
Topic 11

Asymptotic and Large Sample Results

1 What is in this document?

This document contains two separate sets of extended notes. One set is from Peter Kennedy’s book (and
this appears before our main lecture slides for Topic 11), and the other set is from some old lectures by
DrVH (and this appears after our main lecture slides for Topic 11).

Extended notes that have been provided below BEFORE the lecture slides...

For those who need a reasonably non-technical primer on asymptotics, and/or how to think about asymp-
totics in the linear regression context, DrRS can recommend “Appendix C” reproduced below for you
from Peter Kennedy’s book. Kennedy’s Appendix C introduces the big picture behind Topic 11, and
it also recaps some of the key underlying theoretical concepts needed, such as those of convergence in
probability and in distribution. It also explains the logic behind some of the steps you will encounter in
your consistency and asymptotic normality proofs.

Note that the excerpt from Kennedy does not cover the entirety of the content that DrVH will teach,
particularly in relation to non-linear estimators and approximate SEVs. Nevertheless, it does provide
nice explanations of the more basic ideas. Hence, we include it here in these extended notes.

Extended notes that have been provided below AFTER the lecture slides...

Of course, some of the material that is discussed by DrVH is more technical than the coverage in
Kennedy’s book. For supplemental background reading on more technical areas, please see the extended
notes that have been presented below AFTER the main lecture slides appear. These are from DrVH
directly.
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Topic 11 Header Slide

� Topic 11. Asymptotic and large sample results

Asymptotic results: refer to theoretical results (about the probabilistic behaviour of our

estimator) that hold only in the limit as S passes to ∞.

Large sample results: refer to asymptotic results that are thought to hold approximately

for sufficiently large (albeit finite) S.

Estimator Notation

1. β̂OLS

2. β̂LAD
3. β̂Lstar
4. β̂GMM

5a. β̂IGLS

5b. β̂FGLS

6. β̂MLE

For any method, generically denoted θ̂method, we define

SEV (θ̂method) = θ̂method − θtrue.
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Common form of SEV for analytic methods

Consider analytic methods for estimation (i.e., whereby the objective function is twice continu-

ously differentiable). We summarise the common structure/form of the SEV for such estimators:

� Summary 1. For analytic methods that are linear in y and εtrue, there exists a k × k

matrix, Bs, and a k × 1 vector, as, such that

SEV (β̂method) = β̂method − βtrue=

(
S∑

s=1

Bs

)−1 S∑
s=1

as.

Example: We saw, for OLS, the definitions: Bs = xsx
′
s, and as = xsε

true.

� Summary 2. For analytic methods that are non-linear, there exists a k × k matrix, Bs,

and a k × 1 vector, as, such that

SEV (β̂method) = β̂method − βtrue≈

(
S∑

s=1

Bs

)−1 S∑
s=1

as,

where the approximation (“≈”) is reasonable for sufficiently large S, and the approximation

in fact becomes exact in the limit as S passes to ∞.

Example: We will see, for MLE in the general linear/non-linear case, the definitions:

Bs = −ℓββ
′

s (βtrue), and as = ℓβs (β
true), where ℓβs denotes the score contribution (vector) by

the s-th observation and ℓββ
′

s denotes the corresponding second-order derivative (matrix).
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Sample averages and normalised sample averages (1 of 2)

In each case above (linear/non-linear), we consider algebraic structures involving sample averages:

� Summary 1. For analytic methods that are linear in y and εtrue, there exists a k × k

matrix, Bs, and a k × 1 vector, as, such that

SEV (β̂method) = β̂method − βtrue=

(
1

S

S∑
s=1

Bs

)−1

1

S

S∑
s=1

as.

Example: We saw, for OLS, the definitions: Bs = xsx
′
s, and as = xsε

true.

Above, by scaling throughout by (1/S), we compute sample averages in both the inverse and

non-inverse term of the SEV. This formulation of the SEV will be extremely useful to us for

consistency proofs (convergence in probability).

In contrast, for asymptotic normality proofs (convergence in distribution), it is useful to consider

the SEV in terms of normalised sample averages as follows:

√
SSEV (β̂method) =

√
S(β̂method − βtrue)=

(
1

S

S∑
s=1

Bs

)−1

1√
S

S∑
s=1

as.
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Sample averages and normalised sample averages (2 of 2)

� Summary 2. For analytic methods that are non-linear, there exists a k × k matrix, Bs,

and a k × 1 vector, as, such that

SEV (β̂method) = β̂method − βtrue≈

(
1

S

S∑
s=1

Bs

)−1

1

S

S∑
s=1

as,

where the approximation (“≈”) is reasonable for sufficiently large S, and the approximation

in fact becomes exact in the limit as S passes to ∞.

Example: We will see, for MLE in the general linear/non-linear case, the definitions:

Bs = −ℓββ
′

s (βtrue), and as = ℓβs (β
true), where ℓβs denotes the score contribution (vector) by

the s-th observation and ℓββ
′

s denotes the corresponding second-order derivative (matrix).

Above, by scaling throughout by (1/S), we compute sample averages in both the inverse and

non-inverse term of the approximate SEV. This formulation of the approximate SEV will be

extremely useful to us for consistency proofs (convergence in probability).

In contrast, for asymptotic normality proofs (convergence in distribution), it is useful to consider

the approximate SEV in terms of normalised sample averages as follows:

√
S(SEV (β̂method)) =

√
S(β̂method − βtrue)≈

(
1

S

S∑
s=1

Bs

)−1

1√
S

S∑
s=1

as.
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Building blocks of the SEV

Our interest, broadly speaking, is in analysing what happens to SEV (β̂method) as S → ∞. We

will do so by considering each of the following sample averages or normalised sample averages:

1

S

S∑
s=1

as,

1

S

S∑
s=1

Bs,

1√
S

S∑
s=1

as,(
1

S

S∑
s=1

Bs

)−1

,(
1

S

S∑
s=1

Bs

)−1

1

S

S∑
s=1

as = SEV (β̂method),(
1

S

S∑
s=1

Bs

)−1

1√
S

S∑
s=1

as =
√
S(SEV (β̂method)).
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Extremely important remarks about the previous slide

� Remark 1. Recall that 1
S

∑S
s=1(·) is the first sample moment (or sample average).

� Remark 2. We define 1√
S

∑S
s=1(·) to be the first normalised sample moment (or nor-

malised sample average).

� Remark 3. Inverses of matrices (unless singular) and products of matrices (unless unde-

fined) are examples of continuous functions (or mappings) of their arguments.

� Remark 4. We will evaluate the behaviour of first sample moments using laws of large

numbers (LLNs).

� Remark 5. We will evaluate the behaviour of first normalised sample moments using the

central limit theorem (CLT).

� Remark 6. We will evaluate the behaviour of continuous functions (or mappings) of sam-

ple averages using Slutsky’s theorem (i.e., our first continuous mapping theorem, CMT1).

� Remark 7. We will evaluate the behaviour of continuous functions (or mappings) of

sample averages and normalised sample averages using Cramér’s theorem (i.e., our second

continuous mapping theorem, CMT2).
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Specific SEVs for various analytic methods

� For method 1 (OLS) and method 4 (GMM with A2linear), we have

SEV (β̂OLS) = β̂OLS − βtrue = (X ′X)−1X ′εtrue =

(
S∑

s=1

xsx
′
s

)−1 S∑
s=1

xsε
true
s .

� Method 2 (LAD) is not analytic; and the SEV for method 3 (Lstar) is not useful to consider.

� For method 5a (IGLS), suppose (for convenience) that we have A4Ω with a diagonal Ω.

Then, we have

SEV (β̂IGLS) = β̂IGLS − βtrue = (X ′Ω−1X)−1X ′Ω−1εtrue

=

(
S∑

s=1

xsωssx
′
s

)−1 S∑
s=1

xsωssε
true
s ,

where weight ωst =
[
Ω−1
]
st
is the (s, t)-th element of Ω−1, for s, t = 1, ..., S.

The exact weights, ωst, are unimportant; what is important is that the SEV of the IGLS

estimator can be expressed in the same common form as other analytic estimators.

� We consider method 6 (MLE) in a lot of detail in the next slides.
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Specific SEV for MLE (whether linear/non-linear in y)

Recall that for a parametric estimation problem for p-dimensional parameter vector θtrue,

in the generalised LRM, via maximum likelihood estimation, we impose the assumptions

A1, A2linear,≥ A3Rmi,A4Ω.independent, and some A5specific.

In the previous sentence, A4Ω.independent refers to the A4Ω assumption with the addition of

independence imposed across the s dimension (so that Ω is necessarily diagonal). Recall that

this assumption makes MLE more manageable since we can thereby obtain the overall likelihood

as the product of the marginal contributions to the overall likelihood by each observation.

Under the given specification, and denoting {y,X} as data, we have

θ̂MLE = argmax ℓ(θ; data) = argmax

S∑
s=1

ℓs(θ; data),

where ℓs(θ; data) = log fs(ys|X ; θ) for s = 1, ..., S, are the marginal contributions of each

observation to the overall log likelihood.

We need to maximise an objective function but FOCs/SOCs can only be defined if the likelihood

function is twice continuously differentiable. In the absence of twice continuous differentiability

– e.g., under A5LAD or A5LDE – no analytic solution to the maximisation problem exists.

Let us suppose, for the moment, that the likelihood does admit a continuous second derivative.

Now consider the maximisation procedure as outlined in the following slides.
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FOC and SOC for MLE (whether linear/non-linear in y)

Under twice continuous differentiability of the likelihood function, and under the given model

specification (on the previous slide), the ML estimator is (at least implicitly) defined by the

following first and second order conditions (FOCs/SOCs):

FOC:

∂ℓ(θ; data)

∂θ

∣∣∣
θ=θ̂MLE

=

S∑
s=1

ℓθs(θ; data)
∣∣∣
θ=θ̂MLE

=

S∑
s=1

∂ log fs(ys|X ; θ)

∂θ

∣∣∣
θ=θ̂MLE

= 0.

SOC:
∂2ℓ(θ; data)

∂θ∂θ′

∣∣∣
θ=θ̂MLE

=

S∑
s=1

ℓθθ
′

s (θ; data)
∣∣∣
θ=θ̂MLE

=

S∑
s=1

∂ log fs(ys|X ; θ)

∂θ

∣∣∣
θ=θ̂MLE

is negative definite.

Note above that first order derivative of the log of the likelihood (also called the “score function”)

is a p× 1 vector; and the second order derivative of the log of the likelihood is a p× p matrix.
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Approximate SEV for MLE (whether linear/non-linear in y)

Focussing on the FOCs for a moment, we had under twice continuous differentiability of the

likelihood function and the given model specification, that the ML estimator is defined by the

following system of p equations in p unknowns:

FOC:
S∑

s=1

ℓθs(θ; data)
∣∣∣
θ=θ̂MLE

= 0.

Now, under A5Gaussian for example, we can solve explicitly for θ̂MLE. But what if we have a

different A5specific, which although twice continuously differentiable, does not admit a closed-

form expression for the ML estimator? In other words, what if the score function is non-linear in

θ? (Ans: We find a linear approximation to the score function at θtrue and set that to zero!)

Consider the first order Taylor expansion of
∑S

s=1 ℓ
θ
s(θ; data) at θ

true given by

LHS =

S∑
s=1

ℓθs(θ̂MLE; data) ≈
S∑

s=1

ℓθs(θ
true; data)+

S∑
s=1

ℓθθ
′

s (θtrue; data)(θ̂MLE−θtrue) = RHS

The simple intuition is that since we cannot directly set LHS to zero and solve, we set a first

order approximation of the LHS – i.e., the RHS – to zero and solve that instead.
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Approximate SEV for MLE (whether linear/non-linear in y)

Continuing the analysis on the previous slide, we have that

S∑
s=1

ℓθs(θ
true; data) +

S∑
s=1

ℓθθ
′

s (θtrue; data)(θ̂MLE − θtrue) ≈ 0,

so that by rearranging, we obtain(
θ̂MLE − θtrue

)
≈ −

(
S∑

s=1

ℓθθ
′

s (θtrue; data)

)−1 S∑
s=1

ℓθs(θ
true; data),

as the approximate SEV for ML estimator where the approximation is considered reasonable for

sufficiently large sample size, S.
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Asymptotic results for the OLS estimator in the ANLRM – scenario 1

Let us end this topic on asymptotics by summarising the asymptotic results available for the OLS

estimator under the ANLRM. Notice that we are able to weaken our exogeneity assumption to

“≥ A3Rsru” when considering results that are available only asymptotically as S → ∞
(i.e., results that are not necessarily “exact”).

Suppose we have ANLRM.A4GM(iid) where A1, A2linear,≥ A3Rsru,A4GM(iid). Then,

we can/will prove (by LLNs, CLT and CMT2) that

√
S(SEV (β̂OLS)) =

√
S(β̂OLS − βtrue)|X d→ N

(
0, σ2

ε

(
p lim
S→∞

X ′X

S

)−1
)

as S → ∞.

Alternatively, for inferential purposes, the previous statement is taken as justification to say

β̂OLS|X
approx∼ N

(
βtrue, σ2

ε(X
′X)−1

)
for sufficiently large S.
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Asymptotic results for the OLS estimator in the ANLRM – scenario 2

Suppose we have ANLRM.A4Ω where A1, A2linear,≥ A3Rsru,A4Ω. Then, we can/will prove

(by LLNs, CLT and CMT2) that
√
S(SEV (β̂OLS)) =

√
S(β̂OLS − βtrue)|X d→ N

(
0, c2Q

)
where

Q =

(
p lim
S→∞

X ′X

S

)−1(
p lim
S→∞

X ′ΩX

S

)(
p lim
S→∞

X ′X

S

)−1

as S → ∞.

Alternatively, for inferential purposes, the previous statement is taken as justification to say

β̂OLS|X
approx∼ N

(
βtrue, c2(X ′X)−1X ′ΩX(X ′X)−1

)
for sufficiently large S.
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Appreciating the distinction between different types of results

� Suppose we have NLRM.A4GM(iid) where A1, A2linear,≥ A3Rmi,A4GM(iid), and

A5Gaussian hold. Then, we can prove (due to preservation of multivariate Gaussianity)

that

β̂OLS|X∼N
(
βtrue, σ2

ε(X
′X)−1

)
,

which is true for any S (even finite). This is an exact or finite-sample result true for any S.

� Suppose we have ANLRM.A4GM(iid) where A1, A2linear,≥ A3Rsru,A4GM(iid).

Then, we can/will prove (by LLNs, CLT and CMT2) that

√
S(SEV (β̂OLS)) =

√
S(β̂OLS − βtrue)|X d→ N

(
0, σ2

ε

(
p lim
S→∞

X ′X

S

)−1
)

as S → ∞. This is an asymptotically valid result true only as S → ∞.

� Alternatively, for inferential purposes, the previous statement is taken as justification to say

β̂OLS|X
approx∼ N

(
βtrue, σ2

ε(X
′X)−1

)
for sufficiently large S. This is an approximate result that is appropriate for large S.
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12 Asymptotic Theory – Technical Discussion [skim!]

12.1 Laws of Large Numbers (LLN)

Weak LLN: Under suitable conditions, Sample moments converge in probability to their true population counterparts
Strong LLN: Under suitable conditions, Sample moments converge in MSE (alternatively almost surely) to their

true population counterparts

12.2 Central Limit Theorems (CLT)

Under suitable conditions, Standardized Sample Mean will converge in distribution to a Gaussian random variable

12.3 Continuous Mapping Theorems (CMT)

12.3.1 CMT1: Slutzsky

Consider a (linear or nonlinear) function that is continuous in its two arguments, g(·, ·). Suppose that the first
argument is a stochastic sequence ZS in terms of S, with a finite probability limit p lim(ZS) = Z01, and similarly
that the second argument is a stochastic sequenceWS in terms of S, with a finite probability limit p lim(WS) = W

0
1.

Then

g(ZS,WS)
p
!

as S !1
g(Z01,W

0
1) = p lim

S!1
{g(ZS,WS)}

NB1: The function g(·, ·) may be nonlinear or linear.
NB2: The two stochastic sequences may be statistically dependent or independent.

12.3.2 CMT2: Cramér

Consider a (linear or nonlinear) function that is continuous in its two arguments, g(·, ·). Suppose that the first
argument is a stochastic sequence ZS in terms of S, with a finite probability limit p lim(ZS) = Z01, and similarly
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that the second argument is a stochastic sequence WS in terms of S, which converges in distribution (as S !1) to
a random variable denoted by W 0. Then

g(ZS,WS)
d
!

as S !1
g(Z01,W

0)

I.e., the asymptotic/limiting distribution of g(ZS,WS) will be the same as that of the random variable g(ZS,WS).
NB1: The function g(·, ·) may be nonlinear or linear.
NB2: The two stochastic sequences may be statistically dependent or independent.
NB3: Convergence is now in distribution, even though the first stochastic sequence converges

in probability and the second in distribution.
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12.4 First Class of Asymptotic Results: Generically known as Laws of Large Num-
bers (LLNs):

Definition 3 (Weak and Strong Laws of LLNs) Weak LLN (WLLN): Under certain conditions, the sample
average (Ws) / sample first moment will converge in probability to the true population expectation underlying the
true data-generating process.
Ws !p E(Ws) as S !1
Strong LLN (SLLN): Under certain conditions, the sample average / sample first moment will converge in

Mean-Squared Error (MSE) to the true population expectation underlying the true DGP.
Ws !MSE,””AlmostSurely”” E(Ws) as S !1

We are focusing on just two modes of convergence, in probability and MSE (ref. Billingsley, “Convergence of
statistical measures").
If a WLLN applies to expression 1

S

PS
s=1 as, then

1
S

PS
s=1 as !

p Etrue(as) as S !1.
e.g. For OLS, as ≡ xsϵtrues which has:

Etrue(as) = E(xsϵ
true
s ) = 0kx1 under A1+A2Linear+A3(Any), ) 1

S

PS
s=1 as !

p Etrue(as) = 0.

If a WLLN applies to expression 1
S

PS
s=1Bs, then

1
S

PS
s=1Bs !

p E(Bs) as S ! 1, which by assumption, is a
positive definite matrix by large sample implications of A1.

Definition 4 Consistency
If an estimator θ̂method for true parameter θ

true, satisfies θ̂method !p θtrue as S !1, such an estimator is weakly
consistent for θtrue.
If an estimator θ̂method for true parameter θ

true, satisfies θ̂method !MSE,AlmostSurely θtrue as S ! 1, such an
estimator is strongly consistent for θtrue.

Definition 5 Convergence in MSE
Define qS = 1

S

PS
s=1 ajs =”stochastic sequence in terms of S”; Something random that changes behavior when

sample size S changes. In particular, it will have a pdf, true expectation, true variance, true interquartile range that
changes with S.
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qs !MSE E(q1) =fixed number if and only if:
limS!1E(qs) = E(q1), a fixed number.
limS!1 V ar(qs) = 0

Definition 6 Convergence in Probability
In contrast, convergence in probability qs !p E(q1) =fixed number if and only if:
limS!1 Pr | qs 6= E(q1) |= 0

Explaining the di§erence in the two modes of convergence: From the definition of “strong” and ”weak”, it follows
that if:
A stochastic sequence!MSE

S!1to fixed number, this implies (same) stochastic sequence!
p
S!1fixed number. But

why does this not go backwards? They are not the same because:
Convergence in probability holds more easily. Given an aim point in the sequence at the limit, with a small

”blip”in the sequence stochastic sequence !paim point since probability of sequence being di§erent vanishes, but
V ar(stochastic sequence) blows up, which does not satisfy conditions for convergence in MSE.
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12.5 Second Class of Asymptotic Results: Central Limit Theorems (CLTs)

Consider a stochastic sequence in S, VS = 1p
S

PS
s=1 Vs, the normalized sample average.

E(VS) = 08s & V ar(VS) = σ2 <18s and assume VSdrawn independently and identically. It follows that:
E(VS) =

1p
S
∗ S ∗ 0 = 0

V ar(VS) =
(

1p
S

)2
∗ (S ∗ σ2 + 2Cov(·)) = 1

S
S ∗ σ2 = σ2 (Cov(·) = 0 since Vs is independently and identically

drawn).
Summarizing: VS ∼?(0,σ2), where distribution will possibly change with S but will always have E(Vs) = 0,

V ar(VS) = σ
2.

Definition 7 The Central Limit Theorem states that under certain conditions, normalized sample average converges
in distribution (as S !1) to a Gaussian distribution:
VS ∼?(0,σ2)!d

S!1 N(0,σ
2)

Recall: Last part of normalized sampling error vector.
Define: A stochastic sequence in S, VS = 1

S

PS
s=1 as.

For OLS, as = xsϵtrues , E(as) = 0kx1 under A1+A2Linear+A3(Any), V Cov(as) = E(xsϵtrue
2

s x0s) = σ
2
ϵ ∗ E(xsx0s)

under A4GM(iid). Then, the appropriate CLT states that:

1
p
S

SX

s=1

as !d (0kx1,σ
2
ϵ ∗ E(xsx

0
s)), as

X 0X

S
!p
S!1 E(xsx

0
s), i.e.p lim

X 0X

S
= E(xsx

0
s)
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12.6 Third Class of Asymptotic Results: Continuous Mapping Theorems (CMTs)

Definition 8 CMT1 (Slutsky): Consider some continuous (linear or non-linear function) g(·, ·) and consider two
stochastic sequences in sample size S, ZS and WS that have valid probability limits:
i.e. ZS !p

S!1 E(Z1), a non-stochastic number and WS !p
S!1 E(W1), OR written as p limZS = E(Z1) and

p limWS = E(W1) .
Note: ZS may be independent of independent of WS.
Then : CMT1 states that:
g(ZS,Ws)!p

S!1g(p limZs, p limWs) = g(Z1,W1), i.e. p lim g(ZS,Ws) = g(p limZs, p limWs)

CMT1 is useful because:
β̂method − β

true = ( 1
S

PS
s=1Bs)

−1 1
S

PS
s=1 as where by a WLLN, p lim

1
S

PS
s=1Bs = E(Bs), and p lim

1
S

PS
s=1 as =

E(as) = 0
*First equality if method is linear in y, approximate if non-linear in y.
) β̂method−βtrue = ( 1S

PS
s=1Bs)

−1 1
S

PS
s=1 as = g(

1
S

PS
s=1Bs,

1
S

PS
s=1 as) = g(BS, aS) where g(·, ·) inverts the first

argument and multiplies by the second. Expression can be defined by g(·, ·) because g(·, ·) is continuous in both
arguments as each argument has a valid p lim.
) g( 1

S

PS
s=1Bs,

1
S

PS
s=1 as)!

p
S!1 g(E(Bs), E(as)) = [E(Bs)]

−1 ∗ E(as).
Then:
β̂method − β

true !p
S!1 [E(Bs)]

−1 ∗ E(as) = p lim(X
0X
S
)−1 ∗ E(xsϵtrues ) = 0kx1.

Conclusion 9 Under A1+A2Linear+A3(Any), β̂OLS is a weakly consistent estimator for β
true, i.e.:

β̂OLS !
p
S!1 β

true

12.6.1 Introducing CMT2 - Cramér:

For any continuous (linear or non-linear) function with two arguments, g(·, ·) of two stochastic sequences, Zs and
Vs, which have the properties:

(!d &!prepresent convergence in distribution / probability):

38



Zs !p Z01, i.e. p limZs = Z
0
1 (e.g. by appropriate law of large numbers)

Vs !d V 01 ∼ N(0,σ2), e.g. if Vs is a normalized sample average (e.g. by appropriate CLT)
Note: Zs and Vs may be dependent.
Then: g(Zs, Vs) !d g(p limZs, V

0
1) as S ! 1, where p limZs = Z01 and V 01, the limiting random variable

distribution. Here, Vs has a limiting distribution and becomes a Gaussian.
Result: For all methods discussed, under A1, A2,any A3, any A4, without A5(Gaussian), whether approx. or

exact, a (approximate) standard normal Gaussian linear regression model is obtained.
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13 Statistical Distributions related to NLRM: Gaussian, chi-squared,
t-, and F- distributions [SKIM!]

CASE I: NLRM with A4GM(iid)

Result 1
Conditionally on X,
Rβ̂OLS|X ∼ N

(
Rβtrue, R [σ2ϵtrue(X

0X)−1]R0
)

Result 2
ŝ2OLS ≡

RSSOLS
S−k is unbiased for σ2ϵtrue &

conditionally on X, (S−K)ŝ
2
OLS

σ2
ϵtrue

∼ χ2(S − k)

Result 3
Conditionally on X,
(Rβ̂OLS −Rβ

true)0 (R [σ2ϵtrue(X
0X)−1]R0)

−1
(Rβ̂OLS −Rβ

true) ∼ χ2(r)

Result 4A
Conditionally on X, the Gaussian r.v. Rβ̂OLS of Result 1 and

the χ2 r.v. (S−K)ŝ
2
OLS

σ2
ϵtrue

of Result 2 are *independent*

Result 4B
Conditionally on X, theχ2 r.v. (S−K)ŝ

2
OLS

σ2
ϵtrue

of Result 2 and

the χ2 r.v. of Result 3 are *independent*

Result 5
Conditionally on X,

τ ≡ β̂
j
OLS−β

j
truer

[ŝ2OLS(X0X)−1]
jj

∼ t(S − k) because of Results 1,2,&4A

Result 6
Conditionally on X,
f ≡ (Rβ̂OLS −Rβ

true)0 (R [ŝ2OLS(X
0X)−1]R0)

−1
(Rβ̂OLS −Rβ

true)/r ∼ F (r, S − k)

Result 7

Suppose an estimator θ̂method for the p× 1 unknown parameter vector θtrue

obeys: θ̂method ∼ N(θtrue, VGM(θ̂method)) for any sample size S;
or θ̂method ≈ N(θtrue, VGM(θ̂method)) for very large sample size S.
Then for any continuous function g(.) : Rp ! Rr

with continuous first-derivative matrix
h
@g(.)
@θ

i
it follows that:

g(θ̂method) ≈ N
(
g(θtrue),

h
@g(.)
@θ

i
VGM(θ̂method)

h
@g(.)
@θ

i0)
for very large S.
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NOTES:
* In Result 2, ŝ2OLS is both conditionally as well as unconditionally unbiased for σ

2
ϵtrue because we have proved

Eŝ2OLS|X = σ2ϵtrue , which means conditionally unbiased. By the Law of Iterated Expectations, we know this implies
unconditionally unbiased also.
* Result 3 is the multivariate analogue of the result: “If v ∼ N(µ, σ2), then z2 ∼ χ2(1) where z ≡ v−µ

σ
∼ N(0, 1)”

* Result 4A follows because the k × S matrix of all cross-correlations between the r.v.s R(β̂OLS − β
true) and

ϵ̂ols =MXϵ
true equals:

E [R(X 0X)−1X 0ϵtrueϵtrue0MX |X] = R(X 0X)−1X 0E [ϵtrueϵtrue0|X]MX

= σ2ϵtrueR(X
0X)−1X 0ISMX = 0.

Since these two r.v.s are Gaussian distributed, uncorrelatedness is equivalent to independence. But squaring
ϵ̂ols to get RSSols still means that independence will be preserved, so R(β̂OLS − β

true) will be fully independent of
ϵtrue0MXϵ

true = RSSols and ŝ2OLS.
* Result 4B is exactly analogous to 4A: having established the independence of R(β̂OLS−β

true) and ϵ̂ols =MXϵ
true,

it follows that squaring each will give two r.v.s that are independent of each other. The square of the first is Result
3, while the square of the second is Result 2.
* Result 5 follows directly from the definition of the student-t distribution: “If r.v. z ∼ N(0, 1) AND r.v.

q ∼ χ2(dfq) AND z, q are independent, then τ ≡ zp
q/dfq

∼student-t(dfq)”

* Result 6 follows directly from the definition of the F distribution: “If r.v. q ∼ χ2(dfq) AND q ∼ χ2(dfq) AND
w, q are independent, then f ≡ w/dfw

q/dfq
∼ F (dfw, dfq)”

* Result 7 follows from the Taylor expansion that linearizes the g(.) function: g(θ̂method) ≈ g(θtrue)+@g(θtrue)
@θ

(θ̂method−
θtrue)+· · · , plus appropriate asymptotic arguments that hold as S !1. This result is known as the “Delta method.”
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CASE II: NLRM with A4Ω
Result 1 Rβ̂OLS|X ∼ N

(
Rβtrue, R [c2(X 0X)−1X 0ΩX(X 0X)−1]R0

)

Result 2
ŝ2OLS ≡

RSSOLS
S−k is NOT unbiased for σ2ϵtrue NOR for c

2 &
(S−K)ŝ2OLS
σ2
ϵtrue

is NOT distributed χ2(S − k) conditionally on X

Result 3
Conditionally on X,
(Rβ̂OLS −Rβ

true)0 (R [c2(X 0X)−1X 0ΩX(X 0X)−1]R0)
−1
(Rβ̂OLS −Rβ

true) ∼ χ2(r)

Result 4A
Conditionally on X, the Gaussian r.v. Rβ̂OLS of Result 1 and

the r.v. (S−K)ŝ
2
OLS

σ2
ϵtrue

of Result 2 are NOT *independent*

Result 4B
Conditionally on X, the r.v. (S−K)ŝ

2
OLS

σ2
ϵtrue

of Result 2 and

the χ2 r.v. of Result 3 are NOT *independent*

Result 5 τ ≡ β̂
j
OLS−β

j
truer

[ŝ2OLS(X0X)−1]
jj

is NOT distributed as t(S − k) conditionally on X

Result 6 f ≡ (Rβ̂OLS −Rβ
true)0 (R [c2(X 0X)−1X 0ΩX(X 0X)−1]R0)

−1
(Rβ̂OLS −Rβ

true)/r
is NOT distributed F (., .) given X.

Result 7
The Delta method for the A4Ω case is the same as in the A4GM case,
except that θ̂method has VCov matrix VΩ instead of VGM .
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NOTES:
* Result 2: The first part follows because now ERSSols|X = trace(MXE[ϵ

trueϵtrue0|X]) = c2trace(MXΩ). The
second part follows because now ϵtrue is a Gaussian non-i.non-i.d. vector and hence squaring it does not give a χ2

distribution.
* Result 3 follows because the correct normalization is performed so as to result in an i.i.d. standard Gaussian

vector.
* Result 4A and 4B follow because now the r.v.s Rβ̂OLS and MXϵ

true are no longer uncorrelated and hence they
are statistically dependent.
* Result 5 follows because the r.v. (S−K)ŝ2OLS

σ2
ϵtrue

is (a) not distributed as χ2 and (b) is not independent of the r.v.

Rβ̂OLS.
* Result 6 follows because the r.v. (S−K)ŝ

2
OLS

σ2
ϵtrue

is (a) not distributed as χ2 and (b) is not independent of the square

of the r.v. Rβ̂OLS.
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14 Asymptotic/Large Sample Approximations of the Gaussian/ChiSquared/t-
/F-Distributions (CMT2) [SKIM!]

ANLRM with A4GM(iid)

Result 1
Conditionally on X,
Rβ̂OLS|X ≈ N

(
Rβtrue, R [...]R0

) for large S

Result 2
ŝ2OLS ≡

RSSOLS
S−k

p
!

as S !1
σ2ϵtrue &

(S−K)ŝ2OLS
σ2
ϵtrue

∼ χ2(1)

Result 3
Conditionally on X,
(Rβ̂OLS −Rβ

true)0 (R [...]R0)−1 (Rβ̂OLS −Rβ
true) ≈ χ2(r)

for large S

Result 4A
Conditionally on X, the Gaussian r.v. Rβ̂OLS of Result 1 and

the χ2 r.v. (S−K)ŝ
2
OLS

σ2
ϵtrue

of Result 2 are *independent*
Independence irrelevant for CMTs (e.g., Slutzsky or Cramer)

Result 4B
Conditionally on X, theχ2 r.v. (S−K)ŝ

2
OLS

σ2
ϵtrue

of Result 2 and

the χ2 r.v. of Result 3 are *independent*
Independence irrelevant for CMTs (e.g., Slutzsky or Cramer)

Result 5
Conditionally on X,

τ ≡ β̂
j
OLS−β

j
truer

[ŝ2OLS(X0X)−1]
jj

∼ t(1) = N(0, 1)

Result 6
Conditionally on X,
f ≡ (Rβ̂OLS −Rβ

true)0 (R [ŝ2OLS(X
0X)−1]R0)

−1
(Rβ̂OLS −Rβ

true)/r ∼ F (r,1) = χ2(r)/r

Result 7

Suppose an estimator θ̂method for the p× 1 unknown parameter vector θtrue

obeys: θ̂method ∼ N(θtrue, VGM(θ̂method)) for any sample size S;
or θ̂method ≈ N(θtrue, VGM(θ̂method)) for very large sample size S.
Then for any continuous function g(.) : Rp ! Rr

with continuous first-derivative matrix
h
@g(.)
@θ

i
it follows that:

g(θ̂method) ≈ N
(
g(θtrue),

h
@g(.)
@θ

i
VGM(θ̂method)

h
@g(.)
@θ

i0)
for very large S.

This result is already *asymptotic*
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14.1 Establishing Result 7: The Delta Method [UNDERSTAND METHOD, SKIM
DERIVATIONS!]

Main Points: We will establish the asymptotic (as S ! 1) distribution of g(β̂method), whether β̂method ∼Exactly
N(·, ·) or Approximately N(·, ·) through the so-called Delta Method.
The Delta Method works through an asymptotic linearisation of g(·). Using a Taylor expansion around βtrue:

g(θ̂) = g(θtruepx1 ) +
@g(θtrue)

@θ
(θ̂ − θtrue) +Higher − orderterms.

Suppose that θ̂method is a CUAN estimator for θ
true
px1 , i.e.:

p
S(θ̂ − θtrue)!d N(0, V Cov(θ̂method))asS !1& θ̂method ≈ N(θtrue, V Cov(θ̂method))forverylargeS.

In standard definition and notation:
@g(·)
@θ

= 5θg(·) ≡ gθ(·)

a r x p matrix of first derivative, 5represents the gradient function or“Delta” function.
Hence for very large S:

p
S[g(θ̂)− g(θtrue)] ≈ 5θg(θ

true)
p
S(θ̂method − θtrue)...Remainder (Leftout)

Since p
S(θ̂method − θtrue)!d N(0, V Cov(θ̂method)),

)By CMT2:
p
S[g(θ̂)− g(θtrue)]!d 5θg(θ

true) ∗N(0, V Cov(θ̂method) = N(0rx1,5θg(θ
true)V Cov(θ̂method)5θ g(θ

true)0)

Hence, the Delta Method gives the large sample approximation, since θ̂method is CUAN for θ
true:

g(θ̂method) ≈ N(g(θtrue),5θg(θ
true)(

(
V Cov(θ̂method)

S

)
)[5θg(θ

true)]0)

c⃝ Vassilis Hajivassiliou, LSE 2012—2023
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Review Quiz for Topic 11

Question 1. What is convergence in probability? What is Slutsky’s theorem (CMT1)? What is conver-
gence in distribution? What is Cramér’s theorem (CMT2)?

Question 2. Consider an n-th order polynomial f(x) for some n ≥ 2. Explain algebraically, graphically
and intuitively what is meant by a first-order Taylor approximation of f(x) at x0.

Question 3. Explain why it would be incorrect to claim that:

“β̂OLS|X
d→ N(βtrue, σ2

ε(X
′X)−1) under A1, A2linear,≥ A3Rsru,A4GM(iid) as S → ∞.”

Signpost 11

Try to read the extract from Peter Kennedy’s book, titled “Appendix C” (i.e., the pages that have been
provided in the extended notes above BEFORE the main lecture slides). Then also try to read the
supplementary technical notes from DrVH (i.e., the pages that have been provided in the extended notes
above AFTER the main lecture slides).

34


	11 Asymptotic and Large Sample Results
	1 What is in this document?


