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Xqghu vwdqgdug uhjxodulw| frqglwlrqv/ wkh �uvw whup lv dv|pswrwlfdoo| qrupdo/ uh�hfwlqj wkh qrlvh lq wkh

revhuydwlrqv/ dqg wkh wklug whup lv sursruwlrqdo wr
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Q+a� � �r,1 Wkh odvw whup zloo eh ri rughu rs+4, iru

vlpxodwruv wkdw vdwlvi| d vwrfkdvwlf htxlfrqwlqxlw| frqglwlrq1 Zkhq v lv d vprrwk ixqfwlrq ri fuxgh iuhtxhqf|

vlpxodwruv ri S / u�S / hwf1/ rewdlqhg xvlqj U Prqwh Fduor gudzv/ wkh vhfrqg whup zloo ehkdyh olnh
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pdjqlwxgh wr wkh �uvw whup iru �{hg U1
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E�W5�� W4TLh|@?Ui t@4T*�?} �Lh!t �i** ��i? �E��?E� � >cl�*�E�� �t u@�h*) �@|c @?_ �E��

UL?Ui?|h@|it ThLM@M�*�|) �? |�i t@4i hi}�L? @t ?E� � >cl��

6Lh u@t| UL4T�|@|�L?c U�LLti � tL |�@| |�i UL4TL?i?|t @hi �?_iTi?_i?|c Lh @hi LM|@�?i_

@t t�4T*i |h@?tuLh4@|�L?t Lu �?_iTi?_i?| �@h�@|it� � TLtt�M*i U�L�Ui Lu � ��i? |�i hiU|@?}*i

d@c Ko �t �?�|i �t |�i �?�uLh4 _�t|h�M�|�L? L? |��t hiU|@?}*i� W?_iTi?_i?| i TL?i?|�@* _i?t�|�itc

E2�� �E�� '

6\
�'�

i TEE�� � K��*S��*S�c

��ihi S� @hi T@h@4i|iht |�@| U@? Mi ti| @t T@h| Lu |�i t�4�*@|�L?c @hi ui@t�M*i( _h@�t uhL4

|��t _i?t�|) @hi i@t�*) UL4T�|i_ �t�?} �� ' K� n S� � *L} l�c ��ihi l� �t @ �?�uLh4 dfc�o �@h�@|i�

A��t T@h|�U�*@h U�L�Ui Lu �E�� _i�?it |�i �W5, t�4�*@|Lh��f �? @*|ih?@|��i |�@| �t 4Lhi

*�!i*) |L UL?Ui?|h@|i ThLM@M�*�|) uLh � �? |�i t@4i hi}�L? @t |�i 4�*|��@h�@|i ?Lh4@* �t |�i

;Wkhvh glvfrqwlqxlwlhv gr qrw suhyhqw xvh ri wkhvh vlpxodwruv iru vwdwlvwlfdo lqihuhqfh1 Li � lv qrw uhgudzq

zkhq sdudphwhuv fkdqjh vr wkdw _fkdwwhu% lv dyrlghg/ wkhq wkhvh vlpxodwruv duh slhfhzlvh frqvwdqw lq sd0

udphwhuv/ dqg wkh pdqlirogv rq zklfk glvfrqwlqxlwlhv rffxu duh olqhdu1 Wkhvh surshuwlhv lpso| d vwrfkdvwlf

htxlfrqwlqxlw| surshuw| wkdw lv vx�flhqw wr pdnh wkh vlpxodwruv zhoo0ehkdyhg lq vwdwlvwlfdo lqihuhqfh> vhh

PfIdgghq +4<;<,1
<Vhh Txdqgw +4<;7, iru d glvfxvvlrq ri lwhudwlyh sdudphwhu vhdufk dojrulwkpv1
43_H% iru h{srqhqwldo1

�e



ThL_�U| Lu |h�?U@|i_ ?Lh4@*tc

E2e� �E�� '

6\
�'�

�EE�� � k��*S��*dxEEK� � k��*S��� xEE@� � k��*S��oc � 5 �c

��|� k� ' >� @?_ S� '
s
l��� �?i U@? t@4T*i uhL4 |��t _�t|h�M�|�L? �t�?}

E2D� �� ' k� n S�x
3�El�xEEK� � k��*S�� n E�� l��xEE@� � k��*S���c

��|� l� @ �?�uLh4 dfc�o �@h�@|i� Nt�?} �E�� }��i? �? E2e� _i�?it |�i �W5A t�4�*@|Lh���

+i_�U|�L? �? t�4�*@|�L? �@h�@?Ui �t �? Th�?U�T*i @U��i�@M*i �t�?} @?|�|�i|�U �@h�@|itc ��|�

|�i l� �? _�4i?t�L? � _h@�? �? hiTi@|i_ |h�@*t uhL4 @ h@?_L4 }h�_ L? |�i �?�| �?|ih�@*� �

�@h�@|�L? L? E2e� uLh �?�|i hiU|@?}*it d@c Ko �t

E2S� k� ' >� nl�c3�l
3�
3�c3�EK3� n @3��*2

E2.� S2� ' l�� � l�c3�l
3�
3�c3�l3�c��

A��t |@!it tL4i @UUL�?| Lu |�i t��u| �? *LU@|�L? Lu ThLM@M�*�|) 4@tt �? |�i 4�*|��@h�@|i

?Lh4@* _i?t�|) �?_�Ui_ M) ULhhi*@|�L? @?_ hit|h�U|�L? |L ��

5144 Nhuqho0Vprrwkhg Iuhtxhqf| Vlpxodwru +NIV,

A�i kih?i* 54LL|�i_ 6hi^�i?U) 5�4�*@|Lh Ek65�c t�}}it|i_ M) �U6@__i? E�bHb�c hiT*@Ui_

|�i �?_�U@|Lh u�?U|�L? �E� 5 �� �? |�i Uh�_i uhi^�i?U) t�4�*@|Lh ��|� |�i u�?U|�L?

E2H� N�c/E�� � NEE� � K�*/��NEE� � @�*/�c

��ihi NE�� �t @ t4LL|� !ih?i* u�?U|�L? uhL4 +6 L?|L dfc�o ��|� NE�4� ' � @?_ NEn4� '

fc @?_ / �t @ ��?_L� ��_|� T@h@4i|ih� A�i u�?U|�L? N�c/E�� @TThL@U�it �E� 5 �� @t / $ f�

A�i?c |�i t�4�*@|Lh �t @? @�ih@}i Lu N�c/E���E��c ��|� � ' >nK#c L�ih o �L?|i �@h*L _h@�t

Lu @? �?_iTi?_i?| t|@?_@h_ ?Lh4@* �iU|Lh #� A��t t�4�*@|Lh �t t4LL|� �? T@h@4i|ihtc @ �tiu�*

ui@|�hi ��i? |�i t�4�*@|Lh �t �ti_ ��|��? @? �|ih@|��i LT|�4�3@|�L?� A�i t�4�*@|Lh �t @ M�@ti_

it|�4@|i Lu M uLh TLt�|��i /c M�| �? t|@|�t|�U@* @TT*�U@|�L?t L?i U@? t�h�?! / @t t@4T*i t�3i

�?Uhi@titG

wi44@ S� #i�?i �b ' i� 5 +6m m��m � b uLh @** �j� 5�TTLti |�ihi i �t| bfc gc @?_ ^ : f

t�U� |�@| uLh b � bfc

E2b� t�T
�M�b

m�E� 	 f��NE��m � gb3^�

44_W% iru wuxqfdwhg qrupdov1

�D



A�i? |�ihi i �t|t @ UL?t|@?| g � : f t�U� |�@| uLh t4@** /c

E�f�

����
]
dN�c/E��� �E� 5 ��o�E��?E� � >cl�_�

���� 	 g �/^*E�n^��

�hLLuG A�i UL?_�|�L?@* i TiU|@|�L? Lu �ET � ��|� hitTiU| |L |�i _�t|h�M�|�L? Lu T3� }��i?

T� ' �� �t ML�?_i_ M) @ u�?U|�L? g� ng2E�� � >��
2 uLh tL4i UL?t|@?|t g�c g2� A�i? |�i

�?|i}h@* Lu dNEE��K�*/���E� 	 K�o�E��?E��>cl� L�ih |�i hi}�L? E��K�*/ 5 �b �t ML�?_i_

M) gb3^|oEl�c @?_ L�ih |�i hi}�L? E� � K�*/ *5 �b �t ML�?_i_ M)

6[
�'�

]
���3K��	b/

?E�� � >�cl���dg� ng2E�� � >��
2o_��

�
6[
�'�

2b/l3��� dg� ng2EEK� � >��
2 n Eb/�2�o�

A@!i b ' /3�*E�n^� @?_ UL4M�?i |�i hi}�L?t |L UL?U*�_i |�@| |�i �?|i}h@* �t ML�?_i_ M)

/^*E�n^�g �*2 uLh tL4i UL?t|@?| g �� +iTi@| |�i @h}�4i?|c hiT*@U�?} K M) @c |L LM|@�? |�i

ML�?_ E�f�� �

+��_ �@t t�}}it|i_ t|@h|�?} �|ih@|��i T@h@4i|ih ti@hU� ��|� @ *@h}i /c @?_ t�h�?!�?}

�| @t |�i ti@hU� @TThL@U�it UL?�ih}i?Ui� A��t @�L�_t 4@?) Lu |�i ThLM*i4t Lu �@?_*�?}

_�tUL?|�?��|�it �? ti@hU��

� �@h�i|) Lu !ih?i* u�?U|�L?t N U@? Mi i4T*L)i_ t�U� @t @ *L}�t|�U u�?U|�L? NE�� '

�*E�n e�� n � � �n e�6�c @ ?Lh4@* !ih?i* NE�� 'T6

�'�xE����c Lh @ TL*)?L4�@* !ih?i* NE�� 'T6
�'�CE���c ��ihi

E��� CE+� '

;AAA?
AAA=

� uLh + � ��
E�� +E2 n +��*2 uLh �� 	 + � f

E�� +E2� +��*2 uLh f 	 + 	 �

f uLh + � ��

A�i TL*)?L4�@* !ih?i* �t T@h|�U�*@h*) ^��U! |L UL4T�|ic @?_ ��** }i?ih@**) Mi |�i 4i|�L_

Lu U�L�Ui� �t �? |�i U@ti Lu |�i Uh�_i uhi^�i?U) t�4�*@|Lhc @?|�|�i|�U _h@�t U@? Mi �ti_ uLh

# �? ES�� W| �t @*tL TLtt�M*i �? |�i U@ti Lu |�i TL*)?L4�@* !ih?i* |L �ti @ t4LL|�i_ �iht�L?

dCEE��� K�*/��CEE��� @�*/�o�E�� Lu |�i UL?|hL* �@h�@M*i �E@� 	 �� 	 K���E��� wi| + _i?L|i

��c @?_ 5 _i?L|i �3�� A�i?c CE/c Kc >cl��CE/c @c >cl� �t |�i i TiU|@|�L? Lu |�i t4LL|�i_

UL?|hL* �@h�@|ic ��ihi

E�2� CE/c |c >cl� '

�S



] n"

3"

CEE+ � |�*/�

5
97

� 5 � >5 + � >+

E5 � >5�
� E5 � >5�

�E5 � >5�� l55 E5 � >5�
�E+ � >+�� l5+

+ � >+ E+ � >+�E5 � >5�� l+5 E+ � >+�
2 � l++

6
:8

�?E5 � >5 � E+ � >+�l
3�
++ l+5cl55 � l5+l

3�
++ l+5�?E+ � >+cl++�_5_+�

�hi@!�?} �T |�i _L4@�? Lu �?|i}h@|�L?c L?i �@tc uhL4 E2f�c

CE/c |c >cl� ' dE|� /�2[E|� /c fc >cl�� 2|2[E|c fc >cl� n E|n /�2[E|n /c fc >cl�o*2/2

�dE|� /�[E|� /c �c >cl�� 2|[E|c �c >cl� n E|n /�[E|n /c �c >cl�o*/2

nd[E|� /c 2c >cl�� 2[E|c 2c >cl� n [E|n /c 2c >cl�o*2/2�

5145 Vwhuq Ghfrpsrvlwlrq Vlpxodwru +VGV,

A�i 5|ih? #iUL4TLt�|�L?c t�}}it|i_ M) 5|ih? E�bb2�c �h�|it T � Q E�(>cl� @t @ t�4 T '

t n` c ��|� t � Q E�( >c b2U� ��|� ` � Q E�( fc l� b2U�� A�@| �tc T i^�@*t |�i t�4 Lu

@ Rt4@**� �?_iTi?_i?|*) _�t|h�M�|i_ ?Lh4@* �iU|Lh @?_ @ tiUL?_ ?Lh4@* �iU|Lh |�@| U@hh�it

|�i �?uLh4@|�L? L? |�i UL�@h�@?Ui 4@|h� Lu T � A�i?c M) |�i *@� Lu �|ih@|i_ i TiU|@|�L?tc

E��� M '

]
�

+] K

+'@

�E+�

%
6\
�'�

�EE+� � �� � >��*b�*b

&
_+

,
?E�cl� b2U�_��

A�i |ih4 �? Mh@Uit U@? Mi �?|i}h@|i_ @?@*)|�U@**)( |�i? |�i 5#5 @�ih@}it |��t �?|ih�Lh

�?|i}h@* L�ih o�L?|i �@h*L _h@�t � ' dl�b2Uo�*2#c ��ihi # �t @ t|@?_@h_ ?Lh4@* �iU|Lh @?_

dl�b2Uo�*2 �t @ ��L*it!� u@U|Lh Lu l�b2U� A�i @hh@) M U@? @*tL Mi �h�||i?c M) 4�*|�T*)�?}

@?_ _���_�?} M) |�i _i?t�|) ?E�c l� b2U�c @t

E�e� M ' � �
]
�

�
�E� 5 �� i Ti�b2��El� b2U�3�l3��*2 n >�l3��j�?E�cl� b2U�_�c

��ihi � ' i TE�>�l3�>*2�d_i|El�b2U�*_e|El�o�*2� A�ihi @hi |�L TLtt�M*i �?|ihThi|@|�L?t

Lu |��t t�4�*@|Lh� 6�ht|c E��� U@? Mi ��i�i_ @t @ !ih?i*�t4LL|�i_ �@h�@?| Lu |�i �?|i}h@?_ �?

E�e�� 5iUL?_c E�e� U@? Mi �?|ihThi|i_ @t @ uLh4 Lu �4TLh|@?Ui t@4T*�?}c ��|� ?E�c l� b2U�

|�i UL?�i?�i?| _i?t�|) uhL4 ���U� �L?|i �@h*L _h@�t @hi 4@_i�

AL LM|@�? |�i @?@*)|�U uLh4 uLh |�i |ih4 �? Mh@Uit �? E���c _i�?i

E�D� ^�& ' b&
�
x

�
K� � >� � ��

b
c &c�2��

b

�
� x

�
@� � >� � ��

b
c &c�2��

b

��
c

��ihi xE|c &c V� �t |�i T@h|�@* 4L4i?| u�?U|�L? E�b�� #i�?i

E�S� ' '

6\
�'�

^�fc

�.



E�.� r ' E^��*^�fc ���c ^6�*^6f�
�c

@?_

E�H� ( ' _�@}i^�2*^�fj�

A�i?c E��� MiUL4it

E�b� M '

]
�

' �
�

� r�l3�

l3�r �
2
l3�d( n r � r� � lol3�

�
?E�cl� b2U�_��

A�i 5#5 ThL��_it @? �?M�@ti_ t4LL|� t�4�*@|Lh� �}@�?c @UU�h@U) U@? Mi i?�@?Ui_

�t�?} @?|�|�i|�Ut ��i? _h@��?} # |L UL?t|h�U| |�i t�4�*@|i_ �@*�it � ' El�b2U��*2#� A��t

t�4�*@|Lh �t u@t| |L UL4T�|ic M�| �| U@? Mi UL4T�|@|�L?@**) M�h_i?tL4i |L _i|ih4�?i b t�U�

|�@| l� b2U �t TLt�|��i _i�?�|ic @?_ @UU�h@U) u@�*t ��i? 6 �t *@h}i @?_ |�i i�}i?�@*�it Lu

l @hi �?i�i?� A�i i |i?t�L? Lu |�i 5|ih? t�4�*@|Lh |L _ih��@|��it �t _�i |L �U6@__i?�

5146 Jhzhnh0Kdmlydvvlolrx0Nhdqh Vlpxodwru +JKN,

A��t t�4�*@|Lh �t M@ti_ L? t@4T*�?} uhL4 hiU�ht��i |h�?U@|i_ ?Lh4@*t @u|ih @ ��L*it!� |h@?t�

uLh4@|�L?� A�i @TThL@U� �@t t�}}it|i_ M) Bi�i!i E�bHb�c @?_ �@t Mii? _i�i*LTi_ M)

O@���@tt�*�L�c ��L ThLTLti_ |�i �i�}�|�?} �ti_ �ihi� ki@?i E�bbe� �?_iTi?_i?|*) _i�i*�

LTi_ @ �i�}�|�?} tU�i4i Lu itti?|�@**) |�i t@4i uLh4 uLh @ ThLM*i4 Lu it|�4@|�?} |h@?t�|�L?

ThLM@M�*�|�it�

�L?t�_ih |�i |h�@?}�*@h�3�?} |h@?tuLh4@|�L? T ' >n K#c ��ihi K �t |�i ��L*it!� u@U|Lh

Lu l� A�i �?_�U@|Lh �E� 5 �� �t |�i? |h@?tuLh4i_ |L �E>n K# 5 ��c ���U� U@? Mi �h�||i?

hiU�ht��i*) @t |�i ThL_�U| Lu �?_�U@|Lht Lu |�i i�i?|t

Eef� ��E#	�� ' i#�mE@� � >� � K�c	�#	��*K�� 	 #� 	 EK� � >� � K�c	�#	��*K��j

uLh � ' �c ���c 6� #i�?i �E#�m��E#	�� ' �E#���E#� 5 ��E#	���*xE��E#	���c |�i UL?_�|�L?@*

_�t|h�M�|�L? Lu #� }��i? |�i i�i?| ��E#	��� #i�?i @ �i�}�|

Ee�� /E#� '

6\
�'�

xE��E#	����

A�i?

Ee2� M '

]
�E>n K#�/E#�

6\
�'�

�E#�m��E#	���_#�

A�i uL**L��?} hit�*| }��it |�i BOk t�4�*@|LhG

�H



wi44@ .� �? �?M�@ti_ t�4�*@|Lh Lu M �t @? @�ih@}i Lu �E> n K#�/E#�c ��ihi /E#� �t

|�i �i�}�|�?} u�?U|�L? Ee��c L�ih _h@�t UL?t|h�U|i_ hiU�ht��i*) uhL4 |�i L?i�_�4i?t�L?@*

UL?_�|�L?@* _i?t�|�it �E#�m��E#	��� M) |@!�?}

Ee�� #� ' x3�El�xEE@� � >� � K�c	�#	��*K��� n E�� l��xEEK� � >� � K�c	�#	��*K����c

��ihi |�i l� @hi _h@�t uhL4 |�i �?�uLh4 dfc�o _i?t�|)� `�i? � �t @ �?�|i hiU|@?}*ic |�ihi �t

@ UL?t|@?| S : f t�U� |�@| uLh i@U� "c f 	 " 	 �c

Eee� �oJK

�So
�'� �E>n K#��/E#��So

�'� /E#��
�M� : "

�
	 i TE�oS"2��

�hLLuG W| �t �44i_�@|i uhL4 Ee2� |�@| |�i BOk t�4�*@|Lh Lu M �t �?M�@ti_� �L� UL?t�_ih

|�i t�4�*@|Lh Lu M� �? Eee�� h̀�|i � ' i#m>n K# 5 �j @?_ *i| �# _i?L|i @ h@?_L4 �iU|Lh

�? � _h@�? hiU�ht��i*) �t�?} Ee��� A�i?c

,T �T M��ET � ' ,#�#M��E>n K#� '

U
#M�

�E>n K#�
T6

&'� �E#&�_#&T6
&'� �E#&�_#&

'

U
#M�

�E>n K#�/E#�
T6

&'� d�E#&�*xE�&E#	&��o _#&U
#M�

/E#�
T6

&'� d�E#&�*xE�&E#	&��o _#&

' d,�#�E>n K�#�o *,�#/E�#��

AL LM|@�? |�i ML�?_ Eee� ��i? � �t �?�|ic ?L|i |�@| �? |��t U@ti |�ihi �t @ ML�?_ S� L?

i�ih) UL4TL?i?| Lu |�i @hh@) �E>n K#�/E#�� A�i?c M) OLig_�?}<t �?i^�@*�|)c

EeD� �oJK

#
�

o�

o[
�'�

�E>n K#��/E#���M : "�

$
	 i Td�o"2�*2S2�o�

��LLti "� ' "� 2*E2 n S��� 5�TTLti |�i i�i?| �? EeD� _Lit ?L| LUU�h� A�i?cSo

�'� �E>n K#��/E#��So

�'� /E#��
�M� �

�
o

So
�'� �E>n K#��/E#���M

�
o

So

�'� /E#��
n mM�m �

�
o

So
�'� /E#��� �

�
o

So

�'� /E#��

� "�*E� � "�� n S�"�*� E� � "�� � "c

tL |�@| |�i i�i?| �? Eee� _Lit ?L| LUU�h� A�ihiuLhic *i||�?} S ' � e*2S2
�
E2 n S��

2c |�i

ThLM@M�*�|) Lu |�i i�i?| �? Eee� �t @| 4Lt| i TE�oS"2�� �

A�i BOk t�4�*@|Lh U@? Mi �?|ihThi|i_ @t �4TLh|@?Ui t@4T*�?} �t�?} |�i hiU�ht��i |h�?�

U@|i_ t|@?_@h_ ?Lh4@* _i?t�|�it� W| �@t ThL�i? u@t|c ��|� *L� ?L�tic i�i? ��i? ThLM@M�*�|�it

@hi t4@**� ��LhtU��5�T@? @?_ O@���@tt�*�L� E�bb�� �ti |��t t�4�*@|Lh�2 |L _i�?i |�i 4i|�L_

45zklfk wkh| whup wkh _Vprrwk/ Uhfxuvlyh Frqglwlrqlqj% vlpxodwru

�b



Lu t4LL|�*) t�4�*@|i_ 4@ �4�4 *�!i*��LL_ @?_ t�L� |�@| |��t 4i|�L_ i ��M�|t i Ui**i?|

ThLTih|�it uLh *�4�|i_ _iTi?_i?| �@h�@M*i 4L_i*t |�@| @hi L|�ih��ti _��U�*| |L it|�4@|i� W?

Th�?U�T*ic �| �t TLtt�M*i |L �ti @?|�|�i|�U �@h�@|it �? Ee��c t|@h|�?} uhL4 @ h@?_L4 }h�_ Lu t�3i ^

_h@�? uhL4 |�i �?�uLh4 _�t|h�M�|�L? �? i@U� t|iT Lu |�i hiU�ht�L?� W? Th@U|�Uic |��t ThL_�Uit

^6 TL�?|tc ���U� �t �4Th@U|�U@**) *@h}i �? 4@?) ThLM*i4t���

5147 Sduderolf F|olqghu Ixqfwlrq Vlpxodwru +SFI,

�L?t�_ih @ tT�ih�U@* |h@?tuLh4@|�L? T ' Kn 4 �v @ML�| |�i �TTih *�4�| K Lu �c ��ihi v �t �?

|�i �?�| tT�ihi @?_ 4 �t @ ?L?�?i}@|��i tU@*@h� A�i a@ULMi@? Lu |�i |h@?tuLh4@|�L? uhL4 T

|L Ev�c ���c v63�c 4� �t 4
63�*v6c ��ihi v6 ' d�� v2� � ��� � v263�o

�*2� A�i?c |�i 4�*|��@h�@|i

?Lh4@* _i?t�|) ?ET � >cl� i Thitti_ �? |ih4t Lu |�i |h@?tuLh4i_ �@h�@M*it �t

sE4mv�^Evm>� Kcl� ' E2Z�36*2mlm3�*2 i Td�E4v � E>� K���l3�E4v � E>� K��*2o463�*v6�

W? |��t i Thitt�L?c |�i UL?_�|�L?@* _i?t�|) Lu 4 }��i? v �t

EeS� sE4mv� ' 463� i Td�E4� E>� K��l3�v*v�l3�v�2Ev�l3�v�*2o*gEv�c

��|�

gEv� '

]
"

f

463� i Td�E4� E>� K��l3�v*v�l3�v�2Ev�l3�v�*2o_4c

@?_ |�i 4@h}�?@* _�t|h�M�|�L? Lu v �t

^Evm>� Kcl� '

gEv�E2Z�36*2mlm3�*2 i Td�E>� K��l3�E>� K�*2 n Ev�l3�E>� K��2*2v�l3�vo*v6�

`�i? > � K ' f @?_ l ' Uc tL |�@| |�i _�t|h�M�|�L? Lu v L? |�i �?�| tT�ihi �t �?�uLh4c

^Evmfc U� ' E2Z�36*2
U
"

f
463� i Td�42*2o_4*v6 ' Z36*2KE6*2�*2v6� #i�?i @? �4TLh|@?Ui

t@4T*�?} �i�}�|

Ee.� rEv� � ^Evm>� Kcl�*^Evmfc U�gEv�

' i Td�E>� K��l3�E>� K�*2 n Ev�l3�E>� K��2*2v�l3�vo*KE6*2�26*23�mlm�*2�
#i�?i

EeH� 74Ev� ' 4�?
�
?E@� � K��*v�c

46Vrph ri wkh ghvludeoh ihdwxuhv ri dqwlwkhwlf yduldwhv fdq eh rewdlqhg e| vdpsolqj zlwkrxw uhsodfhphqw

iurp d odujh udqgrp julg1

2f



@?_ ?L|i |�@| �| �t TLt�|��i uLh v 	 f� A�i?c

Eeb� M '

]
v	f

#] 74Ev�

4'f

�EKn 4v�sE4mv�_4
$
gEv�rEv�^Evmfc U�_v�

#i�?i

EDf� �E�c kc qc �� '

] �

f

4� i Td�kE4� q*k�2*2o_4�

A��t u�?U|�L? t@|�t�it

ED�� �Efc kc qc �� ' E2Z*k��*2dxEEk� � q�*
s
k�� xE�q*sk�oc

ED2� �E�c kc qc �� ' Ei Td�q2*2ko� i Td�kE� � q*k�2*2o�*kn �Efc kc qc ��q*kc

ED�� �E�c kc qc �� ' �E�� �c kc qc ��q*kn �E�� 2c kc qc ��E�� ��*k

���3� i Td�kE� � q*k�2*2o�*kc

��|� ED�� LM|@�?i_ M) �?|i}h@|�L? M) T@h|t uLh � : �� A�i?c � U@? Mi UL4T�|i_ M) hiU�ht�L?
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Thi��L�t tiU|�L?c ��|� > hiT*@U�?} Kc tL |�@| rEv� ' �*26*23�KE6*2�mlm�*2 @?_c @?@*L}L�t*)
|L ��Ev�c

EDS� (�Ev� � gEv�

]
�E>n 4v 5 ��4�sE4mv�_4�

A��t i Thitt�L? U@? Mi i�@*�@|i_ @?@*)|�U@**) �t�?} EeS��ED��c )�i*_�?}

(�Ev� ' �E�n6� �c v�l3�vc fc 4�Ev��� �E�n6� �c v�l3�vc fc 4��Ev��c

��ihi 4�Ev� @?_ 4��Ev� @hi |�i *@h}it| @?_ t4@**it| �@*�it Lu 4 t@|�tu)�?} |�i �?i^�@*�|�it

@� > 	 4v 	 K� >� A�i?c f � 4��Ev� � 4�Ev�c

ED.� 4�Ev� ' 4�?

�
4�?
v�:f

EK� � >��*v�c4�?
v�	f

E@� � >��*v�

�

4��Ev� ' 4@ 

�
fc4@ 

v�Df
E@� � >��*v�c4@ 

v�	f
EK� � >��*v��

�
c

��ihi M) UL?�i?|�L? f*f ' fc @?_ f ' 4��Ev� ' 4�Ev� ��i?i�ih ED.� u@�*t |L )�i*_ @ ?L?�

_i}i?ih@|i �?|ih�@* �? |�i TLt�|��i �@*u�*�?i� A@!�?} |�i i TiU|@|�L? Lu(�Ev�rEv� ��|� hitTiU|

|L |�i �?�uLh4 _�t|h�M�|�L? L? |�i �?�| tT�ihic

EDH� ,T(�Ev�rEv� ' g �Ev�l3�v�3E6n��*2d�2�n6Ev
�l3�v4�Ev�2�� �2�n6Ev

�l3�v4��Ev�2�oc

��|� g � ' 2�*2KEE6n ��*2�*KE6*2� mlm�*2� A�i?

EDb� M '

�
,v(fEv�rEv� ,v(�Ev�v

�rEv�l3�

l3�,v(�Ev�vrEv�
�
2
l3�,vd(2Ev�vv

� �(fEv�lorEv�l
3�

�
c

��|� EDH� �ti_ |L i�@*�@|i |�i |ih4t� A�i #�5 t�4�*@|Lh �t LM|@�?i_ M) _h@��?} @? @?|�|�i|�U

h@?_L4 }h�_ Lu TL�?|t v L? |�i �?�| tT�ihic @t _itUh�Mi_ �? T@h@}h@T� Cc @?_ uLh4�?} |�i

i4T�h�U@* i TiU|@|�L? ULhhitTL?_�?} |L |�i @hh@) �? EDb�� W| �t �?M�@ti_ uLh M @?_ t4LL|�

�? T@h@4i|iht� A��t t�4�*@|Lh uLh � �t _�i |L #i�@! E�bHf@cM�( |�i i |i?t�L? |L LM|@�? |�i

_ih��@|��it Lu � �@t t�}}it|i_ M) ���?hL?} ���

22



5149 Dffhswdqfh2Uhmhfwlrq Vlpxodwru +DUV,

�? �UUiT|@?Ui%+i�iU|�L? t�4�*@|Lh U@*U�*@|it @? i4T�h�U@* @?@*L}�i Lu |�i i TiU|@|�L?

M� ' ,T �T M��ET � M) UL?t|h�U|�?} _h@�t uhL4 |�i UL?_�|�L?@* _�t|h�M�|�L? Lu T }��i?

�� A�i Uh�_it| uLh4 Lu �+5 �t |L t@4T*i uhL4 |�i �?UL?_�|�L?@* _�t|h�M�|�L? Lu T �t�?}

Eb�c hi�iU| TL�?|t ?L| �? � �?|�* o @UUiT|i_ TL�?|t @hi uL�?_c @?_ uLh4 @? @�ih@}i Lu �ET �

L�ih |�i @UUiT|i_ TL�?|t� �Lhi }i?ih@**)c |�i ThLUi_�hi �? wi44@ � Tih4�|t �4ThL�i4i?|

�? |�i )�i*_ Lu |�i 4i|�L_ M) t@4T*�?} uhL4 @ UL4T@h�tL? _�t|h�M�|�L? |�@| T�|t *�||*i Lh

?L �i�}�| L�|t�_i � @?_ �@t |�i ThLTih|) |�@| |�i h@|�L Lu |�i UL4T@h�tL? _i?t�|) |L |�i

|@h}i| _i?t�|) �t �?�uLh4*) ML�?_i_ @ML�i M) @ t4@** ?�4Mih� �i�ih|�i*ittc )�i*_t |i?_ |L

Mi *L�c 4@!�?} UL4T�|@|�L? �i@�)c uLh t4@** � �

� TL�?| T ' > n K# 4@)c uLh }��i? #c 4L�i uhL4 |�i hi�iU|�L? |L |�i @UUiT|@?Ui

hi}�L? ��|� t4@** U�@?}it �? |�i T@h@4i|ihtc �?|hL_�U�?} _�tUL?|�?��|�it �? |�i �+5� Nt�?}

@? @TThL@U� t�}}it|i_ M) +��_c O@���@tt�*�L� @?_ �U6@__i? E�bbf� t�L� |�@| |�i �+5

?i�ih|�i*itt �@t @ t|LU�@t|�U i^��UL?|�?��|) ThLTih|) |�@| i?@M*it �|t �ti �? t|@|�t|�U@* @T�

T*�U@|�L?t�

�Ltt�M*i UL4T@h�tL? _�t|h�M�|�L?t uLh �*- t@4T*�?} @hi �?_iTi?_i?| i TL?i?|�@* Lh |h�?�

U@|i_ ?Lh4@* _�t|h�M�|�L?t �? T �tT@Uic M�| }hi@|ih )�i*_t U@? Mi LM|@�?i_ �t�?} |�i hiU�ht��i

|h�?U@|i_ ?Lh4@* _�t|h�M�|�L? Ee�� i4T*L)i_ �? |�i BOk t�4�*@|Lh� A�i uL**L��?} *i44@t

}��i ThL|LUL*t uLh �ti Lu �?_iTi?_i?| i TL?i?|�@* Lh hiU�ht��i |h�?U@|i_ ?Lh4@* UL4T@h�tL?

_�t|h�M�|�L?t� wi44@ H �t _�i |L �U6@__i? E�bHb�c wi44@ b |L O@���@tt�*�L� @?_ �U6@__i?

E�bbf��

wi44@ H� #h@� �� ' K�nE*L} l��b�c � ' �c ���c 6c ��ihi |�i b� @hi TLt�|��i UL?t|@?|t U�Lti?

uLh |�i t�4�*@|�L? @?_ |�i l� @hi �?�uLh4 dfc�oc @?_ @UUiT| � �u

*L} lf � �E� � >��l3�E� � >�*2� b�E� � >�� b�lb*2�

A�i?c |�i @UUiT|i_ T @hi _�t|h�M�|i_ ?E� � >cl� UL?_�|�L?i_ L? T 5 �c @?_ |�i @�ih@}i Lu

EH� L�ih |�i @UUiT|i_ TL�?|t �t @? �?M�@ti_ t�4�*@|Lh Lu M��

�hLLuG �TT*) wi44@ � |L |�i _i?t�|)
T6

a'� b� i Tdb�E�� � K��o L? � � K� �

� t��|@M*i U�L�Ui uLh b 4�}�| Mi b� '
s
l���

wi44@ b� #h@� # ti^�i?|�@**) �t�?}

#� ' x3�El�xEE@� � >� � K�c	�#	��*K��� n E�� l��xEEK� � >� � K�c	�#	��*K����

@?_ @UUiT| � ' >nK# �u lf �
T6

�'2dxE��E#	��*k�oc ��ihi |�i l� @hi �?�uLh4 dfc�o h@?_L4

2�



�@h�@|itc k� ' xEEK� � @��*2K���� xE�EK� � @��*2K��� � �c @?_

��E#	�� ' i#�m@� � >� � K�c$�#	��*K�� 	 #� 	 EK� � >� � K�c	�#	��*K��j�

A�i?c |�i @UUiT|i_ T @hi _�t|h�M�|i_ ?E� � >cl� UL?_�|�L?i_ L? T 5 �c @?_ |�i @�ih@}i Lu

EH� L�ih |�i @UUiT|i_ TL�?|t �t @? �?M�@ti_ t�4�*@|Lh Lu M��

�hLLuG A�i ThL|LUL* t@4T*it ti^�i?|�@**) uhL4 |�i hiU�ht��i |h�?U@|i_ ?Lh4@* _i?t�|) }E#� 'T6
�'� �E#��*xE��E#	���c ��|� #� 5 ��E#	��� 6Lh |��t _i?t�|)c

sE#�*}E#� '
6\
�'�

xE��E#	��c

�4T*)�?}

ESf� � � k � t�T
#M�

6\
a'�

xE��E#	��� �
] 6\

a'�

xE��E#	��� � }E#�_# � ��

W? T@h|�U�*@hc

ES�� xE��� ' xEEK� � >��*K���� xEE@� � >��*K��� � k�c

@?_

ES2� t�T
#�M��E#	��

xE��E#	��� � t�T
5

dxEEK� � >� � 5�*K�� � xEE@� � >� � 5�*K���o c

xEEK� � @��*2K���� xE�EK� � @��*2K��� � k�

@?_ L?i U@? |@!i k '
T6

�'� k� � �� A�i hit�*| |�i? uL**L�t uhL4 wi44@ �� �
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Simulating Probabilities*
Performance for Restrictions A-G
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Simulating Probabilities*
Performance for Restrictions H-N
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Simulating Probabilities*
Performance for Correlations 1-6

Type 1 Type 2 Type 3 Type 4 Type 5 Type 6
Correlation/Covariance
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Simulating Probabilities*
Average Performance Over All 84 Cases
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Simulating Linear Derivatives*
Performance for Restrictions A-G
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Simulating Linear Derivatives*
Performance for Restrictions H-N

Type H Type I Type J Type K Type L Type M Type N
Restriction/Rectangle

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

A
ve

ra
g
e
 R

M
S

E
 R

a
tin

g

PCF
GHK

NISE
NIST

SDS
CFS

e�



Iljxuh 8 +frqwlqxhg,

Simulating Linear Derivatives*
Performance for Correlations 1-6

Type 1 Type 2 Type 3 Type 4 Type 5 Type 6
Correlation/Covariance
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Simulating Linear Derivatives*
Average Performance Over All 84 Cases
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Simulating Logarithmic Derivatives
Performance for Restrictions A-G
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Simulating Logarithmic Derivatives
Performance for Restrictions H-N

Type H Type I Type J Type K Type L Type M Type N
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Simulating Logarithmic Derivatives
Performance for Correlations 1-6
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Simulating Logarithmic Derivatives
Average Performance Over All 84 Cases
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