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1 Introduction

This manuscript describes some research on international patterns of
economic growth and income distribution. It takes a unified approach
to global growth and inequality by analyzing the dynamics of income
distributions.

The chapters that follow do three things: First, they document
the facts on economic growth, income distribution, and global in-
equality. Second, they describe the mathematical and statistical tools
for modelling distribution dynamics. Third, they provide a number of
analytical models designed to help understand the evolution of world-
wide patterns of growth and inequality. No single all-encompassing
picture emerges to be apposite everywhere but, nonetheless, several
powerful conclusions hold.

Before laying out those messages, it is useful to set the stage by
making explicit a simple and stylized version of the questions and
potential conclusions that will be addressed in detail. Figures 1.1
and 1.2 provide a compact illustration.

In these Figures time evolves along the horizontal axis. The ver-
tical axis maps not just a scalar—if so then the Figures would simply
graph the dynamic profile of a timeseries variable—but instead in
these Figures each time-t observation is the directly observed density
of a cross-sectional distribution. Depending on the application these
cross-sectional distributions can be defined over different economic
variables—they can be the cross-section of per capita incomes across
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Figure 1.1 Emerging twin peaks in the cross-country income distri-
bution: The labels describe possible outcomes and caricature several

named examples.

Incomes

/\

~a Rich remaining rich
ingapore

—=> S. Korea

~= \/enezuela

2 Poor remaining poor

t+s Time




Growth and distribution

Figure 1.2 Individual country economic growth and distribution: The
shaded areas describe the evolution in time of the income distribution
within a given country, one whose average income grows as indicated
in the labelled line. Each individual country in the cross-country dis-
tributions of Figure 1.1 has its own within-country income distribu-
ton dynamics, shown in this figure by a representative other time-¢
density around a different per-capita income observation. Individual
country distributions in the Figure are usefully also scaled by pop-
ulation to better indicate the relative importance of different-sized
countries. The curves plotted then are of course no longer densities.
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countries; the cross-section of average productivity across economies;
the cross-section of individual incomes across people; and so on.

Figure 1.1 depicts the distribution dynamics in cross-country in-
come distributions. Here, each element in the distribution is an
economy-wide per-capita income observation. In this Figure China,
with over a billion inhabitants, and Singapore, with under 5 million,
count equally in the cross-section per-capita income distribution. Fig-
ure 1.1 depicts a range of hypothetical behaviors. Some parts of the
cross section originally rich can remain rich; those originally poor,
remain poor: stratification occurs. Simultaneously the Figure illus-
trates, with no logical contradiction, intra-distribution transitions:
some initially rich countries stagnate, decline to the bottom of the
income distribution, and are later identified to be relatively poor;
other, initially poor countries grow fast and are subsquently viewed
as successful growth miracles. Thus, as illustrated in the Figure, both
stratification and mobility simultaneously occur.

The shape of the distribution also evolves. In Figure 1.1 the earlier
time-¢ distribution shows many middle-income countries clustering
around the average and relatively few countries either very rich or
very poor: the distribution is smoothly unimodal. By contrast the
later time-t + s distribution, as drawn, is sharply bimodal. Between
times ¢t and £ + s a pair of clusters have emerged, one grouped about
an upper middle-income level and the other about a lower middle-
income level. With timepaths continuous, this twinpeaks emergence
can be interpreted as displaying “convergence clubs”-behavior, where
countries sufficiently close to each other converge towards each other,
whereas those sufficiently far apart, diverge.

Although correct the verbal description does not do full justice
to the Figure: In the vanishing middle-income class that is shown,
countries will end up diverging away from each other even though
initially they had been relatively close. Thus, the Figure illustrates
countries beginning alike each other and then continuing to converge
towards each other, and yet others similarly close initially but then
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diverging away from each other over time.

In contrast to mapping the behaviour of country averages, Fig-
ure 1.2 takes individual per-capita income observations in the distri-
butions previously graphed in Figure 1.1 and unpacks the income dis-
tribution around that average; at each instant in time each country’s
income distribution observation is scaled by its population. Doing
this for every country in the the cross-section uncovers the income
distribution across the more than 6 billion people on earth.!

Modelling those income distribution dynamics— done implicitly
for the earlier and simpler Figure 1.1—would aid understanding the
evolution of global poverty and inequality. Figure 1.2 can show how
as an economy grows—i.e., as its macroeconomy develops and per
capita income rises—different possibilities emerge: some people in
society might be left behind; inequality across society might rise or
fall; the very richest might pull ahead ever more, independent of
summary measures of inequality; everyone within society might have
their own incomes rise in tandem with the per-capita average; and so
on.

A model of evolving distributions for the dynamics in Figures 1.1
and 1.2 provides three advantages over earlier extant approaches.
First, working directly with the distribution itself leaves as late as
possible in the analysis the decision on which inequality index to
use. Indeed, for certain analyses a researcher can get away altogether
without relying on any one index. Since every income inequality
index—@Gini, Theil, variance of the log, and so on—is an attempt to
collapse the infinite-dimensioned information in a distribution func-

! To obtain the income distributions for a country in Figure 1.2
one does not need actual observations on individual incomes in that
country. Nor does an income figure need to be imputed to each person
in that county. Instead, summary statistics together with auxiliary
assumptions—as in Bourguignon and Morrisson (2002), Quah (2003),
Sala-i-Martin (2002a), or Chapter 6—will suffice to obtain useful es-
timates.
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tion to just a summary scalar value, all inequality indexes necessarily
discard information and thus have specific disadvantages, depending
on the underlying distribution and the research question. But when
using instead a law of motion for the entire distribution, a researcher
doesn’t have to rely on just a single index—any desired summary
measures can instead be computed as desired, as the final step, not
an initial one, in the analysis.

Second, a model for dynamics such as in Figures 1.1 and 1.2 per-
mits bridging different literatures. Researchers in income inequality
have traditionally worked on issues to which macroeconomists work-
ing in inequality and growth, say, have paid far less attention. For
instance, income inequality research has developed axiomatic justi-
fication for different inequality indexes and considered the different
benefits and disadvantages afforded by each such index; income in-
equality resarchers have worked on defining alternative notions of
poverty, measuring (again indexes of) mobility, assessing the effect of
imperfect data on measuring inequality, and so on (e.g., Cowell, 2000,
1995). On the other hand macroeconomists interested in growth and
inequality have paid little attention to when different indexes might
mislead or yet others might be more useful, but have looked mostly
at their correlations with macroeconomic indicators such as growth
and development.

The reason for this divergence is, of course, that the research
questions differ across fields. But, nonetheless, since all these is-
sues depend on the same underlying implicit model—distributions
evolving through time-making that model explicit will allow greater
cooperation and closer integration in research.

Third, many issues that arise ad hoc can be dealt with transpar-
ently in a unified way in a model of explicit distribution dynamics.
As just one important example a perennial question is, How much
world income inequality is due to income inequality within countries
and how much due to macroeconomic income disparities between
countries. How much is that changing through time?
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Research attacking this problem with specific income inequal-
ity indexes then need to verify that intra-country inequality indexes
and inter-country ones compose in appropriate ways (or, the oppo-
site, that world income inequality measures decompose usefully into
within-country ones). Sometimes, the researcher asks if the weight-
ing scheme used to form a summary world inequality index should
use country population weights—when China or India would then
assume greater importance—or country income weights—when the
US or Japan would then do so. If we construct the world income
distribution explicitly from the underlying distributions, as done in
the Figure, many of these concerns about the right way to do that
accounting are simply irrelevant. There is one and only one way to
form the dynamics of the world income distribution, and that is that
used in Figure 1.2. (This does not diminish the importance of the
conceptual problem of decomposing inequality measures, an issue to
which we will return in Section 6.5 when we discuss the dynamics of
measured world income inequality arising from inequality dynamics
between countries and inequality dynamics within them.)

The same reasoning also clarifies what information is revealed
when using cross-country per capita incomes rather than, say, cross-
section distributions of individual incomes. It is not that the results
obtained using only macroeconomic averages are biased—what are
they biased for? Results obtained from cross-country average data
in Figure 1.1 simply address questions other those treated when one
uses within-country income distributions, Figure 1.2.

What probability and econometric models are appropriate for
studying the distribution dynamics in Figures 1.1 and 1.27 A stan-
dard timeseries model might take individual countries or groups of
individual countries and seek to characterize the dynamic properties
of that vector. But this procedure—well-understood though it might
be—neglects that it is an entire distribution whose dynamics we seek
to understand. Thus, a standard timeseries approach does not tell
us about, say, the emergence of multiple clusters; it is silent on what
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is happening to the interquartile range [the income distance between
the 75th and 25th percentiles|; it does not inform on how different
inequality and polarization measures are evolving through time.

On the other hand estimating a cross-section or panel data re-
gression does characterize the behaviour of the conditional average
in the cross-section. For addressing certain questions that might well
be exactly what a researcher wishes to do. It would, however, be
altogether uninformative for the dynamics of the entire distribution.

This book is concerned with modelling the dynamics of distri-
butions in economic growth. The chapters to follow describe extant
data on, provide mathematical tools to analyze, and draw conclu-
sions about the kinds of questions raised in Figures 1.1 and 1.2. The
natural mathematical framework for this work is that of differential
equations taking values in a space of distributions. Just as a scalar
differential equation might contain terms like aX(t), where a is a
constant real number and X(t) is the value of the timepath at time ¢,
the differential equations needed here will involve terms like (7*)(F;)
where T* is an operator mapping distributions to distributions and F;
is the value at time £ of the timepath of distributions. We use differ-
ential rather than difference equation models in the base framework
because for the questions of interest here growth models are naturally
set in continuous rather than discrete time (see, e.g., Merton, 1990).

The central empirical findings in this research are XXXX-fold:

(i) Over the last half-century, while economic growth has raised
worldwide incomes by XX%, the cross-country income distri-
bution has shown emerging twin peaks, i.e., both convergence
and divergence have simultaneously occurred.

(ii) Over the last half-century, there have been both growth miracles
and growth disasters. With some variation, growth disasters
concentrate in the group of economies initially relatively poor;
growth miracles, in that group initially already relatively better
off.
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(iii) Over the last half-century, while the cross-country income dis-
tribution has obviously evolved, some of its characteristics have
not changed overly much. Its standard deviation has risen by
XX%; the interquartile range by YY%; the 90-10 percentile
spread by ZZ%. Contrast this with ...

(iv) Over the last half-century, the largest single factor driving in-
equality worldwide has been macroeconomic. For forming the
worldwide distribution of income across people, the dynamics of
country-wide average per-capita incomes have mattered much
more than have the dynamics of inequality across people within
countries.

This paper documents these empirical results and describes in
the literature where similar such findings have been obtained. Those
findings have added to interest in economic theories that emphasize
certain kinds of discreteness and discontinuity, i.e., instances of eco-
nomic nonconvexity, nonlinearity, and nonergodicity (e.g., Azariadis
and Drazen, 1990; Durlauf, 1993, 1996; Galor and Zeira, 1993; Quah,
1996a). In turn, these theories have motivated yet further empirical
analyses.

Such empirical approaches have also provided new perspectives on
classical questions of inequality and growth (e.g., Quah, 2003; Sala-
i-Martin, 2002a; Schultz, 1998); emphasized the importance of new
features to consider in studying inequality and cross-section income
distributions (e.g., Esteban and Ray, 1994; Wolfson, 1994); and mo-
tivated new models for analyzing spatial economic dynamics (e.g.,
Quah, 2002; Quah and Simpson, 2003). Although some of these is-
sues fall outside traditional macroeconomic analyses of cross-country
economic growth, they all relate to growth and distribution more
generally, and so this paper will consider them where appropriate.

The remainder of this paper is organized as follows. To establish
notation and to fix ideas, this rest of this section describes below neo-
classical economic growth and convergence, set against a background

—0—
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of interest, not solely in the behavior of any one economy but, in the
dynamics of a rich cross section of economies. This section is intended
to be extremely terse and is included here principally so the reader
identifies the notational convention used in the rest of the paper.

Section 2 documents some key lessons from the extant literature
on the empirics of economic growth, inequality, and income distri-
bution. Section 3 begins the analysis central to this paper. This
section presents the basic mathematical structure underlying empir-
ical analysis for distribution dynamics. It describes a number of the
key findings for per capita incomes data across countries, and consid-
ers extensions where those results have been either confirmed or re-
futed. Section 4 then constructs several canonical theoretical models
to explain key findings. Section 5 reviews and extends the empirical
evidence on patterns of cross-country growth.

Section 6 considers extensions to the basic model of cross-country
income distribution dynamics. By merging that model with the dy-
namics of within-country incomes, we obtain an integrative frame-
work for, simultaneously, growth and inequality in particular, or
growth and distribution more generally. This places growth and in-
equality on an equal footing and asks what the empirical evidence says
on how they matter economically (subsection 6.2). Subsection 6.7 ex-
tends income distribution dynamics to spatial distribution dynamics.
Finally, section 7 summarizes in one place the key lessons from this
paper. The Technical Appendix, section 9, collects together addi-
tional mathematical discussion for some of the results in the paper.

While most of the technical results used here will be known to
specialists, as far as I can tell the general reader or applied researcher
will not have had access to them in a single convenient and easily
accessible account. I hope that additional value derives from an ap-
proriate level of rigor and the distinctive technical approach here. For
instance, every student of stochastic processes will have read accounts
of Markov theory that begin “Consider a collection of random vari-
ables, either X;,t=0,1,2,... or X(t), t € [0,00), defined on a prob-

—10—
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ability space (£2,F,Pr)”. When working with income distributions,
however, the researcher doesn’t see just a realized sequence of ran-
dom variables, as would happen say when a researcher studies asset
prices, interest rates, GDP, or unemployment. Instead, the variable
that the researcher naturally and directly deals with—empirically,
analytically, and conceptually—is a distribution function. Most use-
ful to the applied researcher then is an exposition of stochastic pro-
cesses and dynamics that take as primitive the distributions them-
selves. This approach, explicit in all the technical sections that follow
and implicit in the discussion otherwise, distinguishes the approach
here from, say, purely mathematical accounts of Markov processes.?
While obviously one development can be derived from the other, us-
ing a technical exposition adapted to one’s specific research problem
is both more pleasant and more efficient.

For instance, in many developments of stochastic process theory
the infinitesimal generator (section 3.4 and Definition 3.15) is taken as
the hypothesized collection of parameters in a stochastic differential
equation. The properties of the resulting process are then derived
from the infinitesimal generator. An applied researcher, however, sees
first of all data and then, with a little work, the transition density or
transition probability. It is much more natural and intuitive for that
researcher to see the infinitesimal generator derived from a transition
density than the other way round. Other examples abound.

So go ahead and do it; give those other examples. The
Chapman-Kolmogorov property: Always hold for tran-
sition probability matrices and transition densities esti-
mated from data? The applied researcher wants to un-

2 This difference, however, is easily over-emphasized. The most
abstract and rigorous expositions of the mathematical theory make
plain that one can approach the study of Markov processes from either
perspective: see, e.g., Chung (1967, Section 2, Ch. 1) or Doob (1953,
Ex. 3, p. 86).

-11-
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derstand why. Analytical expositions, on the other hand,
begin by hypothesizing it, and then go on to develop im-
plications. Markov chain: Analytical expositions begin
taking the set of discrete states as a priori given. On the
other hand, the applied researcher wants to know what
implications follow from particular discretizations, given
a set of continuously-distributed data. Regularity con-
ditions for estimating distributions or stochastic kernels:
Practitioner wants to know a convenient set of generally
applicable conditions. Analytical researcher is often inter-
ested in assumptions that can be shown theoretically to be
yet weaker than previous ones used, but none of which is
in practice verifiable. Mix estimation and analysis: Prac-
titioner wants to take a given observed dataset, estimate
underlying objects, and then work out implications. Ex-
cellent presentations of estimation end there—statistics
and econometrics; excellent presentations of stochastic
process theory don’t discuss estimation. This is as it
should, but the applied researcher needs to go look at and
understand too many different conventions and notations;
some of the developments which will never be useful to
one group of researchers but of intense interest to another.
Summarize: A specialist will find many things familiar in
this manuscript, only sometimes the results and the devel-
opment seem to be written backwards compared to what
is typically found elsewhere. But the hope is, applied re-
searchers will find this approach convenient for their work,
and a relatively easy way to introduce themselves to hard,
abstract ideas in stochastic process theory.

—-12—
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2 World growth and inequality

This section describes some key lessons from extant literature on
economic growth and world income inequality. It provides our first
look into the data on global income distributions and summarizes the
extant literature.

Try to summarize extant results in an integrated coherent way, pre-
senting the basic facts that are already known. Go crazy a little and
give alternative visualizations. Bourguignon and Morrisson (2002)
Chen and Ravallion (2004a) Deaton (2005) Firebaugh (2003) Jones
(1997) Maddison (1989) Milanovic (2002) Schultz (1998) Pritchett
(1997) Sala-i-Martin (2002a,b) World Bank (2000) World Bank (2002)
UNU (2004)

3 Distribution dynamics and laws of motion

Why study the empirics of evolving patterns of economic growth—
changing incomes and welfare—across countries as a model of the
dynamics of distributions? Why not just calculate autoregressions or
cross-correlations or model the dynamics of the panel through some
regression?

The answer to this rests in whether models of distribution dynam-
ics incite fresh economic thinking or raise new questions that more
conventional approaches leave unidentified. Distributional changes,
by definition, are not readily obvious when one studies only the vari-
ances or other moments of a cross-sectional distribution: Is the spread
increasing between the top and bottom 10% of per capita incomes
across countries but decreasing between the top and bottom 40%?
The variance might at the same time rise or fall or be invariant, but
is certainly uninformative of such stretching and compressing within
the distribution.

—13—
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Thinking further along those lines outlines the obvious empirical
descriptions obtainable using a distribution-dynamics approach. De-
forming the distribution through time can easily leave its first few
moments invariant.

But what economic questions might attach to such distributional
characterizations? As one important example, illustrations like that
just given suggest particular kinds of nonlinearities or heterogeneities,
where economies diverge from each other when they are sufficiently
different but at income levels close to each other’s (and at around the
world average) they become progressively more similar. No dynamic
correlations calculated without special foreknowledge would easily de-
tect such dynamics, whereas the timepath of estimated distributions
makes those features immediately conspicuous. A researcher can then
design a more directed, parametrized econometric analysis to study
further such heterogeneities.

Second, economists have long studied income distributions across
people as an object of independent interest, with or without its pos-
sible connection to economic growth; see, e.g., the discussions sur-
rounding the Kuznets curve in the Presidential Address by Atkin-
son (1997). Empirical work on economic growth that models cross-
country per capita incomes as an evolving distribution can then po-
tentially provide useful cross-fertilization with models of personal
income distribution dynamics. For instance, Quah (1996a) studied
cross-country income distribution dynamics using the structure that
Galor and Zeira (1993) had previously developed for personal income
distributions, reinterpreting the market for human capital loans as
one for cross-country capital flows, and obtaining similar polarization
and inequality implications. Conversely, the twin-peaked feature in
the cross-country per capita income distribution (Quah, 1993a, 1997)
has, in turn, been investigated for personal incomes (Zhu, 2003).

Yet a third benefit from a distribution-dynamics approach to eco-
nomic growth is that it recasts discussion of inequality and growth
in an integrative framework (Bourguignon, 2003; Quah, 2003; Sala-

—14—



Growth and distribution

i-Martin, 2002a). This will be discussed at length in Section 6 but,
simply put, the idea is that beyond seeking to determine if inequality
across people is causal for aggregate economic growth or vice versa, a
researcher can instead study whether inequality and macroeconomic
growth co-evolve in particular ways.

Distribution dynamics considers not just the timepath of income
distributions—each income distribution treated as a point-in-time
snapshot—but also a law of motion or a mechanism for how the dis-
tribution at one timepoint evolves into that at a later time.

Let z;(t) denote per capita income in economy j at time ¢, and let
Fx: denote its cross-section income distribution at time ¢. To study
the dynamics {Fx:t >0}, a researcher might begin by tracking,
say, the mean, standard deviation, possibly higher-order moments,
and other characteristics such as inter-quartile spread, of Fx as this
cross-section distribution evolves through time. But this conceals
the intra-distribution dynamics, the movement of economies from
one part of the distribution to another. For such information, we
turn to the stochastic kernel (section 3.2). If F denotes the collection
of (cross-section) distributions and T7;, for t,s > 0, are operators
mapping the space F to itself, distribution dynamics considers

e 3
Fxtrs = T sFxts

a law of motion for {Fx;:¢>0}. Sections 3.2-3.5 will treat this
in greater detail but, for concreteness, an explicit example of this
transition law, using the stochastic kernel M, is

FX,t—l—s(mT) = / Mt’s(w,(—OO,QJT])dFX,t(CC),
or, when Fx: has density fx¢,
fxirs(@) = [ pra(aal) x fxu(a) da,

where p; ; is the transition density from time ¢ to time ¢ + s. The
stochastic kernel M is a representation of the operator T*. Often

—15—
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the researcher needs to consider stochastically-perturbed versions of
these transitions. How best to do so remains an open question, and
researchers often leave only implicit how they consider the distur-
bances in such equations.

These equations are often used to describe the stochastic dynam-
ics of an observed scalar random process X (¢) that in turn has the
hypothesized but unobserved underlying distribution Fx ;. Here, con-
versely, it is Fx ; that is measured directly—the cross-country income
distribution—while the associated underlying X (¢) is only hypothe-
sized. The two perspectives are, of course, mathematically equivalent
(Doob, 1953, p. 255).

In distribution dynamics the limit as s — 0o of fx ¢, ; in such laws
of motion holds special significance. It is (the density of) what the
cross-country income distribution tends towards, should the system
continue along its historical path. Yet other characteristics—e.g.,
first-passage times across different parts of the distribution; evolving
shapes in fx +; the changing spreads—can also be used to get further
insight on the evolution of these cross-country income distributions.

The remainder of this section describes statistical economic mod-
els for these laws of motion. Section 3.1 is concerned with the es-
timation problem, going from observed data through distributions
to a stochastic kernel. Section 3.6 describes the analysis of long-run
behavior and other characteristics arising from these distribution dy-
namics. Section 4 describes economic models that all have a catch-up
or convergence feature. Whereas the economic ideas differ consider-
ably across these models, all of them generate implications for distri-
bution dynamics. Put technically, all these models restrict M, and
thus allow the latter’s economic interpretation.

—16—
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3.1 Statistics

The discussion here cannot pretend to be a rigorous exposition of all
the underlying ideas; the associated statistical literature is vast.> But
the presentation will attempt to convey enough key results that an
applied empirical researcher can confidently use these tools. Because
many published descriptions elsewhere of these results draw motiva-
tions from statistical or econometric theory, they typically seek the
weakest possible assumptions. What applied researchers might find
most interesting turns out to be only a special case of much deeper
results. This can make what is useful to an applied researcher seem
obscure or difficult to apply. Here, our concern instead is to develop
the key results using relatively familiar assumptions.

Moreover, rather than cover a vast range of different ways to es-
timate densities, this article concentrates on just one class of such
estimation techniques (the kernel estimator) but gives enough detail
on it that the researcher can expertly apply the technique. No one
class of techniques will necessarily uniformly dominate another class,
and so in practice the researcher might well need to seek specialized
expertise for a particular problem. However, thoroughly understand-
ing one class of techniques means that the researcher always knows a
way to get reasonable empirical results (the further research problem
then might be to sharpen those findings).

Index economies by the integer 7 € {1,2,...,J}. Suppose time
t is continuous, with ¢ € [0,00). Let y;(t) denote per capita income
in economy j at time ¢ and Nj;(t) be the corresponding population.
World per capita income g(t) is

def J -1 J
10 (L M) xS ueno.
7=1 7=1

3 A list of overviews alone would already include Devroye (1987);
Devroye and Gyorfi (1985); Hardle and Linton (1994); Pagan and
Ullah (1999); Prakasa Rao (1983); Silverman (1986).

-17-
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Denote by ymax(t) per capita income in the leading economy at time
t, ie.,
Ymax(t) = m]ax Y5 (t)-

The identity of that leading economy can vary over time, as a once-
lagging economy leapfrogs over yet others to get to the frontier. Such
leapfrogging behavior appears naturally in some models of technolog-
ical change (e.g., Aghion and Howitt, 1998).

For analyzing the cross-section distribution, it will often be use-
ful to take as the primitive data z;(¢), an appropriately normalized
version of per capita incomes. For instance, we might normalize per
capita income relative to the leading economy y;(t), i.e.,

2;(t) E y;(t) X ymax(t) ™ € (0, 1].

Alternatively, we might take normalization relative to the world av-
erage, i.e.,
def i
z;(t) = y;(t) x ()" € (0, 00).

Or, a researcher might be interested instead in z;(t) that is total fac-
tor productivity (TFP) in economy j at time ¢. Taking as given that
TFP can be reliably estimated somehow, this would be appropriate
when theories of TFP’s evolution imply testable restrictions on its
cross-section distribution (e.g., Aghion and Howitt (1998, Ch. 3) or
Section 4 to follow). Moreover, certain studies (Easterly and Levine,
2001; Feyrer, 2001) have suggested TFP is the critical driver for the
cross-country per capita income distribution, so that studying TFP’s
distribution dynamics then also carries independent interest.
Finally, we might also consider logarithmic or other mathemat-
ical transformations of the different possibilities for z;(¢) just de-
scribed. Measurement of the variable z;(t) need not, of course, be
straightforward—depending on the intent of the study, for instance,
measuring TFP can, in the literature, be involved and controversial.
But so too is assessing the relevant purchasing power parity correc-
tion for per capita incomes across countries. Such concerns matter

-18—
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importantly but are more appropriate for studies with goals other
than those here.

3.1.1 Distributions

Here [ will assume that z;(t) are data given to the researcher. There
can be no one z;(t) always appropriate to use independent of the
current question of interest. But as long as a researcher keeps in mind
what z;(t) is and interprets the findings accordingly, no confusion
need arise.

Definition 3.1 For fixed t, given data {z;(t), 7 = 1,2,...,J}, the
empirical distribution function at ¢ is the mapping Fx : Rx [0, 00) — [0, 1]
defined by

Fx(z,t) ¥ #{joz(t)<z}xJ!, z€(-00,0). (3.1)
In words the empirical distribution function takes value at z that is
the fraction of observations in the cross section bounded from above
by z. With probability one the functional statistic Fx is bounded, in-
creasing, and right-continuous with left limits, and satisfies Fx (—o0)
= 0. (If a statement holds for all ¢ or if the time ¢ argument can be
otherwise left implicit without ambiguity, then that argument will
be omitted.) Wherever the derivative Fy = 8Fx(z,t)/0z exists, it
equals zero, again with probability one.*

To analyze the behavior of F'X, denote the indicator function

5(0) — {1 if0<

0 otherwise.

% Conventions in these and related definitions used later sometimes
differ across authors. Here, we follow as far as possible Billingsley
(1968, Ch. 3) and Chung (1974, Section 5.5).
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Definition 3.1 then gives:

Fx(z)=J1 ij 6(z — z;), (3.2)

J=1

i.e., for each fixed z the value Fx(z) is an average of {0, 1}-valued
random variables. Obviously §(z—z;) is bounded. If {z;} are random
variables iid with the common distribution Fx then {d(z — z;)} are
also iid sharing an appropriate induced distribution. A standard
strong law of large numbers (e.g., Kolmogorov's SLLN in Rao, 1973,
p. 115) then gives pointwise almost sure convergence, i.e.,

Vo :

‘ﬁx(cc) ~ Fx(z) \ 250 as J - oo (3.3)
The same properties also give a central limit theorem at each fixed z,
i.e., for Fx(z) ¢ {0, 1}, an appropriately standardized separation of
Fx(z) from Fx(z) converges in distribution to the standard normal
(e.g., Lindeberg-Lévy Theorem in Rao, 1973, p. 127):

J 1/2

[1 —Fx(z)] - Fx(z)

x [ Fx(2) - Fx(2)| - N(0,1)

(3.4)
as J — oo.

However, since the object ﬁ'x is an entire function, we are inter-
ested not just in its behavior at distinct points but in its global prop-
erties as a function, i.e., in features such as the multi-modality, dis-
persion, shape, skewness, and the maxima and minima of the implied
density. Not all such characterizations have yet been used explicitly
in the growth empirics literature but the crucial ingredients for their
study reside in uniform analogs of the law of large numbers and cen-
tral limit theorem, (3.3) and (3.4), respectively.> These counterparts

5 This somewhat exaggerates the importance of the uniform or L,
results to follow, subtle though those might already be. For instance,
to assess shapes, ideally one wants information on all the derivatives
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are, respectively, the Glivenko-Cantelli Theorem (e.g., Chung, 1974,
p. 133) and a functional central limit theorem giving convergence in
distribution to Brownian Bridge (e.g., Billingsley, 1968, Ch. 3).

The Glivenko-Cantelli Theorem or Uniform Law of Large Num-
bers states that if {z;} are iid with the common distribution Fx then

sup \ Fx(z) - Fx(z) \ 250 as J - oo (3.5)

No additional assumptions have been imposed; the same conditions
that previously delivered the relatively ordinary pointwise almost
sure convergence also provide uniform almost sure convergence of the
empirical distribution function. Conclusion (3.5) implies the earlier
(3.3) but the converse is, in general, false.b

For the uniform analog to the central limit theorem in this appli-
cation, recall that a continuous random function B° on [0, 1] that is
Gaussian and has EB°(r) = 0 and Cov(B°(r), B°(r')) = min(r,r') —

of the estimated function, not just the maximum separation over the
function’s domain, i.e., one seeks characterizations in Sobolev space
rather than just in L., using sup norm.

6 Since the difference between pointwise and uniform convergence
is unrelated to the probabilistic behavior in (3.3) and (3.5), the dis-
tinction can be usefully illustrated with the following deterministic
example. For J = 1,2,..., let f; and f be functions mapping the
interval [0, 1] to itself, with f;(z) = z/, and f(z) = 0 for z € [0,1)
and f(1) = 1. Then the sequence { f; } converges pointwise to f
as J — oo but sup, | fs(z) — f(z)| = 1 for all J and thus {f;}
fails to converge uniformly to f. Mathematical interest in uniform
convergence lies in how properties such as continuity, differentiabil-
ity, and Riemann integrability propagate to the limit function under
uniform but not, in general, under pointwise convergence. An alter-
native description has it that under pointwise convergence the speed
of convergence depends on where the functions are being evaluated
but under uniform convergence that speed is invariant throughout
the functions’' domain.
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rr' is known as a Brownian Bridge. Recall also that standard Brow-
nian Motion B is a continuous random function on [0, o) having in-
dependent increments and with B(r) ~ N(0,7). A Brownian Bridge
can be constructed from standard Brownian Motion B by B°(r) def
B(r) —rB(1), r € [0,1] (e.g., Billingsley, 1968, Section 9). Just as,
when properly standardized, Fx(z) converges in distribution to the
standard normal, so too the function ﬁx, appropriately normalized,
converges in distribution to the Brownian Bridge. Alternative state-
ments of this are possible (e.g., Billingsley, 1968, Sections 13 and 186,
and in particular Theorems 13.1 and 16.4). Here, we seek only to
convey a flavor of what is available without getting into an overly-
detailed exposition.

The Lindeberg-Lévy Theorem (3.4) obtained its conclusion from
standardizing Fx(z) by first centering it on Fx(z) and then divid-
ing the separation by [I — Fx(z)]*/? x Fx(z)'/2. For convergence
to Brownian Bridge, begin instead by defining the transformed ob-
servations z; = Fx(z;) € [0,1]. Construct the resulting empirical
distribution function Fj for z;, 7 = 1,2,...,J, as earlier done in
equation (3.1) for Fix, but now using z; instead. Next define the
function B : [0,1] — R by

Bi(r) & 12 [Fy(r)—r],  relo). (3.6)
Then (Billingsley, 1968, Theorem 13.1 or Theorem 16.4)
B;-%B°  asJ— . (3.7)

Obviously, the construction in (3.6) involves the unknown quantity
Fx and so is not immediately useful. It is, however, comparable to
the construction in the standard central limit theorem (3.4), as the
latter also involves the unknown Fx(z), that has to be appropriately
estimated through some other procedure.

Billingsley (1968, Section 22) discusses how the functional central
limit theory in (3.7) can be extended to apply to dependent observa-
tions. This involves hypothesizing appropriate mixing and moment
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conditions on z;. We do not discuss this further here but leave it for
the interested reader to pursue.

3.1.2 Densities

The derivative of a distribution is the density function. But while
the empirical distribution function F'X, as we have just seen, usefully
estimates the underlying distribution, its derivative fails to do so for
the corresponding density as that derivative whenever well-defined
only takes value zero.”

Consider then a density estimator

- of Fx(z+b)— Fx(z—0b
Fia(®) det Fx( )2b % ( ),

for b > 0. (3.8)

Replacing Fx on the right by Fx and letting b6 — 0 would recover
the underlying density fx = 8Fx/8z whenever Fx is differentiable.
The estimator (3.8) can thus be viewed as a difference ratio, taking a
numerical two-sided approximate derivative, with the approximation
indexed by the arc length k. Unlike the derivative Fx / Oz itself the
estimator fx,b in (3.8) is no longer trivially zero almost everywhere.
To assess fx,b’s properties and to motivate its extension to other
useful estimators, define the rectangular weighting function

1

= fo <1,

K@) ={2 ©rhls (3.9)
0 otherwise;

" This difficulty in estimating the density is profound and arises
not just from looking at one particular estimator. For a large class of
density functions, no reasonable estimator exists that is unbiased ev-
erywhere in the true density’s domain (Prakasa Rao, 1983, Theorem
1.2.2 and Ch. 2.1). By contrast, (3.2) immediately implies that, be-
sides being uniformly consistent, the empirical distribution function
F'y is also unbiased pointwise for the underlying limit.

—23—



Growth and distribution

and recognize that (3.8) can be rewritten

J _ .
Fxp(z) = % ST K (m bm7> . (3.10)

J=1

Equation (3.8) says the estimator fx,b at z is the fraction normal-
ized by 1/2b of observations z; that fall within the interval [—b, b]
centered on point z. By contrast, equation (3.10) says fx,b at z is
the sum normalized by Jb of {0, %}-values attached to each observa-
tion, varying with how distant that observation is from point z. This
second expression (3.10) also shows that, as a function, fx,b is the
sum of rectangles, and so now its derivative whenever defined is only
ever 0, the same property as ﬁ}’{ Note, however, that this feature is
inherited directly from the rectangular weighting function (3.9) and
thus can be easily altered.

The weighting function (3.9) and associated density estimator
(3.10) are usefully generalized as follows (Parzen, 1962; Rosenblatt,
1956).

Definition 3.2 A non-negative function K : R — R, with
/ K(z)dz =1
R

is a scalar kernel function or just a kernel. A kernel is symmetric if
K(—z) = K(z) for all z € R. For K an arbitrary kernel and b > 0, the
function

J
= def 1 T -z
Fxp(z) = = > K( J) (3.11)
Jb ia b
is a kernel density estimator with kernel K and bandwidth b.

Every probability density function (pdf) is a kernel and every ker-
nel a pdf.2 The standard normal pdf is a symmetric kernel, as is the
rectangular weighting kernel (3.9). For this last, the bandwidth A

8 Since then fx,b in (3.11) is automatically also a pdf, this seems a
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Table 3.1 Typical kernels used in kernel density estimation, with I
denoting the indicator function.

Kernel K(z)

Normal %6722/2

Rectangular % X Ifje<13()

Triangular (1 —|z|) X Ifjz<13(2)
Epanechnikov [% (1 — 2) 12 } X I{|x|<¢§}($)

can also naturally be interpreted as a window width. With other ker-
nels, such terminology is less obviously apposite but is nevertheless
sometimes used. The estimator (3.8), motivated initially as a two-
sided numerical derivative, is thus seen to be a special kind of kernel
density estimator, where the kernel is symmetric and uniform, and
the bandwidth is the arc length in the numerical derivative approxi-
mation. A list of kernels typically used in kernel density estimation
appears in Table 3.1.

Comparing (3.9)—(3.10) with the generalized version (3.11) in Def-
inition 3.2 we see that the kernel density estimator is the average of
selected pdf’s placed on the datapoints z;. This gives a further use-
ful interpretation for the kernel density estimator. Recall that if K
is the pdf for a random variable 5 then b—1K (” EJ) is the pdf for
z; +bn;, i.e., that induced random variable scaled by b and re-located
to z;. These z; + bn; are simply the original observations perturbed
or smoothed by adding in scaled versions of iid auxiliary disturbances
with known pdf’s. The kernel density estimator is thus the average

useful and natural restriction. However, circumstances exist where a
kernel that goes negative, but still integrating to 1, might be useful:
one example is bias reduction—see, e.g., Prakasa Rao (1983, Theorem
2.1.5, p. 42) or Silverman (1986, 3.6). To keep to the principal intent
of the discussion here, we will not consider such kernels.
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pdf of the smoothed observations z; +bn;, with b sometimes then also
called a smoothing parameter. The difference ratio in (3.8), because
it can be rewritten using the rectangular weighting function (3.9),
has its auxiliary disturbances distributed uniformly on [—1,1]. More
generally, if b is small then so too are the perturbations; conversely,
if b is large then the perturbations dominate the data z; in forming
the kernel density estimator.

To see the significance of alternative selections of kernel K and
bandwidth b for estimating fx, it is useful first to look at consis-
tency and central limit properties available. Just as with empirical
distribution function, pointwise and uniform versions are available.®
All such results have the bandwidth b diminish as J grows but at a
controlled rate. To flag this, we write by when useful.

The next two results provide pointwise and uniform consistency
respectively.

Theorem 3.3 Suppose fx = OF x/8z is continuous. In Definition 3.2
let K be such that (a) K is bounded and (b) |zK(z)| — 0 as |z| — oo,
and let by — 0 and Jby — o0 as J — 00. Then

for each z: Fxp(z) — fx(z) L0 asJ — oo.

Theorem 3.3 is established in Prakasa Rao (1983, Theorem 2.1.2,
p. 37); see also Silverman (1986, Section 3.7.1, pp. 71-72) and Prakasa
Rao (1983, Theorem 2.1.1, p. 35-36).

Theorem 3.4 In Definition 3.2 let K be such that (a) K is bounded;
(b) K has bounded variation; and (c) K is continuous outside a set of
Lebesgue measure zero. Then the two conditions

9 Modes of convergence other than the uniform are also studied
in the statistical literature—as examples see the exhaustive study of
L' convergence in Devroye and Gyorfi (1985) or of integrated mean
square convergence in Bickel and Rosenblatt (1973). To maintain
focus and keep within space restrictions, we do not consider those
here.
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(i) fx = 0F x/8z is uniformly continuous; and
(ii) by — 0 and (log J) 1Jby — 00 as J — o0
jointly are necessary and sufficient for

sup | fx p(z) — fx(z)] =50 as J — oo.

(The reader might find it useful to refer to the Technical Ap-
pendix, section 9, for further details.) Apart from regularity con-
ditions, the critical difference between pointwise and uniform con-
vergence expressed in Theorems 3.3 and 3.4 is the strengthening of
control on bandwidth variation, from Jb; — oo in Theorem 3.3 to
(log J)~1Jb; — oo in Theorem 3.4. In words b; must still vanish but
Theorem 3.4 restrains it from doing so as quickly as does Theorem
3.3.

The conditions placed on the kernel K in both Theorems 3.3 and
3.4 are very weak. Typical kernels, including all those in Table 3.1,
readily satisfy these restrictions.

The version of a uniform law of large numbers given in Theorem
3.4 is discussed in Silverman (1986, Section 3.7.1, pp. 71-72). For
useful variations see Pagan and Ullah (1999, Theorem 2.8, pp. 36—
39) and Prakasa Rao (1983, Theorem 2.1.3, pp. 37-38, and 2.1.15,
p. 54).

Both pointwise and uniform central limit theorems are available.

Theorem 3.5 Assume:
(i) K is bounded;
(ii) K is symmetric about 0, i.e., K(z) = K(—z) for all z;
(iii) [ z2K(z)dz < oo;
(iv) fx has second derivative continuous and bounded;

(v) Jby — oo and J/5b; — 0 as J — o0.
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Then at each z' with fx(z!) # 0 we have

(Jby)/?
(fx (z1) [ K(z)? dz)"?

[ Fra(ah) = fx (") |
LN N(0,1) as J — o0.

Since this result is likely one of the more directly useful for an applied
researcher, its proof is given in section 9.

Notice that the bandwidth condition in (v) of Theorem 3.5 has
by = o(J1/?), i.e., the bandwidth has to go to zero faster than
J~1/5, contradicting the fastest mean square error convergence rule
of by = O(J1/5) (see the Technical Appendix). Using the latter, the
limit distribution is not centered at 0, thus invalidating statistical
inference. When b; = o(J~'/5), however, Theorem 3.5 implies that
with probability approximately 1 — o the underlying fx(z!) lies in
the interval having endpoints

= = 1/2
Fra(al) £ (Jby) 2 [ Fra(zh) / K(:z:)zdm] tajy  (3.12)

when z,/> is the standard normal ((100 x a/2)-percentile) critical
value, with accuracy improving as J grows.

The endpoints given in (3.12) indicate that for given bandwidth
by the estimator variance depends on the kernel through [ K(z)2dz.
The second column in Table 3.2 calculates this integral for the ker-
nels of Table 3.1. But while this information is useful for performing
inference off (3.12), the researcher will typically set b; and K simul-
taneously. Thus, the third column in Table 3.2 reports a measure of
relative efficiency, based on minimizing integrated mean square er-
ror, where the bandwidth b; is permitted to vary with the kernel K
(see Theorem 9.6 in the Technical Appendix and Silverman (1986,
Table 3.1, p. 43)). The Epanechnikov kernel turns out to be optimal
but the other kernels achieve efficiencies remarkably close to it.!°

10 This brief discussion covers key ideas but, necessarily, cannot
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Table 3.2 Variance factors and relative efficiencies for typical kernels
used in kernel density estimation; see equation (3.12) following The-
orem 3.5 and equation (9.19) following Theorem 9.6.

Kernel [ K(z)?dz Jep/J
Normal 1=~ 0.282 0.95
Rectangular % =0.5 0.93
Triangular 2~ 0.667 0.99
Epanechnikov % ~ 0.268

Theorem 3.6 Let [...].

This result is established in Bickel and Rosenblatt (1973, p. 1072).

..

Many other methods are available to estimate densities, among
them nearest-neighbor, orthogonal series, maximum penalized like-
lihood, and adaptive kernel density estimators (see, e.g., Devroye,
1987; Pagan and Ullah, 1999; Silverman, 1986). While each method
has specific advantages and disadvantages, this section, to conserve
space, has discussed only kernel density estimators.

Section 3.3 will again take up estimation, but we need first to de-
velop some analytical concepts preliminary to that discussion. These
concepts will be used also in Section 6, although then for analytical
modelling rather than econometric estimation.

do justice to an extremely large literature on optimal bandwidth and
kernel choice. The interested reader should refer to Pagan and Ullah
(1999, Ch. 2), Silverman (1986, Ch. 3), and the references given there.
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3.2 Stochastic kernels

The discussion thus far has provided, through equation (3.1), snap-
shots in time of the evolving cross-section distributions. Results (3.5)
and (3.7) allow viewing what is calculated in (3.1) as reasonable de-
scriptions of some underlying distribution Fx, while Theorems 3.3-
3.6 achieve the same for fx,b as an estimator for the underlying den-
sity fx.

To study dynamics, we need to consider explicit laws of motion
in the cross-section distributions, not just snapshots in time. To that
end, this article now draws on Markov process theory, as developed
in, e.g., Gihman and Skorohod (1975), Karlin and Taylor (1981), or
Rogers and Williams (1994). In this discussion the variable subscript
(X or Z) is usefully left implicit.

Consider distributions {F;: : ¢ > 0} evolving in continuous time,
with each F; defined on the real line R. Let T} ; be operators mapping
I the space of such distributions into itself, and consider distribution
dynamics in the transition equation:

Fiis = T7 Fe. (3.13)

In stochastic process theory T typically operates on the underlying
probability measures rather than on distributions as in (3.13); fur-
ther, the operator would need to be defined on a space of bounded
finitely-additive set functions rather than just probability measures.!!
However, the distinction is unimportant for the level of abstraction
used here. With measures as operands, T7* also turns out to be the
adjoint of operator T to be defined in (3.17), hence the * notation.
What does the T7* operation (3.13) mean? Denote by R the Borel-
measurable subsets of the real numbers R, and let M; ; be mappings

11 Durlauf and Quah (1999) and Quah (1997) discuss these tech-
nical points for studying the empirics of economic growth and con-
vergence. Stokey and Lucas (1989, Ch.8) provides a rigorous devel-
opment of the mathematics.
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from Rx R to [0, 1], where for each z we have M ¢(z, -) a probability
measure. Associate with a given T3 ; some such My s by

Ve Fele / My, (2,(—00,2]) dFe(z).  (3.14)

Equation (3.14) is the stochastic kernel representation of equation
(3.13).
Whenever F; admits a density, equation (3.14) becomes

ft—l—s / pts z, fl} X ft( )d (315)

for transition density p; s satisfying

Vz, o' in R: M s(z, (—00,2']) = /zl ps(z, () dC. (3.16)

In words the transition density p;, is the Radon-Nikodym deriva-
tive of the stochastic kernel M; ; with respect to Lebesgue measure,
just as the density f; is the Radon-Nikodym derivative of the distri-
bution F; again with respect to Lebesgue measure. By construction
then for each z we have p; ;(z,-) a probability density function, i.e.,
pis(z,2') > 0 for all 2’ and [ p:s(z,2')dz’ = 1.

Next define the operator J; ; mapping bounded measurable func-
tions to bounded measurable functions:

(T1.e0) ( def/ oz )M, o(z, dz'). (3.17)

Call T; ; the time ¢ to time ¢ + s transition operator. If the transition
density exists, equation (3.17) is

) @) = [ 9lapile,a) do
To provide one interpretation to (3.17) let { X (¢):t € R, } be

a stochastic process whose marginal distributions for each X(t) are
given by F;. Assume equation (3.13) but leave X's serial dependence
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properties otherwise unrestricted, i.e., assume that the timepath of
F: can be described by T;,. Then (3.17) is the expectation of ¢ at
time ¢ + s conditional on X (t) =z, i.e.,

(Tt,s9) (z) = B [$(X(t +5)[ X(¢) = z].

To emphasize, nothing has been assumed thus far on whether X
is Markov or otherwise; there are no assumptions or restrictions to
test. Instead, X is an artificial random variable that has simply been
constructed in the course of our discussion; it need correspond to
nothing observable in real data.

The stochastic kernel representation (3.14) and the transition op-
erator definition (3.17) help clarify the notation and terminology;
understanding the relation between them also aids intuition for the
discussion to follow. Suppose T is an operator that maps a class
of appropriate functions to itselff—an example of such an operator
would be T;,. If 8 is an operator mapping distributions to distribu-
tions such that for ¢ an appropriate function and F a distribution,
we have:

/(‘.T¢ F(dz) /¢ F)(dz'), V ¢andF, (3.18)

then call § the adjoint to T and write § = J*. Applying this to
8 = T; s and F = Fy, calculate the right side of equation (3.18) as:

[ 4 (72 )de) = [ (a) Felde') (by (3.13))
= [ ¢(a) [ [ sz, do' Ft(d:v)]

(by (3.14))
—/[/dJ(cc')Mts z d:z:)] F.(dz)

- / T,.+0)(z) Fe(dz). (by (3.17))

Thus, T is indeed the adjoint to T s, and the notation is apt.
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For analyzing observed income or consumption distribution dy-
namics, a researcher might well confine attention to T7*—that alone
would suffice to trace out the dynamics of the income distribution—
and never need to consider explicitly the transition operator J. How-
ever, economists will typically be interested not just in income or
consumption alone, but in utility or poverty or yet other functionals
of the income distribution. When applied to an appropriate function,
the transition operator J allows conveniently characterizing those ad-
ditional derived dynamics: an important example of this appears in
Section 6, which uses the resolvent operator (Section 3.5) to describe
economic welfare and the dynamics of poverty and income inequality.

The alternative descriptions (7%, M, T) are well-defined regard-
less of the exact dynamics and cross-correlation properties in z;(t),
the same way that the projection of a scalar X(¢) on X (¢ — 1) is
meaningful regardless of X's exact serial correlation properties (see
Example 3.7). Equation (3.13) says only that operator 7* transforms
one distribution into another; operator 7* does this whether or not
those distributions come from a process that is generally serially de-
pendent or Markov or, indeed, serially independent altogether. This
same reasoning had been used previously, following (3.17), to place a
conditional-expectations interpretation on 7.

Now to permit more precise statements, consider not just the
timepath {F:;:¢ > 0} but also the associated conditional distribu-
tions. Recall that a stochastic process {X(¢) :¢ > 0} is said to be
Markov when for all integer n > 2 and all ¢4, ...,t,,¢t with 0 <¢; <
.-+ < tp < t, the conditional distributions satisfy

F(X(t)<z|X(t1)=2z1,...,X(tn) =2p)
F =Zp

=F(X(t) <z|X(tn) ) VZTi,...,Tn,T.

Whenever X is Markov and for all £ > 0 has F; as the distribution of
X (t), then say also that {F;:¢ > 0} and the associated 7%, M, and
T are Markov.

When T* (or M, p, or 7T) allows its doubled time-subscript to
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collapse to just a single subscript denoting separation in time,
ts = Jo,s =I5

say that the process {F: : ¢ > 0} has time-homogeneous transitions or
is time-homogeneous.

If {F;:t >0} is Markov and has time-homogeneous transitions
then {T; : t > 0} constitutes a semigroup of operators where

Tirs = T2 Ts = Ts T, (3.19)
as for all bounded measurable ¢

(Tersp)(z) = B

[ |
= E[Blp(X(t+s)) | X(t), X(0)] | X(0) = z]
= E[Blp(X(t+3s)) [ X(t)] | X(0) = z]
= E[(T:¢)(X(t)) | X(0) = z]
= (T:(T:9)) (z),

where the second equation uses the law of iterated expectations, the
second the Markov property, and the third time-homogeneity.!? It
is here that the Markov assumption has become critical; the earlier
manipulations of (7%, M, T) are all valid and well-defined even outside
a Markov environment.3

Finally, Example 3.7 constructs an example of the distribution se-
quence {F; : t} and the stochastic kernels for a discrete-time covari-
ance stationary process. The example shows that when not Markov
the transition operators, even if time-homogeneous, in general violate
the semigroup property.

12 The semigroup property is also known as the Chapman-
Kolmogorov equation or the Fokker-Planck equation (Karlin and Tay-
lor, 1981, pp. 285-286).

13 Cox and Miller (1965, Ex. 3, p. 142) gives an example where
the transition operator satisfies the semigroup property while the
underlying stochastic process is not Markov.
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Example 3.7 Let
{X({): t=0,1,2,...}

be a sequence of random variables jointly normally distributed, and
consider the associated distribution dynamics {F:, t=0,1,2,...}.
Suppose the sequence X is covariance stationary with mean zero and
covariogram:

{g(m)=E[X(m)X(0)], m=0,£1,£2,...}

The projection of X(t) on X (¢ — 1) has residual

e(t) = X(8) — [9(1)g(0) ] X(t—1)

normally distributed, mean zero, independent of X (t — 1), and with
variance

[1 - g(1)2g(0)’2} g(0)? >0 by Cauchy-Schwartz inequality.

Because X is normally distributed, the projection is also the con-
ditional expectation, so that the distribution of X (t) conditional on
X(t — 1) is normal and can be written:

X)X (1) ~N(O, [ 1- g(1)%9(0) 2] 9(0)2).
Consequently, the stochastic difference equation
X(t)=p6X(t—-1)+¢€(t), (3.20)

where B = g(1)g(0) ! and €(t) ~ N(0,[1 — 82]g(0)) independent of
X(t—1) ~ N(0,9(0)), is a valid representation of the distribution dy-
namics in Fy, regardless of the rest of the covariogram g(m). Implicit
in (3.20) is the operator T} |, = T7 of the distributional transition
equation (3.13). But although the resulting 7* and thus M and T
are time-homogeneous (by the stationarity of the sequence X ) the
semigroup property (3.19) fails in general. For instance, suppose X
is a second-order autoregression,

X(t) = a1 X(t — 1) + o X (t — 2) + v(t), v(t) ~ iid N(0, 1).
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The still-valid conditional distribution equation (3.20) has

B=9(1)g(0)" =(1-02) "o

_1—a2 21—a2

9(0) = 22 | (1 - of — o)~

— 2a1a2

The 2-step transition T35 is given by
X(t) =7X(t - 2) +n(t),

where v = g(2)g(0) ! and n(t) ~ N(0,[1 — ¥2]g(0)) independent of
X (t—2). On the other hand, the convolution of the 1-step operators,
J177, obeys

X(t) =B x (BX(t —2)) + {e(t) + Pe(t — 1)}
=B2X(t —2) + &),

where 32 # « and €(t) is not independent of X (t—2), except ifas = 0,
ie., if X is Markov. Thus, in general, T35 # TiT]—the semigroup
property fails—when TJ7 is calculated from the nonetheless-valid time-
homogeneous equation (3.20).

How is a result on violation of the semigroup property useful to
the applied researcher? For studying growth and convergence Quah
(1993a) compared transition probability descriptions of the cross-
section of economy incomes over long horizons and short horizons.
From the discussion in Example 3.7 we see that whether the long-
horizon characterization matches the appropriate convolution of the
short-horizon characterization is an examination of the Markov prop-
erty. Conversely, modifications of the underlying statistical model—
for instance, allowing certain kinds of mover-stayer mixtures (Blu-
men, Kogan, and McCarthy, 1955; Singer and Spilerman, 1976)—so
long as they preserve the Markov property in F; will, necessarily,
not help explain deviation of the long-horizon description from the
short-horizon ones.
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Section 3.5 continues this general discussion to consider resolvent
operators. Before proceeding to that, however, Section 3.3 considers
estimation of these relatively abstract objects just developed. Then
Section 3.4 treats Markov chains and shows how the abstract concepts
can be given concrete and explicit form in the discrete-state special
case.

3.3 Estimating stochastic kernels

For the remainder of this section we can confine discussion to the
stochastic kernel M or, in effect, its derivative the transition proba-
bility p;. To estimate the stochastic kernel notice that equation (3.15)
is solved for p; s by

ps(z,2') = {fx,(t,t+s) (z,z') fx,,g(:z:)*1 when fx (z) # 0

] (3.21)
0 otherwise,

where fx :1s) (z,2') denotes the joint probability density function
at z;(t) = z and z;(t +s) = z".

From the reasoning leading up to the kernel density estimator
(3.11) for fx, we can similarly define a kernel density estimator for

fx,(t,t45)-
Definition 3.8 A non-negative function K : R? — R, with
K(z)dz =1

R2
is a two-dimensional kernel function or just a kernel. A kernel is radially
symmetric if K (Sz) = K(z) for all z € R? and all S such that SS' = I.
Fixing t and s, let z; = (z;(t),z;(t + s))". A kernel is a product kernel
if it can be factored into a product of scalar kernel functions, i.e., for
z = (z1,22), K(z) = K1(z1)Kz(z2). For K a two-dimensional kernel
function and b > 0, the function

e 1O
Fx (2 debZZK(:v—:L‘J Y (3.22)
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is a kernel density estimator with kernel K and bandwidth b.

This definition parallels Definition 3.2 with the obvious change
from a scalar z to the bivariate z and from a normalizing b to b°.

[[Product kernels as mutually independent perturbations,
following noise-interpretation in Definition 3.2 of kernel
as noise-augmentation. Table some typical multivariate
kernels.]]

The estimator for the stochastic kernel simply puts together Def-
initions 3.2 and 3.8.

Definition 3.9 Let K; and Ky be two-dimensional and scalar kernel
functions, respectively; and let b1,bp > 0. Given t and s > 0 let
fx,b be the kernel density estimator with kernel Ky and bandwidth by
from {z;(t,t + s) = (z;(t),z;(t+5)) :5=1,2,...,J }; and let fx,
be the kernel density estimator with kernel Ky and bandwidth by from
{z;(t):5=1,2,...,J}.

Consistency and asymptotic distribution properties are available
for the stochastic kernel estimator.
Theorem 3.10 Let [...]. (Stochastic kernel LLN)
Theorem 3.11 Let [...]. (Stochastic kernel CLT)

[[In Theorems 3.10 and 3.11 describe the similarities with
and differences from standard results in Cacoullos (1966),
Chen, Linton, and Robinson (2001), and Roussas (1969).
Combine them. Describe estimated stochastic kernels in
Figure 5.1 and Figure 5.2.]]
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3.4 Markov chains

Empirical researchers often consider two different discrete models
that lead to Markov chains and transition probability matrices. A
Markov chain is a Markov process taking values only on a discrete
set; a transition probability matrix is the counterpart, for Markov
chains, of a transition density (3.15)—(3.16).

Of these two discrete models, one will be implied by equation
(3.15) and therefore is a special case of the analysis where densities
are available. But the other is not. While their common form allows
a unified presentation, understanding that they differ helps sharpen
the empirical modelling.

Of course, many excellent presentations of Markov chains already
exist in the literature. What is distinctive here is that the presenta-
tion begins from where a researcher observes a set of data (Definition
3.1) and has access (Theorems 3.3-3.6, Theorems 3.10-3.11) to the
objects estimable from those data. The development then builds
on these data-derived constructions, rather than, say, hypothesizing
discrete probability vectors and transition probability matrices a pri-
ori. This approach makes transparent the relation between, among
other objects previously discussed, transition probability matrices
and transition operators; it shows how a researcher calculates one
from another and what information might be lost in one but pre-
served in yet others. Such matters are (rightly) never considered in
rigorous theoretical development of Markov chain analysis. But, on
the other hand, they constitute part of what applied researchers need
to know.

For the first model, take F; continuous but piecewise linear; for the
second, take F; discontinuous but piecewise constant (see Figures 3.1
and 3.2 respectively). Call interval-discrete the first case—that in
Figure 3.1; call point-discrete the second case—that in Figure 3.2.
An interval-discrete model continues to have density with respect to
Lebesgue measure, as shown in the graph for f in Figure 3.1. Follow-
ing our usual convention, take the density to be right continuous with
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Figure 3.1 Distribution F and implied density f for a discrete model,
F is continuous but piecewise linear.
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Figure 3.2 Distribution F for a discrete model; F is discontinuous but
piecewise constant.
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left limits. By contrast, a point-discrete model has no such density.

Interval-discrete and point-discrete models obviously don’t ex-
haust the class of Markov chain models in general, where the discrete
states might be abstract sets, not just connected intervals or points on
the real line. However, these two do constitute all the useful discrete
models that can be derived from framework in section 3.2, where the
initial underlying state space is naturally taken to be the set of real
numbers.

Both interval-discrete and point-discrete models define for each ¢
a finite or at most countably infinite set

{fo,fl,fg,...,}CR, Em<5m+1Vm:0,1,2,...,

made up of either the points of non-differentiability in F; for the
interval-discrete model or the points of discontinuity in F; for the
point-discrete model. Assume this set is invariant in time. This
restriction can be relaxed with no conceptual difficulty, but at the
cost of cumbersome notation.

Identify the distinguished points with a set of discrete states, la-
belled {0,1,2,...}. The number of states M can be finite or count-
ably infinite, where for the interval-discrete case

M=inf{m:F(z,)=1}
and for the point-discrete case
M=inf{m:F(Z,)=1}+1

For both models associate to each discrete state m =0,1,..., M — 1
a probability

f(m) = / iR (2) = [ lim F(:z:)] _ [ im F(z)|.  (3.23)

Tm zTZm+1 z1Tm

Because the interval-discrete case has F continuous and piecewise
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linear, equation (3.23) gives

F(m) = F@ms1) — F(@n) = / ) da

Tm

= () X (Tms1— Tm ). (3.24)

Similarly, our convention on right-continuity implies that the point-
discrete case has (3.23) as

f(m) = F(Zm) — lim F(z). (3.25)

zTTom

The general definition (3.23) shows the probabilities f to be changes
in the values of the distribution F. Special cases (3.24) and (3.25),
respectively, show f as areas under the density and as the sizes of
jumps in the distribution at discontinuity points.

Reintroduce the time index ¢ for f;(m) and form the vector

fo=(R(0) TW(1) - RM-1)

where | denotes vector and matrix transposition.!* For both interval-
discrete and point-discrete models the version of the transition equa-
tion (3.13) used here will be:

fris = Pt,Ts x f, (3.26)
where the M x M transition probability matrix
B s(m,m'), m,m' =0,1,... ,M -1,

characterizes transitions from time ¢ to time ¢ + s. Even though
the transition probability matrix equation (3.26) for Markov chains

14 This monograph adopts the convention that vectors and matri-
ces begin their indexes at 0 rather than 1. The development of the
material in the text makes that convenient and natural. This zero-
offset convention is also used in some linear algebra texts and in many
programming languages.
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applies in all cases of interest, because F; will not always admit a
density, equation (3.26) is not a direct counterpart to the transition
density equation (3.15). Nor is it just a special case of the transition
equation (3.13), which describes dynamics in the distributions, not
in their Radon-Nikodym derivatives.

In the interval-discrete case, however, the transition density does
exist and can be usefully and intuitively related to the transition
probability matrix.

Proposition 3.12 For the interval-discrete case:

(i) Matrix P, s in equation (3.26) has

B s(m,m') =

. _ 1 5m’+1 Tm41 , ,
(Tma1 —Tm) ~ X /_ /_ pts(z,z')dzdz’. (3.27)
T, Tm

(ii) For a function ¢ piecewise constant on [Z,,,ZTn1) define the
vector ¢ where (m) = ¢(z), £ € [Tm,Tm+1). Then the im-
age of ¢ under transition operator J; ; has its interval-averaged
version given by P; @, i.e.,

E'm+1

(Pud) (M) = @mir ~3m) ™ [ (Tif)(a)do.  (3:28)

Tm

If further for each ' the transition density function p; (-, ') is
piecewise constant on [Z,,, Tm+1) then

(Prsf) (m) = (T0,50)(@m)-

How is Prop. 3.12, or the framework here more generally, useful
to an empirical researcher? Recall that theoretical analyses typically
take as given the set of states for a Markov chain. In applied empirical
work, however, a researcher might need to decide which discretization
or finite set of states to use, calculated off of observations on the
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income distribution.’® Since incomes data are continuous variables
the researcher must have hypothesized a particular piecewise linear
distribution or interval-discrete model, thereby dividing the income
observations into a partition of discrete sets. Prop. 3.12 makes precise
what it means to represent the dynamics of the income distribution
in a transition probability matrix.®

Equation (3.27) says that the transition probability matrix P is
an integral or average of the underlying transition density. Different
transition densities p therefore imply the same transition probability
matrix P. The underlying transition density need not and generally
will not display the same piecewise linearity as the distributions F.
When a researcher estimates a transition probability matrix following
a particular discretization of the space of incomes—hypothesizes a
particular Figure 3.1, even when entirely accurate—the underlying
dynamics can be identified only up to some equivalence class. The
underlying transition density, and thus T, 7*, and M still contain
relevant information additional to that estimated by the researcher.

This can be seen in part (ii) of Prop. 3.12: vector P¢ contains
only smoothed or averaged versions of the conditional expectation
T¢; it does not recover that conditional expectation itself, even when
¢ is piecewise constant. Only when the transition density is also

15 Examples include Epstein, Howlett, and Schulze (2003), Quah
(1993a), and ... [[put others]].

16 To be clear, Prop. 3.12 does not claim that every continuous-
state Markov process with a transition density can be accurately ap-
proximated by a discretization. From Chung (1967) we know that a
continuous-state Markov chain when inappropriately discretized will
no longer be Markov; however, see Bulli (2001) for an interesting at-
tempt to deal with this confounding of the underlying law of motion.
By contrast, in the text the interval-discrete case begins with under-
lying distribution F in Figure 3.1. The discussion here hypothesizes
an appropriate discretization and seeks the features of the transition
dynamics consistent with that discretization.
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piecewise constant, do P¢ and T¢ coincide. Variation in the first
argument of the transition density function allows dynamics strictly
richer than that recoverable in the discretization, regardless of that
discretization’s validity and accuracy. Similarly, the conclusion in
(3.28) fails in general if the function ¢ is not piecewise constant,
even with ¢ replaced by, say, fixed averages of ¢ over the appropriate
[Zm, Tm1) intervals.
More positively, however, by Prop. 3.12 we have:

P, s(m,m') >0, all m, m' (3.29)

Moreover,

M-1 Em’-‘,—l oo
> [ hstede = [T g a1
m=0 T, — o0

implies

57'n+1

M-1
Y. Pig(m,m') = (Tmi1 - fm)‘l/ 1dz = 1. (3.30)
m'=0

Tm

In words (3.29) states non-negativity and (3.30) row sums equalling
unity.”

For the point-discrete case described in Figure 3.2 part (i) of
Prop. 3.12 no longer applies. Instead, by direct inspection, we can
set

B s(m,m') = My s(Zm, (—00,Tr]) — Um My s(Tm, (—00,z]).

=T,
(3.31)

17 A matrix satisfying (3.29) and (3.30) is often referred to as a
Markov matrix or a stochastic matrix. Although the logic for this
terminology is long-established, the language can nonetheless be con-
fusing to non-specialists, as obviously such a matrix is Markov or
stochastic in a way different from how a stochastic process is Markov
or a random variable is stochastic.
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To understand this, notice that when F; has the point-discrete prop-
erty of Figure 3.2 the integral on the right side of (3.14) selects values
M; s(z,-) only at z = T,,. Then that the left side F;;, of (3.14) has
the point-discrete property means M; s(Zm, (—00,:]) must do so as
well. Here too the transition probability matrix P fails to contain
all the features in the underlying stochastic kernel M; however, un-
like in the interval-discrete case, any possible aliasing occurs only on
zero-probability events.

The conditions (3.29) and (3.30) follow immediately from (3.31).
This point-discrete case is not, however, typically observed directly in
actual incomes data and therefore is not generally useful for empirical
work. On the other hand, it turns out to be well-suited to analytical
modelling, e.g., in Section 6.2 to follow. For the point-discrete case,
there is no longer an entire range [Z,,,Zm+1) associated with each
state m; instead, only the value z,, matters. Thus, although F; here
admits no density in the usual sense, the analysis actually simpli-
fies, relative to the interval-discrete model. The transition operator
expression, analogous to (3.28), no longer involves an averaging but
is always exact. Letting ¢ be any function, no longer necessarily
pointwise constant, define ¢ by ¢(m) = ¢(Z,,). Using (3.31),

(Pt,sa) (m)
M1 _ M1
= Z Pt,s('m,, ml)¢(ml) — Z Pt,s(m; ml)¢(§m’)

m/=0 m :?V[_l .
= ¢(EO)Mt,s(fm) (—OO, f0] ) + Z /_ ¢($I)Mt,s(fma dml )
m/=1"%m/-1

— [ @M@, da’) = (TP ).

The expression after the third equals sign follows from noting that
the right side of (3.31) equals M;  (Zm,Zo ) for m' = 0 whereas for

47—



Growth and distribution

m' =1, 2, ... the right side satisfies

Mt,s(fm,(_ooxfm’])_ ITIIH Mt,s(fm;(_ooiw])

= Mﬁ,s(fma (_Oo)fm’] ) - Mt,s(fm) (—OO, (E] ) Vz € [fm/,]_,fm/)
= /; ™ Mt,s(fm,dcc').
T

For all Markov chains—whether interval- or point-discrete—each
row of the matrix P, is a vector of probabilities. Therefore, the
operation on the right side of equation (3.26) finds the f;-probability
mixture of a collection of probability vectors, and thus generates yet
another probability vector. Again, for all Markov chains—interval-
or point-discrete—the adjoint equation (3.18) is immediate:

M-1

> (P.eB) (m) x Fu(m) =

m=0

P.§) Fo=3 (PLR)

/N

S

-1
= > B(m) x (PLF)(m),
0

m/'

so that we can identify P; ; with T; ; and the adjoint with the matrix
transpose.

Summarize the notation for describing a Markov chain. Given M
the number of discrete states, call T the vector (Zo,Z1,...Zar 1) of
possible realizations and P the matrix function

{P,s(m,m"), mm'=0,1,... , M —1;¢t,s>0}.

Let fy be a probability vector, taken to describe an initial distribution.
A Markov chain is then the 4-tuple (M, Z, P, fo).

If P is time-homogeneous, ie., P.s = Py for all £, s > 0, and
P satisfies the semigroup property (3.19), call P, = P, ,. Then in
a direct extension of the property for scalar real-valued functions
P, = Gt for some fixed M x M matrix G. The matrix G is called
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the infinitesimal generator of the semigroup P and can be obtained
by matrix differentiation:

(These will be reintroduced for the general case in Definition 3.15.)
Writing out the entries explicitly as

G={G(m,m'), mym'=0,1,...,. M -1, }

it is immediate that ), G(-,m') = 0 and G(m,m) < 0.

3.5 Resolvent operators

Time-homogeneity allows two further tools that will be used repeat-
edly later (section 6.2) to analyze growth and distribution.

Definition 3.13 For X Markov with time-homogeneous transitions T,
define Ry (X > 0), the resolvent operator or simply resolvent of X, to
be the Laplace transform of the semigroup {7::¢t >0}, i.e,

(o)
RA:/ e MT,dt, X>0.
0

Resolvent operators map bounded measurable functions to bounded
measurable functions by

(Rag)(@) = | T e (T,6)(z) dt

— [T e Blox(®) | X(0) =) at

= Y(z).

Moreover, the resolvent has a kernel representation useful for calcula-
tions. To obtain it, use (3.17) and interchange the integration order
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in
(Rag)(@) = [~ e (Tug)(a) at
= [T e B loxe) | X0 =< at
= /Ooo e M {/o:o ¢(a:)Mt(a:',dcc)] dt
= /jo #(z) /000 e M My(z', dz) dt
so that

(Rad)(@') = / #(z) Gi\(¢', z) da, (3.32)
where the resolvent kernel satisfies!®
Gi(z',z)dz = / e MMy(z', dz) dt. (3.33)
0

When the stochastic kernel M admits a density, as in equation (3.16),
then the resolvent kernel equals

Gi(z',z) :/ e_’\tpt(:z:',:z:)dt,
0

i.e., the resolvent kernel is the Laplace transform of the transition
density.

Record the transition density and resolvent kernel for Brownian
Motion, for use in Section 6.4:

Theorem 3.14 For X = 0B, where B is standard Brownian Motion,

the transition density is

pi(z’,z) = (2mo?t) "2 exp <—%> ; (3.34)

18 This notation follows Karlin and Taylor (1981, Ch. 15.11, p. 287)
but differs from, say, Gihman and Skorohod (1975). It is motivated
by G, being related to so-called Green functions for boundary value
problems in differential equations.
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and the resolvent kernel is

Ga(z',z) = 01\/%_)\6“21‘/27‘/”. (3.35)

Finally, we have
Definition 3.15 For X Markov with time-homogeneous transitions T,

define G the infinitesimal generator of X as the derivative of the semi-
group{JT;:t >0} att =0, ie.,

G = lim
At10

a ]
At '

where I denotes the identity operator.

The resolvent operator and infinitesimal generator can be related
to each other (e.g., Gihman and Skorohod, 1975, Theorem 1, p. 97):

Theorem 3.16 An X Markov with time-homogeneous transitions T has
its resolvent operator R, and infinitesimal generator G satisfy:

Ry=(X-G)l, va>o. (3.36)

By definitions 3.13 and 3.15, respectively, in equation (3.36) the
left side, R), is an integral taking into account all T; (¢ > 0) whereas
the right side, (A— G)™!, involves only the derivative of J; at a single
point ¢t = 0. That the two sides of (3.36) are equal to each other is
remarkable, and shows the power of the time-homogeneity restriction
in semigroups.

Some further insight into this is provided by the discrete-state
Markov chain (section 3.4) case. There the resolvent operator can be
explicitly calculated:

RA:/ e‘“Ptdt:/ e” (=G gt
0 0

= ()‘ - G)ila
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exactly as in equation (3.36).

To anticipate the use of equations (3.33) and (3.36) in section 6.2,
notice that when the resolvent is evaluated at a utility function, the
result is the expected present discounted value of the flow of utility.'®
When consumption, the argument of the utility function, is a diffu-
sion process—a Markov process with continuous timepaths—then its
infinitesimal generator can be described by a second-order differen-
tial operation. If, however, consumption is a Markov chain—with
jumps representing sudden discrete changes—then its infinitesimal
generator can be described by a matrix. Either way, equation (3.36)
allows explicitly calculating the present discounted utility value of
consumption under alternative scenarios for growth and inequality.

3.6 Long run distributions and other characteristics

We can analyze the distributions and stochastic kernel in (3.14), hav-
ing obtained their empirical counterparts using the results in 3.1.1-
3.2.

Durlauf and Quah (1999, Appendix A) describes ... .

Limiting behavior. Doblin’s condition. Ergodicity. First-
passage times. Doob (1953). Futia (1982). Quah (1996a).
Stokey and Lucas (1989).

For a Markov chain (M, T, P, fy) having time-homogeneous transi-
tion probability matrix, a stationary or invariant probability (vector)
is any vector that can be formed as a convex combination of the rows
of

ple) Ef 4im B,
t— oo

provided the limit on the right exists.

19 Rogers (1997) used ---. Duffie and Glynn (2004) applied - - -.
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To see why this is reasonable suppose fg is an invariant probability.
Because fg is a convex combination of the rows of P(), a probability
vector ¢ exists so that

fo=[P]'3.

Then for all ¢ > 0
— - T
fo=PBfo=PR [P §=[PR] ¢

T T

=[lim P,,] ¢=[P] §=F,
since P satisfies the semigroup property (3.19). In words, an invariant
probability vector is preserved through time. An invariant probability
corresponds to a long-run steady state of the distributional dynamics;
or, it is a fixed point of the associated transition operator.

If P(®) has all its rows identical, then every convex combination
of those rows is just the first row: the stationary probability vector
is therefore unique and equals that first row. But the converse also
holds. If the stationary probability vector is unique, then all rows
of P(®) must equal that stationary probability, for otherwise some
convex combination of the rows would be available as a yet different
stationary probability.

If P, has all rows identical then the Markov process is, when
observed in discrete time, serially independent. From any initial dis-
tribution the process attains its invariant distribution equal to the
first row of P; in a single time period, and it remains there forever
after. Thus, the limit P(®) is well-defined with P; the unique limit
point.

4 Catch-up models

To see how growth models restrict distribution dynamics, we begin
with the simplest version of the Solow (1956) growth model. Let ¥
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be total output, N be the workforce, and K be the total capital stock.
Denote per worker quantities in lower case:

y¥y/ N k¥ K/N (4.1)

Output depends on K, N, and technology A through a standard
smooth neoclassical production function. Assume technology A en-
ters the production function multiplicatively in N so that output per
worker can then be written as

y=Af(k/4), f'>0, <0, lim f(k)kt=0.  (42)

Technology and the workforce evolve exogenously at constant growth
rates

AJA=¢>0, A0)>0
N/N=v>0. N(0)>0

Capital depreciates at a constant rate § and accumulates through
savings equal to fraction 7 of total income Y:

K=7Y-60K, 7in(0,1)andd > 0. (4.5)

Combining (4.1) through (4.5) gives the dynamic equation for capital
per worker:

k/k—A/A:Tf(kk/{;‘l) — (0 +v+€) (4.6)

Under the standard curvature assumptions on f given in (4.2), equa-
tion (4.6) has a unique steady-state value [k/A]*.

Taking together equations (4.2), (4.3), and (4.6) then gives ob-
servable dynamics for labor productivity:

logy(t) =To + & -t+ [logy(0) — I‘o]e”, (4.7)
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Figure 4.1 A cross section of economies, each having different possible
steady-state paths varying with T'y.

logy(t)
W £t + o,
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where

T'o = log f ([k/A]") + log A(0)
=g ([5 +v+ E]_17> +log A(0), with ¢’ >0,
and A = X(f,(0 +v+¢&),7) <O.

These dynamics are illustrated in Figure 4.1. For any one economy,
say with output per worker y;, economic history is the transition from
its initial level to a specific steady-state path. However, the Figure
also shows that the cross section of economies, having different under-
lying steady-state paths varying with I'y and different initial incomes,
displays a wide range of possible behaviors. Economies 2 and 3 di-
verge away from each other, criss-crossing along the way although
they began close together at a middle-income level. Economies like
1 begin and remain rich; those like 4 begin and remain poor.

A stochastic kernel M for this range of possibilities would show
simultaneously convergence (economies 1 and 2 approaching each
other, and 3 and 4 similarly); divergence (economies 2 and 3 starting
out together but then growing apart); and persistence at both high
and low ends of the income range (economies 1 and 4 remaining,
respectively, rich and poor).

All these different behaviors can be seen in the data (Quah, 2001b,
1993a, 1997). The analytically-derived Figure 4.1

Thus, while divergence might be an important feature of eco-
nomic growth across countries (Pritchett, 1997), it is not the only
prominent feature of distribution dynamics overall. Similarly, con-
vergence (Barro and Sala-i-Martin, 1992). Theorizing on the con-
vergence and divergence properties in economic growth should try to
incorporate both features simultaneously, rather than exclusively one
or the other.?0

20 Quah (1996a) has interpreted the model in Galor and Zeira
1993) as displaying exactly such diverse cross-section dynamics.
g
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Quantify physical and human capital contributions
in pictures like Jones (1998, Figs. 3.1-3.2).
Importance of A, regardless whether exogenous or endogenous.

Jones (1997)
Mankiw, Romer, and Weil (1992)
Romer (1990)

(i) Importance of technology, or something like it to segue into
subsection 4.2.

(ii) Panel data empirical methods can be misleading for question of
interest

4.1 Theoretical models for cross-section distribution dynamics: Technology
diffusion across countries

One convenient framework to model interacting economies, evolving
in a rich cross section through time, is the following. Let J denote
the given set of economies, j the typical element in 7, and C C J a
subset of economies. Thus,

AJ’ = {Aj(t) 1t Z 0}
is the timepath for the single, isolated economy 7 whereas
Ac ={4,(t):t>0, j€C}

is the collection of timepaths for economies in the group C.

Applied to distribution dynamics, many models of technology and
knowledge diffusion can be summarized as a diffusion scheme, i.e., a
pair (A, D), with A, the target and D the dynamic catch-up equa-
tion. Examples of A, include:

—57—



Growth and distribution

(i) A the average, either across a subgroup C or the entire set of
economies J;
(ii) Ag some distinguished, fixed-identity leader economy;
(iii) Amax @ specific leader, but whose identity varies through time.

Target A, will also, in general, evolve through time in some way to
be specified.

Dynamics D can be divided conceptually into two classes: First,
where the resulting timepaths are continuous; second, where they are
discontinuous, i.e., can take discrete jumps. Since we are modelling
A, no physical limits prevent the second—indeed, certain distribu-
tion dynamics naturally call for jumps in the timepaths of specific
countries. Examples of the first class of dynamics D include, for
&, B; >0,

Ay =477 AP g (c1)
and
. A
Aj/A; =&+ (1 - A—i) B; (C2)
as distinct possibilities. In all cases, §; can be interpreted as implying
a growth premium: it is a “catch up to the leader” coefficient—the
higher is 3;, the more rapidly A; grows whenever A; < A,. By
contrast, {; can be viewed as the natural growth rate in A;, distinct
from catch-up tendencies: it is the growth rate in A; whenever g;
equals zero. With 3; positive, the further A; is below A,, the faster
does the economy grow, relative to the underlying natural growth
rate ;. Finally, notice that in (C1)-(C2) the target A, behaves like
just any other A;.

Models with discrete jumps can be described as follows. For each
j € J, define tg = 0, and for £ > 1 let ¢, — 51 be continuous,
positive-valued random variables, with distributions to be specified,
varying with 7.

Following Feller (1968, p. 73), call the (random) time points ¢
epochs. If, for example, the j-th economy has its inter-epoch times
distributed iid exponentially, then we can call epochs ¢; the arrival
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times for a Poisson process. More generally, denote by P the distribu-
tion of time from one epoch until the next; and let p be the resulting
probability density,

dP
t) = —(2).
p(t) = —(t)
Then define the hazard rate
ht) = —L1og(1—p)) = P8 _ 45

dt T 1-P(®)

the expected arrival rate of events. The implied random process
is a point process. Like the distribution P, the hazard h is fully
informative on the properties of the point process, as we can always
calculate: ,

Pit)=1—e "% 4> (4.8)

Returning to the cross section of economies, assume technology
levels change only at epochs, i.e., for ¢ # tg, let Aj(t) = 0, but for
t = ti, one of the following holds:

A;(t) = Amax(t) for some timepath {Amax(t) :t > 0} (D1)

or
A;(t) = (1+¢&)1im 4;(s). (D2)

Equation (D1) describes a jump to the frontier, regardless how far
advanced the frontier might be ahead of A; before j7's epochal event,
while equation (D2) is a discrete jump of height ¢;, independent of
where the frontier currently is. In (D1) the frontier Anax evolves in
a way that varies across models. The average or expected growth
rate of an economy j depends on ¢;, Amax, and the epochal time
distributions.

Equations (C1) and (C2) represent gradual adjustment towards a
target level A,, in turn evolving through time. Equations (D1) and
(D2), on the other hand, represent discontinuous, abrupt adjustment.
What happens at the frontier A, .x in (D1) matters importantly for
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the distribution dynamics: One typical assumption (e.g., Aghion and
Howitt, 1998; Howitt, 2000) is that Ana.x evolves in a way related to
but different from how A;’s not yet at the frontier do so. We return
to this in section 4.2.

We will also consider hybrid schemes that mix continuous and
discontinuous catchup dynamics.

4.2 Explicit diffusion schemes (A,, D): Examples

Many studies in the literature can be usefully organized into alterna-
tive diffusion schemes. To see this, first define the relative technology
ratio a; = A;/A.. Consider continuous and discontinuous D in turn.

Continuous D

One diffusion scheme commonly used in empirical studies sets
the target equal to a permanent leader economy, A, = Ay, and the
catchup dynamics to be gradual, either D = (C2) or D = (C1). Then,

A, /A, = Ay /Ay = &.

Defining @ to be the steady-state counterpart to the relative technol-
ogy ratio a, either:

7 (&/6)""
ajfa; = [(@/e;)” - 1] ¢
for (C1), or
5 T 1+ (& - 6)/8; "
aj/a; = —(a; —a;) X B;

for (C2). That @; differs from 1 implies a permanent cross-country
difference in steady state equilibrium, and thus a non-degenerate in-
variant cross-section distribution, depending in general on intrinsic
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underlying growth rates ¢; as well as catch-up coefficients §;. If,
however, {; = &o, then a;(t) — 1 as ¢ — oo, independent of §;; the
invariant distribution is then a degenerate point mass.

Empirical examples of the special case of (C2) above include,
among others, Bernard and Jones (1996) and Cameron, Proudman,
and Redding (1998). Illustrative of the kinds of results available in
this approach, Cameron, Proudman, and Redding (1998) find that
compared to the US, OECD economies display long-run steady-state
technology ratios a; between 53% and 92%.

Lucas (1993) is a different variant on this class of examples, setting
A, = A and D = (C1). In a slight distortion of language, catch
up here is not to a leader economy, but to the average of the cross
section distribution. Economies that are advanced relative to the
average slow down, while those that are behind speed up. When
¢ = &o, then again a;(t) — 1 as t — oo, so that in steady state,
Aj = Ay = A: Convergence of the cross-section distribution is to a
degenerate point mass.

Why might a target equalling the cross-section average, A, = A4,
make sense in an economic model? Lucas (1993, p. 255) refers to
externalities in accumulating human capital, but suggests the specifi-
cation is just a convenience in modelling as nothing essential changes
if we replace A, = A by the maximum A, = Ama.x or the permanent
leader A, = Ap. Outside the present predictive analysis, however,
this “dependence on the cross-section mean” externality specification
might well bear substantive implications.

In all cases above, no intra-distribution crossings occur. Econ-
omy j never surpasses a j' previously better off than itself; at best,
j becomes as rich as j', and then only asymptotically. Convergence
of the cross-section distribution is monotone, and, apart from exoge-
nous heterogeneity ¢; # o, is always to a degenerate point mass.
Any sensible measure of cross-section inequality or of the spread in
the cross-section distribution will constantly diminish towards zero.
Cross-economy dependence is straightforward: Dynamics in economy
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7 depend on one simple characteristic of the cross-section distribu-
tion, namely one of Ag, Amax, OF A.

Extensions of this approach can proceed in a number of different
directions, modifying the conclusions just given. One possibility is
that target A, might differ across distinct subsets of the cross section
J. Thus, denote groupings of economies,

CO; Cl)“'g_j)

and suppose that each C bears a specific target A, for all economies
in the grouping. Each C is a convergence club, in the language used
in Abramowitz (1986) or Baumol (1986). The analysis for each sub-
set C proceeds exactly as above. However, combining analyses across
subsets, we see that criss-crossings and overtakings can now poten-
tially occur; and convergence of the distribution is, in general, to a
multi-peaked long-run distribution. The economic question to ana-
lyze here becomes, Which j's join which groupings C? What forces
determine the membership of any given C? Keely (1999) and Quah
(2001b) have applied ideas from the analysis of endogenous coalition
formation (Moldovanu and Winter, 1995; Ray and Vohra, 1999; Yi,
1997) to study these questions. Such work complements the stan-
dard convergence analysis that consider only (exogenously-specified)
spillovers or externalities, and is an alternative description of the
process of technology dissemination.

Hybrid D

Lucas (2000) provides a cross-economy growth model combining
the continuous timepath analyses described earlier with the discon-
tinuous ones to follow. The model can also be viewed as one that
places a probability structure on the endogenous coalition formation
just described. Thus, it is a different representation of the idea that
not all economies are simultaneously in the same convergence club.
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The economics in the model turns on human capital development and
knowledge dissemination, along lines studied in Tamura (1996).

Identify technology levels interchangeably with incomes, and sup-
pose for simplicity that all economies are equal-sized with constant
populations, normalized to unity. Economies fall, endogenously, into
two categories: they are stagnant, or they have taken off and are on a
development path converging towards the leading economy. Take-offs
happen probabilistically and at varying calendar times for different
individual economies.

How any given economy evolves, however, cannot be determined
without knowing how the entire cross-section distribution evolves.
Mechanically, the converse holds as well—the cross-section distribu-
tion is transformed along with the economies in it. In the model the
cross section influences any given economy in two distinct ways: First,
it affects the probability of a stagnant economy taking off. The more
developed the world is, the more likely a currently-stagnant economy
will launch itself on the path to development. Second, how devel-
oped the rest of the world is (or, in particular, the leading economy)
determines how fast a newly-developing economy grows—a catch-up
premium speeds up the growth of an economy that starts far behind
the world’s leaders.

The key results from the model are two-fold. The world develops
through initially slow diffusion and then acceleration—as the world
becomes richer both on average and cross-sectionally, more economies
latch on yet more rapidly onto the path to development. This acceler-
ation would not occur without some positive feedback from the devel-
oped world to the possibilities for takeoff among the world’s stagnant
economies. The model generates first increasing and then decreas-
ing cross-country inequality, and displays a emerging but eventually
only transient bimodality in the cross-section distribution. The early
part of the transition, therefore, shows both divergence and twin-
peakedness of the kind documented in Jones (1997), Pritchett (1997),
and Quah (1997).
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The model works as follows. Up through time 0 all J economies
in the cross section J remain stagnant,

y;(t) =y >0, forallt<o.

At t = 0 the incipient leader economy, 7 = 1, starts growing:
t>0:  pi(t)/yi(t) =€>0 = yi(t) =yet.  (4.9)

(In Lucas’s interpretation, economy 1 at time 0 can be thought of
as the UK at the beginning of the Industrial Revolution.) All other
economies stagnate with incomes at y until, individually, they ex-
perience a take-off event, whereupon that now-developing economy
converges upwards towards the leader economy. As time proceeds,
like marathon runners at the starting line, more and more economies
launch onto their respective development paths and race towards the
leader.

For 7 € J, 7 # 1, call the random variable £; > 0 the epoch of
7's takeoff; write £; = 0. Conditional on history up through time ¢,
call Cy(t) the collection of still-stagnant economies and call C;(¢) the
complement, J\Co(%), i.e., C1(t) = {j € J : t; < t}. For any positive
t, economy 1 is always in C; and, probabilistically, others might be
as well. Denote by Jy the number of economies in Cy and J; the
number in C;. Independently and identically distributed across the
still-stagnant economies, take-off events occur over the time interval
[t,t + dt] with probability h(¢)dt. Thus, the hazard rate h proba-
bilistically splits the world into two groups, the stagnant Cy, where
y;j(t) = y for j € Co; and the developing C;, comprised of economy 1
and j # 1 for which we assume y;(t) grows as

S R R

Equation (4.10) says that eventually y;(¢) catches up to y:(¢): con-
ditional on t;, the right side of (4.10) declines exponentially to zero
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at rate § as t grows, so that y;(t) ,* yi1(t). The B coefficient in
(4.10) properly describes convergence for economy j to the leader,
not simply an economy’s growth rate slowing down as that econ-
omy approaches its underlying steady-state growth path. This can
be rewritten to say that later-developing economies enjoy a growth
premium as (4.10) is also:

y;(¢5) > —(t—t-)ﬁ]
() =n({@)x |[1-[1—-=A= e 3 4.11
and log-differentiating with respect to time gives:
. _ Yi(t) )\ o—(t—t;)B
ORI B 05 ) L
J;(t) [1- (1 4l ete-ta0 |

y1(t5)

<

<

Developing economies grow nonlinearly. Their growth rates equal
that of the leader’s, &, plus a second convergence term that is larger
the greater the distance from the leader economy at the takeoff date,
but that then falls to zero over time. The later an economy begins to
develop, the faster it grows (y/y1(t;) is lower), but as that economy
matures, its growth rate slows, although remaining sufficiently high
so that eventually it catches up to the leader.

As history unfolds, not only do the incomes of the economies in Cy
grow, but the size and membership of Cy and C; also change. World
income is the sum of group incomes across stagnant and developing
economies, i.e., at time ¢,

S yi(t) = Jo(t) x y (4.12)
JECo(t)
and
oyt = > ). (4.13)
JEC1(t) {73t <t}

Provided J is sufficiently large that laws of large numbers apply to
averages, we also have

Jougt) _ o Jo n(s)ds (4.14)
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and for (4.13)

7Yy = [ k)

jeCi(t) 0
Y (e
1—(1— < >e(t S)ﬁ}}ds. 4.15
() (4.15)

o~
S
~—
[V
N—r

{u~

Using (4.11) the term in braces in equation (4.15) is the income at
time ¢ of an economy that began growing at epoch ¢; = s. The mul-
tiplier J 1Jp(s)h(s)ds is the ex-ante expected fraction of economies
experiencing a takeoff event in an infinitesimal time interval at s.
The integral then takes the total over all past epochs s € [0, ¢].

Specifying how h behaves will now allow the model to produce dis-
tribution dynamics for the cross section of economies through equa-
tions (4.9), (4.11), (4.13), (4.14), and (4.15). As Lucas (2000) ob-
serves, a constant hazard h(¢) = h(0) cannot adequately capture how
as world development has proceeded in the 20th century, we observe
more and more economies take off more and more rapidly. To al-
low this the hazard rate might be chosen to vary with the size of
C, or with average world income (which, through (4.12), (4.14), and
(4.15), varies positively with C;). Lucas (2000) shows that selecting
the latter allows a better fit to the data.

To summarize, the model displays two clear successes. First,
allowing individual-economy takeoffs to depend on world develop-
ment, the model explains the accelerating pace of development cross-
sectionally. Second, if we identify the economic history analyzed
econometrically in Jones (1997), Pritchett (1997), and Quah (1997)
with the early part of the model’s distributional transition, the model
explains divergence and emerging twin-peakedness.

But note that however h might evolve through time, provided only
that it is bounded from below by a positive constant, equation (4.14)
has its right side converging to zero. More precisely, the discussion
surrounding equation (4.8) implies that in this model all economies
almost surely enter C; in finite time. After that time, the cross sec-
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tion of economies behaves as discussed earlier for (C1) or (C2): in-
equality decreases towards zero. Since initial inequality is also zero
the transition path therefore has first increasing and then decreasing
cross-section inequality, with a bimodality—the two clusters Cy and
C;—emerging, becoming more pronounced, and then disappearing in
the cross-section distribution as all economies get absorbed into C;.

Because the model treats takeoffs into development as a one-way
transition—C; membership is an absorbing state—the framework dis-
allows the possibility that world development might show persistent
divergence and twin-peakedness. This suggests that a useful feature
to explore in the model might be decay events, the opposite to take-
off events. This terminology is intended to recall the title in Tamura
(1996) and to suggest that transitions might be two-way, rather than
simply uni-directional. Just as the hazard function h parametrizes the
probabilistic beginning of industrialization, so too there might be an-
other describing the probabilistic decay of a once-successful economy.
Specifying it at the same level of theoretical transparency as done for
h in Lucas (2000) allows a first step in the analysis but then inves-
tigating the structure of both more deeply would provide insight as
well.

However the two hazard rates vary, as long as each is bounded
from below by a positive constant, the cross section distribution of
economies will settle down to a long-run steady state that is bimodal,
although with continually ongoing simultaneous upwards and down-
wards transitions. Indeed, it is the balancing of those transitions that
will determine a nondegenerate configuration in the long-run steady
state distribution.

Neither economic logic nor economic history rules out such tran-
sitions to decay. The UK, despite its early lead with the Indus-
trial Revolution, relinquished economic dominance to the US in the
early 20th century. China's advanced state of technology in the 14th
century underwent not just relative but absolute economic decline
over the subsequent five millenia (Jones, 1988; Landes, 1998; Mokyr,
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1990; Pomeranz, 2000; Quah, 2001a). After the flooding of the Bass
Strait following the end of the last Ice Age 10,000 years ago, Aborig-
inal Tasmanians grew culturally isolated from mainland Australians
and subsequently abandoned bone tools and fishing—relatively ad-
vanced technologies—and reverted to primitive hunting-gathering,
where they remained up through their first encounter with modern
Europeans in 1642 (Diamond, 1997).

A second line of potential further work begins by noting that
spillovers in the model are global. Spillovers run along two distinct
channels: First, from the leading economy 5 = 1 to every other econ-
omy that has already begun its takeoff and second, from the state
of the world—the distribution of world incomes, through the hazard
rate h—to takeoff possibilities for all the remaining, still-stagnant
economies. Useful extensions to the framework might thus study
if spillovers have more restricted scope and if so, what determinants
might be important for them. If the spillovers are primarily in knowl-
edge, do geography and physical distance matter? How do technolo-
gies for knowledge transmission alter patterns of world development?
Or, does the cross-economy spread of knowledge occur through trade
in ordinary merchandise, rather than more abstract trade in knowl-
edge? If knowledge disseminates through learning of some kind, does
that mean university training, or seeing how production and man-
agement take place in factories, or accessing engineering blueprints
and scientific formulas? If it’s the last of these that matter, how
do regimes of intellectual property rights distort the dissemination
of economic growth across countries? How do domestic attitudes
and mechanisms for political control influence the acceptance of new
ideas? Does the learning that matters come about through moving
across economies people rather than ideas; is one mechanism more
reliable than another?

Having some answers to these questions might lead in the model’s
formalization to the endogenous emergence of distinct or perhaps
overlapping clusters Cy, Ci, ..., that are, again, convergence clubs.
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Both this and the decay-events mechanism previously described will
also produce over-taking and leapfrogging in across economies, thus
far absent in the framework.

As Lucas (2000) said, “Gaining a quantitative understanding of
all of these forces for diffusion—and, as Parente and Prescott (1994)
would stress, the forces that oppose them—is the central question of
the theory of economic growth and development.” A limited selec-
tion of studies that have studied such questions explicitly for cross-
economy patterns of growth includes Coe and Helpman (1995); Eaton
and Kortum (1999); Epstein, Howlett, and Schulze (2003); Helpman
(1993); Keller (2004, 1998); Matsuyama (2000); Parente and Prescott
(2000, 1994); Quah (2001a, 1997).

Discontinuous D

The leapfrogging conspicuously absent in the model just discussed
appears instead as a leading feature in models of creative destruction
(Aghion and Howitt, 1992, 1998). These models specify follower-
economy technologies that leapfrog to the frontier whenever a spe-
cific event occurs (equation (D1)). Ré&D-driven models associate
those events with fundamental discoveries or innovations. At such an
epoch, the leader is deposed, and a different economy, that for whom
the innovation has just realized, takes over as the leading economy.
Criss-crossings obviously occur in such a specification, always to the
frontier technology level.>! The model is presented here in a way to
make it directly comparable with that of Lucas’s (Lucas, 2000) just
described.

The leading economy is no longer fixed at 7 = 1 but has its iden-
tity vary across j's, depending on the unfolding of economic history.

21 Typically, such a model is used to analyze economic performance
across different industries within a single economy, although Howitt
(2000) has also applied it to examine multiple industries across dif-
ferent economies.
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But while its identity can vary, the growth rate of income at the
frontier does not depend on which economy it is that’s there; in-
stead that growth rate depends on the global resources devoted to
improving productivity—this might occur from research and devel-
opment or learning by doing or accumulating human capital. Thus,
across all economies spillover is extreme in pushing back the global
frontier. Next, economies can jump, discontinuously, to the frontier
from wherever they might be in the distribution, leap-frogging over
all those initially ahead of them. This transition occurs when a dis-
covery or revelation event suddenly occurs. Between such events,
however, a given economy’s productivity simply remains stagnant,
thereby having the frontier move ever distant as well as yet other
economies overtaking it in turn.

While significant intra-distributional churning occurs and growth
at the frontier is ongoing, nonetheless a steady-state long-run distri-
bution obtains. Under certain assumptions, moreover, that long-run
cross-economy income distribution takes a power-law form.

Although all economies, typically, have different incomes and pro-
ductivity levels at any time ¢, suppose that the returns to improv-
ing productivity equalize across economies. Each economy devotes
resources so that its likelihood of transiting to the frontier is the
same as as that for all others. Such expenditure will appear to have
no discernible impact on most economies most of the time—most
economies do not successfully jump to the frontier but instead have
their income and productivity only remain constant. However, those
expenditures do collectively contribute to pushing the frontier ever
outwards—for instance, all research contributes to the global stock
of knowledge—and, for that economy that happens to be successful,
the steps it undertook to improve productivity appear to pay off out
of all proportion.

A simple formalization of this dynamic mechanism is as follows.
When economy j devotes resources Res(t) at time ¢ assume the haz-
ard rate on that economy’s leap-frogging to the frontier is h(¢) =
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Res(t) (by normalizing Res to appropriate units). Summing Res(t)
across economies, suppose that the global frontier per capita income
Ymax €VOlVes as:

ymax(t)/ymax(t) - C X RBS(t), C > 0)

with { 2 1 depending on how well or how badly incipient individual
productivity spills over towards the global frontier. Denote per capita
income relative to the leading economy = y/Ymax.

Theorem 4.1 Suppose J is so large that laws of large numbers apply
to averages. When the intra-distribution hazard is proportional to
growth at the frontier, i.e.,

h(t) = Umax(t)/Ymax(t) x (71, ¢ >0, (4.16)

then the steady-state cross-country distribution Fx of relative in-
comes exists, is unique, and has the power-law form:

ze[0,1]: Fx(z)=z"" = fx(z)= ¢lgt
where the density fx is rising or falling depending on ( S 1.

The result on the shape of the long-run distribution is intuitive.
When ( exceeds 1, the frontier is growing rapidly relative to the
intra-distribution leapfrogging. The high tail then grows thin and the
pileup in the cross section then occurs at the other end of the distribu-
tion, where relative incomes are low. Conversely, when ( is lower than
1, the frontier is growing relatively slowly, and economies leapfrogging
to the high-income frontier, probabilistically, pile up there.

The cross-economy income distribution overall smoothly grows
towards ever higher levels of income. Nonetheless, incomes relative
to the frontier have an invariant long-run distribution. That long-
run distribution displays ongoing churning, as within it economies
leap-frog and criss-cross stochastically over time. The model displays
unimodality in the cross-economy long-run distribution, but where
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the mode is at one or the other extreme. Allowing for two sub-
populations—economies could stochastically switch between them—
where in one group ( exceeds 1, but in the other this inequality is
reversed would produce a bimodal distribution, where the two modes
appear at relative income extremes.

4.3 Underlying causes

Additional models.

Fiaschi and Lavezzi (2003) Feyrer (2001) Bloom, Canning,
and Sevilla (2003) Azariadis and Drazen (1990) Azariadis
and Stachurski (2003). Paul Johnson. Stachurski. Con-
ditioning Quah (1997). Epstein, Howlett, and Schulze
(2003). Solow (1997)

5 Polarization and twin peaks

An important finding from the distribution-dynamics approach is
twin peaks emergence (Jones, 1997; Pritchett, 1997, Quah, 1993a).
Quah (1993b, 1996b) has argued that this empirical characteriza-
tion is typically unavailable to standard cross-section or panel data
regression although its critical features are certainly visible in regime-
sensitive regression analyses such as in Durlauf and Johnson (1995).
While the robustness of the twin-peaks finding has been criticized
in, e.g., Kremer, Onatski, and Stock (2001) the alternative empiri-
cal analyses in Bianchi (1997) and Paap and van Dijk (1998) have
confirmed its essential insights.

This section is empirical, using latest data from (Hes-
ton, Summers, and Aten, 2002). Show beginning and
end point distributions. Show twinpeaks emergence from
the stochastic kernel Figure 5.1. Polarization calculations.
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Figure 5.1 (Update with latest data) Relative income dynamics across
105 countries: Stochastic kernel

15-year-Horizon

Stoctaslric Aerze/
o

<3

0 <<

0 _esy
N

73—



Growth and distribution

Figure 5.2 (Update with latest data) Relative income dynamics across
105 countries: Contour plot
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Acceleration in spread of growth (Lucas, 2000 - Hybrid in
Section 4.2)? Mobility - leapfrogging and overtaking

Some of this graphical and statistical evidence can also be re-
expressed directly:
(i
(ii
(iii)

) Relative to the world average, the very poorest economies ...
)
(iv) Growth miracles ...
)
)

Relative to the world average, the very richest economies ...

Relative to the world average, ...

Growth disasters ...

(v

(vi) Africa ...

Bianchi (1997); Durlauf and Johnson (1995); Paap and
van Dijk (1998) Zhu (2003) Pritchett (1997). Jones (1997)
Jones, Pritchett. Esteban and Ray. Wolfson. Paul John-
son US states. Shorrocks. Geweke++

Is the country the right unit of observation? Re-draw state bound-
aries? The state of California; provinces of China. People? (But then
income distribution across people too, so return in Section 6.)

6 Extensions of cross-section distribution dynamics

We have seen that models of distribution dynamics allow analyz-
ing economic growth, convergence, and polarization in an integrative
framework. But these models extend naturally to other domains as
well, to wherever questions arise regarding cross-section economic
performance. The relation between aggregate economic growth and
cross-inhabitant inequality is one leading such application. We turn
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to this first application in 6.1-6.7. Another is spatial clustering: Eco-
nomic inequality across geography is as profound as it is across peo-
ple. What can we learn from models of explicit spatial distribution
dynamics? We consider this second application in 6.7.

6.1 Inequality and growth

A putative tradeoff between equality and efficiency (Okun, 1975) is
the kind of issue in economics so enduring that it gets discussed
even in introductory textbooks. The view is that reducing inequal-
ity might come only at a cost of impairing efficiency; if so then the
socially-optimal point might involve operating below economic effi-
ciency. A related argument manifests in the conjecture that opening
up economies to trade might well improve economic growth but at
the cost of worsening inequality.

Banerjee and Duflo (2003). Durlauf (1996). Dollar and Kraay
(2002). Son (2004).

Kuznets, Barro. Martin Ravallion Bertola monograph

Kuznets (1955) early on documented how inequality first rises and
then falls across economies at progressively higher levels of income
and development. Since then, theoretical and empirical research has
sought to explain, confirm, or reject this so-called Kuznets curve. Re-
searchers have attempted to identify causal mechanisms, either run-
ning from individual inequality to aggregate economic growth, from
economic growth to inequality, or simultaneously in both directions.

The literature is large. The important contributions of Aghion,
Caroli, and Garcia-Pefialosa (1999) and Bénabou (1996) survey many
of the central issues and key models. Different political economy
mechanisms for the relation between inequality and growth are devel-
oped in Alesina and Rodrik (1994) and Persson and Tabellini (1994).
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Galor and Zeira (1993) study capital market imperfections linking
inequality and economic growth. Empirical studies on causal mech-
anisms between growth and inequality include Banerjee and Duflo
(2003), Barro (2000), Deininger and Squire (1998), Forbes (2000), Li,
Squire, and Zou (1998), Perotti (1996), among others.

6.2 Value and distribution

No single clear picture emerges from the many empirical studies. Had
one done so then we might be more confident on the causal relation-
ship between growth and inequality. But, regardless, assessing more
generally the quantitative significance of these studies is not always
transparent or direct. For example, if inequality were truly an impor-
tant driver of economic growth, it would necessarily be only one of
many. Or, conversely, if aggregate economic growth did fundamen-
tally worsen income inequality, many other things likely do so as well.
No matter how strong a link one is able to show between inequality
and growth, a complete picture remains to be drawn of how the joint
dynamics in these two variables matter for economic welfare more
generally.

One way to flesh out such a picture is to explicitly trace out
the dynamics of the (within-economy) income distribution. Doing so
allows quantifying a range of key characteristics of growing unequal
economies. As we will see the framework extends generally, but in
this section we confine attention to two such characteristics. First, the
dynamics of poverty, as also previously considered in Quah (2003);
Sala-i-Martin (2002b) and second, the dynamics of utility.

Take as given an unequal but evolving economy {F;:¢ >0},
where F; is the distribution of income or consumption or their logs
across the people living there. In practice, whether a researcher uses
income or consumption in the calculation matters importantly (e.g.,
Blundell and Preston, 1998), but in the analytical description it is
convenient to be able to refer to either one interchangeably. Since
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the economy is held fixed throughout this discussion, 7 now indexes
individual agents where explicitly needed. To save notation, omit the
t subscript unless again explicitly needed.

Whereas previously we had used y to denote per capita income,
to emphasize the change in focus from economy-wide to individual
characteristics, write per capita income (or consumption) now as &
instead. This is standard notation for the mean of a distribution

8:/:z:dF(:z:).

Hereafter, F is always taken to have finite and positive mean & €
(0, 00). Record also the expectation of the logarithm,

) d:ef/log:z:dF(:z:).

Growth is now /€.
Let J denote a vector of inequality measures. This vector might
include the Gini coefficient

1 [ee] (o]
Jo ==& 1x / / e — 2| dF (¢')dF(z), (6.1)
2 o Jo
the Theil index
Jrp = &1 /(log:z: —log &)z dF(z),
the Generalized Entropy index
Jope = (@° —a)™t /[(:B/E)"‘ —1]dF(z), a€R,

the log standard deviation

1/2

3= | [(loga — &) aF@)| ",

the mean-median ratio, the interquartile range, the ratio between the
90th and 10th percentiles, and so on. Although their details differ
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Figure 6.1 The Lorenz curve plots Z—the share of total income or
consumption—against the population share.

Z(h)
1
45°
0 |

and a large literature surrounds them (see, e.g., the masterful survey
in Cowell, 2000), here it suffices to note that all inequality indexes
assess the spread of the cross-section distribution. Some indexes take
values bounded between 0 and 1; yet others need not.

The Gini coefficient Jg is likely the inequality index most used
in the empirical literature. From the definition (6.1), Jg is the mean
income gap in the population, normalized by mean income.

A different description of inequality is given in the Lorenz curve.
As the name suggests the Lorenz curve does not seek to collapse all
the information in an income distribution into just a single, scalar
characteristic. Instead, the Lorenz curve Z is a non-decreasing func-
tion taking values between 0 and 1, that is the following transforma-
tion of an income or consumption distribution:

Z(h):&ll sup EchdF(:z:)], h € [0,1]. (6.2)
F(zt)<n /O

In words, the Lorenz curve is the share Z(h) of total income or con-
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sumption going to the poorest share A of the population. Thus its
graph (e.g., Figure 6.1) is always bounded between the horizontal
axis and the 45-degree line,

0< Z(h)<h, Vhelo1].

As a function the Lorenz curve can also be regarded (Stuart and
Ord, 1993, 2.25) as the incomplete first moment or the first moment
distribution of F.

Theorem 6.1 If F on [0,00) admits a positive finite mean £ and a
density that is always positive then the Lorenz curve Z(h), h € [0, 1],

(i) is strictly convex from below;
and at h = F(&):

(ii) reaches its maximum horizontal separation from the 45-degree
line through the origin; and

(iii) has Z'(h) = 1.

When distribution F divides society’s income equally across the
population then Z is the 45-degree line through the orign. When,
in contrast, most of society’s income is concentrated in only a small
part of the population, the opposite occurs and Z strays further from
the 45-degree line.

Theorem 6.2 The Gini coefficient Jo can be found from the Lorenz
curve Z by

1
Jo = 2 x /0 h — Z(h)] dh. (6.3)

Whereas equation (6.1) describes the Gini coefficient as a normalized
mean income gap, Theorem 6.2 gives the Gini coefficient as twice the
area between the 45-degree line and the Lorenz curve.
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Figure 6.2 The dynamics in Z map into those in the distribution F;,
represented here by the evolving density f shown at two epochs ¢
and t;. The horizontal axis shows mean incomes (or consumption)
Ep and &; for the densities fo and f; respectively, together with a
fixed threshold income or consumption level z, to be used later.

f(z)

fo//< .

{Z(t) : >0} < / \

& &1 z

[

Research analyzing hypothesized causal mechanisms between in-
equality and growth seeks to uncover and place structural interpre-
tation on functions ¢, 9, where

5 =0(0) or (7) = (é/¢).

These would be read, respectively, as inequality causing economic
growth or vice versa, conditional on auxiliary variables. (The dates
on the different variables would be whatever are appropriate for a
given economic model or hypothesis.)

Stack &, & /€, J, and other relevant variables Zg into a vector Z.
The dynamics of the distribution F; implies dynamics in the vector
Z. Conversely, when Z is sufficiently informative, then its dynamics
in turn implies F;-distribution dynamics. Figure 6.2 shows the logic
generally, and Example 6.3 describes an explicit special case.
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Example 6.3 If distribution F is Pareto Type-1 with parameters 6 =
(91, 92), 1'.e.,

F(z) =1 (61z71)%, 6:>0, z>6 6> 1,
then

&= (0 —1)716:01,
Jo = (26, —1)7!
(having additional inequality indexes here would over-identify the

model). Inverting these equations allows constructing the mapping
from Z to F,

62 = (1+354)/2,
91 = (1 - é2_1)81

with dynamics

=1 _(fy—1)12
/=g — (B =1,
C o =205\ 6,
folle = (292—1) 6’

These dynamics, however, do not give stochastic kernels: the latter
contain information on mobility within the distribution, not just on
changes in the distribution’s external features as described by the
mean and the Gini inequality index.

Whatever the causal mechanism relating aggregate growth and
cross-sectional inequality, calibrating the dynamics in F; to historical
patterns, as depicted in Figure 6.2 can shed light on how growth and
distribution matter. If, for instance, higher growth is possible only
with greater inequality, we can ask, How much increase in inequality
is tolerable for a given increase in the rate of economic growth? How
have growth and inequality dynamics affected the number of peo-
ple who are very poor? How have growth and inequality dynamics
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affected the utility of agents at different parts of the income distri-
bution?

Such questions can be addressed without restricting the discussion
to any one specific mechanism relating growth and inequality. The
general framework here can thus be usefully added to any theoretical
or empirical analysis of a hypothesized causal mechanism.

6.3 Dynamics of Poverty

Growth and inequality differently affect the fraction of the population
living below a given threshold income level. Given a fixed shape in
the cross-section income distribution, growth on average raises every-
one’s income and thus reduces the fraction of the population living
in poverty. By contrast, an increase in the spread of the distribution
while the average is unchanged—a rise in inequality with no economic
growth—increases the proportion of individuals in poverty. Holding
fixed both growth and inequality but increasing the population size
raises proportionally the number of the poor.

Thus, a joint law of motion in the population and distribution
dynamics will also mechanically give the dynamics of poverty. The
impact of growth, inequality, or population shocks on poverty is a
statement on the elasticity of poverty with respect to those variables.

Atkinson (1987).

Before investigating further that law of motion, Table 6.1 pro-
vides some data on the numbers and geographical distribution of the
poor worldwide.?? The first column of numbers shows the number of
people, across continental regions, living on less than US$1 a day

22 Such numbers are subject to considerable debate and contro-
versy. See, e.g., Bourguignon and Morrisson (2002) and Deaton
(2005). Nonetheless, some numbers need to be first put down to clar-
ify what’s at issue, even or especially if they are not to be taken as
the final word on the matter. Such figures can then be subsequently
refined and improved as better information becomes available.
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Table 6.1 Geographical distribution of the world’s poor, 2001. Source:
Chen and Ravallion (2004a) and author’s calculations

< $1/day, 10°/% | Popl., 10°/% | Conc.
South Asia 428/39.2 1369/26.5 1.5
excl. India 70/6.4 335/6.5 1.0
India 359/32.8 1033/20.0 1.6
Sub-Sah. Africa 316/28.9 673/13.1 2.2
East Asia 271/24.8 1821/35.3 0.7
excl. China 60/5.5 546/10.6 0.5
China 212/19.4 1275/24.7 0.8
Latin America 50/4.6 524/10.2 0.4
EECA 18/1.6 476/9.2 0.2
MENA 7/0.6 296/5.7 0.1
Total: 1093/ 5159/

]

To formalize this, let z denote, as in Figure 6.2, a fixed threshold
level of income or consumption. Call the poor those with z at level
z or lower. Define, for just this discussion, the indicator function

¢($):{1 if z <g;

0 otherwise.

In the inequality literature the fraction of the population that is poor
given a particular z is sometimes known as the Poverty Headcount
Index. Denote this as

He, & /0 * dF(z) = /0 ” b(z) dF (2). (6.4)

Combining the stochastic kernel and definition (6.4), the expected
Poverty Headcount Index at time ¢ + s, conditional on time ¢, is

E(HC,(t+s) | Fe) = /0 ¥ (T.s8) (@) dFs(2). (6.5)
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How growth and inequality dynamics (T;s,F:) affect the poverty
headcount can be explicitly traced through equation (6.5).

Although Example 6.4 is a special case of Example 6.5 to follow,
it illustrates the ideas being considered especially transparently, and
so is useful to go through.

Example 6.4 Suppose the cross-section distribution has timepath
{F::t>0}

matching that of the exponential of Brownian motion, B, where o
is a positive constant. That is,

F:(z) = Prob{exp(Z(t)) = X(t) <=z}

with Z(t) = 0 B(t). Hypothesizing some initial condition X (0) =z =
exp(z), the distribution F, is lognormal with

J[(Ft) = 0'\/1_‘;,
E(F¢) = exp [logzz: —{—35/2] :
Ja(F:) =2 x FN(O,l) (%/\/ﬁ) —-1;

where Fy(o,1) denotes the standard normal cdf. The transition density
function, from equation (3.15), is

j (:z:,:z;T> = (27rJ§>_1/2 X exp l—% (log:z;T —log:z:>2] .
¢

Growth is & )

. ‘ )

EE=0p— == 0
where, from Jensen’s inequality, the growth rate of the average &
differs from 0, the average of the individual growth rates. Over time,

as t — oo, inequality rises as both J; T oo and Jg T 1. The expected
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Poverty Headcount Index, equation (6.5), is

B(HC.(t) | Fo) = [ (%) (2) dFofc)

log z — log X (0)
= P ( oVt >

1
—>§ ast — oo.

Even though measured growth is positive, the increase in inequality
is so rapid that the numbers in poverty are always expected to remain
substantial.

Example 6.4 shows a situation where, despite positive growth,
a large fraction of the population always remains poor. In general,
however, a nontrivial tradeoff between growth and inequality allows
precise statements about the Poverty Headcount only after quantify-
ing the different, opposing effects.

Example 6.5 Suppose the cross-section distribution has timepath
{Ft:t>0}

matching that of the exponential of a drifted Ornstein-Uhlenbeck
process. That is,

Fi(z) = Prob{exp(Z(t) +&t)=X(t) <z} (6.6)

with
dZ = —uZdt+ odB, (6.7)

where, as in section 3.1, the process B is standard Brownian motion,
(&, u,0) are constants satisfying p > 0, ¢ > 0; and equation (6.7)
is a stochastic differential equation whose solution { Z(t):¢ >0} is
an Ité integral (e.g., Karlin and Taylor, 1981, Ch. 15, pp. 340-377).
Hypothesizing some initial condition X (0) = z = exp(z) the solution
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to (6.7) implies that distribution F; is lognormal with
5 71/2
_ _ ,—2ut U_ .
Te(Fe) = [(1 e2t ) 2u] :
E(F:) = exp [e‘“t log X (0) + 33/2] x eft;
jG’(Ft) =2X FN(O,l) (Jz/\/ﬁ) —1.
The transition density function, from equation (3.15), is

Dt (:z:,a;T) — (2%33)_1/2 X Z—?

1 2
= T _ ¢4 ot
xexpl 233 (log:z: Et—e 10gcc> ]

Thus, growth is
gl =¢+ [—,u.e_“t logz + 6_2’”02/2] ,

where, again because of Jensen’s inequality, the growth rate of the
average & differs from £ the average of the growth rates. Ast — oo
we have long-run growth and inequality described by:

1
Jo — 102 /24 ; JG—>2XFN(0,1)(§\/02/M> -1

2

&/& »¢; and ‘E—Z—Meft —0.

When scaled by e~¢t the limit distribution remains log-normal. The
dynamics of the expected Poverty Headcount Index, equation (6.5),
can then be explicitly given:

B(HC.(t) | Fo) = [ (3:0) (2) dFolc)

_r logz — £t — e #tlog X (0)
N(0,1) \/(1 Ry .
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Depending on the values of ¢ and p, among others, the Poverty Head-
count can be expected to rise or fall in the short run. However, pro-
vided ¢ > 0, i.e., provided growth occurs in the long run, eventually
all else gets swamped, and economic growth alone drives the poor to
an ever smaller segment of the population.

In Example 6.5 average income can rise or fall in the short-term
but is expected eventually to grow at a constant rate £. However,
inequality—whether measured by Jg or J,—only ever rises, indepen-
dent of the initial condition X (0). Even though the Poverty Head-
count remains free to rise or fall, the feature that inequality always
increases is obviously overly restrictive,

A useful way to enrich the model, while preserving the tractabil-
ity of the Ornstein-Uhlenbeck mechanism, is to allow the evolving
distribution F; not to be simply the distributions of a scalar (6.6)-
(6.7), but to be instead a convolution of a mixture distribution (across
X(0)’s, say) together with that in (6.6)—(6.7). A special case of this
preserves the lognormality in F; but frees up its mean and variance
parameters so that these latter evolve through time less restrainedly:

Example 6.6 Suppose that {6:(t),62(t): ¢t > 0} has 62(t) > 0, and
each F; has density

— (log z — 61(¢))?
26>(t)

fi(z) = (27r92(t))_1/2 27l x exp{ } , forz >0.

Then
Je(Fe) = 62(t)"/3;
E(Ft) = exp(0:1(t) + 62(2)/2);
Ja(Fe) = 2 x Fyog) (82(0)Y2/v2) — 1.

o+

The expected Poverty Headcount Index is
B [HC:(t) | Fol = B |Fuo ( (og2 ~ 61(6)/1/6u(®) ) | Fol .
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Inequality, whether measured by J; or Jo can now rise or fall through
time; so too the Poverty Headcount. Depending on the relative mag-
nitudes of the underlying changes in 6y and 6>, a wide range of
behavior in growth and inequality can be captured. By contrast,
the Ornstein-Uhlenbeck model of Example 6.5 restricted 6(t) =
e #tlog X (0) and 6(t) = (1 — e~ 2t)a?/2u.

In Example 6.6 a law of motion for the hyper-parameters 6(t)
would imply restrictions on the transition operator for {F;:t > 0},
but would typically not uniquely identify that operator. Despite this
lack of identification, the Poverty Headcount Index can, obviously, be
computed straightforwardly. The following Example illustrates the
same point but is also interesting in its own right.

Example 6.7 Suppose that {6:(t),02(t): ¢t >0} has 6:(t) > 0 and
92(t) > 1 and

1— (6:(¢)/2)?®,  for & > 6:(t);
Ft(fll) = .
0 otherwise.

Then

E(Fe) = (62(t) — 1) 7" 6a(t)61(2);
Ja(Fe) = (262(¢) — 1)L

Measured growth is

while the expected Poverty Headcount Index is
E[HCy(t) | Fo] = B 1 (6:(8)/2)™® | 61(0),6,(0) ]

Using growth and distribution data, Quah (2003) has estimated
versions of Examples 6.6 and 6.7 for China and India. He concludes
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that given the historical experience over 1980-1992 it is growth that
has dominated the evolution of Poverty Headcounts, even with the
rapid rise of inequality in China over this period. For instance, ....
The advantage of .. ..
Using related ideas Sala-i-Martin (2002a,b) provide .... Deaton
(2005). Chen and Ravallion (2001, 2004b).

To continue this discussion we broaden the scope of how growth
and inequality can affect a population. Instead of focusing on only
the fraction of the population that remaining poor, we ask instead
how welfare varies over time and across the cross section. To do this
we hypothesize dynamic utility functions for each person, and then
confront that individual with different dynamically evolving distribu-
tion processes in income or consumption. We can then calibrate the
relative importance of growth and inequality components in affecting
welfare (Quah, 2007).

6.4 Dynamics of Utility

Assume time is continuous and agents live for ¢ in [0, 00). (The pre-
vious sections have developed a continuous-time stochastic process
machinery so it is convenient to preserve that structure here. But
a further reason for a continuous-time analysis is that in discrete
time, sudden large changes in consumption—disasters or takeoffs—
are subtle to describe, whereas in continuous time they are simply
discontinuities in timepaths.)

Write C;(t) for the consumption of individual j at time ¢. Suppose
that the long-run conditional expectation

¢ = lim B |1og(C;(t)/C;(0)) x t7| C5(0) | (6.8)

is invariant across 7, i.e., that the economy has some constant long-
run proportional growth rate in consumption, the same for everyone.
For example, in balanced growth steady state for a Solow growth
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model this constant would be the rate of technical progress, hence
the notation £ on the left side of (6.8). More generally, ¢ is the
aggregate growth rate of the economy.
Write individual consumption fluctuations as j-indexed stochastic
processes:
7;(t) = log [ C;(t)e ¢ | (6.9)

so that we can write
C;(t) = eZi et

Collection Z describes consumption differences across people. Thus
¢ represents aggregate economic growth and Z inequality. Strictly,
the collection Z of course characterizes everything about the cross-
section distribution but referring to it as simply inequality denotes
better the analysis’s intent. If doing so misleads, at least it does so
in an innocuous way.

Equations (6.8)—(6.9) define Z by using ¢ to transform C. They
do not assume inequality and growth are functionally independent—
both Z and ¢ are induced from a single underlying mechanism for
C. Moreover, while these equations restrict Z’s trend, they do not
require that Z be stationary with bounded variance. For instance,
Z might be Brownian motion independent across j, and inequality
would then be always increasing through time (as in Example 6.4)
even as consumption obeys the trend growth in equation (6.8).

The utility experienced by an agent in a growing but unequal so-
ciety varies with that agent’s consumption timepath, but not that of
anyone else. Thus, an agent’s utility does not depend on aggregate so-
cial indicators such as the shape, dispersion, or other characterisitics
of the economy-wide consumption distribution.?3

For concreteness assume that the agent’s utility, conditional on

23 This individualistic restriction is consistent with the social wel-
fare function approach to income inequality—see, e.g., Cowell (1995,
Ch. 3).
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time-t information, is
Imay:m[/ e~ Py (C;(s))ds|, p>0, (6.10)
t

where the positive discount rate p will be required, in Theorem 6.8,
to be sufficiently large. Say that the instantaneous utility function U
shows constant relative risk aversion (CRRA) when

cl-FE_1

1-R’
In social welfare analysis of income inequality the coefficient R is
known as the inequality aversion parameter (see, e.g., Cowell, 1995,
Ch. 3).

We seek to quantify how different patterns of growth and inequal-
ity (¢, Z) affect welfare (6.10). The calculation is similar to that in
the analysis of the relative importance of growth and business cy-
cles in Lucas (1981, Ch. 3) but with two significant differences. One,
the economic interpretation: we treat Z as inequality rather than
business cycles. Two, the model here evolves in continuous rather
than discrete time. While this second feature might seem merely
technical—drawing on the resolvent operators of Section 3.5—it al-
lows explicitly modelling events such as sharp discrete takeoffs and
growth disasters. Such behaviour manifest as discontinuities in the
timepath whereas they would be unavailable in a discrete-time frame-
work. Features like these matter more for growth and inequality than
for business cycles.

Since Cj is Markov, so too is Z;. Hereafter, except where doing
so causes ambiguity, the 7 subscript will be suppressed. Assume
Z has time-homogeneous transitions, with the associated transition
semigroup { J7: } and resolvent R, (Section 3.5). Lifetime utility can
then be expressed in the following convenient form:

U(c) = R>0. (6.11)

Theorem 6.8 Let consumption

{C(t):t >0},

—92—



Growth and distribution

obeying (6.8), be Markov with time-homogeneous transitions, and
let lifetime utility (6.10) have U CRRA, as in (6.11). Assume p >
max{ 0, (1 — R)¢}. Define

F¥p—(1-R);

~ g | (1=R) =Rz for R #£1;
U(z) =
z otherwise;

and denote by Ry the resolvent for the inequality process Z(t) =
C(t)e~¢t. Then conditional on C(0),

—(1-R)lp! forR#1;

W (0) = (R;U)(log C(0)) + {ng otherwise.

In words, up to an additive constant, lifetime utility equals the re-
solvent operator for growth-discounted consumption Z(t) = C(t)e~¢t,
evaluated at a modified instantaneous utility function U and for the
resolvent A set to a suitably adjusted discount rate p. The resolvent
expression R;;ﬁ can be either explicitly calculated or conveniently
characterized for a range of inequality processes.

Theorem 6.9 Assume the hypotheses of Theorem 6.8 and let inequality
Z be Brownian Motion with variance parameter o2 > 0, i.e., Z(t) =
oB(t). Define the function r : R* — R by

r(Rip&,0) = (L= R)x | o= (1-R)E - 5(1-RPe®| . (612)
Provided p > (1 — R)?0? then
7)(2) = r(R,p,€,0)  xe(l=R)Z  for R+ 1;
plz otherwise.

Discontinuities in the consumption timepath, to capture sudden
discrete upwards jumps or conversely economic disasters, can be mod-
elled using Markov chains. The specialization of Theorem 6.8 can be
stated as the following.
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Theorem 6.10 Assume the hypotheses of Theorem 6.8 and let inequal-
ity Z be a point-discrete Markov chain (M, Z, P,fy) with states

Z0,21,23y-- -y ZM—1, Zm < Zm+1;
and time-homogeneous transition probability matrices
{PO,t :Pt tZ 0}

Let G be the infinitesimal generator of the semigroup P,

G =lim 21 ,
tl0
and define the vector
— ~ ~ ~ T
U=(0) U@) - UEu1) -

Then

(R;0)(Zm) = [(ﬁ— G)*U] (m), m=0,1,...,M — 1.
Theorem 6.10 allows calculating the utility for an agent facing a
Markov chain process in inequality using nothing more than matrix
inversion.
Combining Theorems 6.8-6.9 give that when Z is Brownian mo-
tion and log C(0) = Z(0) = z then

W(0) =

T(Ripigi 0)71 X e(liR)z - (1 - R)ilpil for R # 11 (6 13)
plz+¢Ep 2 otherwise '
with multiplier r from (6.12).
(For completeness and to aid intuition, an appendix, Section 8,
contains counterpart calculations for when time is discrete.)
The Table - --.

Benabou, mobility.
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6.5 Dynamics of World Income Inequality

Although the bias implicit in our analysis has been to work with the
distributions directly, the discussion in this section connects also with
the extremely large literature on within-country income inequality.
The question considered here is, How much of world income in-
equality is due to inequality across countries, and how much to in-
equality across people within a given country?
Let Y denote

Decomposition: Inequality between and within countries.
(Rewrite extant decompositions in Lebesgue-Stieltjes in-
tegral form.) Generalized Entropy indexes. Bourguignon
(1979). Shorrocks (1980). Cowell (1995). Sala-i-Martin
(2002a,b).

6.6 Polarization

The.
Anderson (2004)
Esteban and Ray (1994), Wolfson (1994).
Decomposition?

6.7 Spatial inequality and distribution

Spatial hazard models. Quah (2002). Quah and Simpson
(2003). Duranton and Overman (2002). Duranton and
Puga. Ioannides.

7 Conclusion

This.
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8 Appendix: Discrete-time dynamics of utility

Discrete-time counterparts to the Section 6.4 calculations on welfare
provide a direct check and further intuition to those continuous-time
results.

For this section only, suppose time is discrete, £ =0,1,2,..., and
that preferences for agent 7 at time ¢ are described by:

W;(t) = B

iasU(cj(s))}, 5 (0,1), (8.1)
s=0

with instantaneous utility U again CRRA as in (6.11),

cE_1
Ulc) = —— R > 0.
©)=——%> >
Suppose consumption is:
Cj(t) = Z;(t)¢",  €>1, (8.2)

for each j, i.e., a trending, lognormally-distributed first-order au-
toregression, with the underlying growth rate £ common across the
population.

Let the cross-sectional differences Z;(t) satisfy:

so that initial consumption conditional on the stochastic disturbance
Ej(O) is
C;5(0) = z;¢;(0).
Let € be stationary and follow:
1

loge;(t) = —5(1 + a)’lajz- + aloge;(t — 1) + v;(t), (8.3)

with
la] <1 and w;(t) ~iid N(0,03). (8.4)
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Equations (8.3)-(8.4) imply €; is Markov. In the unconditional dis-
tribution

1
Eloge;(t) = —5(1 - az)’la?-

and
Varloge;(t) = (1 — a2)_1aj2-,
implying
Eej(t) = exp | Eloge;(t) + %Var log ej(t)}
= exp —%(1 — a2)710]2- + %(1 — az)laﬂ =1
and

Var €;(t) = exp [(1 — az)*la?-] -1,

increasing in o?.

Equation (8.2) then gives the unconditional expectation
EC;(t) = z;¢, t>0,

i.e., z; parametrizes the (unconditional) expected level of j's con-
sumption profile, with the initial value £C;(0) = Z;.
More generally, €;(t) is conditionally lognormal:

log Ej(to +1) | Ej(to)

~N <at log €(to) —

1-ato? 1-aof ,
o2 12 for any t > 0. (8.5)
The value to (8.1) can then be directly calculated:

Theorem 8.1 Assume utility has the form (6.11) and that consumption
evolves from the combination of growth and inequality given in (8.2)-
(8.4). There are two cases:
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(i) When R =1,

W](O) Ej(O), f) zj, o?

j,a) =(1- (5a)_1 log €;(0)

+ 0 lo §—|—Llo Zj— g xa—]z
(1_0)2 BT %%~ 151 _da)lta) 2

(ii) Otherwise,
W,(05¢,(0),6,25,03,0) = (1= R) * |~ 125 +(3)" "

{ej(0)1R 4 (-RIR(-a?) o2

i thf(Rfl)teDlatesza% } :| ’
t=1

where

2
g;

D; =(1-R) llog €;(0) + (1 — a2)17] and

o2
Dy =(1—R)*(1 - a2)_177 > 0.

(As with the other results, the proof to Theorem 8.1 is in Section 9.)

9 Technical Appendix

This Technical Appendix has two purposes: First, provides a brief re-
minder of mathematical details used in the text. Second, it contains
proofs to all the results developed in the text. On the technical de-
tails, analysis and probability monographs such as Ash (1972) provide
further background if the reader wishes to investigate more deeply.
Recall that a function ¢ has variation on interval [a,b] defined to
be supp >.; |¢(zir1) — ¢(z;)| for P that are partitions of [a,d] given
by {z; : integer ¢ } where z; < z;,;. Variation assesses choppiness.
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A function has bounded variation when it has finite variation on its
domain.

A function ¢ is absolutely continuous on [a,b] when for any pos-
itive € there is § such that for all positive integer M and all families

(a1,b1), (a2,b2), ..., (am,bur) of open disjoint subintervals of [a, b],
we have

M M

Yolbi—ai <6 = > (ki) — ¢(as)| <e.

1=1 1=1

If a function is absolutely continuous, then it has bounded variation.
Distinguish absolute continuity from uniform continuity, also used in
Theorem 3.4 of Section 3.1.2 in the text. Function ¢ is uniformly
continuous if for any positive € there is § such that

v'z: |z’ —z|<d = |¢(z') — ¢(z)| <e.

The crucial distinction in uniform continuity from (ordinary) conti-
nuity is that § can be chosen independent of the particular z in ¢’s
domain, i.e., the criterion above applies uniformly, for all z.

Some probability results useful for understanding the discussion
of bandwidth choice surrounding Theorems 3.5 and 3.6 are routinely
used in econometric theory but are perhaps less familiar in macroe-
conomics discussion. For completeness, I state them here.

Lemma 9.1 (¢, Inequality) If for r positive the random variables Zy and
Z1 have finite r-th absolute moments, then

E|Zo + 21" < ¢, x (E|Zo|" + E|Z:[")
where ¢, is 1 if r € (0,1) and 27 1 if r > 1.

The ¢, inequality is discussed in Chung (1974, Ex. 12, p. 48) and
White (1984, Prop. 3.8, p. 33).

Lemma 9.2 (Holder Inequality) If Zy and Z; are random variables and
p, ¢ > 1 such that p~' + ¢! = 1, then

|EZ0 21| < B|Z0Z1| < (E|Zo|P )P (E|Z1)9)".
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See Chung (1974, p. 47) and White (1984, Prop. 3.4, p. 30). Setting
Zy =1, |4y = |Z|" for r > 0, and 7' = rp, the Holder Inequality
gives

(B|Z")Y" < (Bl )Y, foro<r<r <oo

(a special case that is also known as the Liapounov Inequality).
The limiting distribution result Theorem 3.5 draws on a central
limit theorem for doubly-indexed random variables:

Theorem 9.3 (Liapounov CLT) Let
{Z5;:5=1,...,J;J=1,23,...}
be a doubly-indexed array of random variables where

(i) for each J the random variables { Z;;:j =1,...,J} are mu-
tually independent;

(i) Var(Zs;) #0;

(iii) for some r > 2,

1 BZ;—EZr)"
(Zj:1 1425 - 73| ) -0 as J — o0 (9.1)
Then
I (321255 — BZy)]
( d ’ ]>i>N(0,1) as J — oo.

Varl/? (J*1/2 E}'le ZJj)

This Liapounov CLT for doubly-indexed random variables is given
in Chung (1974, Sections 7.1-7.2, p. 209 in particular), Loeve (1977,
Section 21.1, pp. 286-290) and White (1984, Theorem 5.11, p. 113).
Relation (9.1) is often known as the Liapounov condition: it asserts,
roughly, that some moment order higher than 2 must grow more
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slowly than that of order 2. Checking this condition will constitute
an important part of establishing the limiting properties for the kernel
density estimator.

Also used repeatedly in the calculations to follow is this:

Lemma 9.4 Suppose kernel K in Definition 3.2 is bounded and
/ K(z)z? dz < oo.
Then for all ¢ > 1:

/K(:z:)q:z:2 dz < co and /K(:z:)q dz < co.

Proof of Lemma 9.4 Write

/K(:z:)q:z:2d:z::/ K(z)K(z)" z? dz

< |supK(z)" 71| x / K(z)z? dz
< 00.
Use this in
/ K(z)! dz = / K(z)?dz + / K(z)? dz
|z|<1 |z[>1
< [sup K(cc)q]/ dz + K(z)?z? dz < oo.
z z|<1 z[>1

Q.E.D.

The pointwise central limit result Theorem 3.5 is, interestingly,
not given in standard texts such as Silverman (1986). With some
slight variation, it is provided in, e.g., Pagan and Ullah (1999, The-
orem 2.10, p. 41) or Prakasa Rao (1983, pp. 61-62), but where it
appears as a minor consequence of deeper, more abstract results, or
is proven only in tandem with many other propositions, so that an
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applied researcher might sometimes face difficulty in assessing what
is critical for the result’s validity. For completeness, therefore, a rel-
atively self-contained proof is given here.

The proof consists of two principal parts. First, verify the Lia-
pounov condition (9.1) on the deviation of the kernel estimator from
its expectation; then, correct that expectation for its asymptotic bias.
The second of these requires bandwidth by = o(J~1/5).

Proof of Theorem 3.5 Fix a point z! with fx(z') # 0 and for

—~ J T _p
Fxalat) = I 713 b7'K (’” s ‘”)
71=1

J

write the right-side summands

I
Z; 7K (L bJ‘BJ>.

From (iv) write the second-order Taylor’s series expansion of fx(zf —
zby) about by =0 as

1
fx(afr —zby) = fX(:z:T) — fS((ccT):z:bJ + Efﬁ'((:z:T)a?bi + o(bi-).

Using this calculate for ¢ > 0,
_ zt —z\?
EZ3; = / b;7K 5 fx(z)dz
J
= bbfq/ K(z) fx(z' — zby) dz
= b},_q [fx(ccT)/ K(z)? dz — f_IX'(CCT)bJ/ K(z)iz dz

1
4@ [ K(e)a? do + o) |

_ 1
=b¢ fX(mT)/ K(z)?dz + 5f}'{(mf)bi/ K(z)?z2 dz

+0o(b%)

, (9.2)
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where the second equality applies a change of variables, the third uses
the second-order Taylor’s series expansion, and the fourth uses (ii) K
symmetric implying [ K(z)?zdz = 0. From (i), (iii), and Lemma
9.4, we have that for all ¢ > 1, [ K(z)%z2?dz < 0 and [ K(z)?dz < 0.
Then (9.2) has for ¢ = 1, 2, and r, respectively,

EZ;; = fx(z') + O(b3); (9.3)
EZ2, = b;lfx(zf)/ K(z)? dz + O(63); (9.4)
Bz, = by [fX(:z:T) / K(z)" dz + O(83)
— b "tx (2) / K(z)" dz + O(5™"). (9.5)
Using (9.3) and (9.4) gives
Var(Z;;) = BZ3; — (BZs;)°
— b7 x(z) / K(z)? dz — fx(z!)? + O(by)

J
= Var(ZZJj) = Jb;lfx(a:T)/ K(z)?dz + O(J). (9.6)
71=1

Also, by ¢, and Hélder Inequalities, Lemma 9.1 and 9.2, and (9.5),

J
(Z E|ZJ]-—EZJ]-|")

j=1
J

<27y E|Zyl
j=1

—or (berfx(mT) / K(z)" dz + O(Jb3’)> .
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Liapounov condition (9.1) then follows from

1/r
J r
(Zj:l E\Z;; — BZyj| ) B O(Jl/rb].}/’*]-)

Varl/z( I ZJ]-) O(J1/2b;/?)

=0 ((ij)r71_271 ) — 0 since Jby — 00 as J — o0. (9.7)

Using

Var' ( I zJ: ZJJ'> N {bgle(a:T)/ K(z)®dz + O(l)} "

=1

; 1/2
— b_l,/QVarl/2(J1/2ZZJj) ki K(‘”)Zd‘z]
7=1

+0(1)
and
1/2 4 n +
b2 T2 N (g5 — BZyj) = (96)'7 | Frep(ah) — Efxal(ah) ],
j=1
the Liapounov CLT Theorem 9.3 gives

(78)"? | Fxplat) — Bfxplah)]

d
e [ Ka@pda? N@n- (98)

To obtain the conclusion we need to establish the asymptotic bias
vanishes relative to the normalizing (Jb;)'/? in the Liapounov CLT,
ie., that

(765)? [ Efxp(al) — fx(a)]
[fx(zt) [ K(z)? de]'?

—0 as J — oo. (9.9)
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Since (9.3) gives
| Efxa(a") - fx(a") | = 0(3),

condition (v) J'/%b; — 0 as J — oo implies (9.9). Combining (9.8)
and (9.9),

(J65) | Fxa(a") - fx(ah) |
[fx(e1) [ K(z)?da]'/”
(78)"? | Fxplal) — Bfxpl(ah)] .

T [fx(eh) [ K(z)2de ] el =

N(0, 1).

Q.E.D.

The Liapounov limiting normal distribution (9.8) obtains with
nothing more than Jb; — oo in (9.7). However, that limit distribu-
tion is centered about the the expectation Efx,b(:z:T) rather than the
underlying population quantity fx(z'). That J 5p; 0 guarantees
this asymptotic bias converges to zero.

Embedded in the proofis also the result that the bandwidth choice
that most rapidly forces to zero the mean square error of the estimator
is by = O(J~1/%), i.e., slower than the rate that gives a properly
centered limit normal distribution. To see this, notice (9.3) and (9.4)
give

Bfa(a) ()] = 00) (9:10)
Var (Fa(al) ) = (Jb;) " fx(a! /K Y dz + o (Jb5)7),
(9.11)

so that mean square error is O(b%) + O((Jbs)™"). The faster by
converges to zero, so too the first component O(b%), but at the cost
of slowing the convergence rate in the second, O((Jbs) ™). Since the
less rapid rate dominates, the optimal mean square error convergence
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rate equates the two, by setting b; = O(J_1/5), so that mean square
error then converges at its fastest rate, as O(J~/5). But with this
bandwidth,

(765)/? | Fxa(a") - fx(ah) |
[fx(zt) [ K(z)? de]"?
(78)"? | Fxplal) — Bfxpl(al)]
C [fx(eh) [ K(z)2 dz]"?
(96,)"% | Bfxp(at) - fx(ah) |
+
[fx(z) [ K(z)? dz]*

has the second term on the right O(1) and the first term converging
in distribution to N(0, 1), so that the resulting limit distribution can
no longer be used for inference.

Despite this, a minimum mean square error criterion is often used
to justify bandwidth and kernel choice. Developing this explicitly
requires more detail than available in (9.10) and (9.11). Under hy-
potheses (i)—(iv) of Theorem 3.5, equation (9.2) with ¢ = 1 gives

Bfxs(a!) — fx(al) = 31%(2)83 [ K(z)a? da + o3

‘Ebe :z:T)—fX(:z:T)‘ [ “b2 /K z)z? dz f"(mT)

+o(b5),

while from (9.6),

Var (fx,b(mT) (Jby)~ [/ K(z)%dz |fx(z") + O(J71).
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Mean integrated square error is then
MISE % / | BFxp(ah) — fx(ah) [ dot + / Var (Frp(e")) dat
= Fb2 / K(z)z? d:z:r/ fi(z)? dz
577 X
+(Jby)7t / K(z)? dz + o(b%) + O(J71).

By the reasoning following (9.10) and (9.11) we can ignore the trailing
order terms on the right side provided b; — 0 and J — oo.

To give the optimal kernel and bandwidth minimizing MISE,
it is necessary to provide first an analytical characterization of the
Epanechnikov kernel in Table 3.1. Do so in Lemma 9.5. That Lemma
and Theorem 9.6 are not used elsewhere in the paper. They are there-
fore stated and proven in this Technical Appendix and numbered
accordingly.

Lemma 9.5 The problem

ir&f (/Ooo K(z)z? d:z:> (/Ooo K(z)? dcc)2 (9.12)

across K’s that are symmetric kernel densities is solved by parabolic
dengsities of the form

%,6*1 [1-B82%z2] for|z| <,

] (9.13)
0 otherwise;

B >0: K(:z:):{

ie., all densities (9.13) achieve the same minimized value for the
objective function in (9.12), independent of 8. If, further,

/ K(z)z?dz =1

is imposed then the unique solution to the minimization problem is

K(z) = {Z (1 - %cc2) 5% | X Iy vy (2)- (9.14)

-107-



Growth and distribution

Proof of Lemma 9.5 Since [;° K(z)dz = } construct

L= (/000 K(:z:)cc2d:z:> (/000 K(:z:)2dcc)2
—A[/OOOK(:v)d:L'—%], AeR.

Consider perturbations in K of the form

Ka(z) = K(z) + aW(z), a€R,

where the test function W is symmetric and integrable but otherwise
unrestricted, and the scalar a can be chosen sufficiently small so that
K remains non-negative. The Lagrangean function

Loy A) = (/Ooo Ko (z)z? d:z:) (/Ooo Ko (z)? d:z:>2
—A[/OwRa(m)dm—%}

implies

2 ([ wower) ([ Riore)

+4 (/Ooo Ka(z)z? dcc) (/Ooo Ka(z)? dcc) 000 Ka(z)W(z) dz

If an optimum K exists (to be verified by calculating one explicitly)
denote

Bo = /0°° K(:z:)2 dz and B = /000 K(:B)mz dr

and notice that at an optimum, 8L/8a =0 at a =0, i.e.,

6_[1
Oa

_ /0°° (832 + 4BoBiK(z) — A | W(z) dz = 0.

a=0
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But since W is arbitrary and K(z) > 0 we must have

Boz® +4BofiK(z) —A =0 =

(9.15)
0 otherwise,

K(e) = {(%fn ) L[N B3] for |zl < A6,
with A > 0. The form (9.15) gives
00 Al/zﬁfl
1 :/0 K(z)de = (4ﬁ0ﬁ1)*1/0 " (A Bl do
1 A2gg
o) [

(36082) 13280 — A= (3838)"

= (4BoB1)"

0
1
2

and
- A/2g5t 2
Bo = /0 K(z)? dz = (4,30,51)_2/0 [)‘ - ,6(2,:1:] dz

A2t
= (460PB1)” [(ﬁo - )\,6 z? + )\2> T ]

32/3

0

1/2

3 _
(ﬂo/ﬁl)l/ = Bo= 15325

Together these imply A = (3/10)? and that the objective function in
(9.12) achieves value 5132 = 32/103, independent of 3;. Substituting
for A and By in (9.15) and letting B = (108;)/? > 0 verifies (9.13).
Finally, imposing [©°_ K(z)z?dz = 1 gives 1 = [3° K(z)z?dz = 1/2
and thus B = /5, verifying (9.14). Q.E.D.

If, contrary to the last part of Lemma 9.5, [*°_ K(z)z?dz =1 is

violated then solutions such as
3

K(z) = ; (1 - wz) x Iijei<ay (2),
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different from the kernel in (9.14), become available; see, e.g., Hardle
and Linton (1994, Table 1, p. 2303) and Pagan and Ullah (1999,
p. 28).

The objective function in (9.12), and thus Lemma 9.5, will play
a central role in analyzing MISE.

Theorem 9.6 Assume hypotheses (i)-(iv) of Theorem 3.5 and by — 0
as J — oo. Then for J large, the (K,b;) minimizing MISE can be

taken to be
3 1
K(z) = [— (1 - —:z:2> 51/2
4 5

*La< vy (2)
(i.e., equation (9.14) of Lemma 9.5) and

(f K(z)*dz)"/®
(] K(@)z?dz)*/® ([ fi () de)®
(3 X 5*3/2) 1/5

(f fi(z)2dz)/®

u(K) d:ef(/ K(z)z? dm>2/5 (/ K(:z:)zd:z:>4/5,

the minimized MISE is

W(K)JT 4/ { Z (/ fgg(m)zdm) 1/5}
= (3 x 53/2 )4/5 J 45 { Z (/ fie (z)? d:z:)l/s } . (9.17)

Proof of Theorem 9.6 For sufficiently large J, MISE is

by =J /5 (9.16)

_ g-1/s

Defining

Ebi/ K(z)e? dz 2/ fgg(m)2dm+(JbJ)—1/ K(z)’dz.  (9.18)
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Minimize this first over b; and then over K. Setting to zero the first
derivative of (9.18) with respect to by gives

b5 — J1 [ K(z)? dz
J 2 )
([ K(z)z?dz )" [ fi(z)%dz

verifying (9.16). Substituting this into (9.18) gives

. K(z)z? de : fie(z)?dz | T4/
i ([Keeae) ([ tiepee)

(f K(IL')2 d:z:)4/5
(f K(a)a?da)*/® ([ fy(a)? de)*®

! </ ) T e )(U{T(/)S(d ;)f;1£5)2 dz) V5
() ([ ) ([ e
x J~

= ZH(K)J"}/S (/ fx (z)? dw)l/s,

verifying the left side of (9.17). Minimizing MISE in (9.18) therefore
reduces to minimizing u(K) over choice of K. But by Lemma 9.5, the
latter minimization subject to (i)—(iii) of Theorem 3.5 is achieved by
selecting K in (9.14). Substituting this kernel into the right-side of
equation (9.16) recovers the expression following the latter, and into
the left side of equation (9.17) recovers the right side. Q.E.D.

The left side of equation (9.17) allows a natural comparison across
kernels. Using an arbitrary K on sample size J achieves only the same
MISE as using the optimal kernel Kgp in (9.14) on a hypothetical
(smaller) sample size Jgp, where

w(K)T ™ = u(Kep)Jgs'®
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The ratio
Jop/J = [ w(Kep)/u(K)|*/*

_ 53% (/ K(z)z® d:z:)l/z (/ K(:v)zd:c>1 (9.19)

can then be defined to be the relative efficiency of kernel K. Values
of this for several commonly-used kernels are given in Table 3.2.

Continue from here with proofs of results in the body of the paper.

Proof of Proposition 3.12 To prove (i) notice that by equation (3.24)
the typical entry in f; s is

?t+s(ml) — /_ m’+1 ft+s($l) dml

= /_ m'+1 |:/ pt,s(il:,ivl) % ft(m) diB d:z:'

Since F; is piecewise linear, the integrand can be re-written:

I‘m,-‘,—l
/ prs(z,2') X fi(z d:z:—Z/ pes(z,2') x fy(z) dz

M-1 Tt
=> l/_ pt,s(:z:,:z:')d:z:] X ft(Zm)
m=0 Zm
so that
_ Tyl g1 M-1 Tm41
Foro(m) :/ Z / pos(z, ) dz | X f(Tpm) da’
m! =0
M- m/ 41 Tm41
= Z{/ / Dt,s(, :z:)dccdcc]xft(ccm)
m=0

Using again equation (3.24)
fi(m) = fi(ZTm) X [Tmt1 — T ]
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gives
ft—l—s m
1 m/4+1 Tmt1
= [ (Trmt1 — / / pts(z,2')dzde’ | x fe(m)
=0
-1
— Z t,s f(m)
m=0

so that fy, , = PJS x f; with P, s given in equation (3.27). To prove
(ii) write

(P.s$) (m)
= (Eerl B IEm /Em+1 /zI ’+1 pt,s(mx ml) dz' dz x a(ml)

m!

z:m+1 m/+1
~ @i~ 5m) [ / prs(2, 2)p(e') do' da
m/=0"YTm
3m+1
= (Tmil — Tm)~ / / (z,2")p(z') dz’ dz

N Em+1
= (wm-i—l - mm / t s¢

establishing equation (3.28). If for each z' the function p; (-, z') is
piecewise constant on [Z,,,Tm1) then

(Tt,s0)(z / pts(z,2')p(z') dz’

is similarly piecewise constant on [Z,,,Tm1) So that the interval av-
erage in equation (3.28) becomes just (T: s¢)(Zm). Q.E.D.

Proof of Theorem 3.14 The transition density p;(z',z) of Brownian
Motion o B is, by definition, the pdf of a N(z, 0?t) random variable.
But the right side of equation (3.34) is exactly that pdf, thereby
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confirming the first part of the Theorem. To obtain the resolvent
kernel (3.35) begin by calculating that for standard Brownian Motion.
When o = 1, the resolvent kernel is

/oo e—At(27rt)—1/2e—(z—zT)2/2t dt
0
= (o/my2 [T e /gy (9.00)
0

where the expression on the right follows from applying the change
of variable t' = t*/2 and then relabelling. Define v = |z — zf|v/A/v/2
and s = (A\/v)Y/? x t, and rescale and complete the square in the
exponent on the right side of (9.20):

— rhH2
o  (z—2h)* Ao ¥ 2}
M+ S —V[Vt + 5t
:V[82+8_2] :V[(s—s_1)2+2].
Since dt = (v/\)'/? ds the right side of (9.20) becomes

(2/7[.)—1/2(1//)\)1/26—21/ /oo e—(s—1/5)2u ds.

0
But

/ooe—(s—l/s)Quds_/l —(s—1/s)? ”ds—i—/ e —(s—1/s)? Vds

0

/ (s—1/s)? Vds+/ (s—1/s)%v % s 2ds
/ (s-1/9 » (14 5 2)ds

etV dt = (n/2)!/?(2v) 12

Therefore,

/oo e”‘t(27rt)*1/2e*(‘”*ﬂ)2/2t dt
0

v L en2eat) 1

V2A Vox
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The resolvent kernel for X = o B can then be calculated:

Gaalo) = [ e M pi(al, o) at

— zh)2
—1/2 (z —zT)
—/ 27rc7 / exp (— YT, > dt

o R _ ~t\2
e / e_(>‘/o' )5 (27[-3)_1/2 exp <_M> i ds
0 2s

_ L [Lezﬂwﬁ/cf]
o2 [ V2
1
_ -1t —Je—zf|vV2X/o
=0 e ,
V2
verifying (3.35). Q.E.D.

Proof of Theorem 3.16 For small At > 0 and bounded measurable
function ¢, calculate:

(Tat(Rag)) = Tae [/oo e ™ (T ) dt}
—/ M Tepat ) dt

_ At X/O e (AN (7, 8) dt

At
= Mt x [(wa)—/g e‘t’\(%fp)dt].

Therefore,
Tpe — I
(T2 ) (Rag)
_ M (Rag) — (Rag) 2 [Me P (Tig) dt
- At B At
B XAt _ eMAt At —tA(‘I ¢)
= (T) (Rag) — A7 : (9.21)
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As At — 0
6>\At—1

Al — A

and

e At fOAt et ( T, ¢) dt
At

At
. )\e)\At/o e (T p) dt + e*te™ B (Ta0) — ¢,

so that equation (9.21) becomes
GRy¢=XRxp—¢ = Ry=(A-G) ..

Q.E.D.

Proof of Theorem 4.1 Consider y > 0 a fixed but otherwise arbitrary
value for income. Denote by to that epoch at which y last realized as
the income level at the frontier, i.e.,

to =sup{t: Ymax(t) <y},

Or, as Ymax(t) has its timepath continuous and increasing,

Y = Ymax(to)-

Let ¢ : [tp, 00] — [0, 1] have ¢(t) denote the fraction of economies at
time t > to having per capita incomes no greater than vy, so that

BE) = —4() x h(t) = () = Fo"E ¢y

Moreover,

t ¢
Ymax(t) = ymax(to)ef;o ¢h(s)ds —yx ef;o ¢-h(s)ds

so that
$(t) = [y/Ymax(t)]¢ . (9.22)
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Equation (9.22) confirms that the fraction of economies with incomes
no greater than the fixed level y is constantly declining. But (9.22)
also says that the fraction of economies with relative incomes no
greater than ¢ = Y/Ymax is time-invariant at value zl/ 4, thus con-
firming the shape of the density given in the Theorem. Q.E.D.

Proof of Theorem 6.1 Call f the density for F. Since, by hypothesis,
F is continuous and strictly increasing, for any = € (0, 1), the inverse
F~1(z) exists and is unique. Write the Lorenz curve

Z(h) = 8’1/ ' f(z')dz', withz =F (h).
0

Therefore,
dZ dZ / dF 1
—=—/ —= f f
F - ds ) @ & @@
=& lz="1F1n)>0
and

2z d [dZ dF .,

ﬁ:ﬂ<ﬁ> o=t /f(:v)>0,
so that the Lorenz curve has tangent whose slope is always positive
and increasing, i.e., Z is convex from below. Thus Z(F) — F, the
Lorenz curve’s horizontal separation from the 45-degree line, is max-
imized at:

0= & [Z(F) - F] =& 'zf(z) - f(z),
dz
ie, at ¢ = & or h = F(z) = F(E). Therefore, since h = F(&)
maximizes Z(h) — h, that same value for h also gives Z'(h) = 1.
Q.E.D.

Proof of Theorem 6.2 The mean income gap in the definition of Jg in
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equation (6.1) can be rewritten:

/0°°/°°|m—m'|dF( 2')dF (z)
—/ {/ z —z')dF(z ~I—/ (z' — z)dF(z')

/°°/°° 2 — 2')dF(z') dF (z) = 0
= [[[ - )—/w(m—m)dF( 2') | dF(z) =
:>//cc—cch ) dF (z //a:—a:dF ) dF (z),

the mean income gap is therefore also
/0°°/°°|m—z'|dF (2) dF(z)

_2></ / (¢ — 2') dF (') dF ()
_2><[/ //a:dF ) dF (z
Definitions (6.1) and (6.2) for Ig and Z then give:
Ig =& /:z:F dF (z /z
_/ hdZ(h —/0 Z(h
:[(5+/0 [h—Z(h)]dh)—(%—/Ol[h—z(h)]dhﬂ
:2/01[h—2(h)]dh

dF(z).

But since

Q.E.D.
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Proof of Theorem 6.8 From (6.9) and (6.11),

(1-R)Z(t) y(1-R)t _ 1
U(C(t) = V(" ety = S E

e(lfR)Z(t)ef[Pf(]-*R)ﬂt — e*Pt

1-R

— e PU(C(t)) =

Using the definitions for § and U, this gives

_ 5 —~(1-R)'e™” forR#1;
pt = pt
e "U(C(t)) = e "U(Z(t)) + {fte‘pt otherwise.

Then, conditional on C(0) = e?,

W(0) = B [ /0 Z e rtu(c(t)) dt | C(0) = ez]

_ —[°(L—R)le=*dt for R+#1;
= (R:U)(z) +
(R;U)(z) { o gte Ptdt otherwise.

The conclusion of the Theorem then follows from calculating, for
R#1,

[ee)

/ooo —~(1-R)ledt=(1-R)p ! x (efpt) ‘o

and, for R =1,
/ fe Ptdt =& x (—p 2) x [(1 —{—pt)e”’t] ‘:o: Ep 2.
0
Q.E.D.

Proof of Theorem 6.9 From the resolvent kernel (3.32) and equation
(3.35) of Theorem 3.14,

A o PR A
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For R # 1 this becomes.
~_1/2_—1 ,eo _
(R;ﬁ)(zT) = %/ ef(gp/g2)1/2><|z,z1‘| % e(]_,R)z dz.

The integral on the right can be rewritten:

zt ~
/ e (25/0*) (21 -2) o J1-R)z 4,

—O00

n / ® o= (25/02)12(z—21) o J(1-R)z 4,
2zt

¢ (25/0)/2z1
(25/0°) 1 +(1-R)
o(25/0%)1 /22t
+ —
(25/0%)'7 — (1 - R)
(1-R) (28/0%)1/? x 2
(25/0%) - (1 - R

where convergence of the integral follows from p > %(1—R)202. Then

el(20/0%) /> +(1-R)]2?

« e~ [(2p/0%)/?—(1-R))zt

(1-R)zt 22
) = & g
BN = TR “@p/or) - (1 - RP
e(1—R)z! 1

1-R  p—(1-R)— L(1- R)2?
= (R, p,€,0)7" x el 7R,

For R =1 analogous steps apply to

(RFD)(") = (20) /20" [ @I s 2 g
0
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Again rewrite the integral on the right

2t - oo -
/ e (/o221 2) oy gy 4 / T e (25/02) 2 (z=21) o 5 a4,

-~y 0= ey e e
+ % [(1+(28/0%)M22)e (201772 ] °‘T°
=2 [az/ﬁ]1/2 Pl
so that
(R50)(a) = (22) %0~V [o?/5] ol = o7
Q.E.D.

Of course equation (6.13) combining Theorems 6.8-6.9 can also
be obtained directly using

E [eZ(t) | Z(0) :z] = exp (z—i—a2t/2>,

but such a direct approach would not generalize the way that using
the resolvent operator allows.

Proof of Theorem 6.10 From the definition
(R;0)(Zm) = / e B [T(2(t))2(0) = 2 | dt
0

o  _ rM-1
- /0 e”t{ZPt(m,m')fj(Zm:) dt
m=0

Collecting the right side across m gives the vector
(R;0)(Zm), m=0,1,...,M —1

as
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thus establishing the Theorem. Q.E.D.

Proof of Theorem 8.1 Performing the calculations directly for this
case allows checking the results obtained more generally by resolvent
operators. To that end use the conditional distributions in equation
(8.5) to write:

1—ato;
C1-a2

.

Eylogej(t) = a’log€;(0)

0|

Now take each of the cases in turn.
(i) Suppose R =1. When t > 0,
EoU(Cj(t)) = Eplog Cj(t)
= Ey[logz; +tlog{ + loge;(t)]
= [logij —(1- az)_lajz-/2] + (logé) x t
+ [log €;(0) + (1 — a2)_1aj2-/2} o,
so that

B0 8U(Cy(t))
t=0

_ U(C;(0)) + Bo > 5T (C(1))
t=1

- _ _ 0
=logZ; + log€;(0) + [logzj —(1-a?) 1012-/2] 1%
o
: _42)-1.2
+ L log ¢ + [logeJ(O) +(1-a®) “o; 2] 1 —6a’
using Y20 t6t = 2 t6t L =0 &R 0t =& = (1 -
6)725. Collecting terms then gives
Bo Y 6°U(C;(¢)) = (1 - da) " log ¢;(0)
=0
1 8 o’
1 ——logz; — 2.
Ao 08 T T8 % T T TS sa) (1 a) 2
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(ii) Suppose R # 1. When t > 0,

BoU(C;(t) = (1~ R)™ By [ ()" ¢~ re;() = — 1]
= (1- B[ (%) g (R

1_at 0-2.
exp([l—R] {atloge]-(o)— 1—a27]}

1—o*
2 2
[1 - R] 1—a20'>

_.|_

1
2
~1].

Collecting time-dependent terms in the exponent gives

[1- R {1og €;(0) + (1 — a?)~1o?/2 } of
—[1 - RP(1 - o?)7 107 /2a%,

while the time-invariant terms there become

—[1-RJ1-a*)""07/2+[1 - RP’(1 - o®)7'0}/2
= —[1-RJR(1 - o?) 'o?/2.

For convenience, let

D; =[1-R] { log€;(0) + (1 — az)’lajz-/2}
Dy =[1-RP(1-a*)"d2/2>0.

Then

BoU(Cy(8)) = (1 — R) ™! (7;)t Re [ FIRIme g2

ff(Rfl)teDlatesza” . 1]
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so that
E0§5tU(CJ(t))
- (zj)l_Rle]EOI):;_R —l (1 R)x
R MR 102 2 S (B Diat oo
[(zj)l R,-[1-RIR(1—a?) J/2tz:1£ (R-1)t Drat ,~Daa?
—(1—5)16]

=(1-R)" [—(1 —6) 7+ (z;) X

{ e—[l—R}R(l—a2)flg§/2 ig_(R_l)teplate_Dzazt
t=1

4 ej(O)l—RH.

Q.E.D.
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