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Abstract

We propose a new statistical test of the stochastic dominance efficiency of a given portfolio
over a class of portfolios. We establish its null and alternative asymptotic properties, and define
a method for consistently estimating critical values. We present some numerical evidence that

our tests work well in moderate sized samples.

1 Introduction

The portfolio choice problem is a cornerstone of finance. There are two main approaches to this, the
mean variance approach and the stochastic dominance approach. In the mean variance approach
strong assumptions are made about the distribution of returns and/or preferences of the representa-

tive investor. On the other hand very strong and simple predictions are obtained. In practice many
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of these implications are rejected by the data, Gibbons, Ross, and Shanken (1989). The stochastic
dominance approach makes much weaker assumptions about the distribution of returns and/or pref-
erences. On the other hand, it is harder to implement and does not come up with simple predictions.
Recently, there has been some progress on computational and statistical issues that have advanced
the position of the stochastic dominance method. See Levy (2005) for an overview and bibliography.

We propose a test of whether a given portfolio is efficient (optimal) with respect to the stochastic
dominance criterion in comparison with a set of portfolios formed from a given finite set of assets.
Post (2003) and Post and Versijp (2004) have recently proposed tests of the same hypothesis and
provide a method of inference based on a duality representation of the investor’s expected utility
maximization problem. Their approach uses a conservative bounding distribution, which may com-
promise statistical power or the ability to detect inefficient portfolios in small samples. They also
assumed a very restrictive sampling scheme.

We propose an alternative statistical approach to the problem. Specifically we suggest to use a
modification of the Kolmogorov-Smirnov test statistic of McFadden (1989) and Klecan, McFadden,
and McFadden (1991). Recently, Linton, Maasoumi, and Whang (2004) (hereafter LMW) have
provided a comprehensive theory of inference for a class of test statistics for the standard pairwise
comparison of prospects. We extend their work to the portfolio case. This entails a nontrivial
conceptual and computational issue. The null hypothesis in LMW was of stochastic maximality in a
finite set, i.e., that there was at least one prospect that weakly stochastically dominated some of the
others. The alternative was two-sided and the number of prospects considered was finite. Because
this only involved pairwise comparison it is not appropriate for the situation where an investor may
combine a set of basis assets into a portfolio. We consider the null hypothesis that a given portfolio
is not dominated by any other feasible portfolio. This requires a substantial modification to the test
statistics of LMW due to boundary problems, an issue raised in Kroll and Levy (1980). Specifically,
we estimate a ‘contact set’ and compute the supremum in the test statistic only over the complement
of a small enlargement of this set. For this we need to develop new theory for the behavior of
these estimated sets and derived quantities. Our theory is related to recent work of Chernozhukov,
Hong, and Tamer (2004). There is also an issue of computation because one has to search over
a very large set of portfolios. We propose to solve this computational issue using a nested linear
programming algorithm. We provide the limiting distribution of our test statistic under the null
hypothesis of SD efficiency, and give also some results on asymptotic power. We propose to use the
subsampling method for obtaining the critical values, and we establish that this is consistent under
general conditions. We evaluate the performance of our method on simulated data.

We focus on stochastic dominance criteria of order two and higher, meaning that risk aversion is

assumed throughout this study. For various reasons, we do not cover the first-order criterion, which



allows for risk seeking behaviour. We discuss this issue below. In general a portfolio may be second
order SD efficient but not mean variance efficient and vice versa so the two concepts might yield

different predictions. We examine this in the context of a real dataset.

2 The Null Hypothesis

We consider a single-period portfolio decision under uncertainty model. Individuals chose a portfolio
of assets to maximize expected utility. Let X = (Xy,..., X K)T be the vector of returns on a set of
K assets, and let Y be the return on some benchmark asset that is a portfolio of X. We consider
portfolios with return X '\, where A = (Ay,...,A\g) , A={AeRE:e'A=1},ande=(1,...,1) .
The approach applies also for a portfolio possibilities set with the shape of a general polytope, allowing
for general linear constraints, such as short selling constraints, position limits and restrictions on risk
factor loadings. Let Ay be some subset of A reflecting whatever additional restrictions if any are
imposed on A. Let U; denote the class of all von Neumann-Morgenstern type utility functions, wu,
such that v’ > 0, (increasing). Also, let Us denote the class of all utility functions in U; for which "
< 0 (strict concavity), and let Us be the set of functions in Uy for which v < 0.

DEFINITION 1. (SSD Efficiency) The asset Y is SSD efficient if and only if some u € Us,
Eu(Y)] > E[u(X"\)] for all X € A,.

Likewise one can define third order efficiency replacing Uy by Us. This is the definition of portfolio
efficiency used in Post (2003) etc. Bawa, Bodurtha, Rao, and Suri (1985) distinguish between the
(SSD) admissible set of portfolios, which is a subset of the choice set that contains only portfolios
that are not pairwise dominated by any other portfolio, and the optimal set, which is a subset of the
admissible set that will be chosen by some utility function in Us.

Let Fy\(-) and Fy(-) be the c.d.f’s of X X and Y, respectively. For a given integer s > 1, define
the s -th order integrated c.d.f. of X"\ to be

G(x) = / GS (y)dy,

where GE\O)(-) = F\(+), and likewise for Ggf) (z). A portfolio X'\ s-order dominates Y; if and only if
Gg\s)(x) — ng’) (x) <0 for all x with strict inequality for at least one x in the support X'. For s > 2
this definition is equivalent to definition 1, but not so for s = 1, see Post (2005) for discussion. Thus
our results are only meaningful for s > 2, although we retain the general definition. For notational
simplicity, we sometimes let the dependence on s of the quantities introduced below be implicit , i.e.,

we write G(;) as GG and so on. We wish to test the null hypothesis:
H, : Y is s-th order SD efficient according to definition 1 in the sense that there does not
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exist any portfolio in {X YD Y= Ao} that dominates it, where A is a compact subset of

A.

This hypothesis has previously been tested by Post (2003) and Post and Versijp (2004) among

others. In the next section we discuss the general approach for testing this hypothesis.

2.1 General Strategy

Let F' be the joint distribution of X. The general approach is to find a functional d(F) € R such
that d(F') < 0 when F satisfies the null hypothesis, while d(F') > 0 when F' does not satisfy the null
hypothesis. One then replaces F' by an estimate F and computes the empirical functional d(f/?\ ) and
rejects for large positive values of d(ﬁ ). To carry out a statistical test one has to choose the cut-off
point ¢, to have certain properties, but we shall address this later.

Consider the functional

d = sup inf [Gy(z) — G(x)]. (1)

AeAg TEX
This is essentially a modification of the functional used in LMW to test for stochastic maximality.
This functional satisfies (1)< 0 under the null hypothesis. Unfortunately, there are some elements
of the alternative for which (1)= 0 and so one cannot get a consistent test from this functional.
Kroll and Levy (1980) consider a similar example where Y is U[0,1] and X is UJ0,2] so that X
dominates Y. They prove that Pr[min;<;<, X; < minj<;<, Y;] — 1/3 as n — oo so that in sample one
has approximately at least one third chance of finding no dominance based on samples on X, Y. The

following example in Figure 1 shows that X strictly dominates Y but inf,cx [Gy(z) — Gx(z)] = 0.2

!Their null hypothesis was that there exists at least one prospect from a finite set that dominates some of the

others. They considered the functional

d* =minsup [G,(z) — Ga(z)],
AFE W gex

where A, p are chosen from a finite set. Under their null hypothesis d* < 0, while under their alternative d* > 0.
2For this example d* = 0, which is consistent with the null hypothesis of LMW.
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Figure 1. Shows the c.d.f of Y (solid line) and X (dashed line)

The null and alternative hypotheses we are testing are quite complex, and to characterize them we

introduce some further notation. For each A define the three subsets of X:

Ay = {zeX:Gy(x)—Gi(z) <0}
AT = {2 € X :Gy(z) - Gi(zx) =0}
A7 = {x e X :Gy(z) — Gi(z) > 0}.

If X, \ dominates Y;, then A} = &, and A} is nonempty. However, it can be that both AT and A}
are nonempty in which case inf,cx (Gy (z) — GA(z)) = 0. The supremum over the entire support fails
to distinguish between weak and strict inequality. This is not an issue in testing the hypothesis of
stochastic maximality, since the reverse comparison will identify that inf,cy (Gy\(z) — Gy (x)) < 0.
However, it does matter here. Specifically, suppose that A5 and A are non-empty and A} = & for
some \’s. For these \’s, we have inf,cx (Gy (z) — GA(z)) = 0 even though X," X\ dominates Y;. If the
other \’s are such that we have only AT and A, non-empty so that inf,cx (Gy(z) — Gi\(z)) < 0 for
those values, then we obtain that (1)= 0.

We next suggest some modifications of (1) that properly characterize the null hypothesis. This
modification involves keeping away from the boundary points.

For each € > 0, define the e-enlargement of the set A7,

(A ={x+neX:xe A and |n| < €},

and let
b [ Ny Ay £
g X ifAT =X
Then let



d.(e, F) = sup inf [Gy(x)— G\(z)]. (3)

AeAo TEBS

Under the null hypothesis, d. (¢, F') < 0 for each ¢ > 0, while under the alternative hypothesis we
have d, (e, F') > 0 for some ¢ > 0. The idea is that you prevent the inner infimum ever being zero
through equality on some part of X. Now consider d(F) = SUDc(o A« (€, F) for some € > 0. This
functional divides the null from alternative. An alternative approach is based on the idea that even
in cases where lim, .o d. (¢, F') = 0 under the alternative, one may have slow enough convergence in €
so that one can distinguish null from alternative for these cases based on the ‘contact rate’. That is,
we can expect d. (e, F') >~ ®(F)e* as € — 0 for some a > 0 and ®(F'), where ®(F') = 0 under the null
hypothesis and ®(F') > 0 under the alternative hypothesis. This higher order difference is enough to
identify null from alternative.

In practice we have to estimate the set Bf from the data. See Chernozhukhov, Han, and Tamer

(2004) for discussion of set estimation problems.

3 Test Statistics

We suppose now that we have a time series of observations on the assets, X; = (Xy4,..., X Kt)T and
Y; fort =1,...,T. The general approach is to define empirical analogues of (3) as our test statistics.
Let kr = ¢y - (logT/T )1/ * and let e7 denote a sequence of positive constants satisfying Assumption

2 below, where ¢q is a positive constant. Define:
A = {a: €X: ‘@y(a:) - @,\(x)) < k:T} (4)
m+n€X:x€A\§,|n|<eT} (5)

B X\(AR)r it Ay £ X
A X if Ay = X

Qr(\z) = ﬁ[éy(x)—@(x)] (7)

~ * ~N(s— f 1 T
Grle) = [ GV Frao) = 13106 A< 0)

- t=1

dr =sup inf Qr(\ ), (8)

AeAg z€BST

and likewise for @y(:c) This is our proposed test statistic; rejection is for large positive values.

Notice that to compute (8) requires potentially high dimensional optimization of a discontinuous



non-convex/concave objective function. In the next section we discuss how to compute the test
statistic (8).

4 Computational Strategy

The supremum over the scalar = is computed by a grid search. The objective function Qr(\, x) can

be written as

T

Or(\ z) = m ; (@Y (Y <2)— (@ — X/ N1 (X A <)),
see Davidson and Duclos (2000). When s = 1, Qr (A, z) is neither continuous in z nor in A. When
s = 2, this function is not differentiable or convex in A € R¥, but it is continuous in . When
s = 3, the objective function is differentiable in x but not in A. Therefore, one cannot use standard
derivative-based algorithms like Newton-Raphson to find the optima (in any case, these methods do
not work when the solution may be on the boundary of the parameter space). One could replace the
empirical c.d.f.’s by smoothed empirical c.d.f. estimates in order to impose additional regularity on
the optimization problem so that derivative based iterative algorithms could be used. There is a well-
established literature in econometrics concerning this class of non-smooth optimization estimators,
see Pakes and Pollard (1989). Nevertheless, it is a difficult problem computationally to achieve the
maximum over A with high accuracy when K is large in the non-smooth case. We next show how
to write the optimization problem (in the second order dominance case s = 2) as a one-dimensional
grid search with embedded linear programming.

Every SSD efficient portfolio is optimal for some increasing and concave utility function. Russell
and Seo (1989) show that each increasing and concave utility function can be represented by an
elementary, two-piece linear utility functions characterized by a single scalar threshold parameter,
say

u,(r) = min{z — u, 0}.

Thus every efficient portfolio is the solution to the following problem

1

T
—_— 1 T —_—
max ; min{ X, A\ — p,0}

for some value of p. It is straightforward to show that this problem is equivalent to the following

linear programming problem:

T
1
— 0 9
96RI¥,§)G(RK T ; t (9)



0 <> NXjy—p, t=1,....T (10)
j=1
6, <0, t=1,...,T (11)

XK:AJ- =1 (12)

) (13)

where 0 = (61,...,07) and A = (A, ..., Ag).

Let X(,u),/ﬁ\(u) be the solution to (9)-(13) for each x. In this problem, 6, captures the discontinuous
term min{X,"\ — u,0}. Specifically, due to the maximization orientation in (9), constraint (10)
and/or (11) will be binding and hence /H\t(,u) = min{XtT/)\\(u) — i, 0} at the optimum. In brief, the
SSD efficient set reduces to a one-dimensional manifold and the elements can be identified by solving
the LP problem (9)-(13) for different values of the single threshold parameter p. We then compute
Qr(\, z) for every A from {\(u) : n € M}, where M is some set of values for 4 (under no short-selling
we can take M = [fin, Hmasx)s Where fi, e are the minimum and maximum expected returns of
the individual assets respectively). The infimum and supremum in (8) can be computed by a grid
search. We can also take this approach for higher-order criteria, because the efficient set then is a
subset of the SSD efficient set.

An alternative approach is to use one of the many algorithms appropriate for non-smooth opti-
mization like the Nelder Mead or more recent developments. This may work in greater generality
for higher order and other kinds of dominance criteria, but for very large dimensional problems is
limited. For this algorithm to work well in high dimensional cases one needs good starting values.
We propose to obtain these by grid searching over the mean variance (MV) efficient frontier. The
MYV efficient set is a natural starting point, because for the normal distribution the SD efficient set
and the MV efficient set coincide. The set of mean variance efficient portfolios can be computed in
terms of the unconditional mean p and the covariance matrix X of the vector X;. For given p, there
exists a unique portfolio A(y,) that minimizes the variance O’Z of the portfolios that achieve return
t,- The set of mean variance efficient portfolio weights are indexed by the target portfolio return
fi,,, specifically A, = g + hyi,,, where the vectors g(y, X), h(p, X) satisfy g = & [BE ™' — AL p] and
h=1L[CE " — ASY], with thescalars A =i S~ 'y, B=p S 'u, C =i Y%, and D = BO— A2,
see Campbell, Lo, and McKinlay (1997, p185). Therefore, one takes a grid of values of 1, and obtains
Ap for this grid and then compute the test statistic. To impose that there is no short selling it suffices
to search in the range M = [fipin, fhmax)- 1 he optimal value of A\, can be used as a starting value in

some more general optimization algorithm.



5 Asymptotic Properties

In this section we give the asymptotic properties of the test statistic under the null and alternative
hypothesis. We also present the subsampling method for obtaining critical values and establish that

our test is consistent against all alternatives under our conditions.

5.1 Null Distribution

We shall need the partition Ag = A; U Ay, where A; N Ay = &, A} = Ay UAG, and Ay = AJ UAF
with:

Ay = {AeAy:Gy(z) =Gy(z) Vo e X} (14)
Ay = {)\ € Ag: ;Iel)f{ Gy (z) — Gi\(2)] < 0} (15)
AS = {)\ € Aoy : ;Iel)f( Gy (x) — G\(z)] > 0} (16)

Ay = {)\ € Ao : inf [Gy(z) — Gx(z)] =0,

inf xiean§ |Gy (z) — Gx(z)] > 0 for some € > 0} . (A7)
Under the null hypothesis, Ay = @ and hence Ag = A;. Under the alternative hypothesis, A; = & and
Ay = As.

To discuss the asymptotic null distribution of our test statistic, we need the following assumptions:

Assumption 1. (i) {(X,),Y))" : t = 1,...,T} is a strictly stationary and a- mizing sequence
with a(m) = O(m=4) for some A > (q—1)(1+ q/2), where X; = (X1t,...,Xg:)" and q is an even
integer that satisfies ¢ > 2(K +1). (ii) The supports of Xy and Y; are compact Yk = 1,..., K. (iii)
The distributions of X, and Y; are absolutely continuous with respect to Lebesgue measure and have
bounded densities.

Assumption 2. (i) {er : T' > 1} is a sequence of positive constants such that limr_.. ex = 0 and

er > kp YT > 1. (ii) For each x € X, constant C; > 0 and X\ € Ay such that A # @, we have:
|Gy (x) — G\(z)] > C4 min{ inj_ |z — 2| ,eT}
/€AY

for T sufficiently large.

Assumption 2 requires that the function Gy (-) —G,(+) is monotonic on a ez - neighborhood of the
boundary 0AY of AY. It is satisfied when Gy (z) and G(z) have derivatives that are not equal on
the local neighborhood of 0AY because by Taylor expansion Gy (z) — Gy (x) =~ [gy (z") — gx(2')][2" — x]
for x close to ', hence we can bound |Gy (z) — G\(z)| from below for x close to A3, while for z far

from Ay the minimum is eventually dominated by e; which can be made arbitrarily small.



Define the empirical process in A and z to be
vr(\a) = VT |Gy (x) = Galx) = Gr(x) + Calx) (18)
Let 7(-,) be a mean zero Gaussian process on Ag X X with covariance function given by

C(()\l,JIl), ()\2,$2)) = hm EVT()\l,Il)I/T(/\Q,ZEQ). (19)

T—o0

Then, the limiting null distribution of our test statistic is given in the following theorem.

Theorem 1. Suppose Assumptions 1 and 2 hold. Then, under the null hypothesis, we have

Y

dr = T = supep= infrex [V(A, 2)] if Ag # @
— ifA; =0

where Ay is defined in (14).

Theorem 1 shows that the asymptotic null distribution of dr is non-degenerate when Ay # @
and depends on the joint distribution function of (X,",Y;)". The latter implies that the asymptotic
critical values for dr can not be tabulated once and for all. However, we define below various

simulation procedures to estimate them from the data.

5.2 Critical Values
5.2.1 Subsampling

We can use a subsampling method to obtain consistent critical values. The subsampling method has
been proposed by Politis and Romano (1994) and works in many cases under very general settings,
see, e.g., Politis, Romano, and Wolf (1999). The subsampling is useful in our context because
our null hypothesis consists of complicated system of inequalities which is hard to mimic using the
standard bootstrap. Furthermore, the subsampling-based test described below has an advantage of
being asymptotically similar on the boundary of the null hypothesis, see below and LMW (2004) for
details.

The subsampling procedure is based on the following steps:

(i) Calculate the test statistic dr using the original full sample Wy = {Z, = (X, V)" : t =
I,....T}.

(ii) Generate subsamples Wy, = {Z;,..., Zp4p_1} of sizebfort =1,..., T —b+ 1.

(iii) Compute test statistics dr; using the subsamples Wy, for t =1,..., 7 — b+ 1.

10



(iv) Approximate the sampling distribution of dy by

T—-b+1

> 1(drps S w).

t=1

1

Sralw) = 7

(v) Get the a-th sample quantile of §T,b('), ie.,

srp(c) = inf{w : Spp(w) > al.
(vi) Reject the null hypothesis at the significance level v if dp > spp(«).

The above subsampling procedure can be justified in the following sense: Let b = ?)\T be a data-
dependent sequence satisfying

Assumption 3. Pliy < /I;T < ur| — 1 where Iy and ug are integers satisfying 1 < lp < up <
T, Iy — o0 and up/T — 0 as T — oo.

Then, the following theorem shows that our test based on the subsample critical value has as-
ymptotically correct size.

Theorem 2. Suppose Assumptions 1-3 hold. Then, under the null hypothesis, we have

s(a) if Ay #92
—oo fAF =0

(a) sy, () = {

(WH%>%%WW%{Q¥%#®

’ 0ifAf =0

as T' — oo, where s(a) denotes the a-th quantile of the asymptotic null distribution supyep= infrex [V(A, 7)]
of dr giwen in Theorem 1.

We now compare the subsampling and bootstrap procedures. Under suitable regularity conditions,
it is not difficult to show that the asymptotic size of the test based on bootstrap critical value hy(«)
is «v if the least favorable case (when the marginal distributions all coincide) is true. Therefore, in this
case, we might prefer bootstrap to subsampling since the former uses the full sample information and
hence may be more efficient in finite samples. However, as we have argued in other context (see LMW
(2004, Section 6.1)), the least favorable case is only a special case of the boundary, i.e., A7 # &, of the
null hypothesis Hy, whereas the test statistic d; has a non-degenerate limit distribution everywhere
on the boundary. This implies that the bootstrap-based test is not asymptotically similar on the
boundary, which in turn implies that the test is biased, see Lehmann (1959, Chapter 4. On the other
hand, the subsample-based test is unbiased and asymptotically similar on the boundary and may be
preferred in this sense. In practice, one might wish to employ both approaches to see if the results

obtained are robust to the choice of resampling schemes, as we did in our empirical applications

below.
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5.3 Asymptotic Power

In this section, we discuss consistency and local power properties of our test.

If the alternative hypothesis is true, Ag = A U AF. When AJ is empty, we need the following
assumption for consistency of our test:

Assumption 4. When Ay = AT, lim, . (T/ur)"? Ax(er) > 0 for some A € Ag, where Ay(e) =
inf,eps (Gy(7) — Ga(z)) and ur is defined in Assumption 3.

For each A € A7, A)(¢) is a non-decreasing in ¢, Ay(e) > 0 Ve > 0 and A,(0) = 0. Therefore,
from a Taylor expansion (T/ur)"? Ax(er) ~ (T/ur)"? er (9A4(0)/¢), Assumption 4 holds if ey
goes to zero at a rate not too fast and and the derivative of Ay(e€) is strictly positive at ¢ = 0 for
some A € Af.

Then, we have:

Theorem 3. Suppose that Assumptions 1-4 hold. Then, under the alternative hypothesis, we
have

Pldr > spg ()] = Tas T — oo.

Next, we determine the power of the test dy against a sequence of contiguous alternatives con-
verging to the boundary A5 # @ of the null hypothesis at the rate 1/4/T. That is, consider the set
of portfolio weights

AOT:{/\—kc/ﬁ:/\EAE, cGRK}.

Let F\, () = GE\OT) (z) be the c.d.f.’s of X, A for Ay € Agp. Also, for s > 1, define
6 = [ 65 way

As before, we abbreviate the superscript s for notational simplicity. Then, we assume that the

functionals G),.(z) and Gy (z) satisfy the following local alternative hypothesis:

Ha . Gy((l?) - G)\T((IZ> = 53\///\7(_'_37)

where 0y (-) is a real function such that inf,cx[dy(x)] > 0.

for Ay € Agr and A € Ay, (20)

The asymptotic distribution of dr under the local alternatives is given in the following theorem:
Theorem 4. Suppose Assumptions 1 and 2 (with Ao replaced by Agr) hold. Then, under the

sequence of local alternatives H,, we have

dr = sup inf [D(\, z) + dya(z)],
AEAT TEX

where U(\, x) is defined as in Theorem 1.

12



The result of Theorem 4 implies that asymptotic local power of our test based on the subsample

critical value is given by
lim Pldr > s;3 (a)] = P[Lo > s(a)], (21)

T—o0

where Ly denotes the limit distribution given in Theorem 4 and s(«)) denotes the a-th quantile of
the asymptotic null distribution of dy given in Theorem 1. Also, our test is asymptotically local
unbiased because, by Anderson’s lemma (see Bickel et. al. (1993, p.466)), the right hand side of (21)

is less than .

6 First Order Dominance

First, risk aversion is a standard assumption in financial economics, being consistent with common
observations such as risk premiums for risky assets, portfolio diversification and the popularity of
insurance contracts. There are indications for local risk seeking behaviour at the individual level,
witness for example the popularity of lotteries. However, the bulk of the literature on asset pricing and
portfolio selection assumes that investors are globally risk averse when forming investment portfolios.
Apart from this, a FSD test for portfolio efficiency adds relatively little value to a SSD test, for
the simple reason that risk seekers generally will hold ill-diversified portfolios. Not surprisingly,
Kuosmanen (2004) finds that the FSD and SSD criteria yield exactly the same results for testing
market portfolio efficiency.

Second, as is shown in Post (2005), the definition of FSD efficiency in a portfolio context is
ambiguous. The stochastic dominance rules of order two and higher assume a concave utility function
and hence expected utility is a quasiconcave function of the portfolios weights. In this case, we can
invoke Sion’s (1958) Minimax Theorem to show the equivalence between two definitions of efficiency:
(1) a portfolio is efficient if and only if no other portfolio dominates it and (2) a portfolio is efficient if
and only if it is the optimal solution for some investor in the class admitted by the relevant SD rule;
see Post (2003; Theorem 1). The first-order criterion allows for risk seeking and expected utility
generally is not quasiconcave in this case. Therefore, the two definitions generally diverge, with
definition (1) being less restrictive than definition (2); a portfolio may be nondominated but still be
nonoptimal for all investors. Until the ambiguity surrounding the definition of FSD efficiency in a
portfolio context is resolved, it seems premature to develop procedures for statistical inference for
this efficiency criterion.

Third, our computational strategy breaks down for local risk seekers. As discussed in Section
4, for the second-order criterion, the efficient set reduces to a one-dimensional manifold and the
efficient portfolios can be identified by solving a simple LP problem. In case of higher-order criteria,

the efficient set is a subset of SSD efficient set and the same approach can be used. However, the
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same approach does not apply for FSD. In this case, the elementary Russell-Seo utility functions take
the form of discontinuous step functions. Portfolio optimization for these utility functions requires
mixed integer programming techniques and generally involves multiple optimal solutions. For this
reason, our computational strategy seems inappropriate for the FSD criterion.

Fourth, the FSD criterion is very general and allows for “exotic” preference structures, for
example utility functions with inflection points and discontinuous jumps. Thus, an empirical test
for FSD efficiency will have considerable freedom to fit a utility function to the data. Presumably,
this will considerably slow down the rate of convergence of an empirical test. For the sample size in

typical applications, an empirical test will lack statistical power to allow for a meaningful application.

7 Numerical Results

In this section, we will illustrate our approach to statistical inference on stochastic dominance effi-
ciency by means of an empirical application. We will examine US stock market data to test if the
market portfolio is SSD efficient. For various reasons, market portfolio efficiency is an interesting
hypothesis. Asset pricing models that employ a representative investor, including the Sharpe-Lintner-
Mossin Capital Asset Pricing Model (CAPM), predict that the market portfolio is efficient. Also,
market portfolio efficiency seems consistent with the popularity of passive mutual funds and exchange
traded funds that track broad value-weighted equity indexes.

We will test if the market portfolio is SSD efficient relative to a benchmark set of test portfolios
formed from the Center for Research in Security Prices (CRSP) universe of common stocks listed on
the NYSE, AMEX and NASDAQ markets. The test portfolios are formed on regular market beta
and the “downside market beta”.

Regular-beta-sorted portfolios have been used extensively to test the mean-variance CAPM; see
Black, Jensen, and Scholes (1972), Friend and Blume (1973), Fama and MacBeth (1973), Reinganum
(1981) and Fama and French (1992), among others. Sorting on regular beta is useful because it
ensures a high variation for the regular betas and thus helps to avoid erroneous rejection of the
mean-variance CAPM. However, sorting on beta may also lead to a lack of variation for other stocks
characteristics and may lead to erroneous acceptance of the model.

To remedy this problem, we use double-sorted portfolios, formed on regular beta and the downside
beta of Hogan and Warren (1974) and Bawa and Lindenberg (1977, p. 196, Eq. 5). For symmet-
rical return distributions, regular beta and downside beta are identical. However, for asymmetrical
distributions, such as the lognormal, the two models diverge. As shown by Price, Price and Nantell
(1982), the historical downside betas of US stocks systematically differ from the regular betas; the

regular beta underestimates the downside risk for low-beta stocks and overestimates the downside
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risk for high-beta stocks.

Our analysis uses monthly stock returns (including dividends and capital gains) for the period
from January 1931 to December 2002 from CRSP. We select ordinary common US stocks listed on
the NYSE, AMEX and NASDAQ markets. We exclude ADRs, REITSs, closed-end- funds, units of
beneficial interest, and foreign stocks. Stocks are required to have 60 months of prior return data
available and information about the market capitalization at formation date; the past returns are
needed for calculating the betas and the market capitalization is required for constructing value-
weighted portfolios. A stock is excluded from the analysis if there is no more return information
available and the delisting return or partial monthly return provided by CRSP is then used for
the last observation. On average 1,854 stocks are included in the portfolios, starting with 373 (in
December 1930) and ending with 3,730 (in December 2002) after reaching a maximum of 3,907
(January 1999).

From the selected stocks, we form double-sorted portfolios based on regular beta and downside
beta. We first sort the individual stocks into five quintiles based on the regular beta estimated for
the previous 60 months. We then subdivide each regular-beta quintile into five quintiles based on the
estimated downside beta for the same period. Finally, we form value-weighted portfolios of all stocks
in each of the 25 groups. The portfolios are formed at the end of each year, starting in December
1930, 60 months after January 1926, the start of the CRSP reporting for individual stocks. The
market index is a value-weighted average of all US stocks included in this study. The one-month US
Treasury bill is obtained from Ibbotson Associates. We analyze the full sample from January 1933
to December 2002 (840 months), as well four non-overlapping subsamples of 210 months (January
1933 — June 1950, July 1950 - December 1967, January 1968 — June 1985, and July 1985 - December
2002). Table I gives descriptive statistics for the full sample of excess returns of the test portfolios
and the market portfolio.

[Table I about here.|

X.2 Results

We apply our SSD test, as well as the well-known Gibbons, Ross and Shanken (1989, henceforth
GRS) test for mean-variance efficiency. Confirming known results, we see a strong “beta effect”.
Using the GRS test, the low-beta stocks are underpriced (positive pricing errors) and the high-beta
stocks are overpriced (negative pricing errors). In other words, by overweighting low-beta stocks and
underweighting high-beta stocks, one can “beat the market” (achieve a higher Sharpe-ratio than the
market portfolio). Market portfolio efficiency is rejected with a p-value of 3.8%. Interestingly, the
SSD model gives a substantially better fit than the mean-variance model does.

[Etc, etc.]

[Table IT about here.]
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To further illustrate our results, Figure 1 compares the regular market beta of the test portfolios
with the “tail beta” computed using market returns below -10%. The regular beta systematically
underestimates tail risk for low-beta stocks and overestimates tail risk for high-beta stocks. For
example, the lowest-beta portfolio has a regular beta of 0.554 and a tail beta of 0.696, while the
highest-beta portfolio has a regular beta of 1.856 and a tail beta of 1.699. Similar conclusions can be
drawn for the second-highest-beta and second-lowest-beta portfolios, and so on. The SSD test picks
up this pattern, while the GRS test considers mean and variance only. Figure 2 illustrates this in
a different way: this mean-beta plot shows the theoretical relation as predicted by the CAPM as a
solid line, and contains two sets of points, one based on the regular beta of the portfolios (the open
dots), and one on the tail betas (the solid dots). We see that in most cases the tail beta are closer
to a linear risk-return relationship than the regular beta.

[Figures 1 & 2 about here.]

The results for the subsamples confirm the findings for the full sample. In every subsample, the
same pattern emerges: low-beta stocks are underpriced in mean-variance terms and the high-beta
stocks are overpriced. In three of the four subsamples, the market portfolio is significantly mean-
variance inefficient. By contrast, the market becomes efficient if we use the stochastic dominance

criteria.

7.1 Preliminary Results

In the first part of our simulations, we draw random samples from the multivariate normal population
distribution with moments taken from the beta-sorted portfolios. For every random sample, we apply
our test procedures for second order and third order stochastic dominance to both test portfolios.
This experiment is performed for a sample size T € {50, 100, 200, 500, 1000, 2000}. Below we show
some preliminary results for the special case of two portfolios (numbers 2 and 9 in terms of /)
in which case we just perform a grid search over 100 linear combinations of these assets. We take
kr = O.BW and e = 2 X kp. These results are based on ns = 400 replications. We show
the median p-value across simulations against sample size. The p-values are computed by comparing
the test statistic with 200 recentered bootstrap resamples. Recall that the equally weighted portfolio
(EP) is inefficient according to second order and third order dominance, while the tangency portfolio

(TP) is efficient. The results are shown in Figures 2-5 below.
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Figure 5. Null hypothesis

These results seem to be encouraging: under the null hypothesis median p-values tend to one and

under the alternative hypothesis median p-values tend to zero with sample size.

8 Appendix

Lemma 1. Suppose Assumption 1 holds, Then, we have

vr(s-) = V(). (22)
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Proof of Lemma 1. For lemma 1, we need to verify (i) finite dimensional (fidi) convergence and

(ii) the stochastic equicontinuity result: that is, for each € > 0 there exists ¢ > 0 such that

lim
T—o0

sup lvr(A1,21) —vr(Ae, 22)||| <, (23)

p*((A1,21),(A2,22)) <8

q

where the pseudo-metric on Ay x X’ is given by

p* (A1, 21) , (A2, 22))
= {E (a1 =Y (Y <o) = (21— X)L (XA <)
1/2

(o = YL S @) + (w2 — X )T (X N S 1))}
The fidi convergence result holds by the Cramer-Wold device and a CLT for bounded random variables
(see Hall and Heyde (1980, Corollary 5.1)) since the underlying random sequence {(X,",Y;)" : ¢t > 1}
is strictly stationary and « - mixing with >~ a(m) < oo by Assumption 1. On the other hand,
the stochastic equicontinuity condition (23) holds by Theorem 2.2 of Andrews and Pollard (1994)

with @) = g and v = 2. To see this, note that their mixing condition is implied by Assumption 1(i).
Also, let

F = {filt\x): (N z) € Ay x X}, where
fihz) = (@-Y) 1Y <z)— (- X/ N1 (X7 <2) .

Then, F is a class of uniformly bounded functions that satisfy the L?-continuity condition: that is,

for some constants C, Cy < 00,

Esup[fi(h,21) = fi(), 2)]*

<y {Esﬁp [(xl — V)t — (o — Yt)s_l}2 + Esup 1Y, <z)—1(V; < x)]2

+Esup (21 — X M) = (2 — XtT)\)S_l]2 + Esup [1(X A <) —1(X/ A< a;)]2}

S 02 -,
where sup* denotes the supremum taken over (Ay,x1) € Ag x X for which ||y — A|| <7y, |z; — 2] <
ro and /77 + 15 < r, the first inequality holds by several applications of Cauchy-Schwarz inequality
and Assumption 1(ii) and the second inequality holds by Assumptions 1(iii). This implies that the
bracketing condition of Andrews and Pollard (1994, p.121) holds because the L2-continuity condition

implies that the bracketing number satisfies N (e, F) < Cs - (1/e)* ™ This establishes Lemma 1. ®

Lemma 2. Suppose Assumptions 1 and 2 hold. Then, we have
P(B¥ C By € BY) - 1VA€ Ao
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as T — oo.

Proof of Lemma 2. It suffices to show that for each A € Ay,

P ((Af)ET c (2;)“) o1 (24)

P ((ﬁ;)q c (A;)2€T> Y (25)

Suppose AT # X. (If AT = X, (25) trivially holds and (24) holds by the same argument as (26)
below.) We first establish (24). Consider A such that AT # @. (Otherwise, (24) holds trivially.) Let

zy € (AY)" . Then, x} = xo+ 1oy for some x5 € AT and a fixed sequence |nyr| < er. Now (24) holds

P <a:;; € (Aj)eT) > P(ay € A7)
= P (‘@,\(ﬂﬂo) - @Y(ﬂfo) - GA(JJU) + GY(JCo) < kT)
= P(0,(1)] < (l0gT)"?) = 1, (26)

where the second equality holds by the fidi convergence result of Lemma 1.
We next establish (25). Let z] € (2;) ’ ,l.e., x] = x1+n,p for some x; € /Alz and fixed sequence
|17 < er. Tt suffices to show that P (x; € (A)™) — 1. Let C; > 1 be a constant. Then, we have:
wp — 1,

|Gy (1) = G (1)
Gy (z1) — Gy (1 ‘ ‘G,\ z1) — Ga(21 ‘ )GY z1) — Gi(21)
< Cikr,

IN

where the first inequality holds by triangular inequality and the second inequality holds using the

fidi convergence result as in (26) and the fact that z; € gf. Now, by Assumption 2, since e7 > kr,

we have:
inf |z —2'| <er wp—1,
o €AT
which implies that P (z; € (AT)”) — 1, as required. [

Proof of Theorem 1. Below, we shall establish

sup inf Qr(Az) = T (27)
AEAF xGB
sup inf vr(A @) — sup inf vr(A2) = o,(1). (28)
AeAg z€BYT AeAg TEBY
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Then, Theorem 1 holds because of the following arguments: For any w € R, we have

lim |P(dr <w)— P (sup inf Qr(\ z) < w) ‘
T—o0 AeAT zeBT

< lim P sup inf Qr(\ z)>w (29)
T—o0 AEAS QBEBiT

< lim P | sup inf Qr(\z)>w (30)
T—oo AeAg z€ByT

< TmP [ sup inf vp(\x)>w+ TV (31)
T—oo AeAy z€BYT

= lim P | sup inf vp(A\ x) >w+ T4 (32)
T=oo \ Jeay #€B)

= 0, (33)

where (29) holds by the fact that Ag = Aj UAg under the null hypothesis and the general inequality
|P(max(X,Y) <z)—P(Y <z)| < P(X > z) for any rv’s X and Y, (30) holds by Lemma 2, (31)
follows from the result limy_, o SUP ¢y~ inmeBigT TY* (Gy(x) — Ga(z)) < —1, (32) holds by (28), and
(33) holds since sup, . Ay fepg vr(A, x) = O,(1) using Lemma 1 and continuous mapping theorem.
This result and (27) combine to yield Theorem 1.

We now establish (27) and (28). Let w € R. Then, by Lemma 2, we have

AeA= zeB5T AEAS TEX
0 A 0

P <sup inf Qr(\ z) < w) - P (sup inf Qr(\, x) < w)‘
< P(By £xforaedy) —o.
Therefore, (27) holds by Lemma 1, continuous mapping theorem and the fact

sup inf Qr(\, ) = sup inf [vp(A x)].

)\EAI()): reX { ) AEAT J?EX[ { )
Next, consider (28). Let Z C R be a compact set containing zero. Define the stochastic process
lp(+, ) on Ag X X x Z to be lp(\, z,2) = vp(\, 2 + 2). Then, by an argument similar to Lemma 1,

I7(-,-,-) is stochastic equicontinuous on A; x X x Z, which in turn implies that

sup inf vp(A z)— sup inf vr(A, o)
xeAy z€BT xeA; TEBX

= sup inf lr(\,x,2) — sup inf Ip(A, z,0)
)\EAS .’Z‘GB?\, ‘Z|§2ET )\GAS CEEB?\

= 0p(1), as required.
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This now completes the proof of Theorem 1. [ |
Proof of Theorem 2. The proof is similar to the proof of Theorem 2 of LMW (2004), see also

Politis et. al (1999, Theorem 3.5.1). |
Proof of Theorem 3. Under the alternative hypothesis, Ag = AJ U AF. Let
1 T—b+1
Q0 _ -1/2
STJ)('LU) — —T _ b + 1 Z 1 (b dT’b’t S w)

t=1

Sp(w) = P (b"Y%dry, < w).

Using the inequality of Bosq (1998, Theorem 1.3) and Assumption 3 (see also LMW (2004, proof of

Theorem 2)), we can establish the uniform convergence result:

sup ‘§%b(w) — SP(w) 20. (34)

Therefore, (34) and the pointwise convergence result b=/2dp;,, 2> d.(0) yield:

sngT(a) = inf{w : §%b(w) > a} — d.(0) >0, (35)
where d,(-) is defined in (3). Note that d,(0) is strictly positive if Aj # @, while d.(0) = 0 if AJ = @.

Therefore,

P (dT > Sp3. (a))

> P sup inf [vp(\ )+ T2 (Gy(z) — Ga(2)] > byf*s%s (a) | +0(1)
AeAfuAy z€B)T -
> P| sup inf [vp(\z)+ T2 (Gy(z) — Gi(z))] > ulT/QSOTET(a)> +o(1)

£
AeAFUAG 2EBT

1/2
> P sup inf (1) [T 2vr(\, 7) + (Gy(z) — GA(2))] > d*(O)) +o(1) (36)

£
reAFuAz z€BT \UT

where the first inequality holds by Lemma 2 and the second inequality holds by Assumption 3, and
the last inequality holds by (35). Now consider the right hand side of (36). Note that

T 2ur(\ ) 50 (37)
by Lemma 1. Also,
lim ., sup  (T/ur)"? Ax(er) > d.(0) (38)
MEATUAF

because, if Af # @, limg_o0 Ax(er) = d,(0) > 0 VA € AL and limy_o (T/ur)"’? > 1 by Assumption
4 and, if AJ = @,lim, SUPepz (T/ur)** Ax(er) > 0 = d,(0) by Assumption 4. Therefore, (36),
(37), and (38) imply that

P <dT > ST,ET(O‘)) — 1,
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as required. ]

Proof of Theorem 4. Define the empirical process in (A, z,z) € Aj x Z x X to be:
vi(\ 2,2) = VT |Gy (z) — Groaga(z) — Gy (z) 4+ Gasrs(2) ] |

where Z is a compact set containing zero and Gy (v) — Ga(z) = Gy(z) — Gy, ./ 7(2) satisfies the
local alternative hypothesis (20). Similarly to Lemma 1, we can show that the stochastic process

{vi(-,-,-) : T > 1} is stochastically equicontinuous on Ay x Z x X'. Therefore, since
Qr(hr,x) = vp (A ¢/ VT, z) + by (%), (39)
we have,

sup inf Qr(Ar,x) — sup inf [V7(A0,2) + dya(2)]

Ar€hor z€BT AEAT TEX

= sup inf [V*T()\,c/\/i x) + 6y,\(x)] — sup inf [V5(X,0,2) + Oy (2)] (40)
AEAF /v Tez TF AeAy TEX

= o0,(1), (41)

where (40) holds wp — 1 since P (E;T =X ) — 1 for A € A7 by Lemma 2 and (41) holds by the
stochastic equicontinuity of {v4(-,-,-) : T > 1}. Now, the result of Theorem 4 holds by the weak

convergence of v.(-,0,-) 4+ dya(-) to (-, ) + dya(-) and continuous mapping theorem. |
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9 Tables and Figures

Table I: The table shows descriptive statistics for the monthly return of the value-weighted CRSP
all-share market portfolio and the 25 portfolios formed on regular beta and downside beta. The
sample period is from January 1931 to December 2002 (T = 864). Excess returns are computed form
the raw return observations by subtracting the return on the one-month US Treasury bill.

Figure 1: The figure shows the regular beta and tail beta of the 25 test portfolios in the sample
period (January 1931-December 2002). The tail beta measures the second-order colower-partial
moment with a threshold of -10%. A 450 line is added for ease of interpretation.

Figure 2: The figure shows the average return, regular beta and tail beta of the 25 test portfolios in
the sample period (January 1931-December 2002). The tail beta measures the second-order colower-
partial moment with a threshold of -10%. The theoretical Security market line (SML) is added for

ease of interpretation.
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