m)

X" X,
09| < OLQEHZb’

< b L2 EIXM™ - X212 = 0 (b;lLQ,/vz(m)) . (5.20)

Finally, (5.3) follows from (5.13)-(5.20).

For (5.4), first note that

EY MY ™K ((x — X™) /br) K ((x — XI™) /br)]
= BYY;K((x — X\™) [br) K ((x — X{™) /br)
+ By —vp) + (" — Y)Y ((x — X™) /br) K ((x — X§™) /br)

+ B, - - v K ((x - X)) K ((x - X™) /br)

=: O127 + O137 + 147 (5.21)
Here, similarly to (5.7), by the boundedness of K(-), and then by Cauchy inequality,
8147] < CE[Y,"™ —Yi| Y™ —Y;| = O (va(m)); (5.22)
again,

G1sr| < {[EYZQ] 1/2 [E|Yj(m) _ Yjﬂ 12 [E\Yi(m) _ Yz-lﬂm [EY]-Q} 1/2} 0 ( v2(m)) |

(5.23)
Next,
dror = BY;Y; K ((x — X3) /br) K ((x — X;)/br)
+ BY}Y; [K((x = X{™) /br) = K((x = X;)/br)| K((x = X;)/br)
+ BY,V;K ((x = X{™) /br) [ K ((x = X;™) /br) = K((x = X;)/br)]
= BY;Y;K((x — X;)/br)K ((x — X;)/br) + 157 + S167, (5.24)
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where, by (A2) and the assumed properties of K(-) in (A5),

Sror = BYi(Iyij<ry + Tviso) Vi, i<y + Ty, o) K (= X{™) /br)

x [K((x = X{™) fbr) — K((x = X;)/br)]

(m)) _ X
< CL2 | = |+ 20LL" BN oy + LBV gy oy
= O(br' L*vy(m) + o( L), (5.25)

and similarly,
Si5r = Obp' Lvy* (m) + o(L ™). (5.26)

Finally, (5.4) follows from (5.21)-(5.26).

For the proof of (5.5), by noticing
V" K((z - X™)/b) = YK + YKs + YK3,
with YK; = (,"™ — V)K((z — X™)/b), YKy = V{K((z — X™)/b) — K((z — X;)/b)} and
YKs =Y, K((z —X;)/b), it follows that
‘Y;(m)K((l‘ _ Xgm))/b)|2+5’ < 31+6/{|YK1‘2+6/ + |YK2|2+5’ + |YK3|2+5/},
where E|Y K[>t < C!Yt(m) — Y2t < Cvgyy(m), and
BIY Ko™ < CEYil vy <oy (K (2 = X[™)/0) = K((@ = X) /) + CEYil gy oy [
< C{Lbp P |y = X (m) + OLY B Ly oy
< C{Lbz" }* vy (m) + o(L777), (5.27)
and hence (5.5) holds. O
To cope with the approximation terms of U(Tm) and ngm) defined in Subsection 2.3, we will

need the following lemma, termed cross term lemma, which is of independent interest and will
play important roles in the proof of the theorems below.
Lemma 5.3 (Cross term lemma) Let {(Z;m),X§m)); 1 < j < q} be a stationary sequence with
mizing coefficient

am(j) = sup { [P(AB) — P(A)P(B)| : A€ BUZ™, X\™}), B e B{Z), X))},

22



and set 77](~m)(x) = ZJ(.m)f( ((x — Xgm))/bT>, where K is a kernel function satisfying Assumption
(A5). Denote by Agm) (x) = nj(m)(x) - En](-m) (z), Via(x) = 2 1<i<j<q Agm) (z)Ag-m) (z). Then, for

any positive integer cr,

Via(x)| < Cab} |11 (x) + Ta(x)] - (5.28)
where Jy(x) := crbfmax {1, b;2(1+d+2d/6)vé/2(m)} and

j=cr

Proof. Firstly, we note that
EA™ (x)A™ (x) = {E (0" )™ (x)) = E (")) E (0™ () | (5.29)
Then applying Lemma 5.2,

B (™ n™ 0) = B (2K ((x = X™) for) ) (20K (= X0 /o)

=EBE(Z:K((x = X;)/br)) (Z; K((x = X;)/br))

+0 (leL%/vQ(m)) +o (L), (5.30)

™ (x) = B (2" K((x = X{™) /br))
= E(Z;K((x — X;)/br)) + O (b;lL vg(m)> +o0 (L—<1+5>) . (5.31)

Therefore it follows from (5.29), (5.30) and (5.31) that (taking L = b;2d/5 )

B A7 0A" ()]
= [EZK ((x — X;)/br)) (Z; K ((x — X;)/br) — EZ;K((x — X;)/br))E(Z; K ((x — X;)/br)]
+ [0 (b72L2vs(m)) + O <bT1L2 Ug(m)) +o(L7%) +bf {0 <bT1L Uz(m)> Lo (L—(1+5)>H
=37 + 0 (b72L2va(m)) + O (b}lLQW> +0(L7%) +0f {o (b;lL w(m)) Lo (L—<1+5>>}

<1+ 0 (b;Z—QdLQ\/W + 1)} , (5.32)
therefore,
S 3 B[AMGOA! ] < Chgery mas {150 2 )}
i=1 j—i=1
= qb%J) (x). (5.33)

23



On the other hand, for i < j, by the Lemma 5.1(i) with r = s = 1/(2 4 ¢’) and (5.5) of Lemma

5.2 and then taking L = b;Qd/é and 0’ = §/2,

(m)

! o1—2/(2+8)

B[ a6 < e e, [ 6], 0 06 )

, N 2/(24+8) o ,
< C{bf + (o' D) vy (m) + L7} [0 oy@a ()
, 2/(246' / /
< Cde/(2+5) {1+b‘ (b7 1L)2+5 Vs (m) + L~ 5+8p, } /(2+ )afn/(2+5)(j—i)

< oy 1 pp 2R +1}4/(4+6) o (j — ), (5.34)

Uz+5/2(m>

therefore,

S 3 B[AMrAM )

i=1 j—i=cp

< Cb4d/ 4+9) (Z {am(5) }5/ (4+9) ) max{l by —2(4+4d+6+8d/6)/(4+5) gi(;/zé)(m)}

J=cr

= Cqbt J(x). (5.35)

The result of this lemma therefore follows from (5.33) and (5.35). O

5.2 Proof for Sections 2 and 3.1

Proof of Lemma 2.1. Denote by K;(x) = (x

K (x). Then it can be noted that

s (M) s (5]

i

de —1 d
> |2

Jj=1

X _x
< (Tb%)~ ZEZ(m K| =—

= b'E \zjm) K (X0 = %) /br) = 2 Ki (X5 = %) /br)|

E|(W5Y), - (Wr),| =

<bp'E |z - z;| K; (X = %) /br)
+ b Bl Z\(Iy 2,120y + Tzy10) | Ko (X = %)/br ) = Ko (X5 = ) /br)|

=0 (b;d vz(m)) +0 (b;d—qj ’[)2(77L)> +o (b;dL_(H(S))
=0 (b%d_lL\/M> +o (b;dL*(HJ)) , (5.36)

which is the desired. O

24



Proof of Lemma 3.1. This lemma easily follows from Lu (2001); see also the proof of

Lemma 3.2. The detail is omitted. O

Proof of Lemma 3.2. Set n; = Z; K. ((X; —x)/br) and Aj = n; — En;. Then we note that

—-1/2

Ar defined in Subsection 3.1 can be expressed as Ap = (Tb) ]Tzl n;, and therefore

Var[Ar] = (Tb$)~ {Z EA+2 > ENA; }

J=1 1<i<j<T
= b EAZ + 2(T6) T Y BAA; = Apy + 2470, (5.37)
1<i<j<T

It easily follows from the Lebesgue density theorem [see Chapter 2 of Devroye and Gyorfi (1985)]
that the first term of (5.37) is convergent to the right-hand side of (3.1). Therefore, to complete
the proof of this lemma, it suffices to show that Ars — 0 as T" — oo. By noticing EA;A; =
EAEm) A;m) +EAZ(~m) (A — A§m)) +E(A;— Agm))Aj, we can further separate Ay into three parts:

b;éd/(4+6))

Arg = Aror + Aroa + Aoz, where, by Lemma 5.3 (taking ¢ = T and ¢ = together

with assumption (B2),

Apar:= (T 30 EAAM = (Tod) Y (T0d) [jl(x)+j2(x)]
1<i<j<T

b b 0d/{a(4+0)} Z {a }5/ 4+6)] =0

Jj=cr

—0(1)

by assumption (A4);

ATQQ L= (Tb%lw)_l Z EA,Em) (AJ - Agm))
1<i<j<T

_ (Tb%)_l Z {E (Agm))2}1/2 {E (Aj B Agm))2}

1<i<j<T
L T(T-1) mn 2] /2 mn 2] 2
d 1
= (Tb%) 2{E(Ai )} {E(Aj—Aj )} :

and owing to E (Agm)f < E(n(.m))2 =0 (b%) +0 (b 2— 2d/zS 2 (m )) ) (b 1-2d/6 1/2( )) n
d/s

1/2

0 (b%) =0 (bT> following from (5.3) of Lemma 5.2 with L = b;, '~ and the condition (B2), and,
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by using the Lipschitz continuity and boundedness of the kernel K (-) and taking LS =1T7? /b,

B (8- A1) < 5 f")

= E[(Z; - 2)")Ke (X™ =%)/br) + Z; { Ke (X; = %) /br) = Ke ((X{™ = %)/br) }f

<2|B(2; - 2"V (X" = x)/br)
+BZ} (I z,1c1y + Tz i) {Ke (K = %)/br) = Ke (X[ = x)/br) }2]

m 727 — m) |2
gc[E(Zj—Z§ 24 L2 e X, - X5 +EZJ2[{|Zj|>E}]

<C [vg(m) + L2b3%ve(m) + o (L 5)} ,
we have
Apas < C’Tb;d/2 [ib}lv%ﬂ(m) +o (I:_‘S/Z)} <C [T1+2/5b;1_d/2_d/505/2(m) +o (1)} — 0;
and similarly to A7g9, it can be proved that
Apas = (To)™1 Y BA(A; —AM™) 0.
1<i<j<T

The proof of the lemma is completed. O

Proof of Lemma 3.3. The proof of this lemma is routine and omitted. O

5.3 Proofs for Section 3.2

Proof of Lemma 3.4. The fundamental idea to prove the asymptotic normality of W (x) is to

divide Wy (x) into two parts: with m = mp — oo (to be specified later),
W) = W™ () + [Wr(x) = Wi ()] (5.38)

where ngm) (x) is defined in Subsection 2.3. Then applying the approximation lemma (Lemma 2.1)
with L = Lp = (Tb;d)l/p(ua)} :

(T2 [Wi () = W )] = Op (762674 L fon(im) ) + op (7)1 28127 0+9))
=0Op ({T1+1/(1+5)b;(1+1/(1+5))d_2v2(m)}1/2) +op(1)

1/2
< 0p ({T2+4/5b;(2+d+2d/5)v2(m)} / ) +op(1) —p 0, (5.39)
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following from (B2); and similarly
(Tb$) 2B [Wr(x) - W™ (x)] — 0. (5.40)
Therefore, to have the conclusion of this lemma, it suffices to prove that
(THH)2(eT W () ~ EWS™ (x)] /o)

is asymptotically standard normal as T' — oo, which is the main effort we will made in this paper.

Recalling
0y (x) = 2" Ke(x = XJ™) and - AT (x) = 0™ (x) - Eny™ (x), (5.41)
define ¢\ := b7 2AY™ and let S = ST, (V. Then,
TS = (Th) e (W™ (x) — BW™ (x)) = AT — BAGY,
where

(m) (m) L m) X" —x
AP = (T2 W = (TbE) V2N 20 K ij .
=1

(m)

Now, let us decompose 71/ 2ST into smaller pieces involving “large” and “small” blocks.

More specifically, consider

Jj(p+a)+p
UM T x5 = Y (),

i=j(p+q)+1

(G+1)(p+aq)
Ume,T,x) = Y P,

i=j(p+q)+p+1
where p = pr and ¢ = gr are specified in Assumption (B3). Without loss of generality, assume
that, for some integer r = rp, T is such that T' = r(p+¢q), with r — oco. For each integer 1 < i < 2,
define

TN(T, x, i) == Z ™) (i, T, %, j).

Clearly S}m) = YT, x,1) + Y™)(T,x,2). Note that T(™(T,x,1) is the sum of the random
variables C%-n) over “large” blocks, whereas Y (m) (T, x,2) are sums over “small” blocks. If it is

not the case that T = 7(p + ¢) for some integer r, then an additional term Y("™)(T' x,3), say,
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containing all the Cg?)’s that are not included in the big or small blocks, can be considered. This

term will not change the proof much. The general approach consists in showing that, as T" — oo,

r—1
Q"™ = |Eexpliu T0(T,x,1)] = [[ Eexpliul ™ (1,T,x,5)]| — 0, (5.42)
§=0
Q™ .= T7E (T(m>(T,x, 2))2 —0, (5.43)
r—1
Q" = T BU™(, T x, )P — o, (5.44)
=0
r—1
Q" = TN E(U (L, T, x, ) H{IU™(1,T, %, §)| > eo TV2}] — 0 (5.45)
j=0

for every € > 0. Note that

A7 — BAR)Jo = (o)W (x) - EWL (x)] /o = S5 /(0 ')

=Y\, x,1) /(o TY?) + T™(T,%x,2)/ (0 T'?).

The term Y™ (T,x,2)/(c T'/?) is asymptotically negligible by (5.43). The random variables
U™ (1,T,x,j) are asymptotically mutually independent by (5.42). The asymptotic normality of
T(T,x,1)/(0 T*/?) follows from (5.44) and the Lindeberg-Feller condition (5.45). The lemma
thus follows if we can prove (5.42)-(5.45). This proof is given below. The arguments are reminis-
cent of those used by Robinson (1983), Masry (1986) and Nakhapetyan (1987), but, differently
from those references, owing to m = my depending on T in the a-mixing process {(Yt(m), Xgm))},

the details become much more complex and involved (c.f., Lu 2001), and heavily depend on

Lemmas 2.1 and 5.3 established in the above.
Proof of (5.42). Let
T, =I(1,T,x,j) :={i: jlp+q) + 1 <i<jlp+q) +p}.

The distance, d(Z;,Z;/), between two distinct sets Z(1,7,x,5) and Z(1,T,x, ') is at least ¢ if
j # j'. Clearly, Z(1,T,x,j) is the set of indices involved in U™ (1,T,x, ), which contains p

indices.
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Let aj := exp{iuU™(1,T,x, j)}, where i> = —1. Note that
Elor.a] ~Ela] - Bla] = E[or---a,] - Bfar] Bla--a,]
+E[a1]{E[az---a,] —Elaz] Elag---ar]} + -
+E [a1]E [ag] - - E [ar—2] {E [ar—1a,;] — E [a,—1] E [a,]} .
Since |E[a;]| <1,
Q" = [Elar...a;] = Elaa] - Ea,]| < [Blar -+ a,] = Blar] Blas -+ a,]|
+E[ag---a,| — Efag]Elag---ay] |+ -
+|E [ar—1a,] — Efar—1] E[a,] |.
Note that d(Iy,I;) > ¢ for any ¢ # j, and set ¢ = 2m. It follows by applying Lemma 5.1(ii) to
each term on the right hand side that
) < C’Z am(q) < Cra(qg—m) = Cra(m),
which tends to zero by condition (B3).

Proof of (5.43). For notational simplicity, refer to the random variables U™ (2,T,x, j),
j=0,1,---,r—1, as 171,...(77«. We have

E[Y™)(T,x,2)] ZVar )+ 2 Z Cov(Ui,ﬁj) =V + Vs, say. (5.46)

1<i<j<r

Since X,, is stationary (recall that C}T)( )= b_d/QAg )(X)),

q

Var(U;) = > E {( )2} + > E[g%@(x) %ﬂ)(x)} = Vi1 + Vi

=1 1<i<j<q
From (5.3) and the Lebesgue density theorem (see Chapter 2 of Devroye and Gyorfi 1985), and

then taking L = de/é,

Vin = g Var{(l) ()} = ¢ {578 (A ()}
< b "B (1)) = albx’B (20K (- X) fbr)) '}
— {b;dE (ZK (% — X3)/br))? + O(b=2~L20s(m)) + O(b7 L2\ fua(m)) + o(b}dL_‘s)}

—9_oq 1/2
:C’q{l—i—b 220 (m) + (bT2 2d 4d/51}2(m)> / —1—0(1)}

= O(q), (5.47)
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where the final equality follows from b, 2md=2d/s va(m) < b;Q_Qd_4d/6vg(m) < b;4<1+d+2d/6)v2(m) =
O(1) by Assumption (B2).
We need the cross lemma, Lemma 5.3, for Via. Thus, applying Lemma 5.3 together with (B2)

and then taking cr = ¢ yields

Viz = b Y B [AT A (x)]

1<i<j<q
< Cb; qbd bTCT+b —0d/(4+0) (Z{O‘ }5/(4+5)]
t=cr
. Cq b QT+b —dd/(4+9) (Z{a }5/ (449) )]
l=qr
= Cq .
It follows from assumption (B4) that 7p = O(1) and
T =T (Via + Vi) < T7'rCqll + 77) < Cla/p)[1 + 1], (5.48)

Set
I2,Tox5) :={i :jlp+ ) +p+1<i<(G+ D+ 9}
Then U™ (2,T,x,j) = > ieT(2,Tx.5) Q}T). Since p > ¢, if ¢ and i’ belong to two distinct sets
Z(2,T,x,j5) and Z(2,T,x,5'), then |i — | > ¢. In view of (5.46) and (5.34) and then assumption
(B2), we obtain

Bo<c Y Y B )

{i,4:li—jl=q, 1<i,j<T}

copt Y Y E[ARP AL )]

{i.5:li=jl2q, 1<i,j<T}

< obt Y3 b fan (- )

{i,4:li—jl=q, 1<i,j<T}

< ov; 8/ (4+6) (Z{a }5/(4+5)) (5.49)

t=q

IN

Condition (B4) implies that gb% = O(1) and 7y = O(1). Thus, from (5.46), (5.48), and (5.49),

TE[Y™)(T,%,2)]> < C(q/p)[1 + 77] + Cb;éd/(4+5 (Z{ ()} 4+5))
which tends to zero by ¢/p — 0 and condition (B4); (5.43) follows.
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Proof of (5.44). Let S(m)/ T)(T,x,1) and S(Tm)// .= Y")(T,x,2). Then S(Tm), is a
sum of C](-m)’s over the “large” blocks, Sgpm)” over the “small” ones. Lemma 3.2 and its argu-
ment together with Lemma 5.2 imply 77'E {|S(Tm)|2} — ¢2. This, combined with (5.43), entails
T1E (|7 | — o2 Now,

r—1
TR (ISP = 17 SBUMA, T x )PHTT Y Cov (UM, T x, ), UM (1,T,x,4) ).
j=0 i#jed”

(5.50)
where J* = J*(p,q) :=={i,7:1 <i,j <r—1}. Observe that (5.44) follows from (5.50) if the last
sum in the right-hand side of (5.50) tends to zero as T'— oo. Using the same argument as in the

derivation of the bound (5.46) for Vs, this sum can be bounded by

1C,b—<5d/ (4+96) ZZ{O‘ }5/ (4+6) < Cb—éd/ (4+9) (Z{ }5/(4+6)) ’

i>pj=1 t=p
which tends to zero by condition (B4).
(m)

Proof of (5.45). We need a truncation argument because Z; "’ is not necessarily bounded.

et 2 = 1y = 2R (K ), ALY g
}T)M = b;dmAgm)M, where M is a fixed positive constant, and define UMM (1, T x, j) =
m)M
ZieI(l,T,x,j) C%) - Put
QM = 1ZE[ M (1T, )P H{UTM (1, T, x, 5)| > eaTH?Y ]

Clearly, \C;T)M\ < C’Mb;d/z. Therefore |[U™M (1,T,x, 5)| < C’Mpb;d/z. Hence

r—1
QYN < CpPop'T NS PUTM (1, T, x, ) > coTV?).
=0

Now, UMM (1, T, x,7)/(¢T"?) < Cp(Tbd)~'/? — 0, owing to assumption (B3) . Thus P[U™M (1, T,x, j) >
eoT?] = 0 at all j for sufficiently large 7. Thus Qim)M = 0 for large T', and (5.45) holds for the

truncated variables. Hence,
712G mM T—WZC N(0, o3)), (5.51)

where 03 := Var(ZM|X; = x) f(x) [ KZ(u)du, and ZM = Z; I 7,1< 13-

m) M

Defining S( = Z};l(CTj — C:(FT;L)M), we have S:(Fm) = S( mM S(m)M* Note that
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‘E [exp(iuS&m)/Tl/z)} - exp(—uzag/Q)‘ < ‘E[exp(iuS}m)M/Tl/Q) — exp(—u?03;/2)] exp(ius m)M*/Tl/Q)’
+ ‘E[exp(iuS}m)M*/Tl/z) — 1] exp(—u O‘M/2)‘ ‘exp( u?o2,/2) — exp(—u202/2)‘

= F,+ FEs + E3, say.

Letting T" — oo, E; tends to 0 by (5.51) and the dominated convergence theorem. Letting
M go to infinity, the dominated convergence theorem also implies that o3, := Var(ZiM 1X; =

x) [ K2(u)du converges to
Var(Z;|X; = X)f(x)/Kg(u)du = Var(V;|X; = x)f(x)/KCQ(u)du =02,

and hence that F3 tends to 0. Finally, in order to prove that F» also tends to 0, it suffices to show
that Sgpm)M* / T'/2 — 0 in probability as first T — oo and then M — oo, which in turn would

follow if we could show that
B [(S5M/712)?] — Var(|Zi\ I 250y X1 = %) £ () / K2(w)du  as T — oc.

This follows along the same lines as the argument of Lemma 3.3 together with Lemma 5.2. The

proof of Lemma 3.4 is thus complete. O

Proof of Theorem 3.1. We establish that the bandwidth conditions (B1)-(B4) hold. First,
Assumption (B1) holds clearly by the condition Tbl‘pl+2/{(a(1+4/5 }]d/ logT — co.

Next, take m = mp = Lb;éd/ {a(4+6)}J and ¢ = 2m, where |a] stands for the integer part of a.
Then it easily follows from assumption (A4) that (B4) holds.

On the other hand, note that vy, 5/9(m) = O(m™") implies va(m) = O (m—#/(1+0/4)),
T2+4/6b;(2+d+2d/5)’02(m) < CT2+4/5b;(2+d+2d/5)m—u/(1+5/4)

< CT2+4/5b;(2+d+2d/6)b;%éd/{a(4+6)(1+6/4)}

< /O pd/ (A4 N} = (24 d424/8) _ posajopp/nar (5.52)
which tends to 0 by the condition of this theorem ;
b;4(1+d+2d/6)02 (m) < Cb;“(”d“d”)m‘“/(1+5/4)
< Cb—4(1+d+2d/6)b,uzid/{a(4+6)(1+6/4)}
< buéd/{a(4+6)(1+6/4)} 4(1+d+2d/5) _ bl%/nr‘i(”l*l) =0(1), (5.53)
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which is deduced by the condition pu > 4(k1 — 1)k2; and

b;(2+2d+6/2+4d/6)v < Cb;(2+2d+6/2+4d/6)m_u

215/2(m)

< Cb;(2+2d+5/2+4d/5)b;&d/{a(ﬂa)}

< b;;jéd/{a(4+5)}f(2+2d+5/2+4d/6) b%(l+§/4)/f€2*f€3 _ O(l), (554)

which is deduced by the condition p > kaks3/(1 + 6/4). Therefore Assumption (B2) holds.
1/2
Set p = (Tb4/log T)/2. Then p = o((Tb%)/?) and T/p = {TlogT/de} — oo clearly; and

1/2
B log T’ 0
q/p = { Tb(T1+2/{a(1+4/5)})d } -

and

T 1/2 o
Ea(m) = {TlogT/de} / m = [TlogTbg?’\/{“(H‘l/‘;)} 1)d} / ~

by the conditions of this theorem. Therefore Assumption (B3) holds.

Finally, as a(x) = O(x~*) for some A > (a + 1)(1 4+ 4/5) with a > /(4 + 0),

X i{a(j)}‘s/(“‘s) — ko ij—xa/(u&) _ O(l)k“_m/(““)“ -0
J=k Jj=k

as k — oo. Therefore Assumption (A4) holds. The theorem thus follows from Lemmas 3.1-3.3,
and 3.4. g

Proof of Corollary 3.1. This corollary easily follows by checking the conditions on the band-

width in Theorem 3.1. The detail is omitted. O
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