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B�MMt hit@4T*�?} |iU�?�^�it� ì it|@M*�t� UL?t�t|i?U) @?_ @t)4T|L|�U ?Lh4@*�|) Lu |�i
�55 it|�4@|Lht @?_ _ih��i t��|@M*i h@|it @| ���U� |�i ?�4Mih Lu t�4�*@|�L?t 4�t| h�ti �u
M�@ti_ t�4�*@|Lht @hi �ti_�

�__hitt ULhhitTL?_i?Ui |LG

,�4@�*G �@tt�*�t9*ti�@U��!
�__hittG #iT@h|4i?| Lu ,UL?L4�Ut

wL?_L? 5U�LL* Lu ,UL?L4�Ut
OL�}�|L? 5|hii|
wL?_L?c `�2� 2�,
,?}*@?_

ki)�Lh_tG w�4�|i_ #iTi?_i?| V@h�@M*i �L_i*tc 5�4�*@|�L? ,t|�4@|�L?c B�MMt hi�
t@4T*�?}�

a,w �*@tt��U@|�L?G 2�f



�Zh duh lqghewhg wr wkuhh dqrq|prxv uhihuhhv/ Grq Dqguhzv/ Mdftxhv Gu�h}h/ Mrkq Jhzhnh/ Mrkq

Kdp/ Urvd Pdw}nlq/ Plfkho Prxfkduw/ Zklwqh| Qhzh|/ Shwhu Urelqvrq/ Sdxo Uxxg/ dqg Khupdq
ydq Glmn iru yhu| khosixo frpphqwv dqg vxjjhvwlrqv1 Dq| uhpdlqlqj huuruv dqg vkruwfrplqjv duh/

ri frxuvh/ rxu rzq uhvsrqvlelolw|1 \rrvrrq Fkdqj/ Gdq Qhovrq dqg Urehuw Vwrggdug surylghg

h{shuw uhvhdufk dvvlvwdqfh1 Kdmlydvvlolrx judwhixoo| dfnqrzohgjhv �qdqfldo vxssruw iurp wkh Qdwlrqdo
Vflhqfh Irxqgdwlrq wkurxjk judqw Qr1 VHV0;;0469631

�



4 Lqwurgxfwlrq

W| �@t *L?} Mii? !?L�? |�@| U*@tt�U@* it|�4@|�L? Lu *�4�|i_ _iTi?_i?| �@h�@M*i Ew#V� 4L_�

i*t ��|� �i �M*i ULhhi*@|�L? t|h�U|�hi �? |�i �?LMtih�@M*it TLtit uLh4�_@M*i UL4T�|@|�L?@*

ThLM*i4t MiU@�ti Lu @ UL?UL4�|@?| ?ii_ uLh ��}� _�4i?t�L?@* ?�4ih�U@* �?|i}h@|�L?� , @4�

T*it Lu t�U� 4L_i*t @hi 4�*|�Tih�L_ ET@?i*� ThLM�| @?_ ALM�| 4L_i*tc @t �i** @t 4�*|�?L4�@*

_�tUhi|i U�L�Ui 4L_i*t ��|� �@h)�?} t�Mt|�|�|@M�*�|) Mi|�ii? @�@�*@M*i @*|ih?@|��it� +iUi?|*)

�?�it|�}@|Lht �@�i t�L�? |�@| t�4�*@|�L? it|�4@|�L? 4i|�L_t |�@| @TThL �4@|i }i?ih@*�3i_

4L4i?| UL?_�|�L?t M) �?M�@ti_ t�4�*@|Lht ThL��_i UL?t�t|i?| @?_ @t)4T|L|�U@**) ?Lh4@*

T@h@4i|ih it|�4@|it uLh @ �?�|i ?�4Mih Lu t�4�*@|�L?t E�U6@__i?c �bHbc �@!it @?_ �L**@h_c

�bHb��� � UL44L? ThLTih|) Lu |�i i@h*) uLh4�*@|�L?t Lu 4i|�L_t Lu t�4�*@|�?} 4L4i?| UL?�

_�|�L?t E�5�� �t |�@| |�i) )�i*_ Uh�|ih�L? u�?U|�L?t |�@| @hi _�tUL?|�?�L�t �? |�i �?!?L�?

T@h@4i|ih �iU|Lht |L Mi it|�4@|i_� �t @ hit�*|c it|@M*�t��?} |�i�h @t)4T|L|�U ThLTih|�it

hi^��hit |�i |�iLh) Lu i4T�h�U@* ThLUittit� �LhiL�ihc |�i�h �4T*i4i?|@|�L? TLtit _��U�*|

UL4T�|@|�L?@* ThLM*i4tc MiU@�ti t|@?_@h_ 4i|�L_t uLh ?�4ih�U@* LT|�4�3@|�L? @tt�4i UL?�

|�?��|) Lu |�i LT|�4@?_ E@?_ ti�ih@* @*tL hi^��hi |��Ui UL?|�?�L�t _�gihi?|�@M�*�|) Lu |�i

Uh�|ih�L? u�?U|�L?��

W? |��t T@Tihc �i i TLt�| @?_ LTih@|�L?@*�3i @ 4i|�L_ Lu t�4�*@|i_ tULhit E�55�c ���U�

t�4�*@|it _�hiU|*) |�i *L}@h�|�4�U _ih��@|��it ULhhitTL?_�?} |L 4@ �4�4 *�!i*��LL_ it|�4@�

|�L? E�w,�c @?_ it|@M*�t� �|t @t)4T|L|�U ThLTih|�it� ì t�L� |�@| |�i �55 ThL��_it @
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ì u�h|�ih t�L� |�@| L?i 4@) LM|@�? UL4T�|@|�L?@**) 4Lhi |h@U|@M*i �55 it|�4@|Lht

M) i4T*L)�?} ETLtt�M*) M�@ti_� t�4�*@|Lht |�@| @hi UL?|�?�L�t �? w� �? �55 it|�4@|Lh |�@|

�tit M�@ti_ t�4�*@|�L?t Lu |�i tULhi u�?U|�L? hi*�it L? |�i u@U| |�@| |�i tULhi r�Ew( +�� '

��wEw( +��*��Ew( +��c @?_ �tit �?M�@ti_ t�4�*@|Lht uLh ��wEw( +�� @?_ ��Ew( +��� W| �t |��t _i�?i_

M)

	w�77� tL*�it

w

+
�

�

[
�

����w- ' f

,
c E2f�

��ihi

����w- � �

-

-[
o'�

���woEw( +��
���oEw( +��

c E2��

t�U� |�@| .��w�o ' �w�c .���o ' ��c @?_ ���o
R$ �� ��|� -�

W| �t �4TLh|@?| |L ?L|i |�@| �? }i?ih@* �| �t @_�@?|@}iL�t |L t�4�*@|i |�i ?�4ih@|Lh @?_

_i?L4�?@|Lh i Thitt�L?t t�4�*|@?iL�t*) @t �? E2�� h@|�ih |�@? tiT@h@|i*) E �
-?

S-?
o'�

���wo*
�
-_

S-_
r'�

���r��

A��t �t MiU@�ti M) �t�?} |�i t@4i �?_ih*)�?} _h@� |L t�4�*@|i ?�4ih@|Lh @?_ _i?L4�?@|Lh

�?t|i@_ Lu L?i _h@� uLh |�i ?�4ih@|Lh @?_ @? �?_iTi?_i?| L?i uLh |�i _i?L4�?@|Lhc @ TLt��

|��i ULhhi*@|�L? �t M��*| �?|L |�i ?�4ih@|Lh @?_ _i?L4�?@|Lh t�4�*@|�L?tc ���U� hi_�Uit |�i

�@h�@?Ui Lu |�i t�4�*@|Lh uLh |�i h@|�L�.

W? 5iU|�L? D �i }��i |�L t�4�*@|Lht |�@| @hi UL?|�?�L�t �? w� A�i �ht| t�U� t�4�*@�

|Lhc t�4�*@|Lh 5+�c �t M@ti_ L? @ hiU�ht��i UL?_�|�L?�?} Lu |�i ?Lh4@* 4�*|��@h�@|i _i?t�|)

9Lw lv lpsruwdqw wr srlqw rxw wkdw doo wkh dv|pswrwlf surshuwlhv zh zloo hvwdeolvk zloo uhtxluh wkdw wkh

vdph xqghuo|lqj udqgrp yduldwhv/ xvhg wr vlpxodwh wkh k+�, ixqfwlrqv/ pxvw eh xvhg wkurxjkrxw wkh lwhudwlyh
vhdufk iru wkh vroxwlrq wr wkh vlpxodwhg vfruhv1

:Wklv lv frq�uphg e| wkh Prqwh0Fduor h{shulphqwv lq Kdmlydvvlolrx/ 4<<91

b



|�hL�}� @ ��L*it!) |h�@?}�*@h�3@|�L? Lu �|t �@h�@?Ui�UL�@h�@?Ui 4@|h� @?_ @**L�t �t |L _i�

�?i �55�5+� @*L?} |�i *�?it Lu E2f�2��� � tiUL?_ UL?|�?�L�t 4i|�L_c t�4�*@|Lh B+5c �t

@*tL Thiti?|i_ �? 5iU|�L? D @?_ i4T*L)t B�MMt hit@4T*�?} 4i|�L_t� A�i hit�*|�?} it|�4@|Lhc

�55�B+5c �t @? �4T*i4i?|@|�L? Lu E�b�� �t �i t�L� �? 5iU|�L? Sc uLh �55�5+� M@ti_ L? -

t�4�*@|�L?t |L Mi �N�� @t � $ 4c - 4�t| h�ti @| @ h@|i u@t|ih |�@?
s
� c ��ihi@t �u |�i

t�4�*@|Lh M@ti_ L? B�MMt�hit@4T*�?} E�55�B+5� �t i4T*L)i_ ��|� - t�4�*@|�L?tc |�i? ?Cc

|�i ?�4Mih Lu B�MMt hit@4T*�?}t �ti_ |L }i?ih@|i i@U� t�4�*@|�L?c 4�t| }hL� u@t|ih |�@?

|�i E4�U�� t*L�ih h@|i *L}� � `�i?c �? @__�|�L?c - }hL�t ��|�L�| ML�?_ E@| @?) h@|i�c

�55�B+5 @U��i�it |�i u�** @t)4T|L|�U i�U�i?U) Lu �w,�

A�iti ui@|�hit @hi @ 4@h!i_ �4ThL�i4i?| L�ih |�i ThLTih|�it Lu |�i �ht| t�4�*@|�L?

it|�4@|�L? 4i|�L_ uLh w#V 4L_i*t _i�i*LTi_ M) wih4@? @?_ �@?t!�c �bH�� A�iti @�|�Lht

i T*Lhi_ |�i �ti Lu t�4�*@|�L? �? |�i UL?|i | Lu it|�4@|�?} |�i U*@tt�U _�tUhi|i U�L�Ui 4L_i*

@?_ ThLTLti_ |�i it|�4@|LhG

	wu� ' @h}4@ 
w

+
�

�

[
�

�

-

[
o

*? ���o

,
c E22�

t�U� |�@| |�i *�!i*��LL_ UL?|h�M�|�L?t �� @hi t�4�*@|i_ �?M�@ti_*) E.���o ' ��� @?_ UL?t�t�

|i?|*) ��|� - E���o
R$ ���� wih4@? @?_ �@?t!� �ti_ |�i i4T�h�U@* U�L�Ui ThLM@M�*�|�it @t |�i

t�4�*@|�?} u�?U|�L? ��� A��t it|�4@|Lh �t @ _�tUL?|�?�L�t u�?U|�L? Lu |�i T@h@4i|iht @?_ �|

�t ?L| ML�?_i_ @�@) uhL4 f @?_ �� Oi?Uic MiU@�ti Lu |�iti ThLM*i4t wih4@? @?_ �@?�

t!� uL�?_ |�@| |�i�h it|�4@|Lh hi^��hi_ @ �ih) *@h}i ?�4Mih Lu t�4�*@|�L?t uLh t@|�tu@U|Lh)

TihuLh4@?Ui�

A�i u@U| |�@| �55 hi*�it L? |�i �_i@ |�@| |�i tULhi uLh |�i }i?ih@* *�?i@h i TL?i?|�@* 4L_i*

U@? Mi �h�||i? @t UL?_�|�L?@* i TiU|@|�L?t ���U� 4�}�| Mi t�4�*@|i_ _�hiU|*)c �4T*�it |�@|

�55 �t }i?ih@**) @TT*�U@M*i |L @?) w#V 4L_i* |�@| U@? Mi �h�||i? @t @ ti| Lu *�?i@h �?i^�@*�|)

UL?t|h@�?t L? |�i �?_ih*)�?} *@|i?| �@h�@M*itc |�i _�t|h�M�|�L? Lu ���U� Mi*L?}t |L |�i *�?i@h

i TL?i?|�@* U*@tt� 6L�h �**�t|h@|�L?t �ihi }��i? �? E.��E�f�� Oi?Uic |�i 4i|�L_ _Lit ?L|

hi^��hi |�i _i�i*LT4i?| Lu @_ �LU t�4�*@|�L? |iU�?�^�it uLh i@U� |)Ti Lu w#V 4L_i* |�@| �t

�?_ih UL?t�_ih@|�L?� A��t }i?ih@*�|) Lu |�i �55 it|�4@|Lh �4ThL�it L? i �t|�?} it|�4@|�L?

4i|�L_t Lu t�4�*@|i_ 4L4i?|t E�5�� ���U� hi^��hi tTiU�@*�3i_ @h}�4i?|t uLh _�gihi?|

U*@ttit Lu w#V 4L_i*t� 5iic uLh i @4T*ic |�i �5� @TThL@U� _i�i*LTi_ M) �U6@__i?c �bHb

uLh |�i tTiU�@* U@ti Lu |�i 4�*|�?L4�@* ThLM�| 4L_i*� A�i U@ti Lu 4�*|�Tih�L_ M�?@h) _�tUhi|i

hitTL?ti U@? Mi |�L�}�| Lu @t @ 4�*|�?L4�@* ThLM�| 4L_i* L�ih |�i U�L�Ui ti| � ' i��c
n�j6� c ��|� 26� TLtt�M*i T@||ih?t Lu U�L�Ui L�ih |�4i� A�i u@U| |�@| 6� �t u@�h*) *@h}i �?

|)T�U@* @TT*�U@|�L?tH hi?_iht �?|h@U|@M*i t�4T*i uhi^�i?U) t�4�*@|Lht uLh U�L�Ui�ThLM@M�*�|�it

;Iru prvw frxqwulhv lq wkh vdpsoh ri Kdmlydvvlolrx/ 4<<7/ wkh qxpehu ri wlph shulrgv zlwk dydlodeoh gdwd

�f



�? |�i 4L4i?| UL?_�|�L?t� � t�4�*@h _��U�*|) ��|� |�i �5� @TThL@U� @h�tit �? |�i h@?!

Lh_ih ThLM�| 4L_i* E4L_i* e @ML�i� MiU@�ti ��|� a @�@�*@M*i @*|ih?@|��it �? |�i U�L�Ui ti|

|�ihi i �t| a - TLtt�M*i Lh_ih�?}t |�@| �L�*_ hi^��hi |�i�h ThLM@M�*�|�it U@*U�*@|i_�

W| t�L�*_ @*tL Mi ?L|i_ |�@| |�i t�4�*@|�L? it|�4@|Lht UL?t�_ihi_ �ihi @TT*) @*tL |L

}i?ih@* w#V 4L_i*t |�@| �@�i ML|� _�tUhi|i @?_ UL?|�?�L�t ui@|�hit M) �h�|�?} |�i �L�?|

*�!i*��L_ @t |�i ThL_�U| Lu |�i 4@h}�?@* _�t|h�M�|�L? Lu |�i UL?|�?�L�t T@h| |�4it |�i UL?�

_�|�L?@* _�t|h�M�|�L? Lu |�i _�tUhi|i T@h| UL?_�|�L?@* L? |�i UL?|�?�L�t� A)T�U@**)c @?@*)|�U

i Thitt�L?t ��** i �t| uLh |�i UL?|�?�L�t T@h|c ���*i t�4�*@|�L? 4i|�L_t ��** Mi @TT*�i_ |L

|�i UL?_�|�L?@* _�tUhi|i T@h|� �t @? �**�t|h@|�L?c UL?t�_ih |�i 4�*|�Tih�L_ ALM�| Lh Ui?tLhi_

hi}hitt�L? 4L_i*c ��ihi +�| ' 4@ Efc +W�|�� #i�?i

U ' U�E+�� ' i|m+�| ' fc | ' �c � � � c Aj
a ' a�E+�� ' i|m+�| : fc | ' �c � � � c Aj�

A�i *�!i*��LL_ uLh @ hitTL?_i?| �t

�E+�c w� '

]
+W
U
$f
?E+WU �fUqc +a �faqcl�_+

W
U c

��ihi +WU �t |�i t�M�iU|Lh Lu +
W
� ��|� UL4TL?i?|t �? U� ��|

?E+WU �fUqc +a �faqcl� ' ?E+a �faqclaa� � ?E+WU � >Uc �lUU�c

��|� >U � .E+WU m+a� @?_ �lUU � �@hE+WU m+a��
A�i *L}�*�!i*��LL_ uLh @ hitTL?_i?| |�i? UL?t�t|t Lu @ |ih4 |�@| �@t @ U*Lti_ uLh4 i Thitt�L?

@?_ @ tiUL?_ |ih4 ���U� �t @ 4�*|�?L4�@* ThLM@M�*�|) |�@| @** UL4TL?i?|t Lu +WU @hi ?L?�

TLt�|��i�

� u�h|�ih UL?t�_ih@M*i @_�@?|@}i Lu �55 it|�4@|Lht �t |�@| MiU@�ti |�i) t�4�*@|i _�hiU|*)

|�i UL?_�|�L?@* i TiU|@|�L? i Thitt�L?t |�@| @TTi@h *�?i@h*) �? |�i tULhitc |�i) �4T*�U�|*)

i4T*L) |�i LT|�4@* �?t|h�4i?| u�?U|�L?t �? @ }i?ih@*�3i_ 4i|�L_ Lu 4L4i?|t UL?|i |� A��t

�tt�i �t uL�?_ |L Mi Uh�|�U@* �? |�i �L?|i��@h*L t|�_) Lu O@���@tt�*�L�c �bbSG uLh t@|�tu@U|Lh)

i�U�i?U)c �5� it|�4@|�L? hi^��hit }LL_ @TThL �4@|�L?t |L LT|�4@* �?t|h�4i?|tc ���U� �?

}i?ih@* �t _��U�*| |L @U��i�i� W? UL?|h@t|c �55 @�|L4@|�U@**) �tit |�i LT|�4@* �?t|h�4i?|t

uLh @t)4T|L|�U i�U�i?U)�

wi| �t ?L� L�|*�?i |�i |�hii t�4�*@|�L? 4i|�L_t �i ThLTLti �? 5iU|�L? D |L �ti �?

UL?��?U|�L? ��|� �55 it|�4@|Lht� A�i t�4�*@|Lh 5�+ �t M@ti_ L? @ t�}}it|�L? �? +��_c

�bHS |L �ti @? �?M�@ti_ t�4�*@|Lh Lu |�i UL?_�|�L?@* i TiU|@|�L? .i�E+W� � f�qm(E+���j
���U� @TTi@ht �? |�i *L}@h�|�4�U tULhic M) _h@��?} t|@?_@h_ ?Lh4@* �iU|Lht # ti^�i?|�@**)

�?|�* - �@*�it Lu +W� ' f�q n K�# 5 (E+�� @hi LMtih�i_c ��ihi - �t � i_ �? @_�@?Uic

lv 4:1

��



|�i? uLh4�?} @ t@4T*i @�ih@}i Lu �E+W� � f�q� uLh |�i +
W
� _h@�? |�@| @hi �? (E+���

b #i�?i

B(E+�� ' � �u +W� 5 (E+��c ' f L|�ih��ti� Wu ��Ew( +�� ' .B(E+��E+
W
� � �t t4@**c @t t�L�*_ Mi

i TiU|i_ �? hi@*�t|�U U@tit ��|� @ *@h}i ?�4Mih Lu @*|ih?@|��i U�L�Uit Lh U�L�Ui T@||ih?t L�ih

|�4ic |�i? @ *@h}i t�4�*@|�L? t@4T*i �t hi^��hi_ |L LM|@�? |�i t�4�*@|Lh� 5�4�*@|Lh 5�+

�t @? @*|ih?@|��i 4i|�L_ M@ti_ L? @UUiT|@?Ui�hi�iU|�L? @h}�4i?|t |�@| �t UL4T�|@|�L?@**)

4�U� 4Lhi i�U�i?|� E5ii �hitt i| @*� c �bHS @?_ #i�hL)ic �bHS uLh �t�?} |�i @UUiT|@?Ui�

hi�iU|�L? 4i|�L_ |L }i?ih@|i ?L?��?�uLh4 h@?_L4 �@h�@|it�� A�iti @TThL@U�it @*tL )�i*_

_�tUL?|�?�L�t it|�4@|Lht M�| �@�i |�i @_�@?|@}i |�@| @ �?�|i ?�4Mih Lu |ih4�?@* t�4�*@|�L?tc

-c �t ?ii_i_ uLh �55 |L Mi �N���

6�h|�ihc |�i 5+� t�4�*@|Lh �? 5iU|�L? D �t 4L|��@|i_ M) |�i LMtih�@|�L? |�@| |�i UL?_��

|�L?@* i TiU|@|�L? i Thitt�L? |�@| @TTi@ht �? E�H� U@? Mi �h�||i? @tG

.E�E+W� �f�q�m(E+��� '

U
�E+W� �f�q�B(E+��?E+

W
� �f�qcl��_+

W
�U

B(E+��?E+W� �f�qcl��_+W�
' ��w*��� E2��

Oi?Ui �4T*i4i?|@|�L? Lu �55�5+� �? |�i uLh4 Lu E2f� @?_ E2�� hi^��hit t�4�*@|Lht ��|�

}LL_ ThLTih|�it uLh |�i _ih��@|��i �iU|Lht ��w @?_ |�i ThLM@M�*�|�it ��� �L|ic �? T@h|�U�*@hc

|�@| 5+� �t M) _it�}? ML�?_i_ @�@) uhL4 f @?_ �c ���U� �t Uh�U�@* }��i? |�@| �� @TTi@ht �?

|�i _i?L4�?@|Lh Lu |�i tULhi i Thitt�L?�

�t �i _�tU�tti_ i@h*�ihc L?i U@? |��?! Lu @? @*|ih?@|��i �55 it|�4@|Lh |�@| t�4�*@|it

|�i ?�4ih@|Lh @?_ _i?L4�?@|Lh Lu |�i tULhi h@|�L tiT@h@|i*) Lu L?i @?L|�ih �? |�i uLh4G

�w�77�- tL*�it

w

+
�

�

[
�

%
�

-?

-?[
o

�w�o*
�

-_

-_[
r

��r

&
' f

,
c E2e�

� 4i|�L_ �? |�i *�|ih@|�hi |�@| �Lh!t @*L?} |�iti *�?it �t _�i |L �@? �h@@} @?_ OLTc

�bH.� A�i�h 4i|�L_ i4T*L)t �?_iTi?_i?| t�4�*@|Lht Lu |�i ?�4ih@|Lh @?_ _i?L4�?@|Lh Lu

E2����f �t �i i T*@�?i_ @*hi@_)c L�h E2f�2�� �4T*i4i?|@|�L? �t Thiuih@M*i MiU@�ti �| hi_�Uit

t�4�*@|�L? �@h�@?Ui M) t�4�*@|�?} t�4�*|@?iL�t*) |�i tULhi @t @ h@|�L� W? i�|�ih U@tic �| �t

�4Tih@|��i |�@| L?i ?L| �ti @ uhi^�i?U) t�4�*@|Lh uLh |�i _i?L4�?@|Lh i Thitt�L? MiU@�ti |�i

uhi^�i?U) t�4�*@|Lh �t ?L| ML�?_i_ @�@) uhL4 f� A�i hiU�ht��i UL?_�|�L?�?} t�4�*@|Lh 5+�

�i _�tU�tt �? 5iU|�L? Dc �t M) _it�}? ML�?_i_ @�@) uhL4 f @?_ � @?_c �? @__�|�L?c �t t4LL|�c

���U� @�L�_t @ tiUL?_ _��U�*|) ��|� |�i uhi^�i?U) t�4�*@|Lh���

6�?@**)c �?|hL_�U�?} |�i �@h!L��@? �T_@|�?} tU�i4i !?L�? @t B�MMt hit@4T*�?} �i

LM|@�? t�4�*@|Lh B+5 ���U� it|�4@|it |�i UL4T*i|i tULhi u�?U|�L? @t �? E�b�� �? �55

<Vhh Uxxg/ 4<<4 iru frpelqlqj wkhvh lghdv zlwk wkh HP dojrulwkp1
43Vhh htxdwlrq +55, rq s14< ri wkhlu sdshu1
44Dqrwkhu vlpxodwru ri OGY suredelolwlhv zklfk lv vprrwk dqg erxqghg dzd| iurp 3 dqg 4 lv gxh wr

Vwhuq/ 4<<51 H{whqvlyh Prqwh Fduor hylghqfh lq Kdmlydvvlolrx hw do1 / 4<<9 vkrzv wkdw vlpxodwru VUF vwulfwo|

grplqdwhv wkh Vwhuq vlpxodwru lq whupv ri vlpxodwlrq PVH1

�2



it|�4@|Lh M@ti_ L? t�4�*@|Lh B+5 - |ih4�?@* t�4�*@|�L?t i@U� M@ti_ L? ?C hit@4T*�?}t ELh

RM�h?��?� U)U*it� �t �N�� uLh @?) -c ThL��_i_ ?C }hL�t u@t|ih |�@? *L}� � W? @__�|�L?c

�55�B+5 ��** @U��i�i |�i u�** @t)4T|L|�U i�U�i?U) Lu �w, @t - }hL�t ��|�L�| ML�?_

@| @?) h@|i� A�iti @hi �ih) t@|�tu@U|Lh) h@|itc itTiU�@**) }��i? |�i t4LL|�?itt @?_ |�i

UL4T�|@|�L?@* t�4T*�U�|) Lu |��t t�4�*@|Lh�

7 Dv|pswrwlf Glvwulexwlrq ri PVV Hvwlpdwruv

wi| r�Ew� ' ��wEw�*��Ew� _i?L|i |�i tULhi uLh LMtih�@|�L? �c @?_ *i| �r�Ew� _i?L|i |�i t�4�*@|i_

�@*�i Lu r�Ew�c uLh @ t@4T*i Lu �?_iTi?_i?|*)c �_i?|�U@**) _�t|h�M�|i_ LMtih�@|�L?t � ' �c � � � c � �

#i�?i @ t�4�*@|�L? M�@tc

�� Ew� '
�s
�

�[
�'�

d,��r�Ew�� r�Ew�oc E2D�

��ihi ,� _i?L|it @? i TiU|@|�L? ��|� hitTiU| |L |�i t�4�*@|�L? ThLUittc }��i? |�i LMtih�@�

|�L?� #i�?i @ t�4�*@|�L? hit�_�@* ThLUittc

l� Ew� '
�s
�

�[
�'�

1�Ew�c ��|� 1�Ew� � d�r�Ew��,��r�Ew�� �r�Ew
W� n,��r�Ew

W�o� E2S�

6L**L��?} |�i 4i|�L_ Lu �U6@__i?c �bHb @?_ �@!it @?_ �L**@h_c �bHbc �i t�L� |�@| @tt�4T�

|�L?t L? |�i t�4�*@|�L? M�@t @?_ t�4�*@|�L? hit�_�@* ThLUittc T*�t hi}�*@h�|) @tt�4T|�L?tc

@hi t��U�i?| uLh |�i �55 it|�4@|Lh 	w� |�@| tL*�it
S�

�'� �r�E
	w�� ' f |L Mi UL?t�t|i?| @?_

@t)4T|L|�U@**) ?Lh4@*�

A�iLhi4 � �tt�4i |�@| |�i T@h@4i|ih w �t UL?|@�?i_ �? @ UL4T@U| ti| Xc @?_ |�@| |�i |h�i

�@*�i wW �t �? |�i �?|ih�Lh Lu X� �tt�4i |�@| |�i tULhi r�Ew� �t UL?|�?�L�t*) _�gihi?|�@M*i

L? X� �tt�4i |�@| |�i tULhi @?_ �|t _ih��@|��itc @?_ |�i t�4�*@|i_ tULhic @hi _L4�?@|i_

M) @ u�?U|�L? �?_iTi?_i?| Lu w ��|� �?�|i �ht| @?_ tiUL?_ Lh_ih 4L4i?|t� �tt�4i |�@|

.�r�Ew� ' f �u @?_ L?*) �u w ' wWc @?_ |�@| a ' �.�r�wEw
W� �t TLt�|��i _i�?�|ic ��ihi .�

_i?L|it i TiU|@|�L? ��|� hitTiU| |L |�i _�t|h�M�|�L? Lu |�i LMtih�@|�L?t� �tt�4i |�@| |�i

LMtih�@|�L?t @?_ t�4�*@|Lht @hi �?_iTi?_i?|*) �_i?|�U@**) _�t|h�M�|i_ @UhLtt LMtih�@|�L?t�

�tt�4i |�@| E�� |�i t�4�*@|�L? M�@t UL?�ih}it |L 3ihL �? ThLM@M�*�|)c �?�uLh4*) �? wc @?_

E��� |�i t�4�*@|�L? hit�_�@* ThLUitt �t t|LU�@t|�U@**) i^��UL?|�?�L�t��2 �tt�4i |�@| @ �55

45Wkh ixqfwlrqv i�Q +�,j duh vwrfkdvwlfdoo| htxlfrqwlqxrxv dw �
4
� � li iru hdfk � A 3 dqg � A 3/ wkhuh

h{lvwv � A 3 dqg Qr vxfk wkdw iru Q � Qr/

Sure

#
vxs

m���3m?�

m�Q +�,� �Q +�
3,m A �

$
? �> zkhuh �3 5 � dqg � 5 �

4
=

��



it|�4@|Lh tL*��?} f '
S�

�'� �r�E
	w�� i �t|t uLh i@U� � ��� A�i?c |�i it|�4@|Lh t@|�t�it 	w�

R$ wW

@?_
s
�E	w� � wW�

_$ ~ � Q Efc a3� n a3�'a3��c ��ihi ' ' .d�r�Ew
W� � ,��r�Ew

W�od�r�EwW� �
,��r�Ew

W�o��

�hLLuG

A�i _i�?�?} i^�@|�L?t uLh |�i it|�4@|Lh U@? Mi �h�||i?c M) @__�?} @?_ t�M|h@U|�?} |ih4tc

@tc

f '
�s
�

�[
�'�

r�E	w�� � �� n ��E	w�� n l�E	w�� n��E	w��c E2.�

��|�

�� ' �I
�

S�

�'� r�Ew
W� n �I

�

S�

�'�d�r�Ew
W�� ,��r�Ew

W�oc

��Ew� '
�I
�

S�
�'�dr�Ew�� r�Ew

W�o�

A�i ����_� @tt�4T|�L? L? |�i LMtih�@|�L?t @?_ t�4�*@|�L?c |�i _L4�?@?Ui UL?_�|�L? |�@|

�4T*�it |�i i �t|i?Ui Lu 4L4i?|tc @?_ |�i UL?_�|�L?.r�Ew
W� ' fc �4T*) M) |�i w�?_Mih}�wi�)

Ui?|h@* *�4�| |�iLhi4 |�@| �� �t @t)4T|L|�U@**) ?Lh4@* ��|� 4i@? 3ihL @?_ UL�@h�@?Ui 4@|h� 

an'� A�i? ��*
s
� ' JRE��� A�i t|LU�@t|�U i^��UL?|�?��|) @tt�4T|�L? E��� �4T*�it |�@| l�

�t �?�uLh4*) t|LU�@t|�U@**) ML�?_i_c @?_ �i?Ui |�@| l�E	w��*
s
� ' JRE��c @?_ @tt�4T|�L?

E�� L? |�i t�4�*@|�L? M�@t �4T*�it |�@| ��E	w� � ' JRE��� A�i UL?|�?�L�t _�gihi?|�@M�*�|) Lu

r� L? X @?_ |�i 4L4i?| UL?_�|�L?t �4T*) |�@| �� Ew�*
s
� t@|�t�it @ N?�uLh4 w@� Lu w@h}i

��4Mihtc UL?�ih}�?} |L @ UL?|�?�L�t*) _�gihi?|�@M*i u�?U|�L? �Ew� |�@| �t ML�?_i_ @�@)

uhL4 3ihL ��i? w 9' wWc ��|� �wEw
W� ' �a ��e 6hL4 E2.�c L?i |�i? �@t

f ' ��E	w� �*
s
� n JRE�� ' �E	w�� n JRE��c

�4T*)�?} |�@| 	w�
R$ wW�

Li �Q lv vwrfkdvwlfdoo| htxlfrqwlqxrxv dw �/ zlwk � frpsdfw dqg frqyh{/ dqg �Q +�
r, lv vwrfkdvwlfdoo| erxqghg

iru vrph �r 5 �/ wkhq �Q lv xqlirupo| vwrfkdvwlfdoo| erxqghg rq �1 Wklv iroorzv e| qrwlqj wkdw dw prvw
5P@� srlqwv ohvv wkdq d glvwdqfh � dsduw duh uhtxluhg rq d olqh vhjphqw ehwzhhq �r dqg dq| � 5 �/ zkhuh

P erxqgv wkh gldphwhu ri �1 Wkhq/

vxs
�5�

m�Q +�,� �Q +�
r,m � +5P@�, vxs

m�3��33m?�

m�Q +�
3,� �Q +�

33,m >

lpso|lqj wkdw jlyhq �> � A 3/ wkhuh h{lvwv � A 3 vxfk wkdw Sure+vxs�5� m�Q +�,� �Q +�
r,m A 5P�@�, ? �1 Wklv

zrunv iru wkh vlpxodwlrq uhvlgxdo surfhvv lq wklv Vhfwlrq zlwk �r @ �� vlqfh �Q +�
�, @ 31

46Lw lv vx�flhqw wr gh�qh a�Q wr eh dq dssur{lpdwh vroxwlrq vdwlvi|lqj R+4, @
SQ

l@4 �vl+
a�Q ,> vxfk dq

hvwlpdwru dozd|v h{lvwv1
47D X1O1O1Q1 vwdwhv wkdw jlyhq �/ � A 3/ wkhuh h{lvwv Qr vxfk wkdw iru Q � Qr/ Sure+pd{�5� mFQ +�, �

#+�,m A �, ? �1

�e



�i |c
s
�E	w� � wW� �t t�L�? |L Mi t|LU�@t|�U@**) ML�?_i_� A�i @t)4T|L|�U ?Lh4@*�|) Lu

�� c @?_ @tt�4T|�L?t E�� @?_ E���c �4T*)c

RRE�� ' ��E	w�� '

#
�

�

�[
�'�

dr�wEw
W� nRE	w� � wW�o

$s
�E	w� � wW�c

��|� |�i tiUL?_ i^�@*�|) uL**L��?} uhL4 @ A@)*Lh<t i T@?t�L? Lu r�E	w�� @ML�| w
W �t�?} |�i

_�gihi?|�@M�*�|) @?_ _L4�?@?Ui @tt�4T|�L?t� A�i?c .r�wEw
W� ?L?�t�?}�*@h @?_ 	w�

R$ wW

�4T*)
s
�E	w� � wW� ' RRE��� �L|i |�@| |��t hit�*| @?_ @tt�4T|�L? E��� �4T*) |�@| l�E	w� � '

JRE���

AL it|@M*�t� @t)4T|L|�U ?Lh4@*�|)c �ti |�i A@)*Lh<t i T@?t�L? @ML�i Lu ��E	w� � @?_

@tt�4T|�L?t E�� @?_ E��� �? A�iLhi4 E�� |L LM|@�?c

f ' �� n

#
�

�

�[
�'�

dr�wEw
W� nRE	w� � wW�o

$s
�E	w� � wW� n JRE���

��|c �
�

S�

�'� r�wEw
W�

R$ ac �4T*)�?}
s
�E	w� � wW� ' �a3��� n JRE��

_$ ~ � Q Efc a3�Ea n

'�a3��� �

8 Frqglwlrqdo Qrupdo Glvwulexwlrqv dqg Vlpxodwlrq

W? |��t 5iU|�L? �i Thiti?| |�hii t�4�*@|�L? |iU�?�^�it |L �ti ��|� �55 it|�4@|Lht� A�i

�ht| |�L @hi UL?|�?�L�t �? |�i �?!?L�? T@h@4i|ihtc @?_ ThL��_i @t)4T|L|�U@**) �?M�@ti_

t�4�*@|Lht Lu |�i tULhi� �t)4T|L|�U �?M�@ti_?itt Lu t�4�*@|Lh 5+� hi^��hit |�i ?�4Mih

Lu t�4�*@|�L?t i4T*L)i_ |L }hL� ��|�L�| ML�?_c ���*i t�4�*@|Lh B+5c ���U� �tit @ �?�|i

?�4Mih Lu t�4�*@|�L?tc �t @t)4T|L|�U@**) �?M�@ti_ @t |�i ?�4Mih Lu hit@4T*�?}t �ti_ |L

}i?ih@|i i@U� t�4�*@|�L? h�tit ��|�L�| ML�?_� A�i |��h_ t�4�*@|Lhc 5�+c �t @? �?M�@ti_

it|�4@|Lh uLh |�i tULhi uLh @ �?�|i ?�4Mih Lu t�4�*@|�L?tc @?_ �t @ _�tUL?|�?�L�t u�?U|�L?

Lu |�i �?!?L�? T@h@4i|iht� A�i UL?t�t|i?U) @?_ @t)4T|L|�U ?Lh4@*�|) Lu �55 it|�4@|Lht

M@ti_ L? @?) Lu |�iti |�hii t�4�*@|�L? 4i|�L_t �t it|@M*�t�i_ �? 5iU|�L? S tTiU�@*�3�?} |�i

}i?ih@* hit�*|t Lu 5iU|�L? e�
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�zzPD""fQJ=�'pf�>Q���"x�>pp�'�p�

9 Dv|pswrwlf Glvwulexwlrq ri PVV0VUF/ PVV0JUV/

dqg PVV0VDU

A��t T@Tih �t UL?Uih?i_ ��|� |�i U@ti Lu w#V 4L_i*t uLh4i_ uhL4 @ �iU|Lh Lu i L}i?L�t

�@h�@M*it %c @ T@h@4i|ih wc @?_ @ t|@?_@h_ ?Lh4@* *@|i?| �iU|Lh � 5 +6� � �?�|i tih�it Lu

�)TihT*@?itc Lu |�i uLh4 i� 5 +6m� � R&E%c w� ' S&E%c w�jc ��|� R& @ ?Lh4@* �iU|Lh Lu �?�|

*i?}|�c T@h|�|�L? +6 �?|L hi}�L?t _ ' �c � � � c� � A�ihi 4@) @*tL Mi @ *�?i@h 4@TT�?} uhL4

� |L @ UL?|�?�L�t �iU|Lh + |�@| _iTi?_t L? %c w @?_ _ G + ' @E%c wc _� n �E%c wc _��� wi|

(E%c wc _� _i?L|i |�i ti| Lu � |�@| 4@T �?|L _� A�i?c |�i tULhi Lu LMtih�@|�L? � uhL4 @?

�?_iTi?_i?|*)c �_i?|�U@**) _�t|h�M�|i_ t@4T*i Lu t�3i � U@? Mi �h�||i?

r�Ew� ' .�E�E�c wc %�c _�c +��m� 5 (E%�c wc _���c Eeb�

��ihi � �t @ �iU|Lh Lu TL*)?L4�@*t �? �� AL @�L�_ |iU�?�U@* _��U�*|�itc �i @tt�4i uLh |�i

w#V tTiU�@* U@ti E��|�L�| @?) itti?|�@* *Ltt Lu i4T�h�U@* }i?ih@*�|)� |�@| |�i 4�*|��@h�@|i

2S



?Lh4@* _�t|h�M�|�L? � �t |h�?U@|i_ |L @ *@h}i UL4T@U| hiU|@?}*i� ì 4@!i |�i hi}�*@h�|)
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