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1 IntroductionThis manus
ript des
ribes some resear
h on international patterns ofe
onomi
 growth and in
ome distribution. It takes a uni�ed approa
hto global growth and inequality by analyzing the dynami
s of in
omedistributions.The 
hapters that follow do three things: First, they do
umentthe fa
ts on e
onomi
 growth, in
ome distribution, and global in-equality. Se
ond, they des
ribe the mathemati
al and statisti
al toolsfor modelling distribution dynami
s. Third, they provide a number ofanalyti
al models designed to help understand the evolution of world-wide patterns of growth and inequality. No single all-en
ompassingpi
ture emerges to be apposite everywhere but, nonetheless, severalpowerful 
on
lusions hold.Before laying out those messages, it is useful to set the stage bymaking expli
it a simple and stylized version of the questions andpotential 
on
lusions that will be addressed in detail. Figures 1.1and 1.2 provide a 
ompa
t illustration.In these Figures time evolves along the horizontal axis. The ver-ti
al axis maps not just a s
alar|if so then the Figures would simplygraph the dynami
 pro�le of a timeseries variable|but instead inthese Figures ea
h time-t observation is the dire
tly observed densityof a 
ross-se
tional distribution. Depending on the appli
ation these
ross-se
tional distributions 
an be de�ned over di�erent e
onomi
variables|they 
an be the 
ross-se
tion of per 
apita in
omes a
ross� I thank Lu
ien Foldes, Vinayak Nagaraj, and Chris Rogers forhelpful advi
e.



Growth and distribution
Figure 1.1 Emerging twin peaks in the 
ross-
ountry in
ome distri-bution: The labels des
ribe possible out
omes and 
ari
ature several
named examples.In
omes

Time

Ri
h remaining ri
h

Poor remaining poor
S. Korea

Singapore

Venezuelat t+ s
{2{



Growth and distribution
Figure 1.2 Individual 
ountry e
onomi
 growth and distribution: Theshaded areas des
ribe the evolution in time of the in
ome distributionwithin a given 
ountry, one whose average in
ome grows as indi
atedin the labelled line. Ea
h individual 
ountry in the 
ross-
ountry dis-tributions of Figure 1.1 has its own within-
ountry in
ome distribu-ton dynami
s, shown in this �gure by a representative other time-tdensity around a di�erent per-
apita in
ome observation. Individual
ountry distributions in the Figure are usefully also s
aled by pop-ulation to better indi
ate the relative importan
e of di�erent-sized
ountries. The 
urves plotted then are of 
ourse no longer densities.In
omes

Timet t+ s

Growing per 
apita in
ome

{3{



Growth and distribution
ountries; the 
ross-se
tion of average produ
tivity a
ross e
onomies;the 
ross-se
tion of individual in
omes a
ross people; and so on.Figure 1.1 depi
ts the distribution dynami
s in 
ross-
ountry in-
ome distributions. Here, ea
h element in the distribution is ane
onomy-wide per-
apita in
ome observation. In this Figure China,with over a billion inhabitants, and Singapore, with under 5 million,
ount equally in the 
ross-se
tion per-
apita in
ome distribution. Fig-ure 1.1 depi
ts a range of hypotheti
al behaviors. Some parts of the
ross se
tion originally ri
h 
an remain ri
h; those originally poor,remain poor: strati�
ation o

urs. Simultaneously the Figure illus-trates, with no logi
al 
ontradi
tion, intra-distribution transitions:some initially ri
h 
ountries stagnate, de
line to the bottom of thein
ome distribution, and are later identi�ed to be relatively poor;other, initially poor 
ountries grow fast and are subsquently viewedas su

essful growth mira
les. Thus, as illustrated in the Figure, bothstrati�
ation and mobility simultaneously o

ur.The shape of the distribution also evolves. In Figure 1.1 the earliertime-t distribution shows many middle-in
ome 
ountries 
lusteringaround the average and relatively few 
ountries either very ri
h orvery poor: the distribution is smoothly unimodal. By 
ontrast thelater time-t + s distribution, as drawn, is sharply bimodal. Betweentimes t and t+ s a pair of 
lusters have emerged, one grouped aboutan upper middle-in
ome level and the other about a lower middle-in
ome level. With timepaths 
ontinuous, this twinpeaks emergen
e
an be interpreted as displaying \
onvergen
e 
lubs"-behavior, where
ountries suÆ
iently 
lose to ea
h other 
onverge towards ea
h other,whereas those suÆ
iently far apart, diverge.Although 
orre
t the verbal des
ription does not do full justi
eto the Figure: In the vanishing middle-in
ome 
lass that is shown,
ountries will end up diverging away from ea
h other even thoughinitially they had been relatively 
lose. Thus, the Figure illustrates
ountries beginning alike ea
h other and then 
ontinuing to 
onvergetowards ea
h other, and yet others similarly 
lose initially but then{4{



Growth and distributiondiverging away from ea
h other over time.In 
ontrast to mapping the behaviour of 
ountry averages, Fig-ure 1.2 takes individual per-
apita in
ome observations in the distri-butions previously graphed in Figure 1.1 and unpa
ks the in
ome dis-tribution around that average; at ea
h instant in time ea
h 
ountry'sin
ome distribution observation is s
aled by its population. Doingthis for every 
ountry in the the 
ross-se
tion un
overs the in
omedistribution a
ross the more than 6 billion people on earth.1Modelling those in
ome distribution dynami
s| done impli
itlyfor the earlier and simpler Figure 1.1|would aid understanding theevolution of global poverty and inequality. Figure 1.2 
an show howas an e
onomy grows|i.e., as its ma
roe
onomy develops and per
apita in
ome rises|di�erent possibilities emerge: some people inso
iety might be left behind; inequality a
ross so
iety might rise orfall; the very ri
hest might pull ahead ever more, independent ofsummary measures of inequality; everyone within so
iety might havetheir own in
omes rise in tandem with the per-
apita average; and soon. A model of evolving distributions for the dynami
s in Figures 1.1and 1.2 provides three advantages over earlier extant approa
hes.First, working dire
tly with the distribution itself leaves as late aspossible in the analysis the de
ision on whi
h inequality index touse. Indeed, for 
ertain analyses a resear
her 
an get away altogetherwithout relying on any one index. Sin
e every in
ome inequalityindex|Gini, Theil, varian
e of the log, and so on|is an attempt to
ollapse the in�nite-dimensioned information in a distribution fun
-1 To obtain the in
ome distributions for a 
ountry in Figure 1.2one does not need a
tual observations on individual in
omes in that
ountry. Nor does an in
ome �gure need to be imputed to ea
h personin that 
ounty. Instead, summary statisti
s together with auxiliaryassumptions|as in Bourguignon and Morrisson (2002), Quah (2003),Sala-i-Martin (2002a), or Chapter 6|will suÆ
e to obtain useful es-timates. {5{



Growth and distributiontion to just a summary s
alar value, all inequality indexes ne
essarilydis
ard information and thus have spe
i�
 disadvantages, dependingon the underlying distribution and the resear
h question. But whenusing instead a law of motion for the entire distribution, a resear
herdoesn't have to rely on just a single index|any desired summarymeasures 
an instead be 
omputed as desired, as the �nal step, notan initial one, in the analysis.Se
ond, a model for dynami
s su
h as in Figures 1.1 and 1.2 per-mits bridging di�erent literatures. Resear
hers in in
ome inequalityhave traditionally worked on issues to whi
h ma
roe
onomists work-ing in inequality and growth, say, have paid far less attention. Forinstan
e, in
ome inequality resear
h has developed axiomati
 justi-�
ation for di�erent inequality indexes and 
onsidered the di�erentbene�ts and disadvantages a�orded by ea
h su
h index; in
ome in-equality resar
hers have worked on de�ning alternative notions ofpoverty, measuring (again indexes of) mobility, assessing the e�e
t ofimperfe
t data on measuring inequality, and so on (e.g., Cowell, 2000,1995). On the other hand ma
roe
onomists interested in growth andinequality have paid little attention to when di�erent indexes mightmislead or yet others might be more useful, but have looked mostlyat their 
orrelations with ma
roe
onomi
 indi
ators su
h as growthand development.The reason for this divergen
e is, of 
ourse, that the resear
hquestions di�er a
ross �elds. But, nonetheless, sin
e all these is-sues depend on the same underlying impli
it model|distributionsevolving through time{making that model expli
it will allow greater
ooperation and 
loser integration in resear
h.Third, many issues that arise ad ho
 
an be dealt with transpar-ently in a uni�ed way in a model of expli
it distribution dynami
s.As just one important example a perennial question is, How mu
hworld in
ome inequality is due to in
ome inequality within 
ountriesand how mu
h due to ma
roe
onomi
 in
ome disparities between
ountries. How mu
h is that 
hanging through time?{6{



Growth and distributionResear
h atta
king this problem with spe
i�
 in
ome inequal-ity indexes then need to verify that intra-
ountry inequality indexesand inter-
ountry ones 
ompose in appropriate ways (or, the oppo-site, that world in
ome inequality measures de
ompose usefully intowithin-
ountry ones). Sometimes, the resear
her asks if the weight-ing s
heme used to form a summary world inequality index shoulduse 
ountry population weights|when China or India would thenassume greater importan
e|or 
ountry in
ome weights|when theUS or Japan would then do so. If we 
onstru
t the world in
omedistribution expli
itly from the underlying distributions, as done inthe Figure, many of these 
on
erns about the right way to do thata

ounting are simply irrelevant. There is one and only one way toform the dynami
s of the world in
ome distribution, and that is thatused in Figure 1.2. (This does not diminish the importan
e of the
on
eptual problem of de
omposing inequality measures, an issue towhi
h we will return in Se
tion 6.5 when we dis
uss the dynami
s ofmeasured world in
ome inequality arising from inequality dynami
sbetween 
ountries and inequality dynami
s within them.)The same reasoning also 
lari�es what information is revealedwhen using 
ross-
ountry per 
apita in
omes rather than, say, 
ross-se
tion distributions of individual in
omes. It is not that the resultsobtained using only ma
roe
onomi
 averages are biased|what arethey biased for? Results obtained from 
ross-
ountry average datain Figure 1.1 simply address questions other those treated when oneuses within-
ountry in
ome distributions, Figure 1.2.What probability and e
onometri
 models are appropriate forstudying the distribution dynami
s in Figures 1.1 and 1.2? A stan-dard timeseries model might take individual 
ountries or groups ofindividual 
ountries and seek to 
hara
terize the dynami
 propertiesof that ve
tor. But this pro
edure|well-understood though it mightbe|negle
ts that it is an entire distribution whose dynami
s we seekto understand. Thus, a standard timeseries approa
h does not tellus about, say, the emergen
e of multiple 
lusters; it is silent on what{7{



Growth and distributionis happening to the interquartile range [the in
ome distan
e betweenthe 75th and 25th per
entiles℄; it does not inform on how di�erentinequality and polarization measures are evolving through time.On the other hand estimating a 
ross-se
tion or panel data re-gression does 
hara
terize the behaviour of the 
onditional averagein the 
ross-se
tion. For addressing 
ertain questions that might wellbe exa
tly what a resear
her wishes to do. It would, however, bealtogether uninformative for the dynami
s of the entire distribution.This book is 
on
erned with modelling the dynami
s of distri-butions in e
onomi
 growth. The 
hapters to follow des
ribe extantdata on, provide mathemati
al tools to analyze, and draw 
on
lu-sions about the kinds of questions raised in Figures 1.1 and 1.2. Thenatural mathemati
al framework for this work is that of di�erentialequations taking values in a spa
e of distributions. Just as a s
alardi�erential equation might 
ontain terms like aX(t), where a is a
onstant real number and X(t) is the value of the timepath at time t,the di�erential equations needed here will involve terms like (T�)(Ft)where T� is an operator mapping distributions to distributions and Ftis the value at time t of the timepath of distributions. We use di�er-ential rather than di�eren
e equation models in the base frameworkbe
ause for the questions of interest here growth models are naturallyset in 
ontinuous rather than dis
rete time (see, e.g., Merton, 1990).The 
entral empiri
al �ndings in this resear
h are XXXX-fold:(i) Over the last half-
entury, while e
onomi
 growth has raisedworldwide in
omes by XX%, the 
ross-
ountry in
ome distri-bution has shown emerging twin peaks, i.e., both 
onvergen
eand divergen
e have simultaneously o

urred.(ii) Over the last half-
entury, there have been both growth mira
lesand growth disasters. With some variation, growth disasters
on
entrate in the group of e
onomies initially relatively poor;growth mira
les, in that group initially already relatively bettero�. {8{



Growth and distribution(iii) Over the last half-
entury, while the 
ross-
ountry in
ome dis-tribution has obviously evolved, some of its 
hara
teristi
s havenot 
hanged overly mu
h. Its standard deviation has risen byXX%; the interquartile range by YY%; the 90-10 per
entilespread by ZZ%. Contrast this with ...(iv) Over the last half-
entury, the largest single fa
tor driving in-equality worldwide has been ma
roe
onomi
. For forming theworldwide distribution of in
ome a
ross people, the dynami
s of
ountry-wide average per-
apita in
omes have mattered mu
hmore than have the dynami
s of inequality a
ross people within
ountries.This paper do
uments these empiri
al results and des
ribes inthe literature where similar su
h �ndings have been obtained. Those�ndings have added to interest in e
onomi
 theories that emphasize
ertain kinds of dis
reteness and dis
ontinuity, i.e., instan
es of e
o-nomi
 non
onvexity, nonlinearity, and nonergodi
ity (e.g., Azariadisand Drazen, 1990; Durlauf, 1993, 1996; Galor and Zeira, 1993; Quah,1996a). In turn, these theories have motivated yet further empiri
alanalyses.Su
h empiri
al approa
hes have also provided new perspe
tives on
lassi
al questions of inequality and growth (e.g., Quah, 2003; Sala-i-Martin, 2002a; S
hultz, 1998); emphasized the importan
e of newfeatures to 
onsider in studying inequality and 
ross-se
tion in
omedistributions (e.g., Esteban and Ray, 1994; Wolfson, 1994); and mo-tivated new models for analyzing spatial e
onomi
 dynami
s (e.g.,Quah, 2002; Quah and Simpson, 2003). Although some of these is-sues fall outside traditional ma
roe
onomi
 analyses of 
ross-
ountrye
onomi
 growth, they all relate to growth and distribution moregenerally, and so this paper will 
onsider them where appropriate.The remainder of this paper is organized as follows. To establishnotation and to �x ideas, this rest of this se
tion des
ribes below neo-
lassi
al e
onomi
 growth and 
onvergen
e, set against a ba
kground{9{



Growth and distributionof interest, not solely in the behavior of any one e
onomy but, in thedynami
s of a ri
h 
ross se
tion of e
onomies. This se
tion is intendedto be extremely terse and is in
luded here prin
ipally so the readeridenti�es the notational 
onvention used in the rest of the paper.Se
tion 2 do
uments some key lessons from the extant literatureon the empiri
s of e
onomi
 growth, inequality, and in
ome distri-bution. Se
tion 3 begins the analysis 
entral to this paper. Thisse
tion presents the basi
 mathemati
al stru
ture underlying empir-i
al analysis for distribution dynami
s. It des
ribes a number of thekey �ndings for per 
apita in
omes data a
ross 
ountries, and 
onsid-ers extensions where those results have been either 
on�rmed or re-futed. Se
tion 4 then 
onstru
ts several 
anoni
al theoreti
al modelsto explain key �ndings. Se
tion 5 reviews and extends the empiri
aleviden
e on patterns of 
ross-
ountry growth.Se
tion 6 
onsiders extensions to the basi
 model of 
ross-
ountryin
ome distribution dynami
s. By merging that model with the dy-nami
s of within-
ountry in
omes, we obtain an integrative frame-work for, simultaneously, growth and inequality in parti
ular, orgrowth and distribution more generally. This pla
es growth and in-equality on an equal footing and asks what the empiri
al eviden
e sayson how they matter e
onomi
ally (subse
tion 6.2). Subse
tion 6.7 ex-tends in
ome distribution dynami
s to spatial distribution dynami
s.Finally, se
tion 7 summarizes in one pla
e the key lessons from thispaper. The Te
hni
al Appendix, se
tion 9, 
olle
ts together addi-tional mathemati
al dis
ussion for some of the results in the paper.While most of the te
hni
al results used here will be known tospe
ialists, as far as I 
an tell the general reader or applied resear
herwill not have had a

ess to them in a single 
onvenient and easilya

essible a

ount. I hope that additional value derives from an ap-proriate level of rigor and the distin
tive te
hni
al approa
h here. Forinstan
e, every student of sto
hasti
 pro
esses will have read a

ountsof Markov theory that begin \Consider a 
olle
tion of random vari-ables, either Xt, t = 0; 1; 2; : : : or X(t), t 2 [0;1), de�ned on a prob-{10{



Growth and distributionability spa
e (
;F;Pr)". When working with in
ome distributions,however, the resear
her doesn't see just a realized sequen
e of ran-dom variables, as would happen say when a resear
her studies assetpri
es, interest rates, GDP, or unemployment. Instead, the variablethat the resear
her naturally and dire
tly deals with|empiri
ally,analyti
ally, and 
on
eptually|is a distribution fun
tion. Most use-ful to the applied resear
her then is an exposition of sto
hasti
 pro-
esses and dynami
s that take as primitive the distributions them-selves. This approa
h, expli
it in all the te
hni
al se
tions that followand impli
it in the dis
ussion otherwise, distinguishes the approa
hhere from, say, purely mathemati
al a

ounts of Markov pro
esses.2While obviously one development 
an be derived from the other, us-ing a te
hni
al exposition adapted to one's spe
i�
 resear
h problemis both more pleasant and more eÆ
ient.For instan
e, in many developments of sto
hasti
 pro
ess theorythe in�nitesimal generator (se
tion 3.4 and De�nition 3.15) is taken asthe hypothesized 
olle
tion of parameters in a sto
hasti
 di�erentialequation. The properties of the resulting pro
ess are then derivedfrom the in�nitesimal generator. An applied resear
her, however, sees�rst of all data and then, with a little work, the transition density ortransition probability. It is mu
h more natural and intuitive for thatresear
her to see the in�nitesimal generator derived from a transitiondensity than the other way round. Other examples abound.So go ahead and do it; give those other examples. TheChapman-Kolmogorov property: Always hold for tran-sition probability matri
es and transition densities esti-mated from data? The applied resear
her wants to un-2 This di�eren
e, however, is easily over-emphasized. The mostabstra
t and rigorous expositions of the mathemati
al theory makeplain that one 
an approa
h the study of Markov pro
esses from eitherperspe
tive: see, e.g., Chung (1967, Se
tion 2, Ch. 1) or Doob (1953,Ex. 3, p. 86). {11{



Growth and distributionderstand why. Analyti
al expositions, on the other hand,begin by hypothesizing it, and then go on to develop im-pli
ations. Markov 
hain: Analyti
al expositions begintaking the set of dis
rete states as a priori given. On theother hand, the applied resear
her wants to know whatimpli
ations follow from parti
ular dis
retizations, givena set of 
ontinuously-distributed data. Regularity 
on-ditions for estimating distributions or sto
hasti
 kernels:Pra
titioner wants to know a 
onvenient set of generallyappli
able 
onditions. Analyti
al resear
her is often inter-ested in assumptions that 
an be shown theoreti
ally to beyet weaker than previous ones used, but none of whi
h isin pra
ti
e veri�able. Mix estimation and analysis: Pra
-titioner wants to take a given observed dataset, estimateunderlying obje
ts, and then work out impli
ations. Ex-
ellent presentations of estimation end there|statisti
sand e
onometri
s; ex
ellent presentations of sto
hasti
pro
ess theory don't dis
uss estimation. This is as itshould, but the applied resear
her needs to go look at andunderstand too many di�erent 
onventions and notations;some of the developments whi
h will never be useful toone group of resear
hers but of intense interest to another.Summarize: A spe
ialist will �nd many things familiar inthis manus
ript, only sometimes the results and the devel-opment seem to be written ba
kwards 
ompared to whatis typi
ally found elsewhere. But the hope is, applied re-sear
hers will �nd this approa
h 
onvenient for their work,and a relatively easy way to introdu
e themselves to hard,abstra
t ideas in sto
hasti
 pro
ess theory.
{12{



Growth and distribution
2 World growth and inequalityThis se
tion des
ribes some key lessons from extant literature one
onomi
 growth and world in
ome inequality. It provides our �rstlook into the data on global in
ome distributions and summarizes theextant literature.Try to summarize extant results in an integrated 
oherent way, pre-senting the basi
 fa
ts that are already known. Go 
razy a little andgive alternative visualizations. Bourguignon and Morrisson (2002)Chen and Ravallion (2004a) Deaton (2005) Firebaugh (2003) Jones(1997) Maddison (1989) Milanovi
 (2002) S
hultz (1998) Prit
hett(1997) Sala-i-Martin (2002a,b) World Bank (2000) World Bank (2002)UNU (2004)
3 Distribution dynamics and laws of motionWhy study the empiri
s of evolving patterns of e
onomi
 growth|
hanging in
omes and welfare|a
ross 
ountries as a model of thedynami
s of distributions? Why not just 
al
ulate autoregressions or
ross-
orrelations or model the dynami
s of the panel through someregression?The answer to this rests in whether models of distribution dynam-i
s in
ite fresh e
onomi
 thinking or raise new questions that more
onventional approa
hes leave unidenti�ed. Distributional 
hanges,by de�nition, are not readily obvious when one studies only the vari-an
es or other moments of a 
ross-se
tional distribution: Is the spreadin
reasing between the top and bottom 10% of per 
apita in
omesa
ross 
ountries but de
reasing between the top and bottom 40%?The varian
e might at the same time rise or fall or be invariant, butis 
ertainly uninformative of su
h stret
hing and 
ompressing withinthe distribution. {13{



Growth and distributionThinking further along those lines outlines the obvious empiri
aldes
riptions obtainable using a distribution-dynami
s approa
h. De-forming the distribution through time 
an easily leave its �rst fewmoments invariant.But what e
onomi
 questions might atta
h to su
h distributional
hara
terizations? As one important example, illustrations like thatjust given suggest parti
ular kinds of nonlinearities or heterogeneities,where e
onomies diverge from ea
h other when they are suÆ
ientlydi�erent but at in
ome levels 
lose to ea
h other's (and at around theworld average) they be
ome progressively more similar. No dynami

orrelations 
al
ulated without spe
ial foreknowledge would easily de-te
t su
h dynami
s, whereas the timepath of estimated distributionsmakes those features immediately 
onspi
uous. A resear
her 
an thendesign a more dire
ted, parametrized e
onometri
 analysis to studyfurther su
h heterogeneities.Se
ond, e
onomists have long studied in
ome distributions a
rosspeople as an obje
t of independent interest, with or without its pos-sible 
onne
tion to e
onomi
 growth; see, e.g., the dis
ussions sur-rounding the Kuznets 
urve in the Presidential Address by Atkin-son (1997). Empiri
al work on e
onomi
 growth that models 
ross-
ountry per 
apita in
omes as an evolving distribution 
an then po-tentially provide useful 
ross-fertilization with models of personalin
ome distribution dynami
s. For instan
e, Quah (1996a) studied
ross-
ountry in
ome distribution dynami
s using the stru
ture thatGalor and Zeira (1993) had previously developed for personal in
omedistributions, reinterpreting the market for human 
apital loans asone for 
ross-
ountry 
apital 
ows, and obtaining similar polarizationand inequality impli
ations. Conversely, the twin-peaked feature inthe 
ross-
ountry per 
apita in
ome distribution (Quah, 1993a, 1997)has, in turn, been investigated for personal in
omes (Zhu, 2003).Yet a third bene�t from a distribution-dynami
s approa
h to e
o-nomi
 growth is that it re
asts dis
ussion of inequality and growthin an integrative framework (Bourguignon, 2003; Quah, 2003; Sala-{14{



Growth and distributioni-Martin, 2002a). This will be dis
ussed at length in Se
tion 6 but,simply put, the idea is that beyond seeking to determine if inequalitya
ross people is 
ausal for aggregate e
onomi
 growth or vi
e versa, aresear
her 
an instead study whether inequality and ma
roe
onomi
growth 
o-evolve in parti
ular ways.Distribution dynami
s 
onsiders not just the timepath of in
omedistributions|ea
h in
ome distribution treated as a point-in-timesnapshot|but also a law of motion or a me
hanism for how the dis-tribution at one timepoint evolves into that at a later time.Let xj(t) denote per 
apita in
ome in e
onomy j at time t, and let
FX;t denote its 
ross-se
tion in
ome distribution at time t. To studythe dynami
s f FX;t : t � 0 g, a resear
her might begin by tra
king,say, the mean, standard deviation, possibly higher-order moments,and other 
hara
teristi
s su
h as inter-quartile spread, of FX;t as this
ross-se
tion distribution evolves through time. But this 
on
ealsthe intra-distribution dynami
s, the movement of e
onomies fromone part of the distribution to another. For su
h information, weturn to the sto
hasti
 kernel (se
tion 3.2). If F denotes the 
olle
tionof (
ross-se
tion) distributions and T

�t;s, for t; s � 0, are operatorsmapping the spa
e F to itself, distribution dynami
s 
onsiders
FX;t+s = T

�t;sFX;t;a law of motion for fFX;t : t � 0 g. Se
tions 3.2{3.5 will treat thisin greater detail but, for 
on
reteness, an expli
it example of thistransition law, using the sto
hasti
 kernel M, is
FX;t+s(xy) = Z 1�1 Mt;s(x; (�1; xy℄ ) dFX;t(x);or, when FX;t has density fX;t,

fX;t+s(xy) = Z 1�1 pt;s(x; xy )� fX;t(x) dx;where pt;s is the transition density from time t to time t + s. Thesto
hasti
 kernel M is a representation of the operator T�. Often{15{



Growth and distributionthe resear
her needs to 
onsider sto
hasti
ally-perturbed versions ofthese transitions. How best to do so remains an open question, andresear
hers often leave only impli
it how they 
onsider the distur-ban
es in su
h equations.These equations are often used to des
ribe the sto
hasti
 dynam-i
s of an observed s
alar random pro
ess X(t) that in turn has thehypothesized but unobserved underlying distribution FX;t. Here, 
on-versely, it is FX;t that is measured dire
tly|the 
ross-
ountry in
omedistribution|while the asso
iated underlying X(t) is only hypothe-sized. The two perspe
tives are, of 
ourse, mathemati
ally equivalent(Doob, 1953, p. 255).In distribution dynami
s the limit as s!1 of fX;t+s in su
h lawsof motion holds spe
ial signi�
an
e. It is (the density of) what the
ross-
ountry in
ome distribution tends towards, should the system
ontinue along its histori
al path. Yet other 
hara
teristi
s|e.g.,�rst-passage times a
ross di�erent parts of the distribution; evolvingshapes in fX;t; the 
hanging spreads|
an also be used to get furtherinsight on the evolution of these 
ross-
ountry in
ome distributions.The remainder of this se
tion des
ribes statisti
al e
onomi
 mod-els for these laws of motion. Se
tion 3.1 is 
on
erned with the es-timation problem, going from observed data through distributionsto a sto
hasti
 kernel. Se
tion 3.6 des
ribes the analysis of long-runbehavior and other 
hara
teristi
s arising from these distribution dy-nami
s. Se
tion 4 des
ribes e
onomi
 models that all have a 
at
h-upor 
onvergen
e feature. Whereas the e
onomi
 ideas di�er 
onsider-ably a
ross these models, all of them generate impli
ations for distri-bution dynami
s. Put te
hni
ally, all these models restri
t M, andthus allow the latter's e
onomi
 interpretation.
{16{



Growth and distribution
3.1 StatisticsThe dis
ussion here 
annot pretend to be a rigorous exposition of allthe underlying ideas; the asso
iated statisti
al literature is vast.3 Butthe presentation will attempt to 
onvey enough key results that anapplied empiri
al resear
her 
an 
on�dently use these tools. Be
ausemany published des
riptions elsewhere of these results draw motiva-tions from statisti
al or e
onometri
 theory, they typi
ally seek theweakest possible assumptions. What applied resear
hers might �ndmost interesting turns out to be only a spe
ial 
ase of mu
h deeperresults. This 
an make what is useful to an applied resear
her seemobs
ure or diÆ
ult to apply. Here, our 
on
ern instead is to developthe key results using relatively familiar assumptions.Moreover, rather than 
over a vast range of di�erent ways to es-timate densities, this arti
le 
on
entrates on just one 
lass of su
hestimation te
hniques (the kernel estimator) but gives enough detailon it that the resear
her 
an expertly apply the te
hnique. No one
lass of te
hniques will ne
essarily uniformly dominate another 
lass,and so in pra
ti
e the resear
her might well need to seek spe
ializedexpertise for a parti
ular problem. However, thoroughly understand-ing one 
lass of te
hniques means that the resear
her always knows away to get reasonable empiri
al results (the further resear
h problemthen might be to sharpen those �ndings).Index e
onomies by the integer j 2 f 1; 2; : : : ; J g. Suppose timet is 
ontinuous, with t 2 [0;1). Let yj(t) denote per 
apita in
omein e
onomy j at time t and Nj(t) be the 
orresponding population.World per 
apita in
ome y(t) isy(t) def= � JXj=1Nj(t)��1 � JXj=1 yj(t)Nj(t):3 A list of overviews alone would already in
lude Devroye (1987);Devroye and Gy�or� (1985); Hardle and Linton (1994); Pagan andUllah (1999); Prakasa Rao (1983); Silverman (1986).{17{



Growth and distributionDenote by ymax(t) per 
apita in
ome in the leading e
onomy at timet, i.e., ymax(t) = maxj yj(t):The identity of that leading e
onomy 
an vary over time, as a on
e-lagging e
onomy leapfrogs over yet others to get to the frontier. Su
hleapfrogging behavior appears naturally in some models of te
hnolog-i
al 
hange (e.g., Aghion and Howitt, 1998).For analyzing the 
ross-se
tion distribution, it will often be use-ful to take as the primitive data xj(t), an appropriately normalizedversion of per 
apita in
omes. For instan
e, we might normalize per
apita in
ome relative to the leading e
onomy yj(t), i.e.,xj(t) def= yj(t)� ymax(t)�1 2 (0; 1℄:Alternatively, we might take normalization relative to the world av-erage, i.e., xj(t) def= yj(t)� y(t)�1 2 (0;1):Or, a resear
her might be interested instead in xj(t) that is total fa
-tor produ
tivity (TFP) in e
onomy j at time t. Taking as given thatTFP 
an be reliably estimated somehow, this would be appropriatewhen theories of TFP's evolution imply testable restri
tions on its
ross-se
tion distribution (e.g., Aghion and Howitt (1998, Ch. 3) orSe
tion 4 to follow). Moreover, 
ertain studies (Easterly and Levine,2001; Feyrer, 2001) have suggested TFP is the 
riti
al driver for the
ross-
ountry per 
apita in
ome distribution, so that studying TFP'sdistribution dynami
s then also 
arries independent interest.Finally, we might also 
onsider logarithmi
 or other mathemat-i
al transformations of the di�erent possibilities for xj(t) just de-s
ribed. Measurement of the variable xj(t) need not, of 
ourse, bestraightforward|depending on the intent of the study, for instan
e,measuring TFP 
an, in the literature, be involved and 
ontroversial.But so too is assessing the relevant pur
hasing power parity 
orre
-tion for per 
apita in
omes a
ross 
ountries. Su
h 
on
erns matter{18{



Growth and distributionimportantly but are more appropriate for studies with goals otherthan those here.
3.1.1 DistributionsHere I will assume that xj(t) are data given to the resear
her. There
an be no one xj(t) always appropriate to use independent of the
urrent question of interest. But as long as a resear
her keeps in mindwhat xj(t) is and interprets the �ndings a

ordingly, no 
onfusionneed arise.
Definition 3.1 For �xed t, given data fxj(t); j = 1; 2; : : : ; J g, the
empirical distribution function at t is the mapping bFX : R�[0;1) ! [0; 1℄de�ned bybFX(x; t) def= # f j 3 xj(t) � x g � J�1; x 2 (�1;1): (3.1)In words the empiri
al distribution fun
tion takes value at x that isthe fra
tion of observations in the 
ross se
tion bounded from aboveby x. With probability one the fun
tional statisti
 bFX is bounded, in-
reasing, and right-
ontinuous with left limits, and satis�es bFX(�1)= 0. (If a statement holds for all t or if the time t argument 
an beotherwise left impli
it without ambiguity, then that argument willbe omitted.) Wherever the derivative bF 0X = � bFX(x; t)=�x exists, itequals zero, again with probability one.4To analyze the behavior of bFX , denote the indi
ator fun
tionÆ(x) = 8<:1 if 0 � x;0 otherwise.4 Conventions in these and related de�nitions used later sometimesdi�er a
ross authors. Here, we follow as far as possible Billingsley(1968, Ch. 3) and Chung (1974, Se
tion 5.5).{19{



Growth and distributionDe�nition 3.1 then gives:bFX(x) = J�1 JXj=1 Æ(x� xj); (3.2)i.e., for ea
h �xed x the value bFX(x) is an average of f0; 1g-valuedrandom variables. Obviously Æ(x�xj) is bounded. If fxjg are randomvariables iid with the 
ommon distribution FX then fÆ(x� xj)g arealso iid sharing an appropriate indu
ed distribution. A standardstrong law of large numbers (e.g., Kolmogorov's SLLN in Rao, 1973,p. 115) then gives pointwise almost sure 
onvergen
e, i.e.,8x : ��� bFX(x)� FX(x) ��� a.s.�! 0 as J !1: (3.3)The same properties also give a 
entral limit theorem at ea
h �xed x,i.e., for FX(x) =2 f0; 1g, an appropriately standardized separation ofbFX(x) from FX(x) 
onverges in distribution to the standard normal(e.g., Lindeberg-L�evy Theorem in Rao, 1973, p. 127):� J[1� FX(x)℄ � FX(x)�1=2 � h bFX(x)� FX(x) i d�! N(0; 1)as J !1: (3.4)However, sin
e the obje
t bFX is an entire fun
tion, we are inter-ested not just in its behavior at distin
t points but in its global prop-erties as a fun
tion, i.e., in features su
h as the multi-modality, dis-persion, shape, skewness, and the maxima and minima of the implieddensity. Not all su
h 
hara
terizations have yet been used expli
itlyin the growth empiri
s literature but the 
ru
ial ingredients for theirstudy reside in uniform analogs of the law of large numbers and 
en-tral limit theorem, (3.3) and (3.4), respe
tively.5 These 
ounterparts5 This somewhat exaggerates the importan
e of the uniform or L1results to follow, subtle though those might already be. For instan
e,to assess shapes, ideally one wants information on all the derivatives{20{



Growth and distributionare, respe
tively, the Glivenko-Cantelli Theorem (e.g., Chung, 1974,p. 133) and a fun
tional 
entral limit theorem giving 
onvergen
e indistribution to Brownian Bridge (e.g., Billingsley, 1968, Ch. 3).The Glivenko-Cantelli Theorem or Uniform Law of Large Num-bers states that if fxjg are iid with the 
ommon distribution FX thensupx ��� bFX(x)� FX(x) ��� a.s.�! 0 as J !1: (3.5)No additional assumptions have been imposed; the same 
onditionsthat previously delivered the relatively ordinary pointwise almostsure 
onvergen
e also provide uniform almost sure 
onvergen
e of theempiri
al distribution fun
tion. Con
lusion (3.5) implies the earlier(3.3) but the 
onverse is, in general, false.6For the uniform analog to the 
entral limit theorem in this appli-
ation, re
all that a 
ontinuous random fun
tion BÆ on [0; 1℄ that isGaussian and has EBÆ(r) = 0 and Cov(BÆ(r); BÆ(r0)) = min(r; r0)�of the estimated fun
tion, not just the maximum separation over thefun
tion's domain, i.e., one seeks 
hara
terizations in Sobolev spa
erather than just in L1 using sup norm.6 Sin
e the di�eren
e between pointwise and uniform 
onvergen
eis unrelated to the probabilisti
 behavior in (3.3) and (3.5), the dis-tin
tion 
an be usefully illustrated with the following deterministi
example. For J = 1; 2; : : : , let fJ and f be fun
tions mapping theinterval [0; 1℄ to itself, with fJ(x) = xJ , and f(x) = 0 for x 2 [0; 1)and f(1) = 1. Then the sequen
e f fJ g 
onverges pointwise to fas J ! 1 but supx j fJ(x)� f(x) j = 1 for all J and thus f fJ gfails to 
onverge uniformly to f . Mathemati
al interest in uniform
onvergen
e lies in how properties su
h as 
ontinuity, di�erentiabil-ity, and Riemann integrability propagate to the limit fun
tion underuniform but not, in general, under pointwise 
onvergen
e. An alter-native des
ription has it that under pointwise 
onvergen
e the speedof 
onvergen
e depends on where the fun
tions are being evaluatedbut under uniform 
onvergen
e that speed is invariant throughoutthe fun
tions' domain. {21{



Growth and distributionrr0 is known as a Brownian Bridge. Re
all also that standard Brow-nian Motion B is a 
ontinuous random fun
tion on [0;1) having in-dependent in
rements and with B(r) � N(0; r). A Brownian Bridge
an be 
onstru
ted from standard Brownian Motion B by BÆ(r) def=B(r) � rB(1), r 2 [0; 1℄ (e.g., Billingsley, 1968, Se
tion 9). Just as,when properly standardized, bFX(x) 
onverges in distribution to thestandard normal, so too the fun
tion bFX , appropriately normalized,
onverges in distribution to the Brownian Bridge. Alternative state-ments of this are possible (e.g., Billingsley, 1968, Se
tions 13 and 16,and in parti
ular Theorems 13.1 and 16.4). Here, we seek only to
onvey a 
avor of what is available without getting into an overly-detailed exposition.The Lindeberg-L�evy Theorem (3.4) obtained its 
on
lusion fromstandardizing bFX(x) by �rst 
entering it on FX(x) and then divid-ing the separation by [1� FX(x)℄1=2 � FX(x)1=2. For 
onvergen
eto Brownian Bridge, begin instead by de�ning the transformed ob-servations zj = FX(xj) 2 [0; 1℄. Constru
t the resulting empiri
aldistribution fun
tion bFZ for zj , j = 1; 2; : : : ; J , as earlier done inequation (3.1) for bFX , but now using zj instead. Next de�ne thefun
tion BJ : [0; 1℄! R byBJ (r) def= J1=2 h bFZ(r)� r i ; r 2 [0; 1℄: (3.6)Then (Billingsley, 1968, Theorem 13.1 or Theorem 16.4)BJ d�! BÆ as J !1: (3.7)Obviously, the 
onstru
tion in (3.6) involves the unknown quantity
FX and so is not immediately useful. It is, however, 
omparable tothe 
onstru
tion in the standard 
entral limit theorem (3.4), as thelatter also involves the unknown FX(x), that has to be appropriatelyestimated through some other pro
edure.Billingsley (1968, Se
tion 22) dis
usses how the fun
tional 
entrallimit theory in (3.7) 
an be extended to apply to dependent observa-tions. This involves hypothesizing appropriate mixing and moment{22{



Growth and distribution
onditions on xj . We do not dis
uss this further here but leave it forthe interested reader to pursue.
3.1.2 DensitiesThe derivative of a distribution is the density fun
tion. But whilethe empiri
al distribution fun
tion bFX , as we have just seen, usefullyestimates the underlying distribution, its derivative fails to do so forthe 
orresponding density as that derivative whenever well-de�nedonly takes value zero.7Consider then a density estimatorbfX;b(x) def= bFX(x+ b)� bFX(x� b)2b ; for b > 0. (3.8)Repla
ing bFX on the right by FX and letting b ! 0 would re
overthe underlying density fX = �FX=�x whenever FX is di�erentiable.The estimator (3.8) 
an thus be viewed as a di�eren
e ratio, taking anumeri
al two-sided approximate derivative, with the approximationindexed by the ar
 length h. Unlike the derivative � bFX=�x itself theestimator bfX;b in (3.8) is no longer trivially zero almost everywhere.To assess bfX;b's properties and to motivate its extension to otheruseful estimators, de�ne the re
tangular weighting fun
tion

K(x) = 8<:12 for jxj � 1,0 otherwise; (3.9)7 This diÆ
ulty in estimating the density is profound and arisesnot just from looking at one parti
ular estimator. For a large 
lass ofdensity fun
tions, no reasonable estimator exists that is unbiased ev-erywhere in the true density's domain (Prakasa Rao, 1983, Theorem1.2.2 and Ch. 2.1). By 
ontrast, (3.2) immediately implies that, be-sides being uniformly 
onsistent, the empiri
al distribution fun
tionbFX is also unbiased pointwise for the underlying limit.{23{



Growth and distributionand re
ognize that (3.8) 
an be rewrittenbfX;b(x) = 1Jb JXj=1 K

�x� xjb � : (3.10)Equation (3.8) says the estimator bfX;b at x is the fra
tion normal-ized by 1=2b of observations xj that fall within the interval [�b; b℄
entered on point x. By 
ontrast, equation (3.10) says bfX;b at x isthe sum normalized by Jb of n0; 12o-values atta
hed to ea
h observa-tion, varying with how distant that observation is from point x. Thisse
ond expression (3.10) also shows that, as a fun
tion, bfX;b is thesum of re
tangles, and so now its derivative whenever de�ned is onlyever 0, the same property as bF 0X . Note, however, that this feature isinherited dire
tly from the re
tangular weighting fun
tion (3.9) andthus 
an be easily altered.The weighting fun
tion (3.9) and asso
iated density estimator(3.10) are usefully generalized as follows (Parzen, 1962; Rosenblatt,1956).
Definition 3.2 A non-negative fun
tion K : R ! R+ withZR K(x) dx = 1is a scalar kernel function or just a kernel. A kernel is symmetric if
K(�x) = K(x) for all x 2 R. For K an arbitrary kernel and b > 0, thefun
tion bfX;b(x) def= 1Jb JXj=1 K

�x� xjb � (3.11)is a kernel density estimator with kernel K and bandwidth b.Every probability density fun
tion (pdf) is a kernel and every ker-nel a pdf.8 The standard normal pdf is a symmetri
 kernel, as is there
tangular weighting kernel (3.9). For this last, the bandwidth h8 Sin
e then bfX;b in (3.11) is automati
ally also a pdf, this seems a{24{



Growth and distribution
Table 3.1 Typi
al kernels used in kernel density estimation, with Idenoting the indi
ator fun
tion.Kernel K(x)Normal 1p2�e�x2=2Re
tangular 12 � Ifjxj61g(x)Triangular (1� jxj)� Ifjxj61g(x)Epane
hnikov h 34 �1� 15x2� 5�1=2 i� Ifjxj6p5g(x)
an also naturally be interpreted as a window width. With other ker-nels, su
h terminology is less obviously apposite but is neverthelesssometimes used. The estimator (3.8), motivated initially as a two-sided numeri
al derivative, is thus seen to be a spe
ial kind of kerneldensity estimator, where the kernel is symmetri
 and uniform, andthe bandwidth is the ar
 length in the numeri
al derivative approxi-mation. A list of kernels typi
ally used in kernel density estimationappears in Table 3.1.Comparing (3.9){(3.10) with the generalized version (3.11) in Def-inition 3.2 we see that the kernel density estimator is the average ofsele
ted pdf's pla
ed on the datapoints xj . This gives a further use-ful interpretation for the kernel density estimator. Re
all that if Kis the pdf for a random variable � then b�1K�x�xjb � is the pdf forxj+b�j , i.e., that indu
ed random variable s
aled by b and re-lo
atedto xj . These xj + b�j are simply the original observations perturbedor smoothed by adding in s
aled versions of iid auxiliary disturban
eswith known pdf's. The kernel density estimator is thus the averageuseful and natural restri
tion. However, 
ir
umstan
es exist where akernel that goes negative, but still integrating to 1, might be useful:one example is bias redu
tion|see, e.g., Prakasa Rao (1983, Theorem2.1.5, p. 42) or Silverman (1986, 3.6). To keep to the prin
ipal intentof the dis
ussion here, we will not 
onsider su
h kernels.{25{



Growth and distributionpdf of the smoothed observations xj+b�j, with b sometimes then also
alled a smoothing parameter. The di�eren
e ratio in (3.8), be
auseit 
an be rewritten using the re
tangular weighting fun
tion (3.9),has its auxiliary disturban
es distributed uniformly on [�1; 1℄. Moregenerally, if b is small then so too are the perturbations; 
onversely,if b is large then the perturbations dominate the data xj in formingthe kernel density estimator.To see the signi�
an
e of alternative sele
tions of kernel K andbandwidth b for estimating fX , it is useful �rst to look at 
onsis-ten
y and 
entral limit properties available. Just as with empiri
aldistribution fun
tion, pointwise and uniform versions are available.9All su
h results have the bandwidth b diminish as J grows but at a
ontrolled rate. To 
ag this, we write bJ when useful.The next two results provide pointwise and uniform 
onsisten
yrespe
tively.
Theorem 3.3 Suppose fX = �FX=�x is 
ontinuous. In De�nition 3.2let K be su
h that (a) K is bounded and (b) jxK(x)j ! 0 as jxj ! 1;and let bJ ! 0 and JbJ !1 as J !1. Thenfor ea
h x: bfX;b(x)� fX(x) Pr�! 0 as J !1:Theorem 3.3 is established in Prakasa Rao (1983, Theorem 2.1.2,p. 37); see also Silverman (1986, Se
tion 3.7.1, pp. 71{72) and PrakasaRao (1983, Theorem 2.1.1, p. 35{36).
Theorem 3.4 In De�nition 3.2 let K be su
h that (a) K is bounded;(b) K has bounded variation; and (
) K is 
ontinuous outside a set ofLebesgue measure zero. Then the two 
onditions9 Modes of 
onvergen
e other than the uniform are also studiedin the statisti
al literature|as examples see the exhaustive study ofL1 
onvergen
e in Devroye and Gy�or� (1985) or of integrated meansquare 
onvergen
e in Bi
kel and Rosenblatt (1973). To maintainfo
us and keep within spa
e restri
tions, we do not 
onsider thosehere. {26{



Growth and distribution(i) fX = �FX=�x is uniformly 
ontinuous; and(ii) bJ ! 0 and (log J)�1JbJ !1 as J !1jointly are ne
essary and suÆ
ient forsupx j bfX;b(x)� fX(x)j a.s.�! 0 as J !1:(The reader might �nd it useful to refer to the Te
hni
al Ap-pendix, se
tion 9, for further details.) Apart from regularity 
on-ditions, the 
riti
al di�eren
e between pointwise and uniform 
on-vergen
e expressed in Theorems 3.3 and 3.4 is the strengthening of
ontrol on bandwidth variation, from JbJ ! 1 in Theorem 3.3 to(log J)�1JbJ !1 in Theorem 3.4. In words bJ must still vanish butTheorem 3.4 restrains it from doing so as qui
kly as does Theorem3.3.The 
onditions pla
ed on the kernel K in both Theorems 3:3 and3:4 are very weak. Typi
al kernels, in
luding all those in Table 3.1,readily satisfy these restri
tions.The version of a uniform law of large numbers given in Theorem3.4 is dis
ussed in Silverman (1986, Se
tion 3.7.1, pp. 71{72). Foruseful variations see Pagan and Ullah (1999, Theorem 2.8, pp. 36{39) and Prakasa Rao (1983, Theorem 2.1.3, pp. 37{38, and 2.1.15,p. 54).Both pointwise and uniform 
entral limit theorems are available.
Theorem 3.5 Assume:(i) K is bounded;(ii) K is symmetri
 about 0, i.e., K(x) = K(�x) for all x;(iii) R x2K(x) dx <1;(iv) fX has se
ond derivative 
ontinuous and bounded;(v) JbJ !1 and J1=5bJ ! 0 as J !1.{27{



Growth and distributionThen at ea
h xy with fX(xy) 6= 0 we have(JbJ )1=2(fX(xy) R K(x)2 dx)1=2 h bfX;b(xy)� fX(xy) id�! N(0; 1) as J !1.Sin
e this result is likely one of the more dire
tly useful for an appliedresear
her, its proof is given in se
tion 9.Noti
e that the bandwidth 
ondition in (v) of Theorem 3.5 hasbJ = o(J�1=5), i.e., the bandwidth has to go to zero faster thanJ�1=5, 
ontradi
ting the fastest mean square error 
onvergen
e ruleof bJ = O(J�1=5) (see the Te
hni
al Appendix). Using the latter, thelimit distribution is not 
entered at 0, thus invalidating statisti
alinferen
e. When bJ = o(J�1=5), however, Theorem 3.5 implies thatwith probability approximately 1 � � the underlying fX(xy) lies inthe interval having endpointsbfX;b(xy)� (JbJ )�1=2 � bfX;b(xy) Z K(x)2 dx �1=2 z�=2; (3.12)when z�=2 is the standard normal ((100 � �=2)-per
entile) 
riti
alvalue, with a

ura
y improving as J grows.The endpoints given in (3.12) indi
ate that for given bandwidthbJ the estimator varian
e depends on the kernel through R K(x)2dx.The se
ond 
olumn in Table 3.2 
al
ulates this integral for the ker-nels of Table 3.1. But while this information is useful for performinginferen
e o� (3.12), the resear
her will typi
ally set bJ and K simul-taneously. Thus, the third 
olumn in Table 3.2 reports a measure ofrelative eÆ
ien
y, based on minimizing integrated mean square er-ror, where the bandwidth bJ is permitted to vary with the kernel K(see Theorem 9.6 in the Te
hni
al Appendix and Silverman (1986,Table 3.1, p. 43)). The Epane
hnikov kernel turns out to be optimalbut the other kernels a
hieve eÆ
ien
ies remarkably 
lose to it.1010 This brief dis
ussion 
overs key ideas but, ne
essarily, 
annot{28{



Growth and distribution
Table 3.2 Varian
e fa
tors and relative eÆ
ien
ies for typi
al kernelsused in kernel density estimation; see equation (3.12) following The-orem 3.5 and equation (9.19) following Theorem 9.6.Kernel R

K(x)2 dx JEp=JNormal 12p� � 0:282 0.95Re
tangular 12 = 0:5 0.93Triangular 23 � 0:667 0.99Epane
hnikov 35p5 � 0:268
Theorem 3.6 Let [: : : ℄.This result is established in Bi
kel and Rosenblatt (1973, p. 1072).[: : : ℄Many other methods are available to estimate densities, amongthem nearest-neighbor, orthogonal series, maximum penalized like-lihood, and adaptive kernel density estimators (see, e.g., Devroye,1987; Pagan and Ullah, 1999; Silverman, 1986). While ea
h methodhas spe
i�
 advantages and disadvantages, this se
tion, to 
onservespa
e, has dis
ussed only kernel density estimators.Se
tion 3.3 will again take up estimation, but we need �rst to de-velop some analyti
al 
on
epts preliminary to that dis
ussion. These
on
epts will be used also in Se
tion 6, although then for analyti
almodelling rather than e
onometri
 estimation.do justi
e to an extremely large literature on optimal bandwidth andkernel 
hoi
e. The interested reader should refer to Pagan and Ullah(1999, Ch. 2), Silverman (1986, Ch. 3), and the referen
es given there.

{29{



Growth and distribution
3.2 Stochastic kernelsThe dis
ussion thus far has provided, through equation (3.1), snap-shots in time of the evolving 
ross-se
tion distributions. Results (3.5)and (3.7) allow viewing what is 
al
ulated in (3.1) as reasonable de-s
riptions of some underlying distribution FX , while Theorems 3.3{3.6 a
hieve the same for bfX;b as an estimator for the underlying den-sity fX .To study dynami
s, we need to 
onsider expli
it laws of motionin the 
ross-se
tion distributions, not just snapshots in time. To thatend, this arti
le now draws on Markov pro
ess theory, as developedin, e.g., Gihman and Skorohod (1975), Karlin and Taylor (1981), orRogers and Williams (1994). In this dis
ussion the variable subs
ript(X or Z) is usefully left impli
it.Consider distributions fFt : t � 0g evolving in 
ontinuous time,with ea
h Ft de�ned on the real line R. Let T�t;s be operators mappingF the spa
e of su
h distributions into itself, and 
onsider distributiondynami
s in the transition equation:

Ft+s = T
�t;sFt: (3.13)In sto
hasti
 pro
ess theory T�t;s typi
ally operates on the underlyingprobability measures rather than on distributions as in (3.13); fur-ther, the operator would need to be de�ned on a spa
e of bounded�nitely-additive set fun
tions rather than just probability measures.11However, the distin
tion is unimportant for the level of abstra
tionused here. With measures as operands, T� also turns out to be theadjoint of operator T to be de�ned in (3.17), hen
e the � notation.What does the T� operation (3.13) mean? Denote by R the Borel-measurable subsets of the real numbers R, and let Mt;s be mappings11 Durlauf and Quah (1999) and Quah (1997) dis
uss these te
h-ni
al points for studying the empiri
s of e
onomi
 growth and 
on-vergen
e. Stokey and Lu
as (1989, Ch.8) provides a rigorous devel-opment of the mathemati
s. {30{



Growth and distributionfrom R�R to [0; 1℄, where for ea
h x we have Mt;s(x; �) a probabilitymeasure. Asso
iate with a given T�t;s some su
h Mt;s by8 x0 : Ft+s(x0) = Z 1�1 Mt;s �x; (�1; x0℄ � dFt(x): (3.14)Equation (3.14) is the sto
hasti
 kernel representation of equation(3.13).Whenever Ft admits a density, equation (3.14) be
omes
ft+s(x0) = Z 1�1 pt;s(x; x0 )� ft(x) dx (3.15)for transition density pt;s satisfying8x; x0 in R : Mt;s(x; (�1; x0℄) = Z x0�1 pt;s(x; �) d�: (3.16)In words the transition density pt;s is the Radon-Nikodym deriva-tive of the sto
hasti
 kernel Mt;s with respe
t to Lebesgue measure,just as the density ft is the Radon-Nikodym derivative of the distri-bution Ft again with respe
t to Lebesgue measure. By 
onstru
tionthen for ea
h x we have pt;s(x; �) a probability density fun
tion, i.e.,pt;s(x; x0) � 0 for all x0 and R1�1 pt;s(x; x0) dx0 = 1.Next de�ne the operator Tt;s mapping bounded measurable fun
-tions to bounded measurable fun
tions:(Tt;s�) (x) def= Z 1�1 �(x0)Mt;s(x; dx0): (3.17)Call Tt;s the time t to time t+ s transition operator. If the transitiondensity exists, equation (3.17) is(Tt;s�) (x) = Z 1�1 �(x0)pt;s(x; x0) dx0:To provide one interpretation to (3.17) let fX(t) : t 2 R+ g bea sto
hasti
 pro
ess whose marginal distributions for ea
h X(t) aregiven by Ft. Assume equation (3.13) but leave X's serial dependen
e{31{



Growth and distributionproperties otherwise unrestri
ted, i.e., assume that the timepath of
Ft 
an be des
ribed by T�t;s. Then (3.17) is the expe
tation of � attime t+ s 
onditional on X(t) = x, i.e.,(Tt;s�) (x) = E [�(X(t+ s) jX(t) = x ℄ :To emphasize, nothing has been assumed thus far on whether Xis Markov or otherwise; there are no assumptions or restri
tions totest. Instead, X is an arti�
ial random variable that has simply been
onstru
ted in the 
ourse of our dis
ussion; it need 
orrespond tonothing observable in real data.The sto
hasti
 kernel representation (3.14) and the transition op-erator de�nition (3.17) help 
larify the notation and terminology;understanding the relation between them also aids intuition for thedis
ussion to follow. Suppose T is an operator that maps a 
lassof appropriate fun
tions to itself|an example of su
h an operatorwould be Tt;s. If S is an operator mapping distributions to distribu-tions su
h that for � an appropriate fun
tion and F a distribution,we have:Z (T� )(x) F(dx) = Z �(x0) ( SF )(dx0); 8 � and F; (3.18)then 
all S the adjoint to T and write S = T�. Applying this to
S = T

�t;s and F = Ft, 
al
ulate the right side of equation (3.18) as:Z �(x0) (T�t;sFt )(dx0) = Z �(x0) Ft+s(dx0) (by (3.13))= Z �(x0) � Z Mt;s(x; dx0) Ft(dx) �(by (3.14))= Z � Z �(x0)Mt;s(x; dx0) � Ft(dx)= Z (Tt;s� )(x) Ft(dx): (by (3.17))Thus, T
�t;s is indeed the adjoint to Tt;s, and the notation is apt.{32{



Growth and distributionFor analyzing observed in
ome or 
onsumption distribution dy-nami
s, a resear
her might well 
on�ne attention to T�|that alonewould suÆ
e to tra
e out the dynami
s of the in
ome distribution|and never need to 
onsider expli
itly the transition operator T. How-ever, e
onomists will typi
ally be interested not just in in
ome or
onsumption alone, but in utility or poverty or yet other fun
tionalsof the in
ome distribution. When applied to an appropriate fun
tion,the transition operator T allows 
onveniently 
hara
terizing those ad-ditional derived dynami
s: an important example of this appears inSe
tion 6, whi
h uses the resolvent operator (Se
tion 3.5) to des
ribee
onomi
 welfare and the dynami
s of poverty and in
ome inequality.The alternative des
riptions (T�, M, T) are well-de�ned regard-less of the exa
t dynami
s and 
ross-
orrelation properties in xj(t),the same way that the proje
tion of a s
alar X(t) on X(t � 1) ismeaningful regardless of X's exa
t serial 
orrelation properties (seeExample 3.7). Equation (3.13) says only that operator T� transformsone distribution into another; operator T� does this whether or notthose distributions 
ome from a pro
ess that is generally serially de-pendent or Markov or, indeed, serially independent altogether. Thissame reasoning had been used previously, following (3.17), to pla
e a
onditional-expe
tations interpretation on T.Now to permit more pre
ise statements, 
onsider not just thetimepath fFt : t � 0g but also the asso
iated 
onditional distribu-tions. Re
all that a sto
hasti
 pro
ess fX(t) : t � 0g is said to beMarkov when for all integer n � 2 and all t1; : : : ; tn; t with 0 � t1 <� � � < tn < t, the 
onditional distributions satisfy
F (X(t) � x j X(t1) = x1; : : : ; X(tn) = xn )= F (X(t) � x j X(tn) = xn ) 8x1; : : : ; xn; x:Whenever X is Markov and for all t � 0 has Ft as the distribution ofX(t), then say also that fFt : t � 0 g and the asso
iated T�, M, and

T are Markov.When T� (or M, p, or T) allows its doubled time-subs
ript to{33{



Growth and distribution
ollapse to just a single subs
ript denoting separation in time,
T
�t;s = T

�0;s = T
�s ;say that the pro
ess fFt : t � 0g has time-homogeneous transitions oris time-homogeneous.If f Ft : t � 0 g is Markov and has time-homogeneous transitionsthen fTt : t � 0 g 
onstitutes a semigroup of operators where

Tt+s = TtTs = TsTt; (3.19)as for all bounded measurable �(Tt+s�)(x) = E [�(X(t+ s)) j X(0) = x ℄= E [E[�(X(t+ s)) j X(t); X(0)℄ j X(0) = x ℄= E [E[�(X(t+ s)) j X(t)℄ j X(0) = x ℄= E [ (Ts�)(X(t)) j X(0) = x ℄= (Tt(Ts�) ) (x);where the se
ond equation uses the law of iterated expe
tations, these
ond the Markov property, and the third time-homogeneity.12 Itis here that the Markov assumption has be
ome 
riti
al; the earliermanipulations of (T�, M, T) are all valid and well-de�ned even outsidea Markov environment.13Finally, Example 3.7 
onstru
ts an example of the distribution se-quen
e fFt : t g and the sto
hasti
 kernels for a dis
rete-time 
ovari-an
e stationary pro
ess. The example shows that when not Markovthe transition operators, even if time-homogeneous, in general violatethe semigroup property.12 The semigroup property is also known as the Chapman-Kolmogorov equation or the Fokker-Plan
k equation (Karlin and Tay-lor, 1981, pp. 285{286).13 Cox and Miller (1965, Ex. 3, p. 142) gives an example wherethe transition operator satis�es the semigroup property while theunderlying sto
hasti
 pro
ess is not Markov.{34{



Growth and distribution
Example 3.7 Let fX(t) : t = 0; 1; 2; : : : gbe a sequen
e of random variables jointly normally distributed, and
onsider the asso
iated distribution dynami
s f Ft; t = 0; 1; 2; : : : g.Suppose the sequen
e X is 
ovarian
e stationary with mean zero and
ovariogram:f g(m) = E [X(m)X(0)℄ ; m = 0;�1;�2; : : : gThe proje
tion of X(t) on X(t� 1) has residual�(t) def= X(t) � hg(1)g(0)�1iX(t� 1)normally distributed, mean zero, independent of X(t� 1), and withvarian
eh 1� g(1)2g(0)�2 i g(0)2 > 0 by Cau
hy-S
hwartz inequality:Be
ause X is normally distributed, the proje
tion is also the 
on-ditional expe
tation, so that the distribution of X(t) 
onditional onX(t� 1) is normal and 
an be written:X(t)jX(t � 1) � N(0; h 1� g(1)2g(0)�2 i g(0)2):Consequently, the sto
hasti
 di�eren
e equationX(t) = �X(t� 1) + �(t); (3.20)where � = g(1)g(0)�1 and �(t) � N(0; [1 � �2℄g(0)) independent ofX(t�1) � N(0; g(0)), is a valid representation of the distribution dy-nami
s in Ft, regardless of the rest of the 
ovariogram g(m). Impli
itin (3.20) is the operator T�t�1;1 = T�1 of the distributional transitionequation (3.13). But although the resulting T� and thus M and Tare time-homogeneous (by the stationarity of the sequen
e X) thesemigroup property (3.19) fails in general. For instan
e, suppose Xis a se
ond-order autoregression,X(t) = �1X(t� 1) + �2X(t� 2) + �(t); �(t) � iid N(0; 1):{35{



Growth and distributionThe still-valid 
onditional distribution equation (3.20) has� = g(1)g(0)�1 = (1� �2)�1�1g(0) = 1� �2�1 � (1� �21 � �22)1� �2�1 � 2�1�2 ��1 :The 2-step transition T�2 is given byX(t) = 
X(t� 2) + �(t);where 
 = g(2)g(0)�1 and �(t) � N(0; [1 � 
2℄g(0)) independent ofX(t�2). On the other hand, the 
onvolution of the 1-step operators,
T
�1T�1 , obeysX(t) = � � (�X(t� 2)) + f�(t) + ��(t� 1)g= �2X(t� 2) + e�(t);where �2 6= 
 and e�(t) is not independent ofX(t�2), ex
ept if �2 = 0,i.e., if X is Markov. Thus, in general, T

�2 6= T
�1T�1|the semigroupproperty fails|when T�1 is 
al
ulated from the nonetheless-valid time-homogeneous equation (3.20).How is a result on violation of the semigroup property useful tothe applied resear
her? For studying growth and 
onvergen
e Quah(1993a) 
ompared transition probability des
riptions of the 
ross-se
tion of e
onomy in
omes over long horizons and short horizons.From the dis
ussion in Example 3.7 we see that whether the long-horizon 
hara
terization mat
hes the appropriate 
onvolution of theshort-horizon 
hara
terization is an examination of the Markov prop-erty. Conversely, modi�
ations of the underlying statisti
al model|for instan
e, allowing 
ertain kinds of mover-stayer mixtures (Blu-men, Kogan, and M
Carthy, 1955; Singer and Spilerman, 1976)|solong as they preserve the Markov property in Ft will, ne
essarily,not help explain deviation of the long-horizon des
ription from theshort-horizon ones. {36{



Growth and distributionSe
tion 3.5 
ontinues this general dis
ussion to 
onsider resolventoperators. Before pro
eeding to that, however, Se
tion 3.3 
onsidersestimation of these relatively abstra
t obje
ts just developed. ThenSe
tion 3.4 treats Markov 
hains and shows how the abstra
t 
on
epts
an be given 
on
rete and expli
it form in the dis
rete-state spe
ial
ase.
3.3 Estimating stochastic kernelsFor the remainder of this se
tion we 
an 
on�ne dis
ussion to thesto
hasti
 kernel M or, in e�e
t, its derivative the transition proba-bility pt. To estimate the sto
hasti
 kernel noti
e that equation (3.15)is solved for pt;s bypt;s(x; x0) = 8<:fX;(t;t+s) (x; x0) fX;t(x)�1 when fX;t(x) 6= 00 otherwise, (3.21)where fX;(t;t+s) (x; x0) denotes the joint probability density fun
tionat xj(t) = x and xj(t+ s) = x0.From the reasoning leading up to the kernel density estimator(3.11) for fX , we 
an similarly de�ne a kernel density estimator for
fX;(t;t+s).
Definition 3.8 A non-negative fun
tion K : R2 ! R+ withZR2 K(x) dx = 1is a two-dimensional kernel function or just a kernel. A kernel is radially

symmetric if K (Sx) = K(x) for all x 2 R2 and all S su
h that SS0 = I.Fixing t and s, let xj = (xj(t); xj(t+ s) )0. A kernel is a product kernelif it 
an be fa
tored into a produ
t of s
alar kernel fun
tions, i.e., forx = (x1; x2)0, K(x) = K1(x1)K2(x2). For K a two-dimensional kernelfun
tion and b > 0, the fun
tionbfX;b(x) def= 1Jb2 JXj=1 K
�[x� xj ℄ b�1� (3.22){37{



Growth and distributionis a kernel density estimator with kernel K and bandwidth b.This de�nition parallels De�nition 3.2 with the obvious 
hangefrom a s
alar x to the bivariate x and from a normalizing b to b2.[[Produ
t kernels as mutually independent perturbations,following noise-interpretation in De�nition 3.2 of kernelas noise-augmentation. Table some typi
al multivariatekernels.℄℄The estimator for the sto
hasti
 kernel simply puts together Def-initions 3.2 and 3.8.
Definition 3.9 Let K1 and K0 be two-dimensional and s
alar kernelfun
tions, respe
tively; and let b1; b0 > 0. Given t and s > 0 letbfX;b be the kernel density estimator with kernel K1 and bandwidth b1from fxj(t; t+ s) = (xj(t); xj(t+ s))0 : j = 1; 2; : : : ; J g; and let bfX;bbe the kernel density estimator with kernel K0 and bandwidth b0 fromf xj(t) : j = 1; 2; : : : ; J g.Consisten
y and asymptoti
 distribution properties are availablefor the sto
hasti
 kernel estimator.
Theorem 3.10 Let [: : : ℄. (Sto
hasti
 kernel LLN)
Theorem 3.11 Let [: : : ℄. (Sto
hasti
 kernel CLT)[[In Theorems 3.10 and 3.11 des
ribe the similarities withand di�eren
es from standard results in Ca
oullos (1966),Chen, Linton, and Robinson (2001), and Roussas (1969).Combine them. Des
ribe estimated sto
hasti
 kernels inFigure 5.1 and Figure 5.2.℄℄

{38{



Growth and distribution
3.4 Markov chainsEmpiri
al resear
hers often 
onsider two di�erent dis
rete modelsthat lead to Markov 
hains and transition probability matri
es. AMarkov 
hain is a Markov pro
ess taking values only on a dis
reteset; a transition probability matrix is the 
ounterpart, for Markov
hains, of a transition density (3.15){(3.16).Of these two dis
rete models, one will be implied by equation(3.15) and therefore is a spe
ial 
ase of the analysis where densitiesare available. But the other is not. While their 
ommon form allowsa uni�ed presentation, understanding that they di�er helps sharpenthe empiri
al modelling.Of 
ourse, many ex
ellent presentations of Markov 
hains alreadyexist in the literature. What is distin
tive here is that the presenta-tion begins from where a resear
her observes a set of data (De�nition3.1) and has a

ess (Theorems 3.3{3.6, Theorems 3.10{3.11) to theobje
ts estimable from those data. The development then buildson these data-derived 
onstru
tions, rather than, say, hypothesizingdis
rete probability ve
tors and transition probability matri
es a pri-ori. This approa
h makes transparent the relation between, amongother obje
ts previously dis
ussed, transition probability matri
esand transition operators; it shows how a resear
her 
al
ulates onefrom another and what information might be lost in one but pre-served in yet others. Su
h matters are (rightly) never 
onsidered inrigorous theoreti
al development of Markov 
hain analysis. But, onthe other hand, they 
onstitute part of what applied resear
hers needto know.For the �rst model, take Ft 
ontinuous but pie
ewise linear; for these
ond, take Ft dis
ontinuous but pie
ewise 
onstant (see Figures 3.1and 3.2 respe
tively). Call interval-dis
rete the �rst 
ase|that inFigure 3.1; 
all point-dis
rete the se
ond 
ase|that in Figure 3.2.An interval-dis
rete model 
ontinues to have density with respe
t toLebesgue measure, as shown in the graph for f in Figure 3.1. Follow-ing our usual 
onvention, take the density to be right 
ontinuous with{39{



Growth and distribution
Figure 3.1 Distribution F and implied density f for a dis
rete model;
F is 
ontinuous but pie
ewise linear.

F

x0 x1 x2 x30
1

f

x0 x1 x2 x3
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Growth and distribution

Figure 3.2 Distribution F for a dis
rete model; F is dis
ontinuous butpie
ewise 
onstant.
F

x0 x1 x2 x30
1
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Growth and distributionleft limits. By 
ontrast, a point-dis
rete model has no su
h density.Interval-dis
rete and point-dis
rete models obviously don't ex-haust the 
lass of Markov 
hain models in general, where the dis
retestates might be abstra
t sets, not just 
onne
ted intervals or points onthe real line. However, these two do 
onstitute all the useful dis
retemodels that 
an be derived from framework in se
tion 3.2, where theinitial underlying state spa
e is naturally taken to be the set of realnumbers.Both interval-dis
rete and point-dis
rete models de�ne for ea
h ta �nite or at most 
ountably in�nite setf x0; x1; x2; : : : ; g � R; xm < xm+1 8 m = 0; 1; 2; : : : ;made up of either the points of non-di�erentiability in Ft for theinterval-dis
rete model or the points of dis
ontinuity in Ft for thepoint-dis
rete model. Assume this set is invariant in time. Thisrestri
tion 
an be relaxed with no 
on
eptual diÆ
ulty, but at the
ost of 
umbersome notation.Identify the distinguished points with a set of dis
rete states, la-belled f 0; 1; 2; : : : g. The number of states M 
an be �nite or 
ount-ably in�nite, where for the interval-dis
rete 
aseM = inf fm : F(xm) = 1 gand for the point-dis
rete 
aseM = inf fm : F(xm) = 1 g+ 1:For both models asso
iate to ea
h dis
rete state m = 0; 1; : : : ;M � 1a probability
f(m) = Z xm+1xm dF(x) = � limx"xm+1 F(x) �� � limx"xm F(x) � : (3.23)Be
ause the interval-dis
rete 
ase has F 
ontinuous and pie
ewise{42{



Growth and distributionlinear, equation (3.23) gives
f(m) = F(xm+1)� F(xm) = Z xm+1xm f(x) dx= f(xm)� (xm+1 � xm ) : (3.24)Similarly, our 
onvention on right-
ontinuity implies that the point-dis
rete 
ase has (3.23) as

f(m) = F(xm)� limx"xm F(x): (3.25)The general de�nition (3.23) shows the probabilities f to be 
hangesin the values of the distribution F. Spe
ial 
ases (3.24) and (3.25),respe
tively, show f as areas under the density and as the sizes ofjumps in the distribution at dis
ontinuity points.Reintrodu
e the time index t for ft(m) and form the ve
tor
ft = �

ft(0) ft(1) � � � ft(M � 1)�> ;where > denotes ve
tor and matrix transposition.14 For both interval-dis
rete and point-dis
rete models the version of the transition equa-tion (3.13) used here will be:
ft+s = P>t;s � ft; (3.26)where the M �M transition probability matrixPt;s(m;m0); m;m0 = 0; 1; : : : ;M � 1;
hara
terizes transitions from time t to time t + s. Even thoughthe transition probability matrix equation (3.26) for Markov 
hains14 This monograph adopts the 
onvention that ve
tors and matri-
es begin their indexes at 0 rather than 1. The development of thematerial in the text makes that 
onvenient and natural. This zero-o�set 
onvention is also used in some linear algebra texts and in manyprogramming languages. {43{



Growth and distributionapplies in all 
ases of interest, be
ause Ft will not always admit adensity, equation (3.26) is not a dire
t 
ounterpart to the transitiondensity equation (3.15). Nor is it just a spe
ial 
ase of the transitionequation (3.13), whi
h des
ribes dynami
s in the distributions, notin their Radon-Nikodym derivatives.In the interval-dis
rete 
ase, however, the transition density doesexist and 
an be usefully and intuitively related to the transitionprobability matrix.
Proposition 3.12 For the interval-dis
rete 
ase:(i) Matrix Pt;s in equation (3.26) hasPt;s(m;m0) =(xm+1 � xm)�1 � Z xm0+1xm0 Z xm+1xm pt;s(x; x0) dx dx0: (3.27)(ii) For a fun
tion � pie
ewise 
onstant on [xm; xm+1) de�ne theve
tor � where �(m) = �(x), x 2 [xm; xm+1). Then the im-age of � under transition operator Tt;s has its interval-averagedversion given by Pt;s�, i.e.,�Pt;s�� (m) = (xm+1 � xm)�1 Z xm+1xm (Tt;s�)(x) dx: (3.28)If further for ea
h x0 the transition density fun
tion pt;s(�; x0) ispie
ewise 
onstant on [xm; xm+1) then�Pt;s�� (m) = (Tt;s�)(xm):How is Prop. 3.12, or the framework here more generally, usefulto an empiri
al resear
her? Re
all that theoreti
al analyses typi
allytake as given the set of states for a Markov 
hain. In applied empiri
alwork, however, a resear
her might need to de
ide whi
h dis
retizationor �nite set of states to use, 
al
ulated o� of observations on the{44{



Growth and distributionin
ome distribution.15 Sin
e in
omes data are 
ontinuous variablesthe resear
her must have hypothesized a parti
ular pie
ewise lineardistribution or interval-dis
rete model, thereby dividing the in
omeobservations into a partition of dis
rete sets. Prop. 3.12 makes pre
isewhat it means to represent the dynami
s of the in
ome distributionin a transition probability matrix.16Equation (3.27) says that the transition probability matrix P isan integral or average of the underlying transition density. Di�erenttransition densities p therefore imply the same transition probabilitymatrix P . The underlying transition density need not and generallywill not display the same pie
ewise linearity as the distributions F.When a resear
her estimates a transition probability matrix followinga parti
ular dis
retization of the spa
e of in
omes|hypothesizes aparti
ular Figure 3.1, even when entirely a

urate|the underlyingdynami
s 
an be identi�ed only up to some equivalen
e 
lass. Theunderlying transition density, and thus T, T�, and M still 
ontainrelevant information additional to that estimated by the resear
her.This 
an be seen in part (ii) of Prop. 3.12: ve
tor P� 
ontainsonly smoothed or averaged versions of the 
onditional expe
tation
T�; it does not re
over that 
onditional expe
tation itself, even when� is pie
ewise 
onstant. Only when the transition density is also15 Examples in
lude Epstein, Howlett, and S
hulze (2003), Quah(1993a), and : : : [[put others℄℄.16 To be 
lear, Prop. 3.12 does not 
laim that every 
ontinuous-state Markov pro
ess with a transition density 
an be a

urately ap-proximated by a dis
retization. From Chung (1967) we know that a
ontinuous-state Markov 
hain when inappropriately dis
retized willno longer be Markov; however, see Bulli (2001) for an interesting at-tempt to deal with this 
onfounding of the underlying law of motion.By 
ontrast, in the text the interval-dis
rete 
ase begins with under-lying distribution F in Figure 3.1. The dis
ussion here hypothesizesan appropriate dis
retization and seeks the features of the transitiondynami
s 
onsistent with that dis
retization.{45{



Growth and distributionpie
ewise 
onstant, do P� and T� 
oin
ide. Variation in the �rstargument of the transition density fun
tion allows dynami
s stri
tlyri
her than that re
overable in the dis
retization, regardless of thatdis
retization's validity and a

ura
y. Similarly, the 
on
lusion in(3.28) fails in general if the fun
tion � is not pie
ewise 
onstant,even with � repla
ed by, say, �xed averages of � over the appropriate[xm; xm+1) intervals.More positively, however, by Prop. 3.12 we have:Pt;s(m;m0) � 0; all m, m0: (3.29)Moreover,M�1Xm=0 Z xm0+1xm0 pt;s(x; x0) dx0 = Z 1�1 pt;s(x; x0) dx0 = 1impliesM�1Xm0=0Pt;s(m;m0) = (xm+1 � xm)�1 Z xm+1xm 1 dx = 1: (3.30)In words (3.29) states non-negativity and (3.30) row sums equallingunity.17For the point-dis
rete 
ase des
ribed in Figure 3.2 part (i) ofProp. 3.12 no longer applies. Instead, by dire
t inspe
tion, we 
ansetPt;s(m;m0) = Mt;s(xm; (�1; xm0 ℄ )� limx"xm0 Mt;s(xm; (�1; x℄ ):(3.31)17 A matrix satisfying (3.29) and (3.30) is often referred to as aMarkov matrix or a sto
hasti
 matrix. Although the logi
 for thisterminology is long-established, the language 
an nonetheless be 
on-fusing to non-spe
ialists, as obviously su
h a matrix is Markov orsto
hasti
 in a way di�erent from how a sto
hasti
 pro
ess is Markovor a random variable is sto
hasti
.{46{



Growth and distributionTo understand this, noti
e that when Ft has the point-dis
rete prop-erty of Figure 3.2 the integral on the right side of (3.14) sele
ts values
Mt;s(x; �) only at x = xm. Then that the left side Ft+s of (3.14) hasthe point-dis
rete property means Mt;s(xm; (�1; �℄) must do so aswell. Here too the transition probability matrix P fails to 
ontainall the features in the underlying sto
hasti
 kernel M; however, un-like in the interval-dis
rete 
ase, any possible aliasing o

urs only onzero-probability events.The 
onditions (3.29) and (3.30) follow immediately from (3.31).This point-dis
rete 
ase is not, however, typi
ally observed dire
tly ina
tual in
omes data and therefore is not generally useful for empiri
alwork. On the other hand, it turns out to be well-suited to analyti
almodelling, e.g., in Se
tion 6.2 to follow. For the point-dis
rete 
ase,there is no longer an entire range [xm; xm+1) asso
iated with ea
hstate m; instead, only the value xm matters. Thus, although Ft hereadmits no density in the usual sense, the analysis a
tually simpli-�es, relative to the interval-dis
rete model. The transition operatorexpression, analogous to (3.28), no longer involves an averaging butis always exa
t. Letting � be any fun
tion, no longer ne
essarilypointwise 
onstant, de�ne � by �(m) = �(xm). Using (3.31),�Pt;s�� (m)= M�1Xm0=0Pt;s(m;m0)�(m0) = M�1Xm0=0Pt;s(m;m0)�(xm0)= �(x0)Mt;s(xm; (�1; x0℄ ) + M�1Xm0=1 Z xm0xm0�1 �(x0)Mt;s(xm; dx0 )= Z 1�1 �(x0)Mt;s(xm; dx0 ) = (T�)(xm):The expression after the third equals sign follows from noting thatthe right side of (3.31) equals Mt;s(xm; x0 ) for m0 = 0 whereas for
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Growth and distributionm0 = 1, 2, : : : the right side satis�es
Mt;s(xm; (�1; xm0℄ )� limx"xm0 Mt;s(xm; (�1; x℄ )= Mt;s(xm; (�1; xm0℄ )�Mt;s(xm; (�1; x℄ ) 8x 2 [xm0�1; xm0)= Z xm0xm0�1 Mt;s(xm; dx0 ):For all Markov 
hains|whether interval- or point-dis
rete|ea
hrow of the matrix Pt;s is a ve
tor of probabilities. Therefore, theoperation on the right side of equation (3.26) �nds the ft-probabilitymixture of a 
olle
tion of probability ve
tors, and thus generates yetanother probability ve
tor. Again, for all Markov 
hains|interval-or point-dis
rete|the adjoint equation (3.18) is immediate:M�1Xm=0 �Pt;s�� (m)� ft(m) = �Pt;s��> ft = �>(P>t;sft )= M�1Xm0=0�(m0)� (P>t;sft )(m0);so that we 
an identify Pt;s with Tt;s and the adjoint with the matrixtranspose.Summarize the notation for des
ribing a Markov 
hain. Given Mthe number of dis
rete states, 
all x the ve
tor (x0; x1; : : : xM�1 )> ofpossible realizations and P the matrix fun
tion�Pt;s(m;m0); m;m0 = 0; 1; : : : ;M � 1; t; s � 0 	 :Let f0 be a probability ve
tor, taken to des
ribe an initial distribution.A Markov 
hain is then the 4-tuple (M;x; P; f0).If P is time-homogeneous, i.e., Pt;s = P0;s for all t; s � 0, andP satis�es the semigroup property (3.19), 
all Ps = P0;s. Then ina dire
t extension of the property for s
alar real-valued fun
tionsPt = eGt for some �xed M �M matrix G. The matrix G is 
alled{48{



Growth and distributionthe in�nitesimal generator of the semigroup P and 
an be obtainedby matrix di�erentiation:
G = limt#0 Pt � It :(These will be reintrodu
ed for the general 
ase in De�nition 3.15.)Writing out the entries expli
itly as

G = �
G(m;m0); m;m0 = 0; 1; : : : ;M � 1; 	it is immediate that Pm0 G(�;m0) = 0 and G(m;m) � 0.

3.5 Resolvent operatorsTime-homogeneity allows two further tools that will be used repeat-edly later (se
tion 6.2) to analyze growth and distribution.
Definition 3.13 For X Markov with time-homogeneous transitions T,de�ne R� (� > 0), the resolvent operator or simply resolvent of X, tobe the Lapla
e transform of the semigroup fTt : t � 0 g, i.e.,

R� = Z 10 e��t Tt dt; � > 0:Resolvent operators map bounded measurable fun
tions to boundedmeasurable fun
tions by(R��)(x) = Z 10 e��t (Tt�)(x) dt= Z 10 e��tE [�(X(t)) j X(0) = x ℄ dt=  (x):Moreover, the resolvent has a kernel representation useful for 
al
ula-tions. To obtain it, use (3.17) and inter
hange the integration order{49{



Growth and distributionin (R��)(x0) = Z 10 e��t (Tt�)(x0) dt= Z 10 e��tE ��(X(t)) j X(0) = x0 � dt= Z 10 e��t � Z 1�1 �(x)Mt(x0; dx) � dt= Z 1�1 �(x) � Z 10 e��t Mt(x0; dx) dt �so that (R��)(x0) = Z 1�1 �(x)G�(x0; x) dx; (3.32)where the resolvent kernel satis�es18G�(x0; x) dx = Z 10 e��tMt(x0; dx) dt: (3.33)When the sto
hasti
 kernel M admits a density, as in equation (3.16),then the resolvent kernel equalsG�(x0; x) = Z 10 e��tpt(x0; x) dt;i.e., the resolvent kernel is the Lapla
e transform of the transitiondensity.Re
ord the transition density and resolvent kernel for BrownianMotion, for use in Se
tion 6.4:
Theorem 3.14 For X = �B, where B is standard Brownian Motion,the transition density ispt(x0; x) = (2��2t)�1=2 exp �(x� x0)22�2t ! ; (3.34)18 This notation follows Karlin and Taylor (1981, Ch. 15.11, p. 287)but di�ers from, say, Gihman and Skorohod (1975). It is motivatedby G� being related to so-
alled Green fun
tions for boundary valueproblems in di�erential equations.{50{



Growth and distributionand the resolvent kernel isG�(x0; x) = ��1 1p2�e�jx�x0jp2�=� : (3.35)Finally, we have
Definition 3.15 For X Markov with time-homogeneous transitions T,de�ne G the infinitesimal generator of X as the derivative of the semi-group fTt : t � 0 g at t = 0, i.e.,

G = lim�t#0 � T�t � I�t � ;where I denotes the identity operator.The resolvent operator and in�nitesimal generator 
an be relatedto ea
h other (e.g., Gihman and Skorohod, 1975, Theorem 1, p. 97):
Theorem 3.16 AnX Markov with time-homogeneous transitions T hasits resolvent operator R� and in�nitesimal generator G satisfy:

R� = (��G)�1; 8� > 0: (3.36)By de�nitions 3.13 and 3.15, respe
tively, in equation (3.36) theleft side, R�, is an integral taking into a

ount all Tt (t > 0) whereasthe right side, (��G)�1, involves only the derivative of Tt at a singlepoint t = 0. That the two sides of (3.36) are equal to ea
h other isremarkable, and shows the power of the time-homogeneity restri
tionin semigroups.Some further insight into this is provided by the dis
rete-stateMarkov 
hain (se
tion 3.4) 
ase. There the resolvent operator 
an beexpli
itly 
al
ulated:
R� = Z 10 e��tPt dt = Z 10 e�(�I�G)t dt= (��G)�1;{51{



Growth and distributionexa
tly as in equation (3.36).To anti
ipate the use of equations (3.33) and (3.36) in se
tion 6.2,noti
e that when the resolvent is evaluated at a utility fun
tion, theresult is the expe
ted present dis
ounted value of the 
ow of utility.19When 
onsumption, the argument of the utility fun
tion, is a di�u-sion pro
ess|a Markov pro
ess with 
ontinuous timepaths|then itsin�nitesimal generator 
an be des
ribed by a se
ond-order di�eren-tial operation. If, however, 
onsumption is a Markov 
hain|withjumps representing sudden dis
rete 
hanges|then its in�nitesimalgenerator 
an be des
ribed by a matrix. Either way, equation (3.36)allows expli
itly 
al
ulating the present dis
ounted utility value of
onsumption under alternative s
enarios for growth and inequality.
3.6 Long run distributions and other characteristicsWe 
an analyze the distributions and sto
hasti
 kernel in (3.14), hav-ing obtained their empiri
al 
ounterparts using the results in 3.1.1{3.2.Durlauf and Quah (1999, Appendix A) des
ribes : : : .Limiting behavior. Doblin's 
ondition. Ergodi
ity. First-passage times. Doob (1953). Futia (1982). Quah (1996a).Stokey and Lu
as (1989).For a Markov 
hain (M;x; P; f0) having time-homogeneous transi-tion probability matrix, a stationary or invariant probability (ve
tor)is any ve
tor that 
an be formed as a 
onvex 
ombination of the rowsof P (1) def= limt!1Pt;provided the limit on the right exists.19 Rogers (1997) used � � � . DuÆe and Glynn (2004) applied � � � .{52{



Growth and distributionTo see why this is reasonable suppose f0 is an invariant probability.Be
ause f0 is a 
onvex 
ombination of the rows of P (1), a probabilityve
tor � exists so that
f0 = hP (1) i> �:Then for all t > 0

ft = P>t f0 = P>t hP (1) i> � = hP (1)Pt i> �= h lims!1Ps+t i> � = hP (1) i> � = f0;sin
e P satis�es the semigroup property (3.19). In words, an invariantprobability ve
tor is preserved through time. An invariant probability
orresponds to a long-run steady state of the distributional dynami
s;or, it is a �xed point of the asso
iated transition operator.If P (1) has all its rows identi
al, then every 
onvex 
ombinationof those rows is just the �rst row: the stationary probability ve
toris therefore unique and equals that �rst row. But the 
onverse alsoholds. If the stationary probability ve
tor is unique, then all rowsof P (1) must equal that stationary probability, for otherwise some
onvex 
ombination of the rows would be available as a yet di�erentstationary probability.If P1 has all rows identi
al then the Markov pro
ess is, whenobserved in dis
rete time, serially independent. From any initial dis-tribution the pro
ess attains its invariant distribution equal to the�rst row of P1 in a single time period, and it remains there foreverafter. Thus, the limit P (1) is well-de�ned with P1 the unique limitpoint.
4 Catch-up modelsTo see how growth models restri
t distribution dynami
s, we beginwith the simplest version of the Solow (1956) growth model. Let Y{53{



Growth and distributionbe total output, N be the workfor
e, and K be the total 
apital sto
k.Denote per worker quantities in lower 
ase:y def= Y=N k def= K=N: (4.1)Output depends on K, N , and te
hnology A through a standardsmooth neo
lassi
al produ
tion fun
tion. Assume te
hnology A en-ters the produ
tion fun
tion multipli
atively in N so that output perworker 
an then be written asy = Af(k=A); f 0 > 0; f 00 < 0; limk!1 f(k)k�1 = 0: (4.2)Te
hnology and the workfor
e evolve exogenously at 
onstant growthrates _A=A = � � 0; A(0) > 0 (4.3)_N=N = � � 0: N(0) > 0 (4.4)Capital depre
iates at a 
onstant rate Æ and a

umulates throughsavings equal to fra
tion � of total in
ome Y :_K = �Y � ÆK; � in (0; 1) and Æ > 0: (4.5)Combining (4.1) through (4.5) gives the dynami
 equation for 
apitalper worker: _k=k � _A=A = � f(k=A)k=A � (Æ + � + �) (4.6)Under the standard 
urvature assumptions on f given in (4.2), equa-tion (4.6) has a unique steady-state value [k=A℄�.Taking together equations (4.2), (4.3), and (4.6) then gives ob-servable dynami
s for labor produ
tivity:log y(t) = �0 + � � t+ [log y(0) � �0℄e�t; (4.7)
{54{



Growth and distribution

Figure 4.1 A 
ross se
tion of e
onomies, ea
h having di�erent possiblesteady-state paths varying with �0.log y(t)

tt0

�t+ �0;a
�t+ �0;b

log y1(t0)
log y2(t0)log y3(t0)
log y4(t0)
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Growth and distributionwhere �0 = log f ([k=A℄�) + logA(0)= g �[Æ + � + �℄�1��+ logA(0); with g0 > 0;and � = �(f; (Æ + � + �); � ) < 0:These dynami
s are illustrated in Figure 4.1. For any one e
onomy,say with output per worker y1, e
onomi
 history is the transition fromits initial level to a spe
i�
 steady-state path. However, the Figurealso shows that the 
ross se
tion of e
onomies, having di�erent under-lying steady-state paths varying with �0 and di�erent initial in
omes,displays a wide range of possible behaviors. E
onomies 2 and 3 di-verge away from ea
h other, 
riss-
rossing along the way althoughthey began 
lose together at a middle-in
ome level. E
onomies like1 begin and remain ri
h; those like 4 begin and remain poor.A sto
hasti
 kernel M for this range of possibilities would showsimultaneously 
onvergen
e (e
onomies 1 and 2 approa
hing ea
hother, and 3 and 4 similarly); divergen
e (e
onomies 2 and 3 startingout together but then growing apart); and persisten
e at both highand low ends of the in
ome range (e
onomies 1 and 4 remaining,respe
tively, ri
h and poor).All these di�erent behaviors 
an be seen in the data (Quah, 2001b,1993a, 1997). The analyti
ally-derived Figure 4.1Thus, while divergen
e might be an important feature of e
o-nomi
 growth a
ross 
ountries (Prit
hett, 1997), it is not the onlyprominent feature of distribution dynami
s overall. Similarly, 
on-vergen
e (Barro and Sala-i-Martin, 1992). Theorizing on the 
on-vergen
e and divergen
e properties in e
onomi
 growth should try toin
orporate both features simultaneously, rather than ex
lusively oneor the other.2020 Quah (1996a) has interpreted the model in Galor and Zeira(1993) as displaying exa
tly su
h diverse 
ross-se
tion dynami
s.{56{



Growth and distributionQuantify physi
al and human 
apital 
ontributionsin pi
tures like Jones (1998, Figs. 3.1{3.2).Importan
e of A, regardless whether exogenous or endogenous.Jones (1997)Mankiw, Romer, and Weil (1992)Romer (1990)(i) Importan
e of te
hnology, or something like it to segue intosubse
tion 4.2.(ii) Panel data empiri
al methods 
an be misleading for question ofinterest
4.1 Theoretical models for cross-section distribution dynamics: Technology

diffusion across countriesOne 
onvenient framework to model intera
ting e
onomies, evolvingin a ri
h 
ross se
tion through time, is the following. Let J denotethe given set of e
onomies, j the typi
al element in J , and C � J asubset of e
onomies. Thus,Aj = fAj(t) : t � 0gis the timepath for the single, isolated e
onomy j whereasAC = fAj(t) : t � 0; j 2 Cgis the 
olle
tion of timepaths for e
onomies in the group C.Applied to distribution dynami
s, many models of te
hnology andknowledge di�usion 
an be summarized as a di�usion s
heme, i.e., apair (A�;D), with A� the target and D the dynami
 
at
h-up equa-tion. Examples of A� in
lude: {57{



Growth and distribution(i) A the average, either a
ross a subgroup C or the entire set ofe
onomies J ;(ii) A0 some distinguished, �xed-identity leader e
onomy;(iii) Amax a spe
i�
 leader, but whose identity varies through time.Target A� will also, in general, evolve through time in some way tobe spe
i�ed.Dynami
s D 
an be divided 
on
eptually into two 
lasses: First,where the resulting timepaths are 
ontinuous; se
ond, where they aredis
ontinuous, i.e., 
an take dis
rete jumps. Sin
e we are modellingA, no physi
al limits prevent the se
ond|indeed, 
ertain distribu-tion dynami
s naturally 
all for jumps in the timepaths of spe
i�

ountries. Examples of the �rst 
lass of dynami
s D in
lude, for�j ; �j � 0, _Aj = hA1��jj A��ji �j (C1)and _Aj=Aj = �j + �1� AjA���j (C2)as distin
t possibilities. In all 
ases, �j 
an be interpreted as implyinga growth premium: it is a \
at
h up to the leader" 
oeÆ
ient|thehigher is �j , the more rapidly Aj grows whenever Aj < A�. By
ontrast, �j 
an be viewed as the natural growth rate in Aj , distin
tfrom 
at
h-up tenden
ies: it is the growth rate in Aj whenever �jequals zero. With �j positive, the further Aj is below A�, the fasterdoes the e
onomy grow, relative to the underlying natural growthrate �j. Finally, noti
e that in (C1){(C2) the target A� behaves likejust any other Aj .Models with dis
rete jumps 
an be des
ribed as follows. For ea
hj 2 J , de�ne t0 = 0, and for k � 1 let tk � tk�1 be 
ontinuous,positive-valued random variables, with distributions to be spe
i�ed,varying with j.Following Feller (1968, p. 73), 
all the (random) time points tkepo
hs. If, for example, the j-th e
onomy has its inter-epo
h timesdistributed iid exponentially, then we 
an 
all epo
hs tk the arrival{58{



Growth and distributiontimes for a Poisson pro
ess. More generally, denote by P the distribu-tion of time from one epo
h until the next; and let p be the resultingprobability density,
p(t) = dPdt (t):Then de�ne the hazard rate

h(t) = � ddt log (1� P(t)) = p(t)1� P(t) t � 0;the expe
ted arrival rate of events. The implied random pro
essis a point pro
ess. Like the distribution P, the hazard h is fullyinformative on the properties of the point pro
ess, as we 
an always
al
ulate:
P(t) = 1� e�R t0 h(s) ds t � 0: (4.8)Returning to the 
ross se
tion of e
onomies, assume te
hnologylevels 
hange only at epo
hs, i.e., for t 6= tk, let _Aj(t) = 0, but fort = tk, one of the following holds:Aj(t) = Amax(t) for some timepath fAmax(t) : t � 0g (D1)or Aj(t) = (1 + �j) lims"t Aj(s): (D2)Equation (D1) des
ribes a jump to the frontier, regardless how faradvan
ed the frontier might be ahead of Aj before j's epo
hal event,while equation (D2) is a dis
rete jump of height �j , independent ofwhere the frontier 
urrently is. In (D1) the frontier Amax evolves ina way that varies a
ross models. The average or expe
ted growthrate of an e
onomy j depends on �j , Amax, and the epo
hal timedistributions.Equations (C1) and (C2) represent gradual adjustment towards atarget level A�, in turn evolving through time. Equations (D1) and(D2), on the other hand, represent dis
ontinuous, abrupt adjustment.What happens at the frontier Amax in (D1) matters importantly for{59{



Growth and distributionthe distribution dynami
s: One typi
al assumption (e.g., Aghion andHowitt, 1998; Howitt, 2000) is that Amax evolves in a way related tobut di�erent from how Aj 's not yet at the frontier do so. We returnto this in se
tion 4.2.We will also 
onsider hybrid s
hemes that mix 
ontinuous anddis
ontinuous 
at
hup dynami
s.
4.2 Explicit diffusion schemes (A�;D): ExamplesMany studies in the literature 
an be usefully organized into alterna-tive di�usion s
hemes. To see this, �rst de�ne the relative te
hnologyratio aj = Aj=A�. Consider 
ontinuous and dis
ontinuous D in turn.Continuous DOne di�usion s
heme 
ommonly used in empiri
al studies setsthe target equal to a permanent leader e
onomy, A� = A0, and the
at
hup dynami
s to be gradual, either D = (C2) or D = (C1). Then,_A�=A� = _A0=A0 = �0:De�ning a to be the steady-state 
ounterpart to the relative te
hnol-ogy ratio a, either: aj def= (�j=�0)1=�j_aj=aj = h(aj=aj)�j � 1i �jfor (C1), or aj def= 1 + (�j � �0)=��1j_aj=aj = �(aj � aj)� �jfor (C2). That aj di�ers from 1 implies a permanent 
ross-
ountrydi�eren
e in steady state equilibrium, and thus a non-degenerate in-variant 
ross-se
tion distribution, depending in general on intrinsi
{60{



Growth and distributionunderlying growth rates �j as well as 
at
h-up 
oeÆ
ients �j . If,however, �j = �0, then aj(t) ! 1 as t ! 1, independent of �j ; theinvariant distribution is then a degenerate point mass.Empiri
al examples of the spe
ial 
ase of (C2) above in
lude,among others, Bernard and Jones (1996) and Cameron, Proudman,and Redding (1998). Illustrative of the kinds of results available inthis approa
h, Cameron, Proudman, and Redding (1998) �nd that
ompared to the US, OECD e
onomies display long-run steady-statete
hnology ratios aj between 53% and 92%.Lu
as (1993) is a di�erent variant on this 
lass of examples, settingA� = A and D = (C1). In a slight distortion of language, 
at
hup here is not to a leader e
onomy, but to the average of the 
rossse
tion distribution. E
onomies that are advan
ed relative to theaverage slow down, while those that are behind speed up. When�j = �0, then again aj(t) ! 1 as t ! 1, so that in steady state,Aj = A0 = A: Convergen
e of the 
ross-se
tion distribution is to adegenerate point mass.Why might a target equalling the 
ross-se
tion average, A� = A,make sense in an e
onomi
 model? Lu
as (1993, p. 255) refers toexternalities in a

umulating human 
apital, but suggests the spe
i�-
ation is just a 
onvenien
e in modelling as nothing essential 
hangesif we repla
e A� = A by the maximum A� = Amax or the permanentleader A� = A0. Outside the present predi
tive analysis, however,this \dependen
e on the 
ross-se
tion mean" externality spe
i�
ationmight well bear substantive impli
ations.In all 
ases above, no intra-distribution 
rossings o

ur. E
on-omy j never surpasses a j0 previously better o� than itself; at best,j be
omes as ri
h as j0, and then only asymptoti
ally. Convergen
eof the 
ross-se
tion distribution is monotone, and, apart from exoge-nous heterogeneity �j 6= �0, is always to a degenerate point mass.Any sensible measure of 
ross-se
tion inequality or of the spread inthe 
ross-se
tion distribution will 
onstantly diminish towards zero.Cross-e
onomy dependen
e is straightforward: Dynami
s in e
onomy{61{



Growth and distributionj depend on one simple 
hara
teristi
 of the 
ross-se
tion distribu-tion, namely one of A0, Amax, or A.Extensions of this approa
h 
an pro
eed in a number of di�erentdire
tions, modifying the 
on
lusions just given. One possibility isthat target A� might di�er a
ross distin
t subsets of the 
ross se
tionJ . Thus, denote groupings of e
onomies,C0; C1; � � � ( J ;and suppose that ea
h C bears a spe
i�
 target A� for all e
onomiesin the grouping. Ea
h C is a 
onvergen
e 
lub, in the language usedin Abramowitz (1986) or Baumol (1986). The analysis for ea
h sub-set C pro
eeds exa
tly as above. However, 
ombining analyses a
rosssubsets, we see that 
riss-
rossings and overtakings 
an now poten-tially o

ur; and 
onvergen
e of the distribution is, in general, to amulti-peaked long-run distribution. The e
onomi
 question to ana-lyze here be
omes, Whi
h j's join whi
h groupings C? What for
esdetermine the membership of any given C? Keely (1999) and Quah(2001b) have applied ideas from the analysis of endogenous 
oalitionformation (Moldovanu and Winter, 1995; Ray and Vohra, 1999; Yi,1997) to study these questions. Su
h work 
omplements the stan-dard 
onvergen
e analysis that 
onsider only (exogenously-spe
i�ed)spillovers or externalities, and is an alternative des
ription of thepro
ess of te
hnology dissemination.Hybrid DLu
as (2000) provides a 
ross-e
onomy growth model 
ombiningthe 
ontinuous timepath analyses des
ribed earlier with the dis
on-tinuous ones to follow. The model 
an also be viewed as one thatpla
es a probability stru
ture on the endogenous 
oalition formationjust des
ribed. Thus, it is a di�erent representation of the idea thatnot all e
onomies are simultaneously in the same 
onvergen
e 
lub.{62{



Growth and distributionThe e
onomi
s in the model turns on human 
apital development andknowledge dissemination, along lines studied in Tamura (1996).Identify te
hnology levels inter
hangeably with in
omes, and sup-pose for simpli
ity that all e
onomies are equal-sized with 
onstantpopulations, normalized to unity. E
onomies fall, endogenously, intotwo 
ategories: they are stagnant, or they have taken o� and are on adevelopment path 
onverging towards the leading e
onomy. Take-o�shappen probabilisti
ally and at varying 
alendar times for di�erentindividual e
onomies.How any given e
onomy evolves, however, 
annot be determinedwithout knowing how the entire 
ross-se
tion distribution evolves.Me
hani
ally, the 
onverse holds as well|the 
ross-se
tion distribu-tion is transformed along with the e
onomies in it. In the model the
ross se
tion in
uen
es any given e
onomy in two distin
t ways: First,it a�e
ts the probability of a stagnant e
onomy taking o�. The moredeveloped the world is, the more likely a 
urrently-stagnant e
onomywill laun
h itself on the path to development. Se
ond, how devel-oped the rest of the world is (or, in parti
ular, the leading e
onomy)determines how fast a newly-developing e
onomy grows|a 
at
h-uppremium speeds up the growth of an e
onomy that starts far behindthe world's leaders.The key results from the model are two-fold. The world developsthrough initially slow di�usion and then a

eleration|as the worldbe
omes ri
her both on average and 
ross-se
tionally, more e
onomieslat
h on yet more rapidly onto the path to development. This a

eler-ation would not o

ur without some positive feedba
k from the devel-oped world to the possibilities for takeo� among the world's stagnante
onomies. The model generates �rst in
reasing and then de
reas-ing 
ross-
ountry inequality, and displays a emerging but eventuallyonly transient bimodality in the 
ross-se
tion distribution. The earlypart of the transition, therefore, shows both divergen
e and twin-peakedness of the kind do
umented in Jones (1997), Prit
hett (1997),and Quah (1997). {63{



Growth and distributionThe model works as follows. Up through time 0 all J e
onomiesin the 
ross se
tion J remain stagnant,yj(t) = y > 0; for all t � 0:At t = 0 the in
ipient leader e
onomy, j = 1, starts growing:t � 0 : _y1(t)=y1(t) = � > 0 =) y1(t) = ye�t: (4.9)(In Lu
as's interpretation, e
onomy 1 at time 0 
an be thought ofas the UK at the beginning of the Industrial Revolution.) All othere
onomies stagnate with in
omes at y until, individually, they ex-perien
e a take-o� event, whereupon that now-developing e
onomy
onverges upwards towards the leader e
onomy. As time pro
eeds,like marathon runners at the starting line, more and more e
onomieslaun
h onto their respe
tive development paths and ra
e towards theleader.For j 2 J , j 6= 1, 
all the random variable tj � 0 the epo
h ofj's takeo�; write t1 = 0. Conditional on history up through time t,
all C0(t) the 
olle
tion of still-stagnant e
onomies and 
all C1(t) the
omplement, JnC0(t), i.e., C1(t) = fj 2 J : tj � tg. For any positivet, e
onomy 1 is always in C1 and, probabilisti
ally, others might beas well. Denote by J0 the number of e
onomies in C0 and J1 thenumber in C1. Independently and identi
ally distributed a
ross thestill-stagnant e
onomies, take-o� events o

ur over the time interval[t; t + dt℄ with probability h(t) dt. Thus, the hazard rate h proba-bilisti
ally splits the world into two groups, the stagnant C0, whereyj(t) = y for j 2 C0; and the developing C1, 
omprised of e
onomy 1and j 6= 1 for whi
h we assume yj(t) grows as1� yj(t)y1(t) = " 1� yj(tj)y1(tj) # e�(t�tj)� ; � > 0; t � tj : (4.10)Equation (4.10) says that eventually yj(t) 
at
hes up to y1(t): 
on-ditional on tj , the right side of (4.10) de
lines exponentially to zero{64{



Growth and distributionat rate � as t grows, so that yj(t) % y1(t). The � 
oeÆ
ient in(4.10) properly des
ribes 
onvergen
e for e
onomy j to the leader,not simply an e
onomy's growth rate slowing down as that e
on-omy approa
hes its underlying steady-state growth path. This 
anbe rewritten to say that later-developing e
onomies enjoy a growthpremium as (4.10) is also:yj(t) = y1(t)� " 1�  1� yj(tj)y1(tj) ! e�(t�tj)� # (4.11)and log-di�erentiating with respe
t to time gives:_yj(t)_yj(t) = � + � � 24 � 1� yj(tj)y1(tj) � e�(t�tj)�1� � 1� yj(tj)y1(tj) � e�(t�tj)� 35 :Developing e
onomies grow nonlinearly. Their growth rates equalthat of the leader's, �, plus a se
ond 
onvergen
e term that is largerthe greater the distan
e from the leader e
onomy at the takeo� date,but that then falls to zero over time. The later an e
onomy begins todevelop, the faster it grows (y=y1(tj) is lower), but as that e
onomymatures, its growth rate slows, although remaining suÆ
iently highso that eventually it 
at
hes up to the leader.As history unfolds, not only do the in
omes of the e
onomies in C1grow, but the size and membership of C0 and C1 also 
hange. Worldin
ome is the sum of group in
omes a
ross stagnant and developinge
onomies, i.e., at time t,Xj2C0(t) yj(t) = J0(t)� y (4.12)and Xj2C1(t) yj(t) = Xfj3tj�tg yj(t): (4.13)Provided J is suÆ
iently large that laws of large numbers apply toaverages, we also have J0(t)J = e� R t0 h(s) ds (4.14){65{



Growth and distributionand for (4.13)J�1 Xj2C1(t) yj(t) = Z t0 J0(s)J h(s)�� y1(t)� � 1� � 1� yy1(s) � e�(t�s)� �� ds: (4.15)Using (4.11) the term in bra
es in equation (4.15) is the in
ome attime t of an e
onomy that began growing at epo
h tj = s. The mul-tiplier J�1J0(s)h(s) ds is the ex-ante expe
ted fra
tion of e
onomiesexperien
ing a takeo� event in an in�nitesimal time interval at s.The integral then takes the total over all past epo
hs s 2 [0; t℄.Spe
ifying how h behaves will now allow the model to produ
e dis-tribution dynami
s for the 
ross se
tion of e
onomies through equa-tions (4.9), (4.11), (4.13), (4.14), and (4.15). As Lu
as (2000) ob-serves, a 
onstant hazard h(t) = h(0) 
annot adequately 
apture howas world development has pro
eeded in the 20th 
entury, we observemore and more e
onomies take o� more and more rapidly. To al-low this the hazard rate might be 
hosen to vary with the size ofC1 or with average world in
ome (whi
h, through (4.12), (4.14), and(4.15), varies positively with C1). Lu
as (2000) shows that sele
tingthe latter allows a better �t to the data.To summarize, the model displays two 
lear su

esses. First,allowing individual-e
onomy takeo�s to depend on world develop-ment, the model explains the a

elerating pa
e of development 
ross-se
tionally. Se
ond, if we identify the e
onomi
 history analyzede
onometri
ally in Jones (1997), Prit
hett (1997), and Quah (1997)with the early part of the model's distributional transition, the modelexplains divergen
e and emerging twin-peakedness.But note that however h might evolve through time, provided onlythat it is bounded from below by a positive 
onstant, equation (4.14)has its right side 
onverging to zero. More pre
isely, the dis
ussionsurrounding equation (4.8) implies that in this model all e
onomiesalmost surely enter C1 in �nite time. After that time, the 
ross se
-{66{



Growth and distributiontion of e
onomies behaves as dis
ussed earlier for (C1) or (C2): in-equality de
reases towards zero. Sin
e initial inequality is also zerothe transition path therefore has �rst in
reasing and then de
reasing
ross-se
tion inequality, with a bimodality|the two 
lusters C0 andC1|emerging, be
oming more pronoun
ed, and then disappearing inthe 
ross-se
tion distribution as all e
onomies get absorbed into C1.Be
ause the model treats takeo�s into development as a one-waytransition|C1 membership is an absorbing state|the framework dis-allows the possibility that world development might show persistentdivergen
e and twin-peakedness. This suggests that a useful featureto explore in the model might be de
ay events, the opposite to take-o� events. This terminology is intended to re
all the title in Tamura(1996) and to suggest that transitions might be two-way, rather thansimply uni-dire
tional. Just as the hazard fun
tion h parametrizes theprobabilisti
 beginning of industrialization, so too there might be an-other des
ribing the probabilisti
 de
ay of a on
e-su

essful e
onomy.Spe
ifying it at the same level of theoreti
al transparen
y as done for
h in Lu
as (2000) allows a �rst step in the analysis but then inves-tigating the stru
ture of both more deeply would provide insight aswell.However the two hazard rates vary, as long as ea
h is boundedfrom below by a positive 
onstant, the 
ross se
tion distribution ofe
onomies will settle down to a long-run steady state that is bimodal,although with 
ontinually ongoing simultaneous upwards and down-wards transitions. Indeed, it is the balan
ing of those transitions thatwill determine a nondegenerate 
on�guration in the long-run steadystate distribution.Neither e
onomi
 logi
 nor e
onomi
 history rules out su
h tran-sitions to de
ay. The UK, despite its early lead with the Indus-trial Revolution, relinquished e
onomi
 dominan
e to the US in theearly 20th 
entury. China's advan
ed state of te
hnology in the 14th
entury underwent not just relative but absolute e
onomi
 de
lineover the subsequent �ve millenia (Jones, 1988; Landes, 1998; Mokyr,{67{



Growth and distribution1990; Pomeranz, 2000; Quah, 2001a). After the 
ooding of the BassStrait following the end of the last I
e Age 10,000 years ago, Aborig-inal Tasmanians grew 
ulturally isolated from mainland Australiansand subsequently abandoned bone tools and �shing|relatively ad-van
ed te
hnologies|and reverted to primitive hunting-gathering,where they remained up through their �rst en
ounter with modernEuropeans in 1642 (Diamond, 1997).A se
ond line of potential further work begins by noting thatspillovers in the model are global. Spillovers run along two distin
t
hannels: First, from the leading e
onomy j = 1 to every other e
on-omy that has already begun its takeo� and se
ond, from the stateof the world|the distribution of world in
omes, through the hazardrate h|to takeo� possibilities for all the remaining, still-stagnante
onomies. Useful extensions to the framework might thus studyif spillovers have more restri
ted s
ope and if so, what determinantsmight be important for them. If the spillovers are primarily in knowl-edge, do geography and physi
al distan
e matter? How do te
hnolo-gies for knowledge transmission alter patterns of world development?Or, does the 
ross-e
onomy spread of knowledge o

ur through tradein ordinary mer
handise, rather than more abstra
t trade in knowl-edge? If knowledge disseminates through learning of some kind, doesthat mean university training, or seeing how produ
tion and man-agement take pla
e in fa
tories, or a

essing engineering blueprintsand s
ienti�
 formulas? If it's the last of these that matter, howdo regimes of intelle
tual property rights distort the disseminationof e
onomi
 growth a
ross 
ountries? How do domesti
 attitudesand me
hanisms for politi
al 
ontrol in
uen
e the a

eptan
e of newideas? Does the learning that matters 
ome about through movinga
ross e
onomies people rather than ideas; is one me
hanism morereliable than another?Having some answers to these questions might lead in the model'sformalization to the endogenous emergen
e of distin
t or perhapsoverlapping 
lusters C0, C1, : : : , that are, again, 
onvergen
e 
lubs.{68{



Growth and distributionBoth this and the de
ay-events me
hanism previously des
ribed willalso produ
e over-taking and leapfrogging in a
ross e
onomies, thusfar absent in the framework.As Lu
as (2000) said, \Gaining a quantitative understanding ofall of these for
es for di�usion|and, as Parente and Pres
ott (1994)would stress, the for
es that oppose them|is the 
entral question ofthe theory of e
onomi
 growth and development." A limited sele
-tion of studies that have studied su
h questions expli
itly for 
ross-e
onomy patterns of growth in
ludes Coe and Helpman (1995); Eatonand Kortum (1999); Epstein, Howlett, and S
hulze (2003); Helpman(1993); Keller (2004, 1998); Matsuyama (2000); Parente and Pres
ott(2000, 1994); Quah (2001a, 1997).Dis
ontinuous DThe leapfrogging 
onspi
uously absent in the model just dis
ussedappears instead as a leading feature in models of 
reative destru
tion(Aghion and Howitt, 1992, 1998). These models spe
ify follower-e
onomy te
hnologies that leapfrog to the frontier whenever a spe-
i�
 event o

urs (equation (D1)). R&D-driven models asso
iatethose events with fundamental dis
overies or innovations. At su
h anepo
h, the leader is deposed, and a di�erent e
onomy, that for whomthe innovation has just realized, takes over as the leading e
onomy.Criss-
rossings obviously o

ur in su
h a spe
i�
ation, always to thefrontier te
hnology level.21 The model is presented here in a way tomake it dire
tly 
omparable with that of Lu
as's (Lu
as, 2000) justdes
ribed.The leading e
onomy is no longer �xed at j = 1 but has its iden-tity vary a
ross j's, depending on the unfolding of e
onomi
 history.21 Typi
ally, su
h a model is used to analyze e
onomi
 performan
ea
ross di�erent industries within a single e
onomy, although Howitt(2000) has also applied it to examine multiple industries a
ross dif-ferent e
onomies. {69{



Growth and distributionBut while its identity 
an vary, the growth rate of in
ome at thefrontier does not depend on whi
h e
onomy it is that's there; in-stead that growth rate depends on the global resour
es devoted toimproving produ
tivity|this might o

ur from resear
h and devel-opment or learning by doing or a

umulating human 
apital. Thus,a
ross all e
onomies spillover is extreme in pushing ba
k the globalfrontier. Next, e
onomies 
an jump, dis
ontinuously, to the frontierfrom wherever they might be in the distribution, leap-frogging overall those initially ahead of them. This transition o

urs when a dis-
overy or revelation event suddenly o

urs. Between su
h events,however, a given e
onomy's produ
tivity simply remains stagnant,thereby having the frontier move ever distant as well as yet othere
onomies overtaking it in turn.While signi�
ant intra-distributional 
hurning o

urs and growthat the frontier is ongoing, nonetheless a steady-state long-run distri-bution obtains. Under 
ertain assumptions, moreover, that long-run
ross-e
onomy in
ome distribution takes a power-law form.Although all e
onomies, typi
ally, have di�erent in
omes and pro-du
tivity levels at any time t, suppose that the returns to improv-ing produ
tivity equalize a
ross e
onomies. Ea
h e
onomy devotesresour
es so that its likelihood of transiting to the frontier is thesame as as that for all others. Su
h expenditure will appear to haveno dis
ernible impa
t on most e
onomies most of the time|moste
onomies do not su

essfully jump to the frontier but instead havetheir in
ome and produ
tivity only remain 
onstant. However, thoseexpenditures do 
olle
tively 
ontribute to pushing the frontier everoutwards|for instan
e, all resear
h 
ontributes to the global sto
kof knowledge|and, for that e
onomy that happens to be su

essful,the steps it undertook to improve produ
tivity appear to pay o� outof all proportion.A simple formalization of this dynami
 me
hanism is as follows.When e
onomy j devotes resour
es Res(t) at time t assume the haz-ard rate on that e
onomy's leap-frogging to the frontier is h(t) ={70{



Growth and distributionRes(t) (by normalizing Res to appropriate units). Summing Res(t)a
ross e
onomies, suppose that the global frontier per 
apita in
omeymax evolves as:_ymax(t)=ymax(t) = � �Res(t); � > 0;with � ? 1 depending on how well or how badly in
ipient individualprodu
tivity spills over towards the global frontier. Denote per 
apitain
ome relative to the leading e
onomy x = y=ymax.
Theorem 4.1 Suppose J is so large that laws of large numbers applyto averages. When the intra-distribution hazard is proportional togrowth at the frontier, i.e.,

h(t) = _ymax(t)=ymax(t)� ��1; � > 0; (4.16)then the steady-state 
ross-
ountry distribution FX of relative in-
omes exists, is unique, and has the power-law form:x 2 [0; 1℄ : FX(x) = x1=� =) fX(x) = ��1x��1�1;where the density fX is rising or falling depending on � 7 1 .The result on the shape of the long-run distribution is intuitive.When � ex
eeds 1, the frontier is growing rapidly relative to theintra-distribution leapfrogging. The high tail then grows thin and thepileup in the 
ross se
tion then o

urs at the other end of the distribu-tion, where relative in
omes are low. Conversely, when � is lower than1, the frontier is growing relatively slowly, and e
onomies leapfroggingto the high-in
ome frontier, probabilisti
ally, pile up there.The 
ross-e
onomy in
ome distribution overall smoothly growstowards ever higher levels of in
ome. Nonetheless, in
omes relativeto the frontier have an invariant long-run distribution. That long-run distribution displays ongoing 
hurning, as within it e
onomiesleap-frog and 
riss-
ross sto
hasti
ally over time. The model displaysunimodality in the 
ross-e
onomy long-run distribution, but where{71{



Growth and distributionthe mode is at one or the other extreme. Allowing for two sub-populations|e
onomies 
ould sto
hasti
ally swit
h between them|where in one group � ex
eeds 1, but in the other this inequality isreversed would produ
e a bimodal distribution, where the two modesappear at relative in
ome extremes.
4.3 Underlying causesAdditional models.Fias
hi and Lavezzi (2003) Feyrer (2001) Bloom, Canning,and Sevilla (2003) Azariadis and Drazen (1990) Azariadisand Sta
hurski (2003). Paul Johnson. Sta
hurski. Con-ditioning Quah (1997). Epstein, Howlett, and S
hulze(2003). Solow (1997)
5 Polarization and twin peaksAn important �nding from the distribution-dynami
s approa
h istwin peaks emergen
e (Jones, 1997; Prit
hett, 1997; Quah, 1993a).Quah (1993b, 1996b) has argued that this empiri
al 
hara
teriza-tion is typi
ally unavailable to standard 
ross-se
tion or panel dataregression although its 
riti
al features are 
ertainly visible in regime-sensitive regression analyses su
h as in Durlauf and Johnson (1995).While the robustness of the twin-peaks �nding has been 
riti
izedin, e.g., Kremer, Onatski, and Sto
k (2001) the alternative empiri-
al analyses in Bian
hi (1997) and Paap and van Dijk (1998) have
on�rmed its essential insights.This se
tion is empiri
al, using latest data from (Hes-ton, Summers, and Aten, 2002). Show beginning andend point distributions. Show twinpeaks emergen
e fromthe sto
hasti
 kernel Figure 5.1. Polarization 
al
ulations.{72{



Growth and distribution
Figure 5.1 (Update with latest data) Relative in
ome dynami
s a
ross105 
ountries: Sto
hasti
 kernel

{73{



Growth and distribution
Figure 5.2 (Update with latest data) Relative in
ome dynami
s a
ross105 
ountries: Contour plot
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Growth and distributionA

eleration in spread of growth (Lu
as, 2000 - Hybrid inSe
tion 4.2)? Mobility - leapfrogging and overtakingSome of this graphi
al and statisti
al eviden
e 
an also be re-expressed dire
tly:(i) Relative to the world average, the very poorest e
onomies : : :(ii) Relative to the world average, the very ri
hest e
onomies : : :(iii) Relative to the world average, : : :(iv) Growth mira
les : : :(v) Growth disasters : : :(vi) Afri
a : : :Bian
hi (1997); Durlauf and Johnson (1995); Paap andvan Dijk (1998) Zhu (2003) Prit
hett (1997). Jones (1997)Jones, Prit
hett. Esteban and Ray. Wolfson. Paul John-son US states. Shorro
ks. Geweke++Is the 
ountry the right unit of observation? Re-draw state bound-aries? The state of California; provin
es of China. People? (But thenin
ome distribution a
ross people too, so return in Se
tion 6.)
6 Extensions of cross-section distribution dynamicsWe have seen that models of distribution dynami
s allow analyz-ing e
onomi
 growth, 
onvergen
e, and polarization in an integrativeframework. But these models extend naturally to other domains aswell, to wherever questions arise regarding 
ross-se
tion e
onomi
performan
e. The relation between aggregate e
onomi
 growth and
ross-inhabitant inequality is one leading su
h appli
ation. We turn{75{



Growth and distributionto this �rst appli
ation in 6.1{6.7. Another is spatial 
lustering: E
o-nomi
 inequality a
ross geography is as profound as it is a
ross peo-ple. What 
an we learn from models of expli
it spatial distributiondynami
s? We 
onsider this se
ond appli
ation in 6.7.
6.1 Inequality and growthA putative tradeo� between equality and eÆ
ien
y (Okun, 1975) isthe kind of issue in e
onomi
s so enduring that it gets dis
ussedeven in introdu
tory textbooks. The view is that redu
ing inequal-ity might 
ome only at a 
ost of impairing eÆ
ien
y; if so then theso
ially-optimal point might involve operating below e
onomi
 eÆ-
ien
y. A related argument manifests in the 
onje
ture that openingup e
onomies to trade might well improve e
onomi
 growth but atthe 
ost of worsening inequality.Banerjee and Du
o (2003). Durlauf (1996). Dollar and Kraay(2002). Son (2004).Kuznets, Barro. Martin Ravallion Bertola monographKuznets (1955) early on do
umented how inequality �rst rises andthen falls a
ross e
onomies at progressively higher levels of in
omeand development. Sin
e then, theoreti
al and empiri
al resear
h hassought to explain, 
on�rm, or reje
t this so-
alled Kuznets 
urve. Re-sear
hers have attempted to identify 
ausal me
hanisms, either run-ning from individual inequality to aggregate e
onomi
 growth, frome
onomi
 growth to inequality, or simultaneously in both dire
tions.The literature is large. The important 
ontributions of Aghion,Caroli, and Gar
��a-Pe~nalosa (1999) and B�enabou (1996) survey manyof the 
entral issues and key models. Di�erent politi
al e
onomyme
hanisms for the relation between inequality and growth are devel-oped in Alesina and Rodrik (1994) and Persson and Tabellini (1994).{76{



Growth and distributionGalor and Zeira (1993) study 
apital market imperfe
tions linkinginequality and e
onomi
 growth. Empiri
al studies on 
ausal me
h-anisms between growth and inequality in
lude Banerjee and Du
o(2003), Barro (2000), Deininger and Squire (1998), Forbes (2000), Li,Squire, and Zou (1998), Perotti (1996), among others.
6.2 Value and distributionNo single 
lear pi
ture emerges from the many empiri
al studies. Hadone done so then we might be more 
on�dent on the 
ausal relation-ship between growth and inequality. But, regardless, assessing moregenerally the quantitative signi�
an
e of these studies is not alwaystransparent or dire
t. For example, if inequality were truly an impor-tant driver of e
onomi
 growth, it would ne
essarily be only one ofmany. Or, 
onversely, if aggregate e
onomi
 growth did fundamen-tally worsen in
ome inequality, many other things likely do so as well.No matter how strong a link one is able to show between inequalityand growth, a 
omplete pi
ture remains to be drawn of how the jointdynami
s in these two variables matter for e
onomi
 welfare moregenerally.One way to 
esh out su
h a pi
ture is to expli
itly tra
e outthe dynami
s of the (within-e
onomy) in
ome distribution. Doing soallows quantifying a range of key 
hara
teristi
s of growing unequale
onomies. As we will see the framework extends generally, but inthis se
tion we 
on�ne attention to two su
h 
hara
teristi
s. First, thedynami
s of poverty, as also previously 
onsidered in Quah (2003);Sala-i-Martin (2002b) and se
ond, the dynami
s of utility.Take as given an unequal but evolving e
onomy f Ft : t � 0 g,where Ft is the distribution of in
ome or 
onsumption or their logsa
ross the people living there. In pra
ti
e, whether a resear
her usesin
ome or 
onsumption in the 
al
ulation matters importantly (e.g.,Blundell and Preston, 1998), but in the analyti
al des
ription it is
onvenient to be able to refer to either one inter
hangeably. Sin
e{77{



Growth and distributionthe e
onomy is held �xed throughout this dis
ussion, j now indexesindividual agents where expli
itly needed. To save notation, omit thet subs
ript unless again expli
itly needed.Whereas previously we had used y to denote per 
apita in
ome,to emphasize the 
hange in fo
us from e
onomy-wide to individual
hara
teristi
s, write per 
apita in
ome (or 
onsumption) now as Einstead. This is standard notation for the mean of a distribution
E = Z x dF(x):Hereafter, F is always taken to have �nite and positive mean E 2(0;1). Re
ord also the expe
tation of the logarithm,

E` def= Z log x dF(x):Growth is now _E=E.Let I denote a ve
tor of inequality measures. This ve
tor mightin
lude the Gini 
oeÆ
ient
IG = 12 E

�1 � Z 10 Z 10 jx� x0j dF(x0)dF(x); (6.1)the Theil index
ITh = E

�1 Z ( log x� log E ) x dF(x);the Generalized Entropy index
IGE;� = (�2 � �)�1 Z [ (x=E)� � 1 ℄ dF(x); � 2 R;the log standard deviation

I` = � Z ( log x� E` )2 dF(x) �1=2 ;the mean-median ratio, the interquartile range, the ratio between the90th and 10th per
entiles, and so on. Although their details di�er{78{



Growth and distribution
Figure 6.1 The Lorenz 
urve plots Z|the share of total in
ome or
onsumption|against the population share.Z(h)

h0
1

145Æ
and a large literature surrounds them (see, e.g., the masterful surveyin Cowell, 2000), here it suÆ
es to note that all inequality indexesassess the spread of the 
ross-se
tion distribution. Some indexes takevalues bounded between 0 and 1; yet others need not.The Gini 
oeÆ
ient IG is likely the inequality index most usedin the empiri
al literature. From the de�nition (6.1), IG is the meanin
ome gap in the population, normalized by mean in
ome.A di�erent des
ription of inequality is given in the Lorenz 
urve.As the name suggests the Lorenz 
urve does not seek to 
ollapse allthe information in an in
ome distribution into just a single, s
alar
hara
teristi
. Instead, the Lorenz 
urve Z is a non-de
reasing fun
-tion taking values between 0 and 1, that is the following transforma-tion of an in
ome or 
onsumption distribution:Z(h) = E

�1 " sup
F(xy)�h Z xy0 x dF(x) # ; h 2 [0; 1℄: (6.2)In words, the Lorenz 
urve is the share Z(h) of total in
ome or 
on-{79{



Growth and distributionsumption going to the poorest share h of the population. Thus itsgraph (e.g., Figure 6.1) is always bounded between the horizontalaxis and the 45-degree line,0 � Z(h) � h; 8h 2 [0; 1℄:As a fun
tion the Lorenz 
urve 
an also be regarded (Stuart andOrd, 1993, 2.25) as the in
omplete �rst moment or the �rst momentdistribution of F.
Theorem 6.1 If F on [0;1) admits a positive �nite mean E and adensity that is always positive then the Lorenz 
urve Z(h), h 2 [0; 1℄,(i) is stri
tly 
onvex from below;and at h = F(E):(ii) rea
hes its maximum horizontal separation from the 45-degreeline through the origin; and(iii) has Z 0(h) = 1.When distribution F divides so
iety's in
ome equally a
ross thepopulation then Z is the 45-degree line through the orign. When,in 
ontrast, most of so
iety's in
ome is 
on
entrated in only a smallpart of the population, the opposite o

urs and Z strays further fromthe 45-degree line.
Theorem 6.2 The Gini 
oeÆ
ient IG 
an be found from the Lorenz
urve Z by

IG = 2� Z 10 [h�Z(h)℄ dh: (6.3)Whereas equation (6.1) des
ribes the Gini 
oeÆ
ient as a normalizedmean in
ome gap, Theorem 6.2 gives the Gini 
oeÆ
ient as twi
e thearea between the 45-degree line and the Lorenz 
urve.{80{



Growth and distribution
Figure 6.2 The dynami
s in Z map into those in the distribution Ft,represented here by the evolving density f shown at two epo
hs t0and t1. The horizontal axis shows mean in
omes (or 
onsumption)
E0 and E1 for the densities f0 and f1 respe
tively, together with a�xed threshold in
ome or 
onsumption level x , to be used later.
fZ(t) : t � 0g ()

f(x)
xx

f0
f1

E1E0Resear
h analyzing hypothesized 
ausal me
hanisms between in-equality and growth seeks to un
over and pla
e stru
tural interpre-tation on fun
tions �,  , where_E
E
= �(I) or �

I

� =  � _E=E� :These would be read, respe
tively, as inequality 
ausing e
onomi
growth or vi
e versa, 
onditional on auxiliary variables. (The dateson the di�erent variables would be whatever are appropriate for agiven e
onomi
 model or hypothesis.)Sta
k E, _E=E, I, and other relevant variables Z
00 into a ve
tor Z.The dynami
s of the distribution Ft implies dynami
s in the ve
tor

Z. Conversely, when Z is suÆ
iently informative, then its dynami
sin turn implies Ft-distribution dynami
s. Figure 6.2 shows the logi
generally, and Example 6.3 des
ribes an expli
it spe
ial 
ase.{81{



Growth and distribution
Example 6.3 If distribution F is Pareto Type-1 with parameters � =(�1; �2), i.e.,

F(x) = 1� (�1x�1)�2 ; �1 > 0; x � �1; �2 > 1;then
E = (�2 � 1)�1�2�1;

IG = (2�2 � 1)�1(having additional inequality indexes here would over-identify themodel). Inverting these equations allows 
onstru
ting the mappingfrom Z to F, �2 = (1 + I
�1G )=2;�1 = (1� �̂�12 )E;with dynami
s _E=E = _�1�1 � (�2 � 1)�1 _�2�2 ;_IG=IG = � �2�22�2 � 1� _�2�2 :These dynami
s, however, do not give sto
hasti
 kernels: the latter
ontain information on mobility within the distribution, not just on
hanges in the distribution's external features as des
ribed by themean and the Gini inequality index.Whatever the 
ausal me
hanism relating aggregate growth and
ross-se
tional inequality, 
alibrating the dynami
s in Ft to histori
alpatterns, as depi
ted in Figure 6.2 
an shed light on how growth anddistribution matter. If, for instan
e, higher growth is possible onlywith greater inequality, we 
an ask, How mu
h in
rease in inequalityis tolerable for a given in
rease in the rate of e
onomi
 growth? Howhave growth and inequality dynami
s a�e
ted the number of peo-ple who are very poor? How have growth and inequality dynami
s{82{



Growth and distributiona�e
ted the utility of agents at di�erent parts of the in
ome distri-bution?Su
h questions 
an be addressed without restri
ting the dis
ussionto any one spe
i�
 me
hanism relating growth and inequality. Thegeneral framework here 
an thus be usefully added to any theoreti
alor empiri
al analysis of a hypothesized 
ausal me
hanism.
6.3 Dynamics of PovertyGrowth and inequality di�erently a�e
t the fra
tion of the populationliving below a given threshold in
ome level. Given a �xed shape inthe 
ross-se
tion in
ome distribution, growth on average raises every-one's in
ome and thus redu
es the fra
tion of the population livingin poverty. By 
ontrast, an in
rease in the spread of the distributionwhile the average is un
hanged|a rise in inequality with no e
onomi
growth|in
reases the proportion of individuals in poverty. Holding�xed both growth and inequality but in
reasing the population sizeraises proportionally the number of the poor.Thus, a joint law of motion in the population and distributiondynami
s will also me
hani
ally give the dynami
s of poverty. Theimpa
t of growth, inequality, or population sho
ks on poverty is astatement on the elasti
ity of poverty with respe
t to those variables.Atkinson (1987).Before investigating further that law of motion, Table 6.1 pro-vides some data on the numbers and geographi
al distribution of thepoor worldwide.22 The �rst 
olumn of numbers shows the number ofpeople, a
ross 
ontinental regions, living on less than US$1 a day22 Su
h numbers are subje
t to 
onsiderable debate and 
ontro-versy. See, e.g., Bourguignon and Morrisson (2002) and Deaton(2005). Nonetheless, some numbers need to be �rst put down to 
lar-ify what's at issue, even or espe
ially if they are not to be taken asthe �nal word on the matter. Su
h �gures 
an then be subsequentlyre�ned and improved as better information be
omes available.{83{



Growth and distribution
Table 6.1 Geographi
al distribution of the world's poor, 2001. Sour
e:Chen and Ravallion (2004a) and author's 
al
ulations< $1/day, 106/% Popl., 106/% Con
.
South Asia 428/39.2 1369/26.5 1.5ex
l. India 70/6.4 335/6.5 1.0India 359/32.8 1033/20.0 1.6
Sub-Sah. Africa 316/28.9 673/13.1 2.2

East Asia 271/24.8 1821/35.3 0.7ex
l. China 60/5.5 546/10.6 0.5China 212/19.4 1275/24.7 0.8
Latin America 50/4.6 524/10.2 0.4

EECA 18/1.6 476/9.2 0.2

MENA 7/0.6 296/5.7 0.1Total: 1093/ 5159/[: : : ℄To formalize this, let x denote, as in Figure 6.2, a �xed thresholdlevel of in
ome or 
onsumption. Call the poor those with x at levelx or lower. De�ne, for just this dis
ussion, the indi
ator fun
tion�(x) = 8<:1 if x � x;0 otherwise.In the inequality literature the fra
tion of the population that is poorgiven a parti
ular x is sometimes known as the Poverty Head
ountIndex. Denote this asHCx def= Z x0 dF(x) = Z 10 �(x) dF(x): (6.4)Combining the sto
hasti
 kernel and de�nition (6.4), the expe
tedPoverty Head
ount Index at time t+ s, 
onditional on time t, isE �HCx(t+ s) j Ft� = Z 10 (Tt;s�) (x) dFt(x): (6.5){84{



Growth and distributionHow growth and inequality dynami
s (Tt;s;Ft) a�e
t the povertyhead
ount 
an be expli
itly tra
ed through equation (6.5).Although Example 6.4 is a spe
ial 
ase of Example 6.5 to follow,it illustrates the ideas being 
onsidered espe
ially transparently, andso is useful to go through.
Example 6.4 Suppose the 
ross-se
tion distribution has timepathfFt : t � 0 gmat
hing that of the exponential of Brownian motion, �B, where �is a positive 
onstant. That is,

Ft(x) = Prob f exp (Z(t) ) = X(t) � x gwith Z(t) = �B(t). Hypothesizing some initial 
ondition X(0) = x =exp(z), the distribution Ft is lognormal with
I`(Ft) = �pt;
E(Ft) = exp h log x+ I

2̀=2 i ;
IG(Ft) = 2� FN(0;1) � I`=p2 �� 1 ;where FN(0;1) denotes the standard normal 
df. The transition densityfun
tion, from equation (3.15), ispt �x; xy� = � 2� I

2̀ ��1=2 � exp "� 12 I
2̀ � log xy � log x �2 # :Growth is _E=E = I`dI`dt = 12�2 > 0;where, from Jensen's inequality, the growth rate of the average Edi�ers from 0, the average of the individual growth rates. Over time,as t! 1, inequality rises as both I` " 1 and IG " 1. The expe
ted{85{



Growth and distributionPoverty Head
ount Index, equation (6.5), isE �HCx(t) j F0� = Z 10 (Tt�) (x) dF0(x)= FN(0;1) � log x� logX(0)�pt �! 12 as t!1.Even though measured growth is positive, the in
rease in inequalityis so rapid that the numbers in poverty are always expe
ted to remainsubstantial.Example 6.4 shows a situation where, despite positive growth,a large fra
tion of the population always remains poor. In general,however, a nontrivial tradeo� between growth and inequality allowspre
ise statements about the Poverty Head
ount only after quantify-ing the di�erent, opposing e�e
ts.
Example 6.5 Suppose the 
ross-se
tion distribution has timepathfFt : t � 0 gmat
hing that of the exponential of a drifted Ornstein-Uhlenbe
kpro
ess. That is,

Ft(x) = Prob f exp (Z(t) + �t ) = X(t) � x g (6.6)with dZ = ��Z dt+ � dB; (6.7)where, as in se
tion 3.1, the pro
ess B is standard Brownian motion;(�; �; �) are 
onstants satisfying � > 0, � > 0; and equation (6.7)is a sto
hasti
 di�erential equation whose solution fZ(t) : t � 0 g isan Itô integral (e.g., Karlin and Taylor, 1981, Ch. 15, pp. 340{377).Hypothesizing some initial 
ondition X(0) = x = exp(z) the solution{86{



Growth and distributionto (6.7) implies that distribution Ft is lognormal with
I`(Ft) = " � 1� e�2�t � �22� #1=2 ;
E(Ft) = exp h e��t logX(0) + I

2̀=2 i � e�t ;
IG(Ft) = 2� FN(0;1) � I`=p2 �� 1 :The transition density fun
tion, from equation (3.15), ispt �x; xy� = � 2� I

2̀ ��1=2 � e�txy� exp "� 12 I
2̀ � log xy � �t� e��t log x �2 # :Thus, growth is_E=E = � + h��e��t log x+ e�2�t�2=2 i ;where, again be
ause of Jensen's inequality, the growth rate of theaverage E di�ers from � the average of the growth rates. As t ! 1we have long-run growth and inequality des
ribed by:

I` ! q�2=2� ; IG ! 2� FN(0;1) � 12q�2=��� 1 ;_E=E ! � ; and �����E� �24�e�t �����! 0 :When s
aled by e��t the limit distribution remains log-normal. Thedynami
s of the expe
ted Poverty Head
ount Index, equation (6.5),
an then be expli
itly given:E �HCx(t) j F0� = Z 10 (Tt�) (x) dF0(x)= FN(0;1)0� log x� �t� e��t logX(0)q(1� e�2�t)�2=2� 1A :{87{



Growth and distributionDepending on the values of � and �, among others, the Poverty Head-
ount 
an be expe
ted to rise or fall in the short run. However, pro-vided � > 0, i.e., provided growth o

urs in the long run, eventuallyall else gets swamped, and e
onomi
 growth alone drives the poor toan ever smaller segment of the population.In Example 6.5 average in
ome 
an rise or fall in the short-termbut is expe
ted eventually to grow at a 
onstant rate �. However,inequality|whether measured by IG or I`|only ever rises, indepen-dent of the initial 
ondition X(0). Even though the Poverty Head-
ount remains free to rise or fall, the feature that inequality alwaysin
reases is obviously overly restri
tive,A useful way to enri
h the model, while preserving the tra
tabil-ity of the Ornstein-Uhlenbe
k me
hanism, is to allow the evolvingdistribution Ft not to be simply the distributions of a s
alar (6.6){(6.7), but to be instead a 
onvolution of a mixture distribution (a
rossX(0)'s, say) together with that in (6.6){(6.7). A spe
ial 
ase of thispreserves the lognormality in Ft but frees up its mean and varian
eparameters so that these latter evolve through time less restrainedly:
Example 6.6 Suppose that f �1(t); �2(t) : t � 0 g has �2(t) > 0, andea
h Ft has density
ft(x) = (2��2(t))�1=2 � x�1 � exp( � (log x� �1(t))22�2(t) ) ; for x > 0.Then

I`(Ft) = �2(t)1=2;
E(Ft) = exp( �1(t) + �2(t)=2 );

IG(Ft) = 2� FN(0;1) � �2(t)1=2=p2 �� 1:The expe
ted Poverty Head
ount Index isE �HCx(t) j F0� = E �FN(0;1) � (log x� �1(t))=q�2(t)� j F0� :{88{



Growth and distributionInequality, whether measured by I` or IG 
an now rise or fall throughtime; so too the Poverty Head
ount. Depending on the relative mag-nitudes of the underlying 
hanges in �1 and �2, a wide range ofbehavior in growth and inequality 
an be 
aptured. By 
ontrast,the Ornstein-Uhlenbe
k model of Example 6.5 restri
ted �1(t) =e��t logX(0) and �2(t) = (1� e�2�t)�2=2�.In Example 6.6 a law of motion for the hyper-parameters �(t)would imply restri
tions on the transition operator for fFt : t � 0g,but would typi
ally not uniquely identify that operator. Despite thisla
k of identi�
ation, the Poverty Head
ount Index 
an, obviously, be
omputed straightforwardly. The following Example illustrates thesame point but is also interesting in its own right.
Example 6.7 Suppose that f �1(t); �2(t) : t � 0 g has �1(t) > 0 and�2(t) > 1 and

Ft(x) = 8<:1� (�1(t)=x)�2(t); for x � �1(t);0 otherwise:Then
E(Ft) = (�2(t)� 1)�1 �2(t)�1(t);

IG(Ft) = (2�2(t)� 1)�1 :Measured growth is _E=E = _�1�1 � (�2 � 1)�1 _�2�2 ;while the expe
ted Poverty Head
ount Index isE �HCx(t) j F0� = E h 1� (�1(t)=x)�2(t) j �1(0); �2(0) i :Using growth and distribution data, Quah (2003) has estimatedversions of Examples 6.6 and 6.7 for China and India. He 
on
ludes{89{



Growth and distributionthat given the histori
al experien
e over 1980{1992 it is growth thathas dominated the evolution of Poverty Head
ounts, even with therapid rise of inequality in China over this period. For instan
e, : : :.The advantage of : : :.Using related ideas Sala-i-Martin (2002a,b) provide : : :. Deaton(2005). Chen and Ravallion (2001, 2004b).To 
ontinue this dis
ussion we broaden the s
ope of how growthand inequality 
an a�e
t a population. Instead of fo
using on onlythe fra
tion of the population that remaining poor, we ask insteadhow welfare varies over time and a
ross the 
ross se
tion. To do thiswe hypothesize dynami
 utility fun
tions for ea
h person, and then
onfront that individual with di�erent dynami
ally evolving distribu-tion pro
esses in in
ome or 
onsumption. We 
an then 
alibrate therelative importan
e of growth and inequality 
omponents in a�e
tingwelfare (Quah, 2007).
6.4 Dynamics of UtilityAssume time is 
ontinuous and agents live for t in [0;1). (The pre-vious se
tions have developed a 
ontinuous-time sto
hasti
 pro
essma
hinery so it is 
onvenient to preserve that stru
ture here. Buta further reason for a 
ontinuous-time analysis is that in dis
retetime, sudden large 
hanges in 
onsumption|disasters or takeo�s|are subtle to des
ribe, whereas in 
ontinuous time they are simplydis
ontinuities in timepaths.)Write Cj(t) for the 
onsumption of individual j at time t. Supposethat the long-run 
onditional expe
tation� = limt!1E h log(Cj(t)=Cj(0)) � t�1 j Cj(0) i (6.8)is invariant a
ross j, i.e., that the e
onomy has some 
onstant long-run proportional growth rate in 
onsumption, the same for everyone.For example, in balan
ed growth steady state for a Solow growth{90{



Growth and distributionmodel this 
onstant would be the rate of te
hni
al progress, hen
ethe notation � on the left side of (6.8). More generally, � is theaggregate growth rate of the e
onomy.Write individual 
onsumption 
u
tuations as j-indexed sto
hasti
pro
esses: Zj(t) def= log hCj(t)e��t i (6.9)so that we 
an write Cj(t) = eZj(t)e�t:Colle
tion Z des
ribes 
onsumption di�eren
es a
ross people. Thus� represents aggregate e
onomi
 growth and Z inequality. Stri
tly,the 
olle
tion Z of 
ourse 
hara
terizes everything about the 
ross-se
tion distribution but referring to it as simply inequality denotesbetter the analysis's intent. If doing so misleads, at least it does soin an inno
uous way.Equations (6.8){(6.9) de�ne Z by using � to transform C. Theydo not assume inequality and growth are fun
tionally independent|both Z and � are indu
ed from a single underlying me
hanism forC. Moreover, while these equations restri
t Z's trend, they do notrequire that Z be stationary with bounded varian
e. For instan
e,Z might be Brownian motion independent a
ross j, and inequalitywould then be always in
reasing through time (as in Example 6.4)even as 
onsumption obeys the trend growth in equation (6.8).The utility experien
ed by an agent in a growing but unequal so-
iety varies with that agent's 
onsumption timepath, but not that ofanyone else. Thus, an agent's utility does not depend on aggregate so-
ial indi
ators su
h as the shape, dispersion, or other 
hara
terisiti
sof the e
onomy-wide 
onsumption distribution.23For 
on
reteness assume that the agent's utility, 
onditional on23 This individualisti
 restri
tion is 
onsistent with the so
ial wel-fare fun
tion approa
h to in
ome inequality|see, e.g., Cowell (1995,Ch. 3). {91{



Growth and distributiontime-t information, isWj(t) = Et � Z 1t e�(s�t)�U(Cj(s)) ds � ; � > 0; (6.10)where the positive dis
ount rate � will be required, in Theorem 6.8,to be suÆ
iently large. Say that the instantaneous utility fun
tion Ushows 
onstant relative risk aversion (CRRA) whenU(
) = 
1�R � 11�R ; R > 0: (6.11)In so
ial welfare analysis of in
ome inequality the 
oeÆ
ient R isknown as the inequality aversion parameter (see, e.g., Cowell, 1995,Ch. 3).We seek to quantify how di�erent patterns of growth and inequal-ity (�; Z) a�e
t welfare (6.10). The 
al
ulation is similar to that inthe analysis of the relative importan
e of growth and business 
y-
les in Lu
as (1981, Ch. 3) but with two signi�
ant di�eren
es. One,the e
onomi
 interpretation: we treat Z as inequality rather thanbusiness 
y
les. Two, the model here evolves in 
ontinuous ratherthan dis
rete time. While this se
ond feature might seem merelyte
hni
al|drawing on the resolvent operators of Se
tion 3.5|it al-lows expli
itly modelling events su
h as sharp dis
rete takeo�s andgrowth disasters. Su
h behaviour manifest as dis
ontinuities in thetimepath whereas they would be unavailable in a dis
rete-time frame-work. Features like these matter more for growth and inequality thanfor business 
y
les.Sin
e Cj is Markov, so too is Zj . Hereafter, ex
ept where doingso 
auses ambiguity, the j subs
ript will be suppressed. AssumeZ has time-homogeneous transitions, with the asso
iated transitionsemigroup fTt g and resolvent R� (Se
tion 3.5). Lifetime utility 
anthen be expressed in the following 
onvenient form:
Theorem 6.8 Let 
onsumptionfC(t) : t � 0 g ;{92{



Growth and distributionobeying (6.8), be Markov with time-homogeneous transitions, andlet lifetime utility (6.10) have U CRRA, as in (6.11). Assume � >maxf 0; (1 �R)� g. De�nee� def= �� (1�R)�;eU(z) def= 8<:(1�R)�1e(1�R)z for R 6= 1;z otherwise;and denote by R� the resolvent for the inequality pro
ess Z(t) =C(t)e��t. Then 
onditional on C(0),W (0) = (Re� eU)(logC(0)) +8<:�(1�R)�1��1 for R 6= 1;���2 otherwise.In words, up to an additive 
onstant, lifetime utility equals the re-solvent operator for growth-dis
ounted 
onsumption Z(t) = C(t)e��t,evaluated at a modi�ed instantaneous utility fun
tion eU and for theresolvent � set to a suitably adjusted dis
ount rate e�. The resolventexpression Re� eU 
an be either expli
itly 
al
ulated or 
onveniently
hara
terized for a range of inequality pro
esses.
Theorem 6.9 Assume the hypotheses of Theorem 6.8 and let inequalityZ be Brownian Motion with varian
e parameter �2 > 0, i.e., Z(t) =�B(t). De�ne the fun
tion r : R4 ! R byr(R; �; �; �) = (1�R)� � �� (1�R)� � 12(1�R)2�2 � : (6.12)Provided e� > 12(1�R)2�2 then(Re� eU)(z) = 8<:r(R; �; �; �)�1 � e(1�R)z for R 6= 1;��1z otherwise.Dis
ontinuities in the 
onsumption timepath, to 
apture suddendis
rete upwards jumps or 
onversely e
onomi
 disasters, 
an be mod-elled using Markov 
hains. The spe
ialization of Theorem 6.8 
an bestated as the following. {93{



Growth and distribution
Theorem 6.10 Assume the hypotheses of Theorem 6.8 and let inequal-ity Z be a point-dis
rete Markov 
hain (M;z; P; f0) with statesz0; z1; z3; : : : ; zM�1; zm < zm+1;and time-homogeneous transition probability matri
esfP0;t = Pt : t � 0 g :Let G be the in�nitesimal generator of the semigroup P ,

G = limt#0 Pt � It ;and de�ne the ve
torU = � eU(z0) eU(z1) � � � eU(zM�1)�> :Then (Re� eU)(zm) = h (e��G)�1U i (m); m = 0; 1; : : : ;M � 1:Theorem 6.10 allows 
al
ulating the utility for an agent fa
ing aMarkov 
hain pro
ess in inequality using nothing more than matrixinversion.Combining Theorems 6.8{6.9 give that when Z is Brownian mo-tion and logC(0) = Z(0) = z thenW (0) =8<:r(R; �; �; �)�1 � e(1�R)z � (1�R)�1��1 for R 6= 1;��1z + ���2 otherwise (6.13)with multiplier r from (6.12).(For 
ompleteness and to aid intuition, an appendix, Se
tion 8,
ontains 
ounterpart 
al
ulations for when time is dis
rete.)The Table � � � .Benabou, mobility. {94{



Growth and distribution
6.5 Dynamics of World Income InequalityAlthough the bias impli
it in our analysis has been to work with thedistributions dire
tly, the dis
ussion in this se
tion 
onne
ts also withthe extremely large literature on within-
ountry in
ome inequality.The question 
onsidered here is, How mu
h of world in
ome in-equality is due to inequality a
ross 
ountries, and how mu
h to in-equality a
ross people within a given 
ountry?Let Y denoteDe
omposition: Inequality between and within 
ountries.(Rewrite extant de
ompositions in Lebesgue-Stieltjes in-tegral form.) Generalized Entropy indexes. Bourguignon(1979). Shorro
ks (1980). Cowell (1995). Sala-i-Martin(2002a,b).
6.6 PolarizationThe. Anderson (2004)Esteban and Ray (1994), Wolfson (1994).De
omposition?
6.7 Spatial inequality and distributionSpatial hazard models. Quah (2002). Quah and Simpson(2003). Duranton and Overman (2002). Duranton andPuga. Ioannides.
7 ConclusionThis. {95{



Growth and distribution
8 Appendix: Discrete-time dynamics of utilityDis
rete-time 
ounterparts to the Se
tion 6.4 
al
ulations on welfareprovide a dire
t 
he
k and further intuition to those 
ontinuous-timeresults.For this se
tion only, suppose time is dis
rete, t = 0; 1; 2; : : : , andthat preferen
es for agent j at time t are des
ribed by:Wj(t) = Et� 1Xs=0 ÆsU(Cj(s)) �; Æ 2 (0; 1); (8.1)with instantaneous utility U again CRRA as in (6.11),U(
) = 
1�R � 11�R ; R > 0:Suppose 
onsumption is:Cj(t) = Zj(t)�t; � � 1; (8.2)for ea
h j, i.e., a trending, lognormally-distributed �rst-order au-toregression, with the underlying growth rate � 
ommon a
ross thepopulation.Let the 
ross-se
tional di�eren
es Zj(t) satisfy:Zj(t) = zj�j(t);so that initial 
onsumption 
onditional on the sto
hasti
 disturban
e�j(0) is Cj(0) = zj�j(0):Let � be stationary and follow:log �j(t) = �12(1 + �)�1�2j + � log �j(t� 1) + �j(t); (8.3)with j�j < 1 and �j(t) � iid N(0; �2j ): (8.4){96{



Growth and distributionEquations (8.3){(8.4) imply �j is Markov. In the un
onditional dis-tribution E log �j(t) = �12(1� �2)�1�2jand Var log �j(t) = (1� �2)�1�2j ;implyingE�j(t) = exp �E log �j(t) + 12 Var log �j(t) �= exp ��12(1� �2)�1�2j + 12(1� �2)�1�2j � = 1and Var �j(t) = exp h(1� �2)�1�2j i� 1;in
reasing in �2j .Equation (8.2) then gives the un
onditional expe
tationECj(t) = zj�t; t � 0;i.e., zj parametrizes the (un
onditional) expe
ted level of j's 
on-sumption pro�le, with the initial value ECj(0) = zj .More generally, �j(t) is 
onditionally lognormal:log �j(t0 + t) �� �j(t0)� N

 �t log �j(t0)� 1� �t1� �2 �2j2 ; 1� �t1� �2�2j! for any t > 0: (8.5)The value to (8.1) 
an then be dire
tly 
al
ulated:
Theorem 8.1 Assume utility has the form (6.11) and that 
onsumptionevolves from the 
ombination of growth and inequality given in (8.2){(8.4). There are two 
ases: {97{



Growth and distribution(i) When R = 1,Wj(0; �j(0); �; zj ; �2j ; �) = (1� Æ�)�1 log �j(0)+ Æ(1� Æ)2 log �+ 11� Æ log zj� Æ(1� Æ)(1� Æ�)(1 + �) � �2j2 :(ii) Otherwise,Wj(0; �j(0); �; zj ; �2j ; �) = (1�R)�1 �� 11� Æ + (zj)1�R���j(0)1�R + e�(1�R)R(1��2)�1�2j =2 �1Xt=1 Æt��(R�1)teD1�te�D2�2t��;where D1 = (1�R) " log �j(0) + (1� �2)�1�2j2 # andD2 = (1�R)2(1� �2)�1�2j2 > 0:(As with the other results, the proof to Theorem 8.1 is in Se
tion 9.)
9 Technical AppendixThis Te
hni
al Appendix has two purposes: First, provides a brief re-minder of mathemati
al details used in the text. Se
ond, it 
ontainsproofs to all the results developed in the text. On the te
hni
al de-tails, analysis and probability monographs su
h as Ash (1972) providefurther ba
kground if the reader wishes to investigate more deeply.Re
all that a fun
tion � has variation on interval [a; b℄ de�ned tobe supPPi j�(xi+1) � �(xi)j for P that are partitions of [a; b℄ givenby f xi : integer i g where xi < xi+1. Variation assesses 
hoppiness.{98{



Growth and distributionA fun
tion has bounded variation when it has �nite variation on itsdomain.A fun
tion � is absolutely 
ontinuous on [a; b℄ when for any pos-itive � there is Æ su
h that for all positive integer M and all families(a1; b1), (a2; b2), . . . , (aM ; bM ) of open disjoint subintervals of [a; b℄,we have MXi=1 jbi � aij < Æ =) MXi=1 j�(bi)� �(ai)j < �:If a fun
tion is absolutely 
ontinuous, then it has bounded variation.Distinguish absolute 
ontinuity from uniform 
ontinuity, also used inTheorem 3.4 of Se
tion 3.1.2 in the text. Fun
tion � is uniformly
ontinuous if for any positive � there is Æ su
h that8x0; x : jx0 � xj < Æ =) j�(x0)� �(x)j < �:The 
ru
ial distin
tion in uniform 
ontinuity from (ordinary) 
onti-nuity is that Æ 
an be 
hosen independent of the parti
ular x in �'sdomain, i.e., the 
riterion above applies uniformly, for all x.Some probability results useful for understanding the dis
ussionof bandwidth 
hoi
e surrounding Theorems 3.5 and 3.6 are routinelyused in e
onometri
 theory but are perhaps less familiar in ma
roe-
onomi
s dis
ussion. For 
ompleteness, I state them here.
Lemma 9.1 (
r Inequality) If for r positive the random variables Z0 andZ1 have �nite r-th absolute moments, thenEjZ0 + Z1jr � 
r � (EjZ0jr +EjZ1jr)where 
r is 1 if r 2 (0; 1) and 2r�1 if r � 1.The 
r inequality is dis
ussed in Chung (1974, Ex. 12, p. 48) andWhite (1984, Prop. 3.8, p. 33).
Lemma 9.2 (Hölder Inequality) If Z0 and Z1 are random variables andp; q > 1 su
h that p�1 + q�1 = 1, thenjEZ0Z1j � EjZ0Z1j � (EjZ0jp )1=p (EjZ1jq )1=q :{99{



Growth and distributionSee Chung (1974, p. 47) and White (1984, Prop. 3.4, p. 30). SettingZ1 = 1, jZ0j = jZjr for r > 0, and r0 = rp, the H�older Inequalitygives (EjZjr )1=r � �EjZr0 �1=r0 ; for 0 < r < r0 <1(a spe
ial 
ase that is also known as the Liapounov Inequality).The limiting distribution result Theorem 3.5 draws on a 
entrallimit theorem for doubly-indexed random variables:
Theorem 9.3 (Liapounov CLT) LetfZJj : j = 1; : : : ; J ; J = 1; 2; 3; : : : gbe a doubly-indexed array of random variables where(i) for ea
h J the random variables fZJj : j = 1; : : : ; J g are mu-tually independent;(ii) Var(ZJj) 6= 0;(iii) for some r > 2,�PJj=1EjZJj �EZJj jr�1=rVar1=2 �PJj=1 ZJj� ! 0 as J !1. (9.1)Then J�1=2 �PJj=1[ZJj �EZJj ℄�Var1=2 �J�1=2PJj=1 ZJj� d�! N(0; 1) as J !1:This Liapounov CLT for doubly-indexed random variables is givenin Chung (1974, Se
tions 7.1{7.2, p. 209 in parti
ular), Loeve (1977,Se
tion 21.1, pp. 286{290) and White (1984, Theorem 5.11, p. 113).Relation (9.1) is often known as the Liapounov 
ondition: it asserts,roughly, that some moment order higher than 2 must grow more{100{



Growth and distributionslowly than that of order 2. Che
king this 
ondition will 
onstitutean important part of establishing the limiting properties for the kerneldensity estimator.Also used repeatedly in the 
al
ulations to follow is this:
Lemma 9.4 Suppose kernel K in De�nition 3.2 is bounded andZ

K(x)x2 dx <1:Then for all q � 1:Z
K(x)qx2 dx <1 and Z

K(x)q dx <1:
Proof of Lemma 9.4 WriteZ

K(x)qx2 dx = Z
K(x)K(x)r�1x2 dx� � supx K(x)r�1 �� Z K(x)x2 dx<1:Use this inZ

K(x)q dx = Zjxj�1 K(x)q dx+ Zjxj>1 K(x)q dx� [ supx K(x)q ℄ Zjxj�1 dx+ Zjxj>1 K(x)qx2 dx <1:Q.E.D.The pointwise 
entral limit result Theorem 3.5 is, interestingly,not given in standard texts su
h as Silverman (1986). With someslight variation, it is provided in, e.g., Pagan and Ullah (1999, The-orem 2.10, p. 41) or Prakasa Rao (1983, pp. 61{62), but where itappears as a minor 
onsequen
e of deeper, more abstra
t results, oris proven only in tandem with many other propositions, so that an{101{



Growth and distributionapplied resear
her might sometimes fa
e diÆ
ulty in assessing whatis 
riti
al for the result's validity. For 
ompleteness, therefore, a rel-atively self-
ontained proof is given here.The proof 
onsists of two prin
ipal parts. First, verify the Lia-pounov 
ondition (9.1) on the deviation of the kernel estimator fromits expe
tation; then, 
orre
t that expe
tation for its asymptoti
 bias.The se
ond of these requires bandwidth bJ = o(J�1=5).
Proof of Theorem 3.5 Fix a point xy with fX(xy) 6= 0 and forbfX;b(xy) = J�1 JXj=1 b�1J K

 xy � xjbJ !write the right-side summandsZJj def= b�1J K

 xy � xjbJ ! :From (iv) write the se
ond-order Taylor's series expansion of fX(xy�xbJ) about bJ = 0 as
fX(xy � xbJ ) = fX(xy)� f 0X(xy)xbJ + 12 f 00X(xy)x2b2J + o(b2J):Using this 
al
ulate for q > 0,EZqJj = Z b�qJ K

 xy � xbJ !q
fX(x) dx= b1�qJ Z

K(x)q fX(xy � xbJ) dx= b1�qJ �
fX(xy) Z K(x)q dx� f 0X(xy)bJ Z K(x)qx dx+12 f 00X(xy)b2J Z K(x)qx2 dx+ o(b2J) �= b1�qJ �
fX(xy) Z K(x)q dx+ 12 f 00X(xy)b2J Z K(x)qx2 dx+o(b2J) �; (9.2){102{



Growth and distributionwhere the se
ond equality applies a 
hange of variables, the third usesthe se
ond-order Taylor's series expansion, and the fourth uses (ii) Ksymmetri
 implying R K(x)qx dx = 0. From (i), (iii), and Lemma9.4, we have that for all q � 1, R K(x)qx2 dx < 0 and R K(x)q dx < 0.Then (9.2) has for q = 1, 2, and r, respe
tively,EZJj = fX(xy) +O(b2J ); (9.3)EZ2Jj = b�1J fX(xy) Z K(x)2 dx+O(b2J); (9.4)EZrJj = b1�rJ �
fX(xy) Z K(x)r dx+O(b2J) �= b1�rJ fX(xy) Z K(x)r dx+O(b3�rJ ): (9.5)Using (9.3) and (9.4) givesVar (ZJj ) = EZ2Jj � (EZJj )2= b�1J fX(xy) Z K(x)2 dx� fX(xy)2 +O(bJ)=) Var� JXj=1ZJj � = Jb�1J fX(xy) Z K(x)2 dx+O(J): (9.6)Also, by 
r and H�older Inequalities, Lemma 9.1 and 9.2, and (9.5),� JXj=1 EjZJj�EZJj jr �� 2r JXj=1 EjZJj jr= 2r � Jb1�rJ fX(xy) Z K(x)r dx+O(Jb3�rJ )� :

{103{



Growth and distributionLiapounov 
ondition (9.1) then follows from�PJj=1 EjZJj �EZJj jr �1=rVar1=2�PJj=1 ZJj � = O(J1=rb1=r�1J )O(J1=2b�1=2J )= O � (JbJ )r�1�2�1 �! 0 sin
e JbJ !1 as J !1. (9.7)UsingVar1=2� J�1=2 JXj=1ZJj � = � b�1J fX(xy) Z K(x)2 dx+O(1) �1=2=) b1=2J Var1=2� J�1=2 JXj=1ZJj � = �
fX(xy) Z K(x)2 dx �1=2+ o(1)andb1=2J J�1=2 JXj=1(ZJj �EZJj) = (JbJ )1=2 h bfX;b(xy)�E bfX;b(xy) i ;the Liapounov CLT Theorem 9.3 gives(JbJ)1=2 h bfX;b(xy)�E bfX;b(xy) i[ fX(xy) R K(x)2 dx ℄1=2 d�! N(0; 1): (9.8)To obtain the 
on
lusion we need to establish the asymptoti
 biasvanishes relative to the normalizing (JbJ )1=2 in the Liapounov CLT,i.e., that( JbJ )1=2 hE bfX;b(xy)� fX(xy) i[ fX(xy) R K(x)2 dx ℄1=2 ! 0 as J !1: (9.9){104{



Growth and distributionSin
e (9.3) gives hE bfX;b(xy)� fX(xy) i = O(b2J);
ondition (v) J1=5bJ ! 0 as J ! 1 implies (9.9). Combining (9.8)and (9.9),(JbJ )1=2 h bfX;b(xy)� fX(xy) i[ fX(xy) R K(x)2 dx ℄1=2= (JbJ)1=2 h bfX;b(xy)�E bfX;b(xy) i[ fX(xy) R K(x)2 dx ℄1=2 + o(1) d�! N(0; 1):Q.E.D.The Liapounov limiting normal distribution (9.8) obtains withnothing more than JbJ ! 1 in (9.7). However, that limit distribu-tion is 
entered about the the expe
tation E bfX;b(xy) rather than theunderlying population quantity fX(xy). That J1=5bJ ! 0 guaranteesthis asymptoti
 bias 
onverges to zero.Embedded in the proof is also the result that the bandwidth 
hoi
ethat most rapidly for
es to zero the mean square error of the estimatoris bJ = O(J�1=5), i.e., slower than the rate that gives a properly
entered limit normal distribution. To see this, noti
e (9.3) and (9.4)give ���E bfX;b(xy)� fX(xy)���2 = O(b4J) (9.10)Var � bfX;b(xy)� = ( JbJ )�1 fX(xy) Z K(x)2 dx+ o(� JbJ )�1 � ;(9.11)so that mean square error is O(b4J) + O( (JbJ )�1 ). The faster bJ
onverges to zero, so too the �rst 
omponent O(b4J), but at the 
ostof slowing the 
onvergen
e rate in the se
ond, O( (JbJ )�1). Sin
e theless rapid rate dominates, the optimal mean square error 
onvergen
e{105{



Growth and distributionrate equates the two, by setting bJ = O(J�1=5), so that mean squareerror then 
onverges at its fastest rate, as O(J�4=5). But with thisbandwidth,(JbJ )1=2 h bfX;b(xy)� fX(xy) i[ fX(xy) R K(x)2 dx ℄1=2= (JbJ)1=2 h bfX;b(xy)�E bfX;b(xy) i[ fX(xy) R K(x)2 dx ℄1=2+ (JbJ)1=2 hE bfX;b(xy)� fX(xy) i[ fX(xy) R K(x)2 dx ℄1=2has the se
ond term on the right O(1) and the �rst term 
onvergingin distribution to N(0; 1), so that the resulting limit distribution 
anno longer be used for inferen
e.Despite this, a minimum mean square error 
riterion is often usedto justify bandwidth and kernel 
hoi
e. Developing this expli
itlyrequires more detail than available in (9.10) and (9.11). Under hy-potheses (i){(iv) of Theorem 3.5, equation (9.2) with q = 1 givesE bfX;b(xy)� fX(xy) = 12 f 00X(xy)b2J Z K(x)x2 dx+ o(b2J)=) ���E bfX;b(xy)� fX(xy)���2 = � 12b2J Z
K(x)x2 dx �2 f 00X(xy)2+ o(b4J);while from (9.6),Var � bfX;b(xy)� = (JbJ )�1� Z K(x)2 dx �fX(xy) +O(J�1):
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Growth and distributionMean integrated square error is thenMISE def= Z ���E bfX;b(xy)� fX(xy) ���2 dxy + Z Var � bfX;b(xy)� dxy= �12b2J Z K(x)x2 dx�2 Z f 00X(x)2 dx+ (JbJ )�1 Z K(x)2 dx+ o(b4J) +O(J�1):By the reasoning following (9.10) and (9.11) we 
an ignore the trailingorder terms on the right side provided bJ ! 0 and J !1.To give the optimal kernel and bandwidth minimizing MISE,it is ne
essary to provide �rst an analyti
al 
hara
terization of theEpane
hnikov kernel in Table 3.1. Do so in Lemma 9.5. That Lemmaand Theorem 9.6 are not used elsewhere in the paper. They are there-fore stated and proven in this Te
hni
al Appendix and numbereda

ordingly.
Lemma 9.5 The probleminf

K

�Z 10 K(x)x2 dx��Z 10 K(x)2 dx�2 (9.12)a
ross K's that are symmetri
 kernel densities is solved by paraboli
densities of the form� > 0 : K(x) = 8<:34��1 � 1� ��2x2 � for jxj � �,0 otherwise; (9.13)i.e., all densities (9.13) a
hieve the same minimized value for theobje
tive fun
tion in (9.12), independent of �. If, further,Z 1�1 K(x)x2 dx = 1is imposed then the unique solution to the minimization problem is
K(x) = � 34 �1� 15x2� 5�1=2 �� Ifjxj6p5g(x): (9.14){107{
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Proof of Lemma 9.5 Sin
e R10 K(x) dx = 12 
onstru
tL = �Z 10 K(x)x2 dx��Z 10 K(x)2 dx�2� � � Z 10 K(x) dx� 12 � ; � 2 R :Consider perturbations in K of the formeK�(x) = K(x) + �W(x); � 2 R ;where the test fun
tion W is symmetri
 and integrable but otherwiseunrestri
ted, and the s
alar � 
an be 
hosen suÆ
iently small so thateK� remains non-negative. The Lagrangean fun
tionL(�;�) = �Z 10 eK�(x)x2 dx��Z 10 eK�(x)2 dx�2� � � Z 10 eK�(x) dx� 12 �implies�L�� = �Z 10 W(x)x2 dx��Z 10 eK�(x)2 dx�2+ 4�Z 10 eK�(x)x2 dx��Z 10 eK�(x)2 dx�Z 10 eK�(x)W(x) dx� � � Z 10 W(x) dx � :If an optimum K exists (to be veri�ed by 
al
ulating one expli
itly)denote �0 = Z 10 K(x)2 dx and �1 = Z 10 K(x)x2 dxand noti
e that at an optimum, �L=�� = 0 at � = 0, i.e.,�L�� �����=0 = Z 10 h �20x2 + 4�0�1K(x)� � iW(x) dx = 0:{108{



Growth and distributionBut sin
e W is arbitrary and K(x) � 0 we must have�20x2 + 4�0�1K(x)� � = 0 =)
K(x) = 8<:( 4�0�1 )�1 ��� �20x2 � for jxj � �1=2��10 ,0 otherwise, (9.15)with � > 0. The form (9.15) gives12 = Z 10 K(x) dx = ( 4�0�1 )�1 Z �1=2��100 h�� �20x i dx= ( 4�0�1 )�1 ���� 13�20x2� x2 �����1=2��100 �= 12 (3�0�1)�1 �3=2�0 =) � = �3�20�1�2=3and �0 = Z 10 K(x)2 dx = (4�0�1)�2 Z �1=2��100 h�� �20x i2 dx= (4�0�1)�2 � �405 x4 � 23��20x2 + �2!x �����1=2��100 �= 32=310 (�0=�1)1=3 =) �0 = 3103=2 ��1=21 :Together these imply � = (3=10)2 and that the obje
tive fun
tion in(9.12) a
hieves value �1�20 = 32=103, independent of �1. Substitutingfor � and �0 in (9.15) and letting � = (10�1)1=2 > 0 veri�es (9.13).Finally, imposing R1�1 K(x)x2 dx = 1 gives �1 = R10 K(x)x2 dx = 1=2and thus � = p5, verifying (9.14). Q.E.D.If, 
ontrary to the last part of Lemma 9.5, R1�1;K(x)x2 dx = 1 isviolated then solutions su
h as

K(x) = 34 � 1� x2 �� Ifjxj61g(x);{109{



Growth and distributiondi�erent from the kernel in (9.14), be
ome available; see, e.g., Hardleand Linton (1994, Table 1, p. 2303) and Pagan and Ullah (1999,p. 28).The obje
tive fun
tion in (9.12), and thus Lemma 9.5, will playa 
entral role in analyzing MISE.
Theorem 9.6 Assume hypotheses (i){(iv) of Theorem 3.5 and bJ ! 0as J ! 1. Then for J large, the (K; bJ ) minimizing MISE 
an betaken to be

K(x) = � 34 �1� 15x2� 5�1=2 �� Ifjxj6p5g(x)(i.e., equation (9.14) of Lemma 9.5) andbJ = J�1=5 �R
K(x)2 dx�1=5( R K(x)x2 dx )2=5 ( R f 00X(x)2 dx )1=5 (9.16)= J�1=5 �3� 5�3=2�1=5( R f 00X(x)2 dx )1=5 :De�ning �(K) def= �Z

K(x)x2 dx�2=5 �Z K(x)2 dx�4=5 ;the minimized MISE is�(K)J�4=5 �( 54 �Z f 00X(x)2 dx�1=5)= � 3� 5�3=2 �4=5 J�4=5 �( 54 �Z f 00X(x)2 dx�1=5 ) : (9.17)
Proof of Theorem 9.6 For suÆ
iently large J , MISE is�12b2J Z K(x)x2 dx�2 Z f 00X(x)2 dx+ (JbJ )�1 Z K(x)2 dx: (9.18){110{



Growth and distributionMinimize this �rst over bJ and then over K. Setting to zero the �rstderivative of (9.18) with respe
t to bJ givesb5J = J�1 R
K(x)2 dx( R K(x)x2 dx )2 R f 00X(x)2 dx ;verifying (9.16). Substituting this into (9.18) gives14 �Z K(x)x2 dx�2 �Z f 00X(x)2 dx� J�4=5� �R

K(x)2 dx�4=5( R K(x)x2 dx )8=5 ( R f 00X(x)2 dx )4=5+ �Z K(x)2 dx� J�4=5 �R
K(x)2 dx��1=5( R K(x)x2 dx )�2=5 ( R f 00X(x)2 dx )�1=5= 54 �Z K(x)x2 dx�2=5 �Z f 00X(x)2 dx�1=5 �Z K(x)2 dx�4=5� J�4=5= 54�(K)J�4=5 �Z f 00X(x)2 dx�1=5 ;verifying the left side of (9.17). Minimizing MISE in (9.18) thereforeredu
es to minimizing �(K) over 
hoi
e of K. But by Lemma 9.5, thelatter minimization subje
t to (i){(iii) of Theorem 3.5 is a
hieved bysele
ting K in (9.14). Substituting this kernel into the right-side ofequation (9.16) re
overs the expression following the latter, and intothe left side of equation (9.17) re
overs the right side. Q.E.D.The left side of equation (9.17) allows a natural 
omparison a
rosskernels. Using an arbitrary K on sample size J a
hieves only the sameMISE as using the optimal kernel KEp in (9.14) on a hypotheti
al(smaller) sample size JEp, where�(K)J�4=5 = �(KEp)J�4=5Ep :{111{



Growth and distributionThe ratioJEp=J = [�(KEp)=�(K) ℄5=4= 35p5 �Z K(x)x2 dx��1=2 �Z K(x)2 dx��1 (9.19)
an then be de�ned to be the relative eÆ
ien
y of kernel K. Valuesof this for several 
ommonly-used kernels are given in Table 3.2.Continue from here with proofs of results in the body of the paper.
Proof of Proposition 3.12 To prove (i) noti
e that by equation (3.24)the typi
al entry in ft+s is

ft+s(m0) = Z xm0+1xm0 ft+s(x0) dx0= Z xm0+1xm0 � Z 1�1 pt;s(x; x0)� ft(x) dx � dx0:Sin
e Ft is pie
ewise linear, the integrand 
an be re-written:Z 1�1 pt;s(x; x0)� ft(x)dx = M�1Xm=0 Z xm+1xm pt;s(x; x0)� ft(x) dx= M�1Xm=0 " Z xm+1xm pt;s(x; x0) dx # � ft(xm)so that
ft+s(m0) = Z xm0+1xm0 M�1Xm=0 " Z xm+1xm pt;s(x; x0) dx # � ft(xm) dx0= M�1Xm=0� Z xm0+1xm0 Z xm+1xm pt;s(x; x0) dx dx0 �� ft(xm):Using again equation (3.24)

ft(m) = ft(xm)� [xm+1 � xm ℄{112{



Growth and distributiongives
ft+s(m0)= M�1Xm=0 " (xm+1 � xm)�1 � Z xm0+1xm0 Z xm+1xm pt;s(x; x0) dx dx0 #� ft(m)= M�1Xm=0 Pt;s(m;m0)� ft(m)so that ft+s = P>t;s � ft with Pt;s given in equation (3.27). To prove(ii) write�Pt;s�� (m)= (xm+1 � xm)�1 Z xm+1xm M�1Xm0=0 Z xm0+1xm0 pt;s(x; x0) dx0 dx� �(m0)= (xm+1 � xm)�1 Z xm+1xm M�1Xm0=0 Z xm0+1xm0 pt;s(x; x0)�(x0) dx0 dx= (xm+1 � xm)�1 Z xm+1xm Z 1�1 pt;s(x; x0)�(x0) dx0 dx= (xm+1 � xm)�1 Z xm+1xm (Tt;s�)(x) dx;establishing equation (3.28). If for ea
h x0 the fun
tion pt;s(�; x0) ispie
ewise 
onstant on [xm; xm+1) then(Tt;s�)(x) = Z 1�1 pt;s(x; x0)�(x0) dx0is similarly pie
ewise 
onstant on [xm; xm+1) so that the interval av-erage in equation (3.28) be
omes just (Tt;s�)(xm). Q.E.D.
Proof of Theorem 3.14 The transition density pt(xy; x) of BrownianMotion �B is, by de�nition, the pdf of a N(x; �2t) random variable.But the right side of equation (3.34) is exa
tly that pdf, thereby{113{
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on�rming the �rst part of the Theorem. To obtain the resolventkernel (3.35) begin by 
al
ulating that for standard Brownian Motion.When � = 1, the resolvent kernel isZ 10 e��t(2�t)�1=2e�(x�xy)2=2t dt= (2=�)�1=2 Z 10 e�[�t2+(x�xy)2=2t2℄ dt; (9.20)where the expression on the right follows from applying the 
hangeof variable t0 = t1=2 and then relabelling. De�ne � = jx� xyjp�=p2and s = (�=�)1=2 � t, and res
ale and 
omplete the square in theexponent on the right side of (9.20):�t2 + (x� xy)22t2 = � � �� t2 + ��t�2 �= � h s2 + s�2 i = � h (s� s�1)2 + 2 i :Sin
e dt = (�=�)1=2 ds the right side of (9.20) be
omes(2=�)�1=2(�=�)1=2e�2� Z 10 e�(s�1=s)2� ds:ButZ 10 e�(s�1=s)2� ds = Z 10 e�(s�1=s)2� ds+ Z 11 e�(s�1=s)2� ds= Z 10 e�(s�1=s)2� ds+ Z 10 e�(s�1=s)2� � s�2 ds= Z 10 e�(s�1=s)2� � (1 + s�2) ds= Z 10 e�t2� dt = (�=2)1=2(2�)�1=2:Therefore,Z 10 e��t(2�t)�1=2e�(x�xy)2=2t dt= e�2� 1p2� = e�(2�)1=2 jx�xyj � 1p2� :{114{



Growth and distributionThe resolvent kernel for X = �B 
an then be 
al
ulated:G�(xy; x) = Z 10 e��t pt(xy; x) dt= Z 10 e��t (2��2t)�1=2 exp �(x� xy)22�2t ! dt= Z 10 e�(�=�2)s (2�s)�1=2 exp �(x� xy)22s ! 1�2 ds= 1�2 � �p2�e�jx�xyjp2�=� �= ��1 1p2�e�jx�xyjp2�=� ;verifying (3.35). Q.E.D.
Proof of Theorem 3.16 For small �t > 0 and bounded measurablefun
tion �, 
al
ulate:(T�t(R��) ) = T�t � Z 10 e�t� (Tt � ) dt �= Z 10 e�t� (Tt+�t � ) dt= e��t � Z 10 e�(t+�t)� (Tt+�t � ) dt= e��t � " (R�� )� Z �t0 e�t� (Tt� ) dt # :Therefore,�

T�t � I�t � (R�� )= e��t (R��)� (R��)�t � e��t R�t0 e�t� (Tt � ) dt�t=  e��t � 1�t ! (R��)� e��t R�t0 e�t� (Tt � ) dt�t : (9.21){115{



Growth and distributionAs �t! 0 e��t � 1�t ! �ande��t R�t0 e�t� (Tt � ) dt�t! �e��t Z �t0 e�t� (Tt � ) dt+ e��te���t (T�t� )! �;so that equation (9.21) be
omes
GR�� = �R��� � =) R� = (��G)�1: Q.E.D.

Proof of Theorem 4.1 Consider y > 0 a �xed but otherwise arbitraryvalue for in
ome. Denote by t0 that epo
h at whi
h y last realized asthe in
ome level at the frontier, i.e.,t0 = sup f t : ymax(t) � y g ;or, as ymax(t) has its timepath 
ontinuous and in
reasing,y = ymax(t0):Let � : [t0;1℄ ! [0; 1℄ have �(t) denote the fra
tion of e
onomies attime t � t0 having per 
apita in
omes no greater than y, so that_�(t) = ��(t)� h(t) =) �(t) = e� R tt0 h(s) ds; t � t0:Moreover, ymax(t) = ymax(t0)eR tt0 �h(s) ds = y � eR tt0 ��h(s) dsso that �(t) = [ y=ymax(t) ℄1=� : (9.22){116{



Growth and distributionEquation (9.22) 
on�rms that the fra
tion of e
onomies with in
omesno greater than the �xed level y is 
onstantly de
lining. But (9.22)also says that the fra
tion of e
onomies with relative in
omes nogreater than x = y=ymax is time-invariant at value x1=� , thus 
on-�rming the shape of the density given in the Theorem. Q.E.D.
Proof of Theorem 6.1 Call f the density for F. Sin
e, by hypothesis,
F is 
ontinuous and stri
tly in
reasing, for any x 2 (0; 1), the inverse
F�1(x) exists and is unique. Write the Lorenz 
urveZ(h) = E

�1 Z x0 x0 f(x0) dx0; with x = F�1(h):Therefore, dZdF = dZdx � dFdx = E
�1x f(x)= f(x)= E

�1x = E
�1F�1(h) > 0and d2ZdF2 = ddx � dZdF � � dFdx = E

�1 � f(x) > 0;so that the Lorenz 
urve has tangent whose slope is always positiveand in
reasing, i.e., Z is 
onvex from below. Thus Z(F) � F, theLorenz 
urve's horizontal separation from the 45-degree line, is max-imized at: 0 = ddx [Z(F)� F ℄ = E
�1x f(x)� f(x);i.e., at x = E or h = F(x) = F(E). Therefore, sin
e h = F(E)maximizes Z(h)� h, that same value for h also gives Z 0(h) = 1.Q.E.D.

Proof of Theorem 6.2 The mean in
ome gap in the de�nition of IG in{117{



Growth and distributionequation (6.1) 
an be rewritten:Z 10 Z 10 jx� x0j dF(x0)dF(x)= Z 10 � Z x0 (x� x0) dF(x0) + Z 1x (x0 � x) dF(x0) � dF(x):But sin
e Z 10 Z 10 (x� x0) dF(x0) dF(x) = 0=) Z 10 � Z x0 (x� x0) dF(x0)� Z 1x (x0 � x) dF(x0) � dF(x) = 0=) Z 10 Z x0 (x� x0) dF(x0) dF(x) = Z 10 Z 1x (x0 � x) dF(x0) dF(x);the mean in
ome gap is therefore alsoZ 10 Z 10 jx� x0j dF(x0) dF(x)= 2� Z 10 Z x0 (x� x0) dF(x0) dF(x)= 2� � Z 10 xF(x) dF(x) � Z 10 Z x0 x0 dF(x0) dF(x) � :De�nitions (6.1) and (6.2) for IG and Z then give:
IG = E

�1 Z 10 xF(x) dF(x) � Z 10 Z(F(x)) dF(x)= Z 10 hdZ(h) � Z 10 Z(h) dh= �� 12 + Z 10 [h�Z(h)℄ dh� � � 12 � Z 10 [h�Z(h)℄ dh� �= 2 Z 10 [h�Z(h) ℄ dh: Q.E.D.{118{
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Proof of Theorem 6.8 From (6.9) and (6.11),U(C(t)) = U(eZ(t)e�t) = e(1�R)Z(t)e(1�R)�t � 11�R=) e��tU(C(t)) = e(1�R)Z(t)e�[��(1�R)�℄t � e��t1�RUsing the de�nitions for e� and eU , this givese��tU(C(t)) = e�e�t eU(Z(t)) +8<:�(1�R)�1e��t for R 6= 1;�te��t otherwise.Then, 
onditional on C(0) = ez,W (0) = E � Z 10 e��tU(C(t)) dt j C(0) = ez �= (Re� eU)(z) +8<:� R10 (1�R)�1e��t dt for R 6= 1;R10 �te��t dt otherwise.The 
on
lusion of the Theorem then follows from 
al
ulating, forR 6= 1, Z 10 �(1�R)�1e��t dt = (1�R)�1��1 � � e��t � ���10= �(1�R)�1��1;and, for R = 1,Z 10 �e��tt dt = � � (���2)� h (1 + �t)e��t i ���10 = ���2:Q.E.D.
Proof of Theorem 6.9 From the resolvent kernel (3.32) and equation(3.35) of Theorem 3.14,(Re� eU)(zy) = Z 1�1 eU(z) � ��1 1p2e� � e�jz�zyjp2e�=� dz:{119{



Growth and distributionFor R 6= 1 this be
omes.(Re� eU)(zy) = (2e�)�1=2��11�R Z 1�1 e�(2e�=�2)1=2�jz�zyj � e(1�R)z dz:The integral on the right 
an be rewritten:Z zy�1 e�(2e�=�2)1=2(zy�z) � e(1�R)z dz+ Z 1zy e�(2e�=�2)1=2(z�zy) � e(1�R)z dz= e�(2e�=�2)1=2zy(2e�=�2)1=2 + (1�R) � e[(2e�=�2)1=2+(1�R)℄zy+ e(2e�=�2)1=2zy(2e�=�2)1=2 � (1�R) � e�[(2e�=�2)1=2�(1�R)℄zy= e(1�R)zy � (2e�=�2)1=2 � 2(2e�=�2)� (1�R)2where 
onvergen
e of the integral follows from e� > 12 (1�R)2�2. Then(Re� eU)(zy) = e(1�R)zy1�R � 2��2(2e�=�2)� (1�R)2= e(1�R)zy1�R � 1�� (1�R)� � 12(1�R)2�2= r(R; �; �; �)�1 � e(1�R)zy :For R = 1 analogous steps apply to(Re� eU)(zy) = (2e�)�1=2��1 Z 10 e�(2e�=�2)1=2�jz�zyj � z dz:
{120{



Growth and distributionAgain rewrite the integral on the rightZ zy�1 e�(2e�=�2)1=2(zy�z) � z dz + Z 1zy e�(2e�=�2)1=2(z�zy) � z dz= e�(2e�=�2)1=2zy�(2e�=�2) h (1� (2e�=�2)1=2z)e(2e�=�2)1=2z i���zy�1+ e(2e�=�2)1=2zy�(2e�=�2) h (1 + (2e�=�2)1=2z)e�(2e�=�2)1=2z i���1zy= p2 h�2=e� i1=2 zyso that (Re� eU)(zy) = (2e�)�1=2��1p2 h �2=e� i1=2 zy = ��1zy: Q.E.D.Of 
ourse equation (6.13) 
ombining Theorems 6.8{6.9 
an alsobe obtained dire
tly usingE h eZ(t) j Z(0) = z i = exp � z + �2t=2 � ;but su
h a dire
t approa
h would not generalize the way that usingthe resolvent operator allows.
Proof of Theorem 6.10 From the de�nition(Re� eU)(zm) = Z 10 e�e�tE h eU(Z(t))jZ(0) = zm i dt= Z 10 e�e�t �M�1Xm=0 Pt(m;m0) eU(zm0) � dtColle
ting the right side a
ross m gives the ve
tor(Re� eU)(zm); m = 0; 1; : : : ;M � 1as Z 10 e�e�t hPtU i dt = ( e��G )�1 U;{121{



Growth and distributionthus establishing the Theorem. Q.E.D.
Proof of Theorem 8.1 Performing the 
al
ulations dire
tly for this
ase allows 
he
king the results obtained more generally by resolventoperators. To that end use the 
onditional distributions in equation(8.5) to write: E0 log �j(t) = �t log �j(0) � 1� �t1� �2 �2j2 :Now take ea
h of the 
ases in turn.(i) Suppose R = 1. When t > 0,E0U(Cj(t)) = E0 logCj(t)= E0 [ log zj + t log � + log �j(t) ℄= h log zj � (1� �2)�1�2j =2 i+ (log �)� t+ h log �j(0) + (1� �2)�1�2j =2 i�t;so thatE0 1Xt=0 ÆtU(Cj(t))= U(Cj(0)) +E0 1Xt=1 ÆtU(Cj(t))= log zj + log �j(0) + h log zj � (1� �2)�1�2j =2 i Æ1� Æ+ Æ(1� Æ)2 log � + h log �j(0) + (1� �2)�1�2j =2 i Æ�1� Æ� ;using P1t=0 tÆt = ÆP1t=1 tÆt�1 = Æ ddÆ P1t=1 Æt = Æ ddÆ Æ1�Æ = (1 �Æ)�2Æ. Colle
ting terms then givesE0 1Xt=0 ÆtU(Cj(t)) = (1� Æ�)�1 log �j(0)+ Æ(1� Æ)2 log � + 11� Æ log zj � Æ(1� Æ)(1� Æ�)(1 + �) �2j2 :{122{



Growth and distribution(ii) Suppose R 6= 1. When t > 0,E0U(Cj(t)) = (1�R)�1E0 h (zj)1�R��(R�1)t�j(t)1�R � 1 i= (1�R)�1 h (zj)1�R��(R�1)t�exp� [1�R℄(�t log �j(0)� 1� �t1� �2 �2j2 )+ 12[1�R℄2 1� �2t1� �2 �2j � �1 ℄ :Colle
ting time-dependent terms in the exponent gives[1�R℄n log �j(0) + (1� �2)�1�2j =2o�t� [1�R℄2(1� �2)�1�2j =2�2t;while the time-invariant terms there be
ome� [1�R℄(1� �2)�1�2j =2 + [1�R℄2(1� �2)�1�2j=2= �[1�R℄R(1� �2)�1�2j =2:For 
onvenien
e, letD1 = [1�R℄n log �j(0) + (1� �2)�1�2j =2oD2 = [1�R℄2(1� �2)�1�2j =2 > 0:ThenE0U(Cj(t)) = (1�R)�1 h (zj)1�Re�[1�R℄R(1��2)�1�2j =2���(R�1)teD1�te�D2�2t � 1 i
{123{



Growth and distributionso thatE0 1Xt=0 ÆtU(Cj(t))= (zj)1�R�j(0)1�R � 11�R + (1�R)�1�� (zj)1�Re�[1�R℄R(1��2)�1�2j =2 1Xt=1 ��(R�1)teD1�te�D2�2t� (1� Æ)�1Æ �= (1�R)�1��(1� Æ)�1 + (zj)1�R�� e�[1�R℄R(1��2)�1�2j =2 1Xt=1 ��(R�1)teD1�te�D2�2t+ �j(0)1�R ��:Q.E.D.
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