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Abstract

We propose a semiparametric IGARCH model that allows for persistence in variance but
also allows for more flexible functional form. We assume that the difference of the squared
process is weakly stationary. We propose an estimation strategy based on the nonparametric

instrumental variable method. We establish the rate of convergence of our estimator.

Key words: Inverse Problem; Instrumental Variable; IGARCH; Kernel Estimation; Nonparamet-
ric regression.

Journal of Economic Literature Classification: C14

1 Introduction

A number of authors have found parameter estimates in GARCH(1,1) models close to the unit root
region, and have proposed using the integrated GARCH or IGARCH process which imposes this
restriction, see for example Engle and Bollerslev (1986). The ‘JP Morgan’ model, which is the
special case in which the intercept is set to zero, is in wide use by practitioners. The IGARCH
process although it does not possess a finite variance can be strongly stationary, see Nelson (1990).
In fact, IGARCH processes can also be strongly mixing, see Meitz and Saikonnen (2004).

We propose a semiparametric extension of the IGARCH model. Our model nests the JP Morgan
model and the standard IGARCH(1,1) model, but it allows more flexibility in functional form. It
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extends the recent model of Linton and Mammen (2003) to the case where the unconditional variance
of the process does not exist. We propose an estimation method that involves solving a type one
integral equation with estimated operator. We establish the rate of uniform convergence of the

nonparametric part of our model and the consistency of the parametric part.

2 Model
Let {y;} satisfy

Y = O&y,

o = Bo;+ 1 =Byl +m(yi), (1)

where ¢; is a martingale difference sequence with conditional mean zero and conditional variance
one, and m(-) is an unknown function. When m(y) = w for some constant w, the above model
reduces to a standard parametric IGARCH(1,1) model and when w = 0 it is the JP Morgan model.
If m(y) = dy* + w, then the process is an ‘explosive’ GARCH process, strictly stationary for some
range of § > 0. In general, we allow the nonparametric function m(-) to take a flexible form, as long
as it satisfies some regularity condition including a nonnegativity constraint (m(-) > 0) and some
additional conditions guaranteeing strong stationarity of 3;. The nonparametric term is introduced
to correct possible misspecification with a quadratic growth function of news impact on volatility.
Defining the martingale difference sequence n, = oZ[e? — 1|, we write the squared returns as

y? = 0? + n,. By plugging into (1), we get

Ui —vyiy = my—1) + (1= By + 1, — iy

= m(ys—1) + 1, — Bny_q- (2)

The squared returns {y?} is an integrated process with a functional drift term, m(-), and moving
average error term. If m(-) < ¢ (with ¢ not so large), the model is likely to show a similar dynamics
to the standard IGARCH.

For our theoretical development, it is important that {Ay?} satisfies weak stationarity even when
the process {y?} does not. In the context of linear time series models this is a property that is quite
common, but in the current context it is not obviously possible. Harvey, Ruiz, and Shephard (1994)
say that (in the case where ¢, is standard normal) “{Ay?} is stationary and has an ACF like that
of an MA(1) process.” Their argument seems to be based on the fact that the innovation process
n, is a martingale difference sequence. While it is true that E[n,|F;_1] = 0, this does not imply

that lim; .., E[|n,||Fo] < oo and so one cannot conclude anything about weak stationarity. In any



case, weak stationarity of Ay? requires both its mean and variance to exist, which would require
that lim; .., E[n?|Fo] < oo. In fact, {Ay?} is not weakly stationary in the Gaussian strong IGARCH.
The cause of this counterintuitive (from the point of view of linear processes) behaviour is due to
the i.i.d. innovation. The following example shows that when the innovations are not i.i.d. one can
have {Ay?} weak stationarity [or at least have finite first moment] even when {y;} is not weakly
stationary.

ExampLE: Consider a semi-strong IGARCH model, i.e., (1) with m(y) = w and

an(z) 1+u%—1 1/2
g4 = S1€n|( 2.
t g t 1+O’§ )

where z;, u; are mutually independent random variables with mean zero and variance one. It follows
that n, = (u?—1) (6?/(1 + 0?)) which satisfies F(|n,|) < oo, and so we have E(]Ay?|) < co. However,
E(0?) = E (y?) = oo. If 2 is symmetric about zero, then ¢, is also symmetrically distributed both
conditionally and unconditionally. Provided w; has finite fourth moment then E([Ay?]?) < oc.

In the sequel we shall assume that the process {Ay?} is weakly stationary. This has strong and
testable empirical implications and we investigate whether this is a reasonable assumption in some
common datasets below.

An interesting feature of our semiparametric IGARCH model is that the nonlinear correction
term m can be identified independently of 3. Significant estimates of m are related directly to
misspecification of IGARCH. Also, by means of nonparametric function m, (1) can nest both Garch
and Igarch as a special case. This model is related to recent work of Linton and Mammen (2003)
who considered the case with 02 = 02 | + m(y;_1) and F(y?) < oo. The estimation strategy there
involved solving a Type 2 integral equation and was simpler to analyze. The estimation strategy we

develop here can be used in their model, but yields poorer rates of convergence.

3 Identification

Let f(-) be the marginal density function of y;, and denote the joint density function of (y;_1, y:—x)
and (AyZ,y;—x) by fi(-,-) and f2(-,-), respectively, where k > 2. Letting v; = 1, — 81,_,, we write
(1) as

Ayp = m(yi1) + v, (3)
where E(v¢|yi—1) # 0 but E(v¢|lys—x) = 0 for & > 2; (3) is an example of nonparametric structural
models with infinite number of instruments. By the finite moment condition (E(]Ay?|) < oo) and

the law of iterated expectations, we obtain, from taking conditional expectations of (3),
E[m(yi—1)|yir = w] = B[Ay2|ys—x = w], for all k > 2. (4)
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This can be viewed as an integral equation of the first kind with solution m(.). It is convenient to
multiply both sides of the equation by the marginal density of y; evaluated at w, which preserves the

equation but makes the analysis a bit simpler. Define the linear operator 7y, : L?(Y) — L*()) by

Tm(w /m (z,w)dx = Elm(yi—1)|yi—r = w] fo(w),

and a reduced form function hy(-) by
) = [ 22 (z0w)dz = B3 s = w) fulw),
where fo(+) is the marginal density function of y;. Then, m(-) satisfies the equation
Tim(w) = hy(w) ()

for all £ > 2. The solution to the integral equation is unique (if it exists), if and only if, for some
k > 2, T} is one-to-one, or equivalently, the conditional distribution of v;_1, given y;_;, is statistically
complete in the sense that E[m(y,—1)|y:—x] = 0, a.s., only for m = 0. A sufficient condition for
completeness is that the conditional CDF, Fj(-|-), is a member of exponential family, satisfying
certain regularity conditions given in Newey and Powell (2003). In Blundell, Chen, and Kristensen
(2003), an alternative but weaker condition is suggested for bounded completeness. Since we implicitly
assume that m is uniformly bounded, the latter kind of completeness may be more relevant for
our model. However, considering that the process {y;} defined by (1) does not possess a finite
second moment, the aforementioned parametric approaches cannot be applied here. In Kim (2003),
a more general identifying condition is suggested that does not rely on a parametric distributional
assumption. Our identification result below is based on the approach of Kim (2003). By combining
the equations (5) we can obtain a family of integral equations. Let fy(z,w) = > 7, A\pf, (z,w) and
ha(w) = 300, Aehi(w), for Ay, > 0 with Y2, A\, = 1. Define 7, : L*(Y) — L*(Y) to be a linear
operator such that 7, = Y.~ , A7y, then we have Tym(w) = hy(w). We will define identifiability of

m in the context of this family of equations.

Definition 3.1 The true function mg(-) is identifiable if the solution to the following integral

equation

Tam(w /m ) fa(z, w)de = hy(w), (6)

is unique or equivalently if T, : L*(Y) — L?(Y) is one-to-one, for some weighting scheme \ =
{52, such that > oo, A, = 1.

Below, we give a sufficient condition for invertibility of 7. Given {w;}¥; C Y, we define a mar-

ginal discretization (with respect to y;_) of the joint density function fy(-, ) by [fa(z,w1), ..., falz, UJL)]T.
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Let lin({fx(-,w;)},) be the linear space generated by {f(-,w;)}~,, and lin{ fy(-,w;)}°, the closure

of lin{ fx(+,w;) }2, in L?(Y). Our identification results make use of the following condition.

A.1.  There exists X = {\;}2,, satisfying A\, > 0 and Y o, A\ = 1, such that, for some
sequence Y = {w;}2, C Y, lin{fu(-,w;)}52, is dense in L2(Y), i.e., in{ fi(-,w) }2, = L*(Y).

The above condition concerns richness of the linear spaces that are generated by a weighted sum of
(unnormalized) conditional density function. A.1 will hold if a complete orthogonal basis of L?()) is
generated by linear combinations of { fi(-,w;)}7°;. The following theorem shows that A.1 is sufficient

for 7, to be one-to-one.

Proposition 3.1 (i) If A.1 holds for some k > 2, then, the integral operator T, : L*(Y) —
L2(Y) is one-to-one, and myg(-) is identified by T, ' (hy) € L*()), for hy € R(T,).

The proof is immediate from Kim (2003, Theorem 2.2 (i), p.7).

The suggested identifying condition seems rather abstract, partly because we do not use any
parametric assumptions. Roughly speaking, identifiability depends on the way that the density
function of y;_1, conditional on y;_ = w;, (or their weighted version) varies over different values of
w;’s. For example, the model is identifiable, if some sequence of the conditional density functions,
{fix(-|wi) }2,, includes (or spans) a complete basis of L*(}). A.1 excludes a joint density function of
form fi,(z,w) = 31, pr(x)qe(w) for finite K.

REMARK 1. Since E(ny|Fi—x) = E(n,_1|Fi—x) = 0, for any k > 2, one may think of using a
(non)linear function of (y;—x, Y¢+—k—1,--.,) as an instrument - a possibility that is not covered by the
consideration above. Because of the curse of dimensionality arising from high dimensional condition-
ing variables, we will work only with moment conditions conditionalized on a single instrument. In
this context, an alternative approach will be to use w; = 21@2 ALYi—k as an instrument. Note that,

even when A.1 holds for no A, a similar condition may hold for w;.

Finally, we turn to the parametric term 5. With mg given by Proposition 1, the GARCH coeffi-
cient 3, can be identified by

2

. 2 Yy
arg Iﬁnelg E[ln Oy (ﬁ? mO) + 0%(67 mO)]’
where B is a compact subset of (0, 1), while
o7 (Bymo) = Y B = B)i; +mly—y)].
j=1

Here, the least squares method is not consistent, since the second moment of 1y, does not exist.
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4 Estimation

We suppose that the quantities hj, and f; are unknown but that there is an observed sample {y;}L ;.

We shall assume now that the operator 7, is invertible.

4.1 Nonparametric Term

Let T* =T — 7, where 7 is a truncation parameter satisfying 7(7") — oo as T' — oo. We propose to

estimate the quantities hy and f; from the sample data. Specifically, define

T
~ 1
hi(w) = T > Ky (yok — w)Ay7, (7)
t=74+1
N 1 &
fk(xaw> - F Z K91<yt—1 - $)ng(yt—k - w)7
t=7+1

(Tom)(w) / N K — 2 Ko — )| (), (8)

t=r+1
where K,(s) = K(s/g)/g, with K(-) being a symmetric function defined on the real line, while ¢
and g, are positive bandwidths.
We next solve the implied random integral equation to give our estimate of mg. Let ﬁ,\(w) =
Y reo )\;ﬁk and ’ZAj\ =1 /\kﬁ. Then consider the random Fredholm integral equation of the first
kind,
(Tym)(w / m(x w)dr = ﬁx(w), (9)

where fy(y,w) = Y ro Ak fe(y,w). As is well known in mathematical inverse problems, several
difficulties arise in estimating mg by inverting h » through ']A:\

Since 7, is generally of finite rank, it is likely that Ty 7 R(’]A:\), or 7, is not invertible, i.e.,
the integral equation in (9) may possess no solution or more than one solutions. One resolve the

existence and uniqueness problems easily by using the (Moore-Penrose) generalized inverse of 7Aj\:

m! = argmin ||Tym — h>\||L2(W (10)

m(-)EL?(X)
where m/ is the solution of minimum norm, unless the minimum-distance estimator is unique. Con-
sistency of the natural estimator mf, however, is not ensured by consistency of the preliminary
estimates hy and 7y, since ’ZAj\T is not bounded uniformly in 7. Let ||7||2(y)-r2(y) denote an op-
erator norm of 7 : L*(Y) — L*(Y), given by sup,.cr2(yy. mzo 1 Tml|220)/1m||L2¢3). We say that
7, : L*(Y) — L2(Y) is uniformly consistent for 7, on My, if and only if ||Z; — 73| r2(y)—r2() = 0.



Proposition 4.1. Suppose that T, invertible. Assume that T, : L*(Y) — L2(Y) is uniformly
consistent for Ty on My C L*(Y) such that dim(My) = oo. Then,

plimy_ o |7 | 22(9)—12(y) = 0

Proof in the appendix.

The naive estimator lacks stability with respect to the statistical errors in f\ or ﬁ,\. Small
perturbations of ']:\ or h/\ may result in unacceptably large errors in mf = TT(h,\) Note that the
estimation problem in (9) is statistically ill-posed, since the underlying mapping from hy to m is not

continuous. For consistent estimation, some regularization is necessary.

4.1.1 Tikhonov Regularization Method

Define the adjoint operator

(T*h) /[ Z L (Y1 = Y) Ky (Y- — w) | h(w)dw.

t=17+1

By Fubini’s Theorem,
< Tym, h >r2)=< m, T h >r2y) @.5.,

and hence the two random operators 7, and f;\*, where ’f;* => )\k’j;*, are adjoint to each other.
From dim(R(7,)) < T, it follows that both 7, and the self-adjoint operator 7,75 : L*(Y) — L*(Y)
are bounded and compact.

We define a kernel IV estimator, based on the ordinary Tikhonov regularization, as
— (T;Th + ) T hy, (11)

From the fact that ’j\j\*’ZAj\ is self-adjoint, (’]A;*f\ + af)~! is well defined based on spectral theory for
self-adjoint linear operators, since the real-valued function U, (k) = (a + x)~! is well defined on the
spectrum of ’ZA;\*’f)\

To show the closed form of the kernel estimator, we need the following definitions. For

T

KI}“/("E) = [Kg1<yT - I)? R Kgl(QT—l - J})] )

T
T

K)\ Z A KK, 92 yT k+1 — w) ’ >‘ng2 (nyk - w)] ’

— k=2
define
My:/K%/(x)K%f(x)de and MA:/K%(U))K%(U})wa.
y Yy
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Using a convolution-kernel function, we can rewrite the (i, j)-th element of M), for example, in a

more compact way, as

M)y = /Z)\k o (Yr ki — )ZAlng(yT—l-&-j_w)dw
\ 1=2

k=2

- Z Z )\k)\l/ yr k+i — )Kg2 (yT—l+j - w)dw

k=2 1=2

= Z Z )\k)\lng (yT—k—H’ - yr—l+j)7

k=2 1=2

where K¢ (w) = (1/g2) [}, K(w/ga — s)K(s)ds. A straightforward calculation shows that M) is
a (T* x T*) symmetric nonnegative semi-definite matrix, for which the square-root matrix M ;/ 2,
satisfying M, = M;/zMiﬂ, is well-defined.! Also, define Qy, = T*’2Mi/2MyMi/2; Qv is a
(T* x T*) symmetric nonnegative semi-definite matrix, whose eigenvalues are all real and positive.

We denote, by Amax(Qy.), the maximum of those eigenvalues.
Theorem 4.2 For some Ty > 1, it holds that, for any T > Ty,
(@) = |(@f + Ty 5) Tk (@) = T2 K5 (2) MY (Qra + alr) 0Py, (12)
where y = (Ay2,,,.. ., Ay2)'.
Proof in the appendix.

By Theorem 4.2, the abstract operator-form of the kernel estimator translates into a concrete
matrix-form. Computations of m, only involve simple operation of finite-dimensional matrices,

when the convolution-kernel weights in My and M) are given.

Remark 4.1. (i) Suppose that K(-) is a density function from a stable distribution, say, a
Gaussian kernel. Then, a further simplification of the convolution-kernel weight is available;

T

Zz/\k)\l y‘r k+i — Yr— l+] ZZAkAlegz (yT k+i — Yr— l+])

k=2 =2 k=2 [=2

from K°(s) = K(s/v/2)/\/2, since, by the stability assumption, the shape of a convoluted density
function is not changed, except that the variance doubles. In that case, all the matrices in (12) are
calculated in a straightforward way. In general, when there is no explicit form for the convolution

kernel, we can compute K¢(-) by numerical integration.

faTMya =3, jepaiMiay = [, [50 A 2oy ailg(Yryiok — w)]? dw > 0, for any a(# 0) € R™.



(ii) By the spectral representation results in the proof of Theorem 4.2, the naive minimum-distance

estimator in the above has a closed form
mf(z) = KX (z) MY (M) My M) M Py,
If both KX () and K)(-) are assumed to be linearly independent, then, M, and My are positive
T T
definite, from which we get m(z) = KY (z) M;'y. From
(ﬁﬁmw=:/hxw (@)do = oK} w) < KFOLKY () 0 My

= L KMw) y = Pa(w),

we can confirm that () is one of the exact solutions to the integral equation, ’j\j\m —h A, Where ’?,\
will not be invertible in general. By the definition of the generalized inverse, m(-) will be the solution
of minimum-norm. Instability of m' is obvious from the minimum eigenvalue of My converging to

zero, as T — oo, since a pair of elements in KX (-) should become arbitrarily close to each other.

4.2 Parametric term

With a nonparametric estimate of mg given by m,(-) in the previous section, the parametric Garch

coefficient [ can be estimated by
5 _ N .
B = argmin £(5), (13)

where B is a compact subset of (0, 1) containing f3,, while

- 1< R 2
g(ﬁ) = f E :ln03<ﬁama)+02(ﬁym )
t—=1 t ) @

min{t—1,7}

o} (B Ma) = Z 5 1 - B)yi- i+ Malye—)]-

Here, 7 = 7(T) < T is a truncation parameter. The estimator can be computed easily by a grid

search over B.
5 Asymptotic Properties

5.1 Nonparametric estimates

Here we analyze the asymptotic properties of the kernel estimators proposed in the previous section.

Let F be the o-algebra of events generated by {yt}z and « (k) the strong mixing coefficient of {y;}
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which is defined by

a(k)= sup |[P(ANB)-P(A)P(B).
AeF° _, BeF

C.1 (a) {y};2, is strictly stationary and strongly mizing(with a mizing coefficient, a(k) = p=P*
for some 8 > 0), and satisfies (1) with m, identified by T, 'hx. (b) E(JAYZ||yi—r = w) is bounded
uniformly in w, a.s.

C.2 Let K(-) € K,+, where K, is the class of all Borel measurable symmetric real-valued
functions K(s) such that (a)

/\K )|ds < o0, /K =1, /Kz(s)ds<oo, sup | K (s)] < oo,

and (b) [$7K(s)ds =0, for j=1,...,p* =1, and p,.(K) = [ " K(s)ds < co, where p* is an even
mnteger.
C.3 The joint density functions fx(-,-) is square-integrable and bounded;

sup/ / fi(y,w)dydw < oo, and sup sup fi(y,w) < C < oo.
yJy k21 (yw)eyxy

C.4 fi(-,) and my(-) have continuous po-th and pi-th partial derivatives, respectively, that are

square-integrable, satisfying

oro fk:(y> ’U)) ?
Qy10wro—4

2

dPm(y)

< (C, and sup Tom
Y

L2(YxY) k22

<C
L2(Y)

sup
k>2

C.5 (a) The bandwidth parameters (g1, g2) satisfy that max(gi, g2) — 0, T'go — o0. (a) The
reqularization parameter « satisfies that « — 0, Tgaax — 00, and ¢g7°/+/a — 0, as T — oc.
C.6 {A\}52, and 7 =77 are such that Ay > 0, Y07, A =1, and Y52 1 A = o(1/VT).

All the technical conditions in C.2 through C.4 are standard in nonparametric kernel estimation. As
will be shown later, the L2-convergence rate of our estimate can be derived under no requirement
that the joint density functions have a compact support or be bounded away from zero. For uniform
convergence results, however, the conditions in C.3 and C.4 will be strengthened, being replaced
by a compact support assumption, together with the continuity condition. Note that the square-
integrability condition in C.3 entails boundedness of the linear operator 7. C.5(b), which is rather
stronger than C.5(a), is necessary for consistency of the regularized kernel estimates. C.6 gives a
convenient condition for controlling the approximation errors due to truncation. C.6 is satisfied, for
example, when )\, = \* and 77 = 771/ for some positive (relatively large) integer. Let Ek and ﬁ;

be given by (7) and (8), respectively. Our first result concerns sufficiency of the above conditions
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for derivation of the basic properties of the preliminary estimates, including consistency and the

convergence rates.

Proposition 5.1 Suppose that C.1 through C.5(a) and C.6 hold. Then

1) 17 = Dllepy—r2y = Op(1//Tg2 + g1° + g5°),
i) |7y — Tl 20)—120) = Op(1/v/Tgi + g5 + gi°), and
(iii) [[hx — Tmollizy = Op(1/v/Tgs + g}),
where p* > P = max(po, p1)-

Proof in the appendix.

Noting that U, (k) = (« + x)~! satisfies the conditions of C.3.1 and C.3.2 in Kim (2003, p.15), we
can show the asymptotic properties of the kernel estimator m,, by applying the general results for

statistical regularization (Kim, 2003, Theorem 3.3), together with Proposition 5.1.

Theorem 5.2  Assume that C.1 through C.6 hold, with py = p1. Then,

(1) |[Ma — mol|L2») 2.0, as T — oo, for all mg € L*(Y).
Assume additionally that mg € R(7,}7T,). Then,

1 1
i) 117 — mol |20 < O, (——
(H> Hm mOHL ) = P(\/&[\/T—g2

1
+91°]) + Op(—== + 95") + Op(a).

VT'g

Needs a discussion about my € R(7,7,). Since 7, is an integral operator, this imposes certain
smoothness on mg, which we call an abstract smoothness condition. When 7, is a compact operator,
it means that the generalized Fourier coefficients of mg (with respect to the eigenfunctions) decay

fast enough relative to the eigenvalues of 7.

Remark 5.1. (the Optimal Convergence Rate) Let mg be any function in R(7,7,). Suppose
a side condition on (g1, go) such that (Tg;)~/2 < O(g2"/*), and ¢5"/* < O([Tgs)"/?). Then, the

optimal convergence rate of m, is given by
~ __Po
170 — mollr2) = Op(T" 307T),
1 1
under the optimal choice of smoothing parameters such that g7, = CoyT" @30+t g5 = CT" v+l

__Po
and o = CyT" 3rofT,
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Theorem 5.3 (uniform convergence rate of m,(z)) Assume that C.1 through C.6 hold ( py = p1)
with compactness of the support Y, and that my € R([TTA)"), with p > 1. If o = o(1/(logT)°),
for any ¢ > 0, then,

log7T'. 1

[\/T—2 +95°]) + Op(alogT).

sup [1mq () = mo(z)| = Op(—=

sup o 7)) + O, (log T

1
VT
By using the same argument of Remark 5.1, we can show that the optimal uniform convergence

rate of m,, is given by:

sup | ma(y) —mo(y) | = Op(T_?’P%% logT), for mg € R(T,\T,),

yey

where the optimal choice of smoothing parameters are the same as in Remark 5.1. Note that in this

case, the twice-differentiability condition of m and f; implies that

sup | g (y) — mo(y) | = O,(T 7 1ogT) = 0,(T~/4).

yey

5.2 Parametric estimate

We here establish the consistency with rate for the parametric part. With the uniform convergence
rate of M, (+) faster than T-/4  the derivations are much simpler than those of Theorem 6 and the
discussion in Section 4.4 in Linton and Mammen (2003), since m, does not depend on B First
define

2
Zlnat (o) (ﬁ,mo)

and suppose that 3 is the unique minimizer of £(3), while 3, is the unique minimizer of E[¢(3)]. The
properties of E have been well studied in the literature, see for example Lee and Hansen (1994) and
Rahbek and Jensen (2004).

Theorem 5.4. Assume that C.1 through C.6 hold ( py = p1) with compactness of the support Y,
and that mo € R([TyTh)"), with > 1. Suppose that B is T~ /*-consistent. If o = o(1/(logT)°),
for any ¢ >0, and if 7(T) = clogT, then,

B—fB=o0,(TYY.

Under some conditions, one can obtain asymptotic normality at rate root-T from the arguments
of Chen and Shen (1998), but this is not guaranteed see Kim (2003).
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6 Numerical Results

6.1 Empirical Application

The assumption that the process { Ay?} is weakly stationary while y?2 is not can be tested by examin-
ing the tail index of the two series. In practice one has to demean the process y; first. We investigate

a sample of daily returns on the S&P500 from 1955 to 2002, a total of 11,893 observations. The tail

index x of a series X, is defined as the value for which
1-Pr(Xy>2)~1—La™"

as © — 0o, where L is a constant or a slowly varying function of . We compute the tail index x of
an ordered positive series X; by the Hill (1975) method

In Figure 1 we give the Hill plot with 95% confidence interval for y?.

Tail Index of y'2 with confidence interval

2.6

2.2

Tail Index
1.0 1.4 1.8
1 1

0.6

0.2
I
~
!

-0.2
T
!

0 5 10 15 20 25 30 35 40 45 50
Threshold

-0.6

Figure 1. Shows the value of % against threshold size M for the series y?.
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It is generally above one but less than two implying that E[y?] < oo but E[y}] = co. The
corresponding hill plots for |Ay?| show slightly lighter tails: we just show the ratio of & for |Ay?| to

k for y?, which is generally above one.

Ratio of Tail Indexes

2.0

1.6 18
I

1.4
T
~

Tail Index
—_—

1.2
/
\
\
N
/

1.0
T
y
\

0.8

0.6

0 5 10 15 20 25 30 35 40 45 50
Threshold

Figure 2. Shows the ratio of % for the series |Ay?| to % for the series y? against threshold size M.

For these data at least the evidence of integrated process is weak although it does seem that
differencing reduces the weight of the tails significantly. Our second application is to a high frequency

stock return series with n =4626.
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Tail Index of y"2 with confidence interval
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Figure 3. Shows the value of % against threshold size M for the series y?. High frequency stock

return series.
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Figure 4. Shows the ratio of % for the series |Ay?| to % for the series y? against threshold size M.

High frequency stock return series.

In this case, the differencing operation reduces the thickness of the tails considerably. The squared
return series shows some evidence of non existence of first moment, but the differenced series has

much lighter tails.

7 Conclusions

We established the consistency and rate of convergence of our estimates. Unfortunately, the pointwise
distribution theory for m appears to be very difficult and we have not anything to offer on this.
Likewise our theory for B falls short of root-T consistency and asymptotic normality. However,
simulation evidence suggests that our estimators work well and that B converges at rate root-T and

is asymptotically normal. This will be presented in a future version of this paper.
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8 Appendix

Proof of Proposition 4.1 The integral operator 7, has a degenerate kernel, i.e., f;(, -) is a finite
sum of products of kernel weights on each observation. Noting that 7, is of a finite rank, the proof
is direct from Proposition 3.1 in Kim (2003), since 7y : L2(Y) — L*()) is uniformly consistent for
7, on My C L*(Y) s.t. dim(My) = . |

Proof Theorem 4.2 Step I (a matrix form of ’?A*’]A')\) Let ga(+, -) be the kernel of the self-adjoint
operator ’i\*’f; L LA(Y) — LA(Y), ie.,
B = [ Flow)f
Yy

where fy(y,w) = T*! St Koy (1 — y) [ MKy, (ye—r, — w)]. Through a straightforward

calculation, g,(+,) is written, in a matrix form, as
Ga(z,u) = T2 KX (x) MyKY (u).
Plugging in g, (-, -) into the operator ﬁ*f\ yields

(TyTom)(x) = /ﬁx(%U)m(U)du:T*QK%/(%)TMA/K;(U)W(U)CZU
Yy
= T"Kr(z) My < K7 (), m(-) >12) - (14)
Step II (the spectral representation of ’?/\*’j\}) Let {(ks, es)}sT;1 denote all the nonzero eigenvalues
and the corresponding eigenvectors of Qy, = T**QM;/QMYM;/Q, where 7" = rank(Qy,\) < T™.

Define
vs(a) = K¥(2) M e, (15)

We claim that the spectral representation of the compact self-adjoint operator ’j\;*’]A} is given by
Tl
,]:\*7; == Z Hspvsa
s=1

where P, denotes the orthogonal projection on the subspace generated by the function vs. To prove
the claim, it suffices to show that all the nonzero eigenvalues and the corresponding eigenfunctions
of ’j\j\*’i\ are given by {(ks, vs)}il. From the definition of (k,, €5), it follows that

(TiTw)(x) = T*Ky(x) My < Ky, v >n)
— TKN(zx) My < KY, KY' > 200 M) e,
= KY(x) My*(T2M* My M,/*)e,

= KYX(Z‘)TM){/Q(KZSGS) = KsUs,
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implying that {(ks, vs)} _, is a subset of the eigensystem of 7, *’]}\ corresponding to the nonzero eigen-
values. From dlm(R(’T)\ 7,)) = min[dim(lin{ Y ()}), dim(lin{ K2(-)})] = rank(Qy.), the number of
nonzero eigenvalues of ’ZA'A*’]A} is equal to T”, completing the proof for the claim.

Step III (the spectral representation of r(’]A;*’ZA})) From the theorem on spectral calculus-see,

Taylor and Lay (1980, p.368, for example), we obtain the spectral representation of r(’j\j\*’f})

T’ T
PTIT)() =D (k) Po () = D r(Ka)vs(< Ve, Vs >1209)) 7 < Uy >12p) -
s=1 s=1

By plugging in (15) into the above equation,

Tl
M TrTml(@) = 3 vk KY () My ?ey(e) My My My %e,) e,

s=1

M1/2 < KT? m>r2y),

S

which, by definition of ey, reduces to

Tl
T*2KY (z) M)/ [Zr(ms)mglpes M)? < KY, m >z

s=1

=T 2KY () M r(Qy)Qy M MY < KY, m > .

Step IV (Closed form of i, = (o + 7;72) 2T hy): From hy(w) = T* KM (w)y,

* o ’\ z,w)dw = *—2 Y /\ A w
Trin)e) = /y () (s w)dw = T*? K {/K VKM (w) d
= T 2KY(z) Myy.
Therefore,
Ma(x) = [(@f +T3T) "I ha ()

= T2Ky () My*(al + Qo) ' QuAM, < KY, T"*KY My >100) y
= 72Ky (2) My (al + Qva) 7 My Py,

Lemma A.1 Assume that C.1 through C.5(a) hold. Then, it holds that

1

Tgy )

(i) sup || = Till = Oplgi™ + 5™) + Ol
k>2

~ 1
(i) sup ||Z; — Tl = Op(gi™ + g5°) + O b(77-), and
k>2 Tgq
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S~ 1 .
(iid) sup [[hx — Tymolla) = Op(—=) + Op(91” + g5"°),

k>2 V1T'go

where p = max(po, p1)-

Proof (i) With a % b denoting convolution of a and b, we define

Mt () = (K 5 m)(0) = [ Koy = s)ms)ds. (16)

and

Oy w) = (Kigugy* fo) (1w / / VK o (52 — w) fu(s1, 52)ds1dso
= E[K, (-1 —y) Ky (ye—r —

By adding and subtracting [ f,j(g )(y, w)m(y)dy, the estimation errors of 7; are decomposed into

T =Tn)) = 2 3[R =)k 0 = 5l

" / £ (g, w) — fily, w)]m(y)dy
= sr(w) + Br(w),

from which we obtain the MISE of ’ZA}m, given by
~ 2
E / [(7; - ﬂ)m} (w)dw = / {Var [sp(w)] + E2 [Br(w)]} dw.
Yy Yy

From

Z { K go (Y-t — w)mnegy) (Ye-1) — E[K gy (-1 — w)me(gy) (ye-1)]}
t=7+1

a standard calculation of the variance term for kernel estimates (under the mixing condition in C.1)
yields

Var [sp(w)] = iVar [ng (Yer — w)mC(gl)(yt—l)} + O(L

T T,
= KT [ )ty widy + O ) + o)
ng 2 v c(g1) ) ng ’

where the last equality is due to the dominated convergence theorem. Let fo(-) be the marginal

density function of y;. Since fy(+) is assumed to be uniformly bounded (condition C.3), it holds

]‘ 2 2
/y Var [sr(w)]dw = 7 ||K]; /y () foly)dy

1
< C—1IK|]? 2, o 17
< Tg2|| |21l 72() (17)
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To calculate the bias term, we observe that, by Cauchy-Schwarz inequality,

/y B(w)dw = /y [ /y (Felyw0) — iy, w)ym(y)dyPdw

< e = fillZo @l ImllLa )

Under C.2 (ie., [|K(s)|ds < oo and sup|K(s)| < 00), the convolution errors (||ff — ka%Q(yXy))
converge to zero, as g; and gs go to zero, for any square integrable fy(,-). When there exist py-th
partial derivatives of fi(-,-) that are continuous and square integrable (i.e., condition C.4 holds), we

have, by application of the standard Taylor expansion, that

- o™ fi(y,
/yB2( w)dw < C{g? g2~ ZHWH%«)}W)}HWH%%);)' (18)

Combining (17) and (18), we obtain

o™ fi(y,w) ||

Po
B / (Zim — Tam)(w)Pdw < C||ml |2y, (ﬁqg““ ! + HKH2> :
Y =0 rxy) 192

ayqawp(rq
implying

. 2

b7~ 7 B[ Tom] (o

k= Skl2(v)—12 -
Po 2
_o |, 07 fr(y, w)
< C gfqgg(po ) ‘|—’_ ||K||2 :
(; yadwroa [ >y y) T 92

PO fi. (y,w) 12 < C

Noting that the variance term in (17) dose not depend on k and supy., || 5a5mm=7 T2 pxy) <

(condition C.4), we finally get

~ 1
sup E|[(Tx — Tp)m||2 211, = O(g?° 4 ¢2°) + O
kzIQ) es ) HL2())) L2(Y) — (91 9"°) (ng)

(ii) By symmetry of the above arguments, a similar result holds for ’];g*
(iii) Let r(ye—1) = mo(Ye—1) — Mo,e(g1)(Yi—1), Where mq (4,)(+) is defined by (16). From (Tym)(w) =
Tt Zthfﬂ Ky, (Y1 — w)Me(gy) (Y1-1), we get
<ﬁk - ﬁmox )

= — Z Yk — Z o (Yot — W) (Ye-1)

t=71+1 t=71+1
= Z (Yt — m+— Z (Yt — W) (Ve — V5 )
t=7+1 t=7+1
+— Z 2 (Yt — W)E(r (Ye—1)|y—r)
t=7+1

SLT(UJ) + 827T(’w) + BT(U)),
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where vy = mo(ye—1) — E(mo(ye—1)[yi—r), and vi_y = mo.c(g) (41-1) — E(mo cig) (e-1)[yer)-
As a consequence,

E /y (hi — Tarmo)2(w)dw — /y [Var [s1.7(w) + s5.7(w)] + E2[B(w)]} du.

By the standard argument in kernel regression, the variance of the main stochastic term is calculated

in a straightforward way;

Var [s17(w)] = TLQQHKH%E(W?M/M = w) fo(w)(1 +o(1)),

leading to

1 2 2 =W w w (0}
/y Varlso(w)ldo = 7K1 [ /y By = w) fo(w)dw| (1 + o(1))

o) (19)

1K [[50,(1 + o(1)) = T

1
Tgs
where o2 = E(n7). From E[v,_1|y;—+] = E[vf_|yx] = 0, it follows that

E[(vi-1 — V§—1)2|yt—k] = Var[r(ye)yi—s) < E[r?(ye—1)|ye—s],

implying, by the mixing assumption and the law of iterated expectation, that

Var [syr(w)] =~ %E{[ng(ytk —w) (o1 — vy ,))?}
= B ek — w)E ) o))
_ %E{[KQZ(ytk — w)r(y-1)?}
_ ke / P2(y) fuly, w)dy(1 + o(1).
Tg, 2 y 7

From boundedness of fy(-),

12

1 2 2
/y Var[sar(w)l dv = IR /y P(y) foly)dy

1
Tgs

),

C
< - K 2 o) — c . 2 fd
= T92|| [2llm(-) —m (91)( )||L2(y) o(

since the convolution error, ||[m(-) — me(g,)(+)||L2(y), converges to zero, as g; — 0. To calculate the

bias term, we note, by the dominated convergence theorem, that

EBr(w) = E[Kp(ys — w)r(s)
- /y () — Mo (W) (g, w)dy (L + o(1)). (20)
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Letting f, (g1) (u, w) fy o (y — u) fi(y, w)dy, we obtain an alternative form of the bias such that
E[Br(w)] = { / [l w) = 79w, w) | mu)dub(1 -+ 0(1)), (21)
Y

since [y, Me(g)(2) fi(z, w)dz = [}, fi @) (4, wym(u)du, by Fubini’s Theorem. By Cauchy-Schwarz in-
equality, it follows from (20) and (21), together with square-integrability of fi(-,-) and m(-), that

/)}EQ Br(w)] dw < Crin{|lm(-) = mege) (I 1) = F I

which, by the standard method of Taylor expansion (under C.4 ), gives
/ E? [Br(w)] dw = O(g7™ ™"} 4 g3).
Yy

Since the variance term in (19) dose not depend on k and sup;, ||dp;;,fl(y) 122y, < C (condition C.4),
it holds that

L) 0T + i),

su E/iAz—’ZA'm 2(w)dw = O
D y(k ko) (w) (Tg

k>2

Proof of Proposition 5.1 (i) By Triangle inequality,

1T~ Tllzoy-20) < D AT = Tellzgy-20) + Y Ml Tillze)-r2o)
k=2 k=1+1

< Cfow 1% = Tl +0(1/VT)},

where the second inequality follows from supys, |[Zx|| < sups, [|fk]| < C (condition C.4) and
D i M = o(1/+/T) (condition C.6). Now, the proof is immediate from Lemma A.1(i).
The proof of (ii) can be shown in the same way.

(iii) Note that

[[7ix = Tamol| <Z>\k|lhk—7kmo|l <SUP (17 = Temol |
k=2

since Y, o M < D oy Ap = 1. The proof follows, if we apply Lemma A.1(iii). [

Before proving the main results, we need to introduce some useful lemmas that are borrowed
from Kim (2003). First, note that U,(r) = (a + 1)~ satisfies the following conditions:

B.1 Let & = sup,,>,, H’j\;*f\ﬂ 2(y)—r2(y)- A parameter dependent family of continuous func-
tions, {Ua(*)},s0, defined on (0,], satisfy that (i) sup,coz |Ua(rk)r| < C < oo, for a > 0, (ii)
lim,_o+ Uy (k) = £, for all k € (0,%], and (iii) SUP.e(0r |Ua(K)| = O(1),as o — 07.
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B.2  Given U, : (0,%] — R, it holds for any u € (0, 1] that sup,cqz #"|Ua(r)s — 1| < Ca*, for
any a € (0, «p), where o > 0.

Lemma A.2 If a=a(T) — 0 as T — oo, then,
0 NU(TXDINr2)—r2v) = Oasla™),
() NUaTI )T | 2)—r2) = Oas(v/@ ),

Assume additionally that T L*(Y) — L*(Y) converges pointwise, in probability, to T, : L*(Y) —
L2(Y), which is bounded and one-to-one. Then,

(i) [|[Va(Ty TV T — Imll12) = 0p(1), for all m € LA(),

Proof Since U,(-) satisfies B.1 and 7, has a finite rank, the results are immediate from Lemma
3.2 (Kim 2004, p.41). [

Lemma A.3 Let G: L*(Y) — L*(Y) be a linear bounded operator and G* : L*(Y) — L*(Y) be
adjoint to G. Then, for all m € L*(Y),

(i) |[U(G*G)G*G — T)(G*G)"|| 2 (y)—r2y) < Ca™2®:D for 11 > 0.

(i) ||[Ua(G*G)G*G — IG*||12(y)—12(y) < Ca'’?, for pu > 0.

Proof Since U, satisfies B.2, the results follow from Lemma 3.3 (Kim 2004, p.42). [

For Mr(Y) = {m € M(Y) : mp(x) = T*2KY(z) By, for B, € RT"}, we define (’ZA;*’ZA}\)WT :
Mrp — C(Y) to be the restriction (into Mr) of (’j\:\*ﬁ)“ : L2(Y) — C(Y), where C(Y) is a space of

continuous functions defined on Y.

Lemma A.4 Assume that ﬁ;(, -) is a uniformly consistent estimate of fi(-,) which is con-
tinuous with a compact support. Then,(’ZA;\*’?A)Tj\AT : Mpr — C(Y) is uniformly bounded in the sense
that

S T Tom(x)|
(LX) 2 @)—c@) = sup sup ———— = O,(1),

mEMr z€Y ||m||L2(y)
where 0 < w < 1.

Proof By applying Uniform Boundedness Principle (or, the Banach-Steinhaus principle), the
assertion follows, if we show that, for each my € My C L*(Y) with ||m||r2) = 1,

sup (T T)“me(x)| = O,(1).
e
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Observing that Qy,) is symmetric nonnegative semi-definite, we can show that, for my(-) € Mr(Y),

Tk \Ww o T . B
o (TN D) e (@) = sup T2 Ky (x) M2 Q3 M, 2 By
S C Sug ’T*72K,}/(I')TMAI/2QK)\M;1/26T‘
xTe
= C sup ’(ﬁ*ﬁ>\MTmT<$>’, for all 7.
e

By the CS inequality and boundedness of fi(-,-), it holds that

swp | (T T — T T )ma (@)

= swp | [ [ S NN )i w) — il ) e ) ()|

k=2 [=2
3T / / [l w) fi(z w)me () dwdz
k=r+11l=1+1 yJYy
< sup ZZ)\k)\lek(%')fz(w)—fk(%')fl(w')|’L?(y)xL2(y)||mT||L2(y)+O DD NN
Tok=2 =2 k=r+11l=1+1
< Csup DY MMlfil@w) filz,w) — fulz, w) fi(zw)] +o0(1) = 0,(1),
LAY =g =2

where the last inequality comes from the compact support assumption, uniform consistency of the
kernel density estimate fk(, -), and condition C.6. In a similar way, we can show, by the CS inequality
and boundedness of f(-, ), that, for any m € L*()),

sup [Ty Tom(z)| < sup > Y MMl (@ ) G 2y limrllz2 )

T k=2 =2

< C'sup ZZ)\;C)\Afk(x,w)fl(z?w)] < 0.

LAY p—g =2
Hence, it follows

sup | ﬁ*ﬁmT(@’ < Csup | T Tamr(z)| < oo,

implying that
sup [(Fr ) me(2)] < o,
zey
as required. [
Proof of Theorem 5.2 (i) We use the following error decomposition

e —mo = U TET) T (hy — Tamo) + [Ua LT T — L. (22)
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By Proposition 5.1(i), Ty : L*(Y) — L*(Y) is a consistent estimator for the true operator 7, :
L2(X) — L*(W) which is bounded and one-to-one. Also, under the bandwidth conditions in C.5, it
holds by Proposition 5.1(iii) that ||/ﬁ)\ — ’ZAj\m0| |20 /v 2,0, as T — co. Now, the assertion follows,
by Lemma A.2(ii) and (iii) to (22).
(ii) Let my = (7;¥75) 'mg. The error decomposition in this case takes form of

UL T)T (s = Tamo) + [(Ua( LIV L T — DT T

(VLT - DT - T)m — (U TV~ DT = T) T,
By Lemma A.2(ii), L2-norm of the first term is bounded by \%Hﬁ)\ - ’ZA:\mOH 12(w), almost surely. By
applying Lemma A.3(i) and (ii), we get:

IULIVL T - DL < Ca, as
|UTTVLT - DI < Ca'?, as.

Also, by A.2.(iii), it holds that (Ua(’f;*’ZA}\)’ZA:\*’ZAj\ — I) < C, which, together with the results of Propo-
sition 5.1, completes the proof. [ |

Proof of Theorem 5.3 Let m; = (7;7,) *mg. From the proof of Theorem 5.2(ii),
Ual DT (b = Tomo) + VeIV T — 11T Ty
U LZTVLT -~ NTH(T — T

AN AN AN A A

= Sir &+ &+ Ear + 51

Let w > 0 be any fixed real number. In the proof of Theorem 4.2 (step II), we showed the spectral

representation of #(7;7,) from which follows

A~ A~

(T T)*m(z) =T 2KY (x) MyPQuIMY? < KX, m > 12y -
Since, for each T, (’?/\*’j\j\)“’m is a continuous function for any m € L?*()), it holds that
RITIT)*] € C), for each T,

ie., (TyT,)% : LA(Y) — C() is well defined. Let M () = {m € L2(Y) : mp(z) = T2KY (z)" B,
for 8, € RT}. Define (’]A;\*’j\j\)mT : My — C(Y). Note that, under the given conditions, f(-, ) is the
uniformly consistent estimate of fi(+,-). Consequently, by Lemma A.4, (’Z:\*T,\)Tj\,lT Mgy — C(Y) is
uniformly bounded in the sense that

S T Tam(z))|
(T3 TNl 2y o) = sup sup —A———
meMr zey  ||m|22)

= 0,(1).
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From the definition of the operator norm and R{U,(T;T,)(T;7,) T} C My, we obtain

sup |£1T($)|
reY
= sug \Ua (T T3 T3 (s — Tamg) ()|
xT€E
= sup (T D) Ul TN T 1) T3 (b — Tamo))(2))|
e

IN

(73 T0) P 20— con WU T DT TN) T3 | 120y~ L2y [P — Taomol[ 22
< Qo V2% /ﬁ)\ - ’]A:\mo 12 = O, (a Y27 2[1/\/Tgy + ¢°]), for any w > 0,
) P g g11)s y

where the last equality comes from Proposition 5.1. Since we assume that oo = o(1/(log 7)), for any

¢ > 0, we get, by letting ¢ = 1/2w,

51615 i (7)] = Oy _1/2 [1/7/Tg2 + g7°]1og T).

By the same arguments, we have

sup [§yr(@)] = sup (L) Ul T DT T (T — T3 Toma ()]

TE xe
< ||<ﬁ*ﬁ>mT||Lz<y>qc<y>||U @*ﬁ)(t?*ﬁ)l-wnp )12 () ||<?* — )T |2
= Op(a“[1/\/To1 +g1° +g L([1//Tgr + g + g5°]log T),

Sup [6r(x)] = sup (L) AU Ty T T — (T ) “ma ) (2)|

< T 2 —con U I T — I T 20— 12| [mal |2y
S Coz172w||m1||L2(y) = Op(Oé lOg T),

and

Sup [€sr(2)] = Sup (LT AU TV — NTT) T (T - Tmi ()|
fAS xe

< T, 2 —conll[Ual T3 TA)T*TA— N T 2)— 120 |1(Tn = T)mal| 2y
< Ca'* (T — Tmull ey = Op(a?[1/\/Tags + gi° + g8 log T).

For the uniform convergence rate of £,,(x) = (’j\;\* — T¥)hy, we note that ’?/\*hl is equivalent (up
to some bias term) to the standard one-dimensional kernel estimate, where hy = 7ym;. Hence, its

uniform convergence rate follows from application of Masry (1997)?;

Sup Ear(@)] = Op([1/V/T'g1 + 91" + g5°]log T').
S

2More rigorously, we may follow the same line of the proof of Proposition 3.1(ii) to apply the uniform convergence
results in Masry (1997).
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Proof of Theorem 5.4. We have

038, 1) = 738, o))

ot (B, mo)ot (B, Ma)

N 1 a ? 3 Aoz
09) - 109) = 7 o T e
t=1 t )

o~

Given the properties of o2(3,my), £(3) — ¢(3) just depends on max; |02(3, M) — 02(3,me)|, which
in turn can be bounded by 7(7T') X sup,cy | Ma(y) —mo(y) | = 0,(T~Y/4) as required. Specifically,

~

sup |1(8) = ((8)| = o,(T71/),

BeB

which implies that 3 — 3 = 0,(T~Y/4). Therefore, B is T~/4 consistent as required. [ |
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