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1 IntroductionThat in
ome inequality might go hand in hand with e
onomi
 eÆ-
ien
y is a question long debated in e
onomi
s, and at many di�er-ent levels, ranging from frontier resear
h to introdu
tory university
ourses (e.g., Okun, 1975). In one traditional a

ounting, seekingegalitarianism dampens individual in
entives, and thus lowers pro-du
tivity and in
reases so
ial ineÆ
ien
y.And while e
onomi
 performan
e 
on
erns mu
h more than juste
onomi
 growth, many studies on the relation between growth andinequality are signi�
antly 
olored by the possibility that a tradeo�might exist between eÆ
ien
y and equality.Sin
e at least Kuznets (1955) e
onomists have sought theoreti
aland empiri
al basis to this hypothesized tradeo� in growth and in-equality. Aghion, Caroli, and Gar
��a-Pe~nalosa (1999) and B�enabou(1996) provide useful overviews. This large body of work 
ontains atleast two di�erent and logi
ally distin
t strands of analysis.One line of resear
h seeks to establish whether inequality 
ausesgrowth, or vi
e versa; and if so by how mu
h (e.g., Banerjee and Du
o,2003; Barro, 2000; Forbes, 2000; Galor and Zeira, 1993; Persson andTabellini, 1994). A se
ond strand takes no stan
e on 
ausality butasks instead how the joint evolution of inequality and growth mat-ters for yet other out
omes (e.g., Bourguignon, 2003; C�ordoba andVerdier, 2005; Dollar and Kraay, 2002; Quah, 2003; Sala-i-Martin,� I thank Sanghamitra Bandyopadhyay, Delger Enkhbayar,Vinayak Nagaraj, and Luke Miner for assistan
e. Alex Mi
haelidesand Alwyn Young provided helpful 
omments.



Unequal growing e
onomies2006; S
hultz, 1998). The 
urrent paper falls within this se
ond
lass of resear
h. It asks what the observed dynami
s in growth andinequality|whatever their underlying 
auses|imply for the welfareof people living in di�erent unequal growing so
ieties.New in the re
ent literature, although not always expli
itly a
-knowledged, is that we 
an now ask questions about growth and in-equality globally|a
ross over 120 
ountries and 6 billion people|notjust within a single e
onomy (Deininger and Squire, 1996; Milanovi
,2002, 2005). This means not just having more data to estimate yetmore pre
isely the same given relation between inequality and growthwithin a hypotheti
al e
onomy, say. Instead, global growth and in-equality themselves 
an now be investigated dire
tly.In
ome inequality worldwide is an order of magnitude greaterthan within any single e
onomy. In year 2000 the UK e
onomy'sin
ome distribution had its 99th per
entile earning 7 times medianin
ome. In 
ontrast, even after adjusting for pur
hasing power par-ity the world's 99th per
entile earned an amazing 56 times worldmedian in
ome. In year 1993 the ri
hest 1% of humanity earned asmu
h in
ome in total as the poorest 57% (Milanovi
, 2002). Between1988 and 1993 even as world per 
apita in
ome in
reased 6%, averagein
ome in the bottom 5% fell by one quarter, while that in the top5% rose by an eighth. In 
ontrast, on average (i.e., using regressionanalysis) the typi
al e
onomy has in
omes in the poorest parts of itsin
ome distribution rise approximately one for one with its per 
apitain
ome (Dollar and Kraay, 2002).Not only do numbers like these indi
ate the overwhelming impor-tan
e of inequality a
ross e
onomies, they suggest how what happenswithin a typi
al e
onomy gives a misleading pi
ture for what happensto the entire in
ome distribution worldwide.Bourguignon (2003), Dollar and Kraay (2002), Quah (2003), andSala-i-Martin (2006) analyzed how, given histori
al patterns of 
hangesin inequality, growth a�e
ts poverty. That resear
h 
hara
terized indi�erent ways the distribution dynami
s in in
ome implied by statis-{2{



Unequal growing e
onomies
Table 1.1 In
ome and population in China and India, 1981{2004(World Bank, 2008).GDP per 
apita (PPP 2000 Intl$) Population (106)1981 2004 Annual growth 1981 2004China 792.8 5418.5 8.36% 993.9 1296.2India 1228.8 2907.1 3.74% 702.8 1079.7
Table 1.2 Inequality in China and India, 1981{2004 [UNU (2007), Pov-
alNet July 2007℄. UNU (2007) reports di�erent estimates and so, in
ertain 
ases, a range of �gures is available. By 
ontrast, Pov
al-Net provides at most a single estimate and so, when available, thePov
alNet �gures are always given after the last \/" in the Table.Gini 
oeÆ
ient (%)1981 2004China { Urban 15.0/16.1/16.7/18.5 32.9/34.0China { Rural 23.9/23.9/25.1/25.0 33.4/34.0China { All 29.1/ 44.9/India { Urban 34.1/33.3 34.7/37.6India { Rural 30.1/30.1 26.3/30.5India { All 31.4/ 36.0/ti
s on e
onomi
 growth and in
ome inequality.Some 
avor of those results is given in Tables 1.1{1.4. The �rsttwo tables summarize the dynami
s of aggregate growth and inequal-ity in China and India between 1981 and 2004. Those two e
onomiesheld a 
ombined population amounting to one third of the world.Tables 1.1 and 1.2 show how China was the faster-growing e
onomyof the two at the same time that in
ome inequality there rose sig-ni�
antly, while India grew slower but roughly maintained in
omeinequality.1 While there might be un
ertainty over pre
ise �gures,1 Pov
alNet provides no Gini 
oeÆ
ients for China and India,{3{



Unequal growing e
onomies
Table 1.3 $1-poverty in China and India, 1981{2004. Sour
e: Chenand Ravallion (2007).x = 1; HCx (Nx; 106)1981 2004China 63.8 (633.7) 9.9 (128.4)India 51.8 (363.7) 34.3 (370.7)
Table 1.4 $2-poverty in China and India, 1981{2004. Sour
e: Chenand Ravallion (2007).x = 2; HCx (Nx; 106)1981 2004China 88.1 (875.8) 34.9 (452.2)India 88.9 (624.9) 80.4 (867.6)the general trend is apparent.If the world 
omprised just China and India, one would 
on
lude(
orre
tly) that fast-growing e
onomies also be
ome more unequal.But Tables 1.3 and 1.4 show a yet di�erent impli
ation of thesestatisti
s. An underlying in
ome distribution implies both inequalitymeasures like the Gini index and a so-
alled poverty head
ount, thefra
tion of the population living below a given threshold, say, 1 Intl$a day. That fra
tion depends, of 
ourse, on the threshold in
omelevel taken to designate poverty, but is a number that 
an be readily
al
ulated whatever that 
hoi
e of threshold.Table 1.3 shows the fra
tion of population living on less than1 Intl$ a day in the two e
onomies in 1981 and 2004. Table 1.4does the same for a threshold of 2 Intl$ a day. In 1981, 634 millionex
ept when divided into rural and urban. The Gini 
oeÆ
ients forall of China and India are taken therefore only from UNU (2007): for1981 China averaging the 1980 and 1982 estimates; for 2004 China,using the unique 2003 estimate. For India the Pov
al �gures are for1983 and 2004.5, in pla
e of 1981 and 2004.{4{



Unequal growing e
onomiesChinese lived on less than 1 Intl$ a day; by 2004 the number living atthose in
ome levels had de
lined to between 128 million. In 1981 thenumber of $1-poor amounted to 64 per
ent of the total population; by2004 the fra
tion was down to 9.9 per
ent. In other words, despite thein
rease in inequality noted earlier in Table 1.2, China's rapid growthlifted out of poverty hundreds of millions of its 
itizens. Table 1.4shows these dynami
s 
arry over to situations of less extreme ($2-)poverty; moreover, a lot of the Chinese population remained pooreven in 2004.Cal
ulations like these show the 
onsequen
es for poverty dynam-i
s implied by varying patterns of growth and inequality. The 
urrentpaper takes the natural next step and asks what su
h growth and in-equality patterns signify instead for welfare more generally.Se
tion 2 presents the welfare 
al
ulations for growth and inequal-ity, and dis
usses the 
on
eptual and te
hni
al di�eren
es betweenthem and similar ones undertaken elsewhere. Se
tion 3 illustratesthe relative importan
e of growth and inequality by numeri
al exam-ples. Under reasonable 
alibrations, the welfare impa
t of inequalityoverturns the relatively sanguine impa
t of Tables 1.1{1.4. More-over, in even the simplest 
ases su
h e�e
ts overwhelm, by orders ofmagnitude, the welfare 
osts of business 
y
les.Se
tion 4 then 
alibrates this welfare analysis on histori
al ob-servations on growth and inequality worldwide. Se
tion 5 
on
ludes.Se
tion 6 provides proofs for the analyti
al results.The mathemati
s used in the analyti
al dis
ussion|
ontinuous-time sto
hasti
 pro
esses, in�nitesimal generators, resolvent opera-tors, sto
hasti
 kernels, and so on|might be unfamiliar to some po-tential readers of this paper. Moreover, in the probability literaturesu
h presentation is relatively dispersed a
ross texts su
h as Gih-man and Skorohod (1975), Karlin and Taylor (1981), and Rogers andWilliams (1987). Quah (2007) provides a self-
ontained, integratedsummary. {5{



Unequal growing e
onomies
2 Analytical frameworkThis se
tion des
ribes an analyti
al framework, slightly more generalthan that used later in this paper but illustrating all the key ideasand 
on
eptually no more diÆ
ult.Suppose an agent 
an live in e
onomy A or e
onomy B. Denotee
onomy-wide 
hara
teristi
s|per 
apita in
ome, in
ome inequality,dynami
 patterns of mobility, degree of urbanization, quality of theenvironment, and so on|by ZA for A, and similarly ZB for B.Let the agent's 
onsumption be C and suppose the agent's utilityfun
tion U is de�ned over own 
onsumption C and e
onomy-wide
hara
teristi
s Z. That the latter appears in the agent's utility fun
-tion does not, of 
ourse, require the agent to be publi
-spirited, egal-itarian, or envious (nor does it rule these out). Understanding, say,the dynami
s of the in
ome distribution|part of Z|matters to theagent simply be
ause su
h information 
onditions her own individuallikelihood of subsequent e
onomi
 su

ess.If the agent's 
onsumption is CA when living in e
onomy A butCB when living in B, and the agent prefers B to A,U(CA;ZA) < U(CB ;ZB);de�ne the welfare gain to B from A to be that number 	 su
h thatU( [1 + 	℄CA;ZA ) = U(CB ;ZB ): (1)The welfare gain 	 is the fra
tion of 
onsumption that just 
ompen-sates the agent for having to live under (CA;ZA) instead of (CB;ZB).Obviously, so
ieties A and B need not be literally two distin
te
onomies. Instead, A and B might refer to just a single nation oper-ating under two alternative hypothesized regimes. When the problemis dynami
 the pair (C;Z) will represent timepaths or probability lawsof motion. Even then, however, the analysis below will still 
onstru
tthe welfare gain as a s
alar so that 	 then bears interpretation as a
ompensating 
hange in permanent or lifetime 
onsumption.{6{



Unequal growing e
onomiesLu
as (2003) has shown how su
h a framework, depending on
hoi
e of Z, usefully organizes a broad range of ma
roe
onomi
 re-sear
h. A study of the welfare impli
ations of business 
y
les andgrowth was famously performed in Lu
as (1987), and in spirit is 
loseto the analysis in this paper.Here, the Z 
hara
teristi
s of interest are in
ome inequality andaggregate e
onomi
 growth. As already mentioned, this paper doesnot seek to disentangle the me
hanism relating these two variables; itsimply takes as given that they jointly evolve through time. Nonethe-less, however, the relation between inequality and growth 
annotbe totally arbitrary. Being ma
roe
onomi
 variables, inequality andgrowth have dynami
s that result from aggregating individual in-
ome dynami
s. Thus, by 
onstru
tion, the dynami
s of individual
ir
umstan
es need to be 
onsistent with those of observable aggre-gates. In turn, agents' views about the evolution of their individual
onsumption and in
ome are 
onditioned on the dynami
s in thosema
roe
onomi
 aggregates.This paper 
onstru
ts, for equation (1), Z probability laws of mo-tion in in
ome distributions and growth trends to evaluate the welfare
onsequen
es of living in di�erent unequal growing e
onomies. Su
ha sto
hasti
 dynami
 des
ription automati
ally embeds in a uni�edframework the answers to a range of questions: Are 
hanges in in-equality permanent or transitory? How mu
h does mobility matter?Is duration or depth of poverty more important? Be
ause the frame-work fo
uses on welfare dynami
s, it 
ags how 
urrent inequality byitself need be neither informative nor important.The 
urrent study shares two key features with work su
h as Blun-dell and Preston (1998), Heath
ote, Storesletten, and Violante (2005),and Krueger and Perri (2004, 2006). First, it evaluates inequalitythrough the latter's impa
t on individual agents' welfare: inequalityis not, in itself, an obje
t of dire
t interest. Se
ond, it goes beyondpoint-in-time snapshots of disparities to look at inequality dynami
s,or more generally the dynami
s of the entire in
ome distribution.{7{



Unequal growing e
onomiesAt the same time this study also di�ers from previous resear
hin two signi�
ant ways. The 
urrent work 
on
erns inequality setagainst long-run (average) growth trends, rather than stationary busi-ness 
y
le 
u
tuations or even permanent 
hanges in the levels ofin
ome or 
onsumption (as, for instan
e, in the random walk modelsused in Blundell and Preston (1998), Heath
ote, Storesletten, andViolante (2005), or Krueger and Perri (2004, 2006)). Consequently,te
hniques and results di�er. Be
ause a 
ase for using 
ontinuous-time sto
hasti
 pro
ess models here 
an be made (and will be inse
tion 2.1) the analysis draws naturally on the theory of resolventoperators, rather than employing 
omputational te
hniques more typ-i
ally used in e
onomi
s.2 For 
omparison, however, Se
tion 2.2 alsoprovides more standard 
al
ulations for several simple dis
rete-timemodels.Next, like all studies of 
ross-
ountry and global inequality, thiswork uses data on in
ome distributions. Extensive distributionalor 
ross se
tion data on 
onsumption|the right variable for equa-tion (1)|are available only for a small number of 
ountries. A properevaluation should then work out welfare 
onsequen
es by �rst ba
kingout the implied 
onsumption dynami
s|in
orporating, say, smooth-ing and insuran
e arrangements|from varying patterns of in
omeinequality and growth. Su
h an analysis is intri
ate, however, andmight be more usefully done after some basi
 fa
ts are �rst estab-lished for a wide range of 
ountries, using the simpli�
ation employedhere.3 This paper, to fo
us on experien
es a
ross many di�erent2 The mathemati
s of resolvent operators is available in proba-bility texts su
h as Gihman and Skorohod (1975), Karlin and Taylor(1981), and Rogers and Williams (1987) but in a form dispersed rel-ative to what's needed here. Quah (2007) 
ontains a 
omparativelyself-
ontained exposition, to aid reading the remainder of this paper.3 Heath
ote, Storesletten, and Violante (2005) and Krueger andPerri (2004, 2006) 
arry out the more 
ompli
ated analysis for US
onsumption and wage inequality dynami
s.{8{



Unequal growing e
onomiese
onomies, identi�es in
ome with 
onsumption as a working assump-tion. However, sin
e the te
hni
al ma
hinery developed here worksfor arbitrary in
ome pro
esses, we 
an also easily investigate the ef-fe
ts of unobserved 
onsumption dynami
s diverging in spe
i�
 waysfrom observed in
ome timepaths.4 Krueger and Perri (2004, 2006)and Slesni
k (2001) note that for the US, between 1980 and 2003,
onsumption inequality rose mu
h less than in
ome inequality|thisfeature, by itself, is easily in
orporated in the 
al
ulations that follow.I will return to this again in Se
tion 3.The work 
losest to the 
urrent one is that of C�ordoba and Verdier(2005), who also use the same welfare framework (1). They 
onsider
onsumption inequality in the US and, separately, the 
ross-
ountrydistribution of per 
apita in
omes. But while their model 
ontainsa dynami
 spe
i�
ation for 
onsumption, they provide only steady-state welfare 
al
ulations, so that no statements are available on thee�e
ts of mobility. Moreover, their analysis uses only an autoregres-sion in logs for 
onsumption and thus (log) standard deviations to
alibrate inequality, rather than|as given below|a number of alter-native sto
hasti
 pro
ess 
hara
terizations for inequality dynami
sand a range of di�erent summaries of the 
ross-se
tion distribution.
2.1 Continuous time stochastic process modelsBourguignon (1974) and Merton (1975) early on argued for the useof 
ontinuous-time sto
hasti
 pro
ess models in e
onomi
 growth.Analyti
ally, for one, 
hara
terizations of results are then 
onve-nient: suppose, for instan
e, the variables in a model are di�usionpro
esses|almost all fun
tions of di�usions remain di�usions whilepretty mu
h only linear transformations of linear sequen
es remain4 For instan
e, under 
ertain assumptions the distribution dynam-i
s of 
onsumption 
an be dedu
ed to 
omprise independent Brownianmotions, regardless of the �ne stru
ture in the in
ome distributiondynami
s. {9{



Unequal growing e
onomieslinear.But the e
onomi
 logi
 in 
ontinuous-time growth models is also
ompelling. First, relative to e
onomi
 growth or in
ome inequalityover long stret
hes of time, the a
tions undertaken by or the in
i-dents befalling e
onomi
 agents every quarter (or even every year)o

ur with frequen
y high enough relative to the relevant horizonthat they might as well be instantaneous. Those o

urren
es are thenusefully modelled as perturbations on isolated epo
hs in a 
ontinuoustimepath. Se
ond, in studying e
onomi
 growth a resear
her mightwish to analyze unanti
ipated take-o�s or sudden disasters in 
on-sumption or in
ome. Su
h events are not easily 
aptured in dis
retetime stru
tures but they are naturally modelled as dis
ontinuities ina timepath tra
ed in 
ontinuous time, i.e., as, perhaps, Poisson jumpsor semi-Markov 
hain transitions overlaid on a 
ontinous-path, di�u-sion pro
ess.Assume time is 
ontinuous and agents live for t in [0;1). WriteCj(t) for the 
onsumption of individual j at time t. Suppose that thelong-run 
onditional expe
tation� = limt!1E h log(Cj(t)=Cj(0)) � t�1 j Cj(0) i (2)is invariant a
ross j, i.e., that the e
onomy has some 
onstant long-run proportional growth rate in 
onsumption, the same for everyone.For example, in balan
ed growth steady state for a Solow growthmodel this 
onstant � would be the rate of te
hni
al progress. Moregenerally, � is the aggregate growth rate of the e
onomy.Individual 
onsumption 
u
tuations are des
ribed by j-indexedsto
hasti
 pro
esses: Zj(t) def= log hCj(t)e��t i (3)so that we 
an write Cj(t) = eZj(t)e�t:The 
olle
tion Z des
ribes 
onsumption di�eren
es a
ross people.Thus � represents aggregate growth and Z inequality. Stri
tly, the{10{
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onomies
Fig. 2.1 Growth and inequality Z 
u
tuations around a � growth pathx

timet t+ s
per 
apita x


olle
tion Z of 
ourse 
hara
terizes everything about the 
ross-se
tiondistribution but referring to it as simply inequality denotes better theanalysis's intent. If doing so misleads, at least it does so in an in-no
uous way. Fig. 2.1 illustrates the stru
ture.Equations (2){(3) de�ne Z by using � to transform C. Theydo not assume inequality and growth are fun
tionally independent|both Z and � are indu
ed from a single underlying me
hanism forC. Moreover, while these equations restri
t Z's trend, they do notrequire that Z be stationary with bounded varian
e. For instan
e,Z might be Brownian motion independent a
ross j, and inequalitywould then be always in
reasing through time even as 
onsumptionobeys the trend growth in equation (2). However, if Z has boundedsupport then so too will C at any �xed time t.Assume that the utility experien
ed by an agent in a growing butunequal so
iety varies with that agent's 
onsumption timepath, butnot that of anyone else. Thus, an agent's utility does not dependon aggregate so
ial indi
ators su
h as the shape, dispersion, or other{11{



Unequal growing e
onomies
hara
teristi
s of the e
onomy-wide 
onsumption distribution.5For 
on
reteness assume that the agent's utility, 
onditional ontime-t information, isWj(t) = Et � Z 1t e�(s�t)�U(Cj(s)) ds � ; � > 0; (4)where the positive dis
ount rate � will be required, in Theorem 2.1later, to be suÆ
iently large. Say that the instantaneous utility fun
-tion U shows 
onstant relative risk aversion (CRRA) whenU(
) = 
1�R � 11�R ; R � 1: (5)In so
ial welfare analysis of in
ome inequality the 
oeÆ
ient R isknown as the inequality aversion parameter (see, e.g., Cowell, 1995,Ch. 3).How does welfare (4) vary with growth and inequality? Obtain-ing tra
table answers to this question 
onstitutes the remainder ofthis se
tion. The �rst result, Theorem 2.1, provides a 
ompa
t rep-resentation for W in the general 
ase when inequality Z is Markovand time-homogeneous. Theorems 2.2 and 2.3 spe
ialize to when Zis Brownian Motion and a (dis
rete) Markov 
hain respe
tively. Thelanguage is terse and relies on some familiarity with the mathemati
sin Quah (2007)|readers uninterested in the details 
an fo
us on justthe �nal expressions in ea
h 
ase. Those 
on
luding 
al
ulations willin turn be developed further in Se
tion 3 to follow.
Theorem 2.1 Let 
onsumption fC(t) : t � 0 g, obeying (2), be Markovwith time-homogeneous transitions; and lifetime utility (4) have U5 This individualisti
 restri
tion is 
onsistent with the so
ial wel-fare fun
tion approa
h to in
ome inequality|see, e.g., Cowell (1995,Ch. 3).

{12{



Unequal growing e
onomiesCRRA, as in (5). Assume � > maxf 0; (1 �R)� g. De�nee� def= �� (1�R)�;eU(z) def= 8<:(1�R)�1e(1�R)z for R 6= 1;z otherwise;and denote by R� the resolvent for the inequality pro
ess Z(t) =C(t)e��t. Then 
onditional on C(0),W (0) = (Re� eU)(logC(0)) +8<:�(1�R)�1��1 for R 6= 1;���2 otherwise.In words, up to an additive 
onstant, lifetime utility equals theresolvent operator for Z(t) = C(t)e��t, growth-dis
ounted 
onsump-tion, evaluated at a modi�ed instantaneous utility fun
tion eU andfor the resolvent � set to a suitably adjusted dis
ount rate e�. Theresolvent expression Re� eU 
an be either expli
itly 
al
ulated or 
on-veniently 
hara
terized for a range of inequality pro
esses.6Denote by B standard Brownian Motion, i.e., a 
ontinuous ran-dom fun
tion having independent in
rements and with B(t) � N(0; t)for all t 2 [0;1).
Theorem 2.2 Assume the hypotheses of Theorem 2.1 and let inequalityZ be Brownian Motion with varian
e parameter �2 > 0, i.e., Z(t) =�B(t). De�ne the fun
tion r : R4 ! R byr(R; �; �; �) = (1�R)� � �� (1�R)� � 12(1�R)2�2 � : (6)Provided e� > 12(1�R)2�2 then(Re� eU)(z) = 8<:r(R; �; �; �)�1 � e(1�R)z for R 6= 1;��1z otherwise.6 See, e.g., Rogers (1997). {13{



Unequal growing e
onomiesDis
ontinuities in the 
onsumption timepath, to 
apture suddendis
rete upwards jumps or 
onversely e
onomi
 disasters, 
an be mod-elled using Markov 
hains. The spe
ialization of Theorem 2.1 to these
an be stated as the following.
Theorem 2.3 Assume the hypotheses of Theorem 2.1 and let inequalityZ be a Markov 
hain whose values realize, with probability 1, onz0; z1; z2; : : : ; zM�1; zm < zm+1;and with time-homogeneous transition probability matri
esP = fPt : t � 0 g :Let G be the in�nitesimal generator of the semigroup P ,

G = limt#0 Pt � It ;and de�ne the ve
torU = � eU(z0) eU(z1) � � � eU(zM�1)�> :Then (Re� eU)(zm) = h (e��G)�1U i (m); m = 0; 1; : : : ;M � 1:Theorem 2.3 
al
ulates utility for someone fa
ing a 
ontinuous-time Markov 
hain in inequality using nothing more than matrixinversion.While useful for modelling abrupt dis
ontinuity, a Markov 
hainsu
h as in Theorem 2.3, if its support is bounded jzmj < 1 and ifgrowth is positive � > 0, eventually has the 
onsumption for all in thepopulation almost surely permanently ex
eeding any �xed povertythreshold. {14{



Unequal growing e
onomiesCombining Theorems 2.1{2.2 give that when Z is Brownian mo-tion and logC(0) = Z(0) = z thenW (0) =8<:r(R; �; �; �)�1 � e(1�R)z � (1�R)�1��1 for R 6= 1;��1z + ���2 otherwise (7)with multiplier r from (6). [: : : ℄
2.2 Some discrete time examplesDis
rete-time 
ounterparts to the Se
tion 2.1 
al
ulations on welfareprovide a dire
t 
he
k and further intuition to those 
ontinuous-timeresults.Suppose time is dis
rete, t = 0; 1; 2; : : : , and that preferen
es foragent j at time t are des
ribed by:Wj(t) = Et� 1Xs=0 ÆsU(Cj(s)) �; Æ 2 (0; 1); (8)with instantaneous utility U again CRRA as in (5),U(
) = 
1�R � 11�R ; R > 0:Suppose 
onsumption is:Cj(t) = Zj(t)�t; � � 1; (9)for ea
h j, i.e., a trending, lognormally-distributed �rst-order au-toregression with the underlying growth rate � 
ommon a
ross thepopulation.Let the 
ross-se
tional di�eren
es Zj(t) satisfy:Zj(t) = zj�j(t); (10){15{



Unequal growing e
onomiesso that initial 
onsumption 
onditional on the sto
hasti
 disturban
e�j(0) is Cj(0) = zj�j(0):Let � be stationary and follow:log �j(t) = �12(1 + �)�1�2j + � log �j(t� 1) + �j(t); (11)with j�j < 1 and �j(t) � iid N(0; �2j ): (12)Equations (11){(12) imply �j is Markov. In the un
onditional distri-bution E log �j(t) = �12(1� �2)�1�2jand Var log �j(t) = (1� �2)�1�2j ;implyingE�j(t) = exp �E log �j(t) + 12 Var log �j(t) �= exp ��12(1� �2)�1�2j + 12(1� �2)�1�2j � = 1and Var �j(t) = exp h(1� �2)�1�2j i� 1;in
reasing in �2j .Equation (9) then gives the un
onditional expe
tationECj(t) = zj�t; t � 0;i.e., zj parametrizes the (un
onditional) expe
ted level of j's 
on-sumption pro�le and gives the initial value ECj(0) = zj .{16{
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onomiesMore generally, �j(t) is 
onditionally lognormal:log �j(t0 + t) �� �j(t0)� N

 �t log �j(t0)� 1� �t1� �2 �2j2 ; 1� �t1� �2�2j! for any t > 0: (13)The value to (8) 
an then be dire
tly 
al
ulated:
Theorem 2.4 Assume utility has the form (5) and that 
onsumptionevolves from the 
ombination of growth and inequality given in (9){(12). There are two 
ases:i. When R = 1,Wj(0; �j(0); �; zj ; �2j ; �) = (1� Æ�)�1 log �j(0)+ Æ(1� Æ)2 log �+ 11� Æ log zj� Æ(1� Æ)(1� Æ�)(1 + �) � �2j2 :ii. Otherwise,Wj(0; �j(0); �; zj ; �2j ; �) = (1�R)�1 �� 11� Æ + (zj)1�R���j(0)1�R + e�(1�R)R(1��2)�1�2j =2 �1Xt=1 Æt��(R�1)teD1�te�D2�2t��;where D1 = (1�R) " log �j(0) + (1� �2)�1�2j2 # andD2 = (1�R)2(1� �2)�1�2j2 > 0:

{17{
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2.3 Distributions and inequalitySto
hasti
 pro
ess models of distribution dynami
s des
ribe in
omeinequality as fun
tions of distributional parameters. However, thoseparameters are not always the ones typi
ally used for studying in-equality.The relation between distributional parameters and standard in-equality indexes is not diÆ
ult to work out but is 
onvenient, nonethe-less, to have re
orded in one pla
e and in a uni�ed notation. To thatend, let IG and I` denote the Gini 
oeÆ
ient and the log standarddeviation, respe
tively. These are not the only inequality indexes
ommonly used, but are the ones employed subsequently in this pa-per. These indexes de�ne inequality and thus, by de�nition, in
rease(and intuitively so) with rising inequality. However, as we will see,sin
e every inequality index folds an in�nite-dimensional obje
t|adistribution fun
tion|into a s
alar, ne
essarily no one of them by it-self 
an revealingly des
ribe all 
on
eivable 
hanges in the underlyingin
ome distribution.7Given a 
onsumption or in
ome distribution F 
all its mean orper 
apita value

E
def= Z x dF(x): (14)Re
ord also the expe
tation of the logarithm,

E` def= Z log x dF(x):The Gini 
oeÆ
ient is
IG def= h2�1

E

i�1 Z �
F(x)� 12�x dF(x) (15)(see, e.g., Cowell, 2000). The Gini index takes values in [0; 1℄. In(15) the index 
an be seen to be the 
orrelation between (in
ome7 This is true of all inequality indexes and is, of 
ourse, the subje
tof a massive literature; see, e.g., Cowell (1995, 2000).{18{
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onomiesor 
onsumption) value and the 
umulative distribution.8 The logstandard deviation is
I` = � Z ( log x� E` )2 dF(x) �1=2 : (16)When distribution F is lognormal,dF = (2��2)�1=2 � x�1 � exp�� 12�2 (log x� �1)2� dx; �2 > 0; x > 0;i.e., when the log of in
ome has mean �1 and varian
e �2 then theinequality indexes IG and I` are parti
ularly simple:
IG = 2� FN(0;1)( �21=2=p2 )� 1where FN(0;1) is the standard normal CDF, and

I` = p�2 :In parti
ular, the model in Theorem 2.4 has inequality, 
ondi-tional on information at time t = 0, given by:
IG(t) = 2� FN(0;1)0�" 1� �t1� �2 �2j #1=2 =p21A� 1; (17)independent of (�; z).

3 CalibrationThe results in Se
tion 2, while expli
it and available in 
losed form,
an provide better intuitive understanding through numeri
al illus-tration. Providing su
h examples is the purpose of this se
tion.8 The better-known, alternative des
ription is that the Gini indexis twi
e the area between the 45-degree line and the Lorenz 
urve;again see Cowell (1995). {19{
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Table 3.1 Growth matters. IG = 0:32; � = 0; Æ = 0:98: For small risesin underlying growth rates, people will sa
ri�
e relatively large 
utsin permanent 
onsumption levels�� = 1:02 Compensating 	 (%)� R 1 2 5 101:005 107 58 26 141:01 62 32 14 71:03 �38 �19 �8 �41:04 �61 �32 �14 �81:05 �76 �42 �19 �101:06 �85 �49 �22 �121:07 �90 �54 �25 �14
3.1 Lognormal autoregressionFirst take the dis
rete-time lognormal autoregression in Theorem 2.4.Tables 3.1{3.5 show the workings of three fa
tors of prin
ipal interest:growth �, inequality IG, and persisten
e � (i.e., the opposite of mo-bility). For this illustration all the tables take as base 
ase per 
apitagrowth of 2% a year and inequality with Gini index set to 0.32. Thislast is the value in 1980 of the Gini index in both China and Indiaand approximately that in the US (0.35).Some features in these tables are intuitive and easy but they ob-viously do not 
onstitute the prin
ipal message: In Table 3.1, uni-formly a
ross utility parametrizations R, growth lower than the base
ase � = 1:02 needs the 
ompensating 	 positive whereas growthhigher needs the 
ompensating 	 negative; in Table 3.2 inequalityhigher than the base 
ase IG = 0:32 requires 
ompensating 	 posi-tive; and so on. Similarly, higher R means greater 
urvature in theutility fun
tion and so in
reases sensitivity to inequality but redu
esthat to growth.It is of 
ourse not the signs on the entries in these Tables that are
riti
al but their magnitudes. To understand those, begin with how{20{
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Table 3.2 Distribution matters but, when R is low, not as much. Base Var �sets inequality IG = 0:32; growth � = 1:02; persisten
e � = 0; anddis
ount Æ = 0:98. To 
ompensate for rises in inequality, permanent
onsumption levels have to in
rease someCompensating 	 (%)R IG 0:28 0:30 0:34 0:36 0:38 0:401 �4 �2 2 5 8 112 �8 �4 5 10 16 235 �19 �10 12 27 46 6910 �34 �20 26 63 113 185these numbers 
ome about in a simple 
ase. Theorem 2.4 for logarith-mi
 utility (R = 1) says that the 
ompensating 	 in a neighborhoodof the base 
ase sets � log z� log � = � Æ1� Æ� log z� [ (1� �2)�1�2 ℄ = 12 1� �1� Æ�:Moreover, the steady-state (t!1) version of equation (17) gives:�IG� [ (1� �2)�1�2 ℄= 1p2 h (1� �2)�1�2 i�1=2

fN(0;1)0�" �21� �2 #1=2 =p21A ; (18)where fN(0;1) is the standard normal pdf. When Æ = 0:98 the growthe�e
t � log z=� log � equals 50; when further � = 0 the varian
e ef-fe
t equals only 1=2 (this 
onstitutes its upper bound in any 
ase).Table 3.1 has in its 
olumn for R = 1 an approximately 50% 
om-pensating 	 in the immediate neighborhood of the base 
ase.In general these multipliers, for logarithmi
 utility, are indepen-dent of where the agent is in the in
ome distribution. For R > 1, take{21{
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onomiesinitial 
ondition z = log � = 1, i.e., the agent is average when her util-ity is evaluated. The 
ompensating 	 in Table 3.1 falls rapidly as Rin
reases: The greater the 
urvature in the utility fun
tion, the moresteeply downweighted are 
onsumption levels promised in the futurefrom steady-state growth rates. The less 	 then needs to 
ompensatethe agent.Turning to Table 3.2 we �rst note that inverting equation (17) forthe base
ase IG of 0.32 gives �21� �2 = 0:58:Using this value on the right side of equation (18) gives 0.45 for thatderivative. Then� log z�IG = � log z� [ (1� �2)�1�2 ℄ � � �IG� [ (1� �2)�1�2 ℄ ��1:= 12 � 10:45 := 1:1Thus Table 3.2 has in its row for R = 1 a 
ompensating 	 that equalsabout 1.1 times the hypothesized 
hange in the Gini index, an ap-proximation that worsens the further IG diverges from the base
ase of0.32: The 
ompensating 	 in
reases due to the 
urvature in the un-derlying relations. Looking down Table 3.2 	 be
omes progressivelylarger: The more 
urved the utility fun
tion the more deeply inequal-ity a�e
ts the individual. The sign of this relation is unsurprising;its magnitude, however, is.Krueger and Perri (2004, 2006) have studied 
onsumption andin
ome inequality in the US from 1980 to 2003. They 
on
lude that
onsumption inequality, as measured by the Gini index, rose from0.23 to 0.27 whereas in
ome inequality in
reased from 0.30 to 0.37.Obviously, 
onsumption is smoothed relative to in
ome. However, a
hange of 0.04 in the Gini index is nonetheless a large in
rease. Usingmodels 
alibrated to the US e
onomy and that look in greater detailat leisure and risk-sharing arrangements, Krueger and Perri (2004){22{
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on
lude that the redu
tion in welfare due to 
onsumption inequalityamounts to at worst 6% in the level of permanent 
onsumption. Themultiplier 1:5 = 0:06=0:04 is 
omparable to those for R between 1 and2 in Table 3.2, although of 
ourse the model here is mu
h simpler andstrips out many interesting e
onomi
 features.In summary, two notable 
on
lusions emerge. First, growth mat-ters more than inequality in general. This is unsurprising and is mu
hin line with the kinds of results un
overed in Tables 1.1{1.4 earlier.However, as utility be
ome progessively more 
onvex, this statementweakens 
orrespondingly. Se
ond, for typi
al values for the Gini in-dex, the impa
t of even relatively small 
hanges in inequality is ap-pre
iable. For instan
e, for R = 5, a worsening of inequality from aGini index of 0.32 to just 0.34 requires a 12% 
ompensating adjust-ment in the average level of 
onsumption. One eighth of permanent
onsumption is extremely large: Lu
as (1987) estimated the 
ost ofbusiness 
y
les to be less than only 0.1%, and that was with R = 10(I will return to this below).Next, put the magnitudes in these Tables in 
ontext by 
onsider-ing the example of China from Tables 1.1{1.4. Re
all that there theGini index in
rease from 0.29 to 0.45 and the per 
apita growth of8.4% resulted, on net, in redu
ing the number in $2-poverty by over400 hundred million Chinese. Now, Tables 3.1 and 3.2 allow further
on
lusions. (The following numbers need to be re-
alibrated for abase Gini of 0.29 rather than 0.32.) If the typi
al Chinese 
itizendis
ounted the future with dis
ount fa
tor Æ = 0:98 and had R = 2,and if before 1979 China's per 
apita growth had been 2%, then that
itizen would have valued the 2004 unequal growing China at a 31%in
rease in lifetime 
onsumption (54% from growth Table 3.1 and -23% from inequality Table 3.2). On the other hand, if his R = 5 thenthe result would have been equivalent to a net 44% de
line in lifetime
onsumption.9 How the Chinese histori
al timepath in growth and9 China's growth subsequently has, of 
ourse, been mu
h higher,and therefore the net gain uniformly better than that dis
ussed in{23{
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onomiesinequality is viewed depends, 
riti
ally (if smoothly), on the shape ofone's utility fun
tion, a message di�ering substantially from that ofearlier work like that exempli�ed in Tables 1.1{1.4.(The numbers in this paragraph need to be re-done using thenew 2004 estimates.) Adding up the separate e�e
ts as just done isonly for illustration; the a
tual 
hange from histori
al experien
e of
ourse 
ombines these two e�e
ts simultaneously. Doing that 
al
u-lation gives 	 = �58 for R = 1, 	 = �22 for R = 2, 	 = +25for R = 5, and �nally 	 = +97 for R = 10. The nonlinear intera
-tion between growth and inequality gives numbers di�erent from theadditive dis
ussion earlier, but not dramati
ally so.Compared to the e�e
ts of business 
y
les estimated elsewhere,the inequality impli
ations in Table 3.2 are large. For instan
e, Lu-
as (1987) estimates that had all US business 
y
le variability beeneliminated the average 
itizen would bene�t by only 0.1% of lifetime
onsumption. On the other hand that same representative agentwould have bene�ted by 34% of lifetime 
onsumption had the Giniindex been redu
ed from only 0.32 to 0.28 (roughly speaking, fromUS inequality to Belgian, assuming growth did not 
hange).To understand this it is useful to return to the expression givenin Theorem 2.4. When � = 0 the 
on
lusion there simpli�es:i. For R = 1,Wj(0; �j(0); �; zj ; �2j ; 0) = log �j(0)+ Æ(1� Æ)2 log � + 11� Æ log zj � Æ(1� Æ)2 � �2j2 :the text. More generally, had Chinese growth before 1979 been lower,or alternatively under-estimated after, or both then this welfare gainwould be an under-estimate. It seems to me a not unreasonable lowerbound for the 
hanges o

urring in that e
onomy.
{24{
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Table 3.3 Mobility matters. Initial �(0) at 5th per
entile of stationarydistribution; base � = 0; Var � sets IG = 0:32. At a low initial level of
onsumption, to 
ompensate for de
lines in mobility, permanent 
on-sumption levels have to rise (mostly). The relation is not monotoneeverywhere. Compensating 	 (%)R � 0:25 0:50 0:75 0:95 0:981 1 2 5 28 572 1 4 10 42 665 3 7 14 27 2810 5 7 7 �8 �26ii. For R 6= 1,Wj(0; �j(0); �; zj ; �2j ; 0) = (1�R)�1 �� 11� Æ +(zj)1�R � ��j(0)1�R + e�(1�R)R�2j =2 � Æ��(R�1)1� Æ��(R�1)��:The experiment reported in Table 3.2 seeks that 
hange in z thatmaintains a 
onstant value in W as � and thus IG varies. In theexpression for R 6= 1 su
h a 
al
ulation approximately (i.e., ignoringthe produ
t with �j(0)1�R) keeps invariant(z)1�R � e�(1�R)R�2=2;or � log z := (R=2)�� ��2� :For US business 
y
les Lu
as (1987) estimates � to be 0.013. Then,even its doubling or quadrupling implies relatively small proportional
hange in lifetime 
onsumption, � log z. By 
ontrast, for inequality,even a Gini 
oeÆ
ient of 0.32 already implies � of 0.58, i.e., 45 timesthe 
orresponding number for business 
y
les!{25{
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Table 3.4 Mobility matters. Initial �(0) at 50th per
entile of stationarydistribution; base � = 0; Var � sets IG = 0:32. At an average initiallevel of 
onsumption, to 
ompensate for de
lines in mobility, perma-nent 
onsumption levels have to fall, although not by as mu
h as inTable 3.5, where initial 
onsumption is yet higher.Compensating 	 (%)R � 0:25 0:50 0:75 0:95 0:981 0 0 �1 �4 �82 0 �1 �2 �10 �175 �1 �3 �7 �28 �4210 �2 �5 �11 �42 �63
Table 3.5 Mobility matters. Initial �(0) at 95th per
entile of stationarydistribution; base � = 0; Var � sets IG = 0:32. At a high initial levelof 
onsumption, to 
ompensate for de
lines in mobility, permanent
onsumption levels have to fall a lot.Compensating 	 (%)R � 0:25 0:50 0:75 0:95 0:981 0 �1 �4 �17 �282 �1 �2 �7 �26 �395 �2 �5 �12 �41 �5910 �3 �6 �15 �50 �72

{26{
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onomiesFinally, Tables 3.3{3.5 illustrate the impa
t of 
hanges in mo-bility, holding 
onstant the level of inequality. This is a
hieved byvarying � but then adjusting � so that IG is �xed throughout. In-tuition suggests, and indeed the Tables 
on�rm, the initial position�(0) matters greatly. If the agent is ri
h, high persisten
e enhan
esher welfare|her relatively high 
onsumption 
an be maintained withhigh probability. The opposite holds, however, when the agent is ini-tially poor|it is high mobility then that in
reases her well-being.Tables 3.4 and 3.5 show that for initial 
onditions relatively highin the distribution (at 50% and 95% respe
tively in these two Tables),in
reases in � do indeed raise well-being. Compensating 	 is negativethroughout and in
reases in magnitude with �.Table 3.3, on the other hand, shows positive 	, monotone in
reas-ing in �, ex
ept at high levels of R and �. When the agent is alreadypoor, persisten
e is typi
ally undesirable and has to be 
ompensatedfor by in
reasing permanent 
onsumption levels.Why, however, is the relation not monotone at low initial levels of
onsumption? The reason is that in a dynami
 sto
hasti
 model theautoregressive 
oeÆ
ient � regulates not just the expe
ted timepathbeginning from an initial 
ondition, but also the growth rate of un
er-tainty 
onditional on 
urrent information (e.g., equation (13)). Withinequality and the un
onditional varian
e invariant (holding 
onstant(1��2)�1�2), 
onditional un
ertainty grows more slowly, the higheris persisten
e. Thus, other things equal, higher � or lower mobilityraises well-being. When initial 
onsumption is high, both the 
on-ditional un
ertainty and expe
ted timepath e�e
ts work in the samedire
tion. Thus, the ri
h always prefer immobile so
ieties.The poor, on the other hand, dislike how high persisten
e keepsthem poor but, 
onditional on that out
ome, appre
iate how it re-du
es un
ertainty. Studying the proof of Theorem 2.4 (and in parti
-ular the expressions for D1 and D2), the threshold that de�nes thosewho are poor in this way islog � � 12(1� �2)�1�2:{27{
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onomiesFor low � people, whether the 
ompensating 	 is positive or neg-ative when � in
reases will, in general, depend. The 
onditionalun
ertainty e�e
t is signi�
ant only when people are suÆ
iently risk-averse, i.e., R is suÆ
iently high, as illustrated in Table 3.3 for � alsosuÆ
iently large.These mobility e�e
ts are large. When, say, R = 5, persisten
erising from 0 to 0:95 indu
es 	 of �28% at the median, +27% at the5th per
entile, and �41% at the 95th per
entile. At that 
urvatureof instantaneous utility, a 
hange of those magnitudes at the medianor 5th per
entile is equivalent to a 
hange in the steady-state growthrate from 2% to 7% or a 
hange in the Gini index from 0.32 to 0.36.
3.2 Markov chainNext, turn to the 
ontinuous-time 
al
ulations. Calibrate the Markov
hain in Theorem 2.3 to mat
h global in
ome distribution dynami
s.From the eviden
e in Bj�orklund, Bratsberg, Eriksson, J�antti, Nay-lor, �Osterba
ka, Raaum, and R�ed (2005) and Khor and Pen
avel(2005), [: : : ℄
3.3 Poisson overlaysA Poisson-related jump pro
ess 
an introdu
e dynami
s 
orrespond-ing to growth mira
les and disasters.[Calibration using Barro (2007), Hansen (2008) and Martin (2008)℄
4 EmpiricsThis se
tion provides some empiri
al 
ontext to the pre
eding ana-lyti
al 
al
ulations. {28{
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Table 4.1 The importance of China. Sour
e: Chen and Ravallion (2008)(PPP$ means 
onstant 2005 international$).1981 1990 1999 2005World GDP 1012 PPP$ 26 35 45 56per 
apita PPP$ 5876 6704 7505 8662World's $1-poor (106) 1904 1815 1695 1400China's $1-poor (106) 835 683 447 208Remainder (106) 1069 1132 1248 1192An extreme form of utility U in the pre
eding se
tions might beone that penalizes extreme poverty but is then indi�erent a
ross in-
omes above a parti
ular threshold. Then empiri
al eviden
e thatbears on welfare analysis would in
lude importantly only the evolu-tion of extreme poverty.Table 4.1 shows how world poverty|measured by the number ofpeople living on less than PPP$1.25 a day|has 
hanged in the lastthree de
ades.10 In 1981 the world's population living in povertynumbered 1904 milion. By 2005 that number had fallen to 1400 mil-lion, a redu
tion of 504 million people (Chen and Ravallion, 2008).11Over the same period the population of China living in poverty fellfrom 835 to 208 million, a de
line of 627 million. China single-handedly lifted more people out of poverty than did the entire world.Figs. 4.1{4.4 show four snapshots of the evolution of world povertyand e
onomi
 growth, and provide a striking depi
tion of the signi�-10 I adopt here the pra
ti
e, updated in Chen and Ravallion (2008),of using PPP$1.25 a day to de�ne poverty. Numbers like these aresubje
t to 
onsiderable debate and 
ontroversy. See, e.g., Asian De-velopment Bank (2008); Bourguignon and Morrisson (2002); Chenand Ravallion (2004, 2008); Deaton (2005).11 These numbers use PPP indexes from the 2005 InternationalComparison Proje
t (Asian Development Bank, 2008). In this timethe world's population rose from 4.5 to 6.5 billion (World Bank, 2008).{29{
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Fig. 4.1 World Poverty 1981. The horizontal axis measures per 
apitain
ome in thousands of PPP 
onstant year-2005 US$; the verti
alaxis, millions of people with in
omes less than PPP 
onstant year-2005 US$1.25 a day. See text for abbreviations and further details.�����
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Fig. 4.2 World Poverty 1990. See notes for Fig. 4.1
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Fig. 4.3 World Poverty 1999. See notes for Fig. 4.1
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Fig. 4.4 World Poverty 2005. See notes for Fig. 4.1
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an
e of China in this history. An animation of the pro
ess appearsin
http://econ.lse.ac.uk/staff/dquah/p/2008.09-wpdyn-2005.gifand is more 
onveniently viewed online.Ea
h bubble in the Figures represents the state of a 
ontinentalgrouping or large e
onomy. China and India, in parti
ular, are expli
-itly given, as are East Asia and the Pa
i�
 (EAP) ex
luding China,and South Asia (SA) ex
luding India. Sub-Saharan Afri
a (SSA),Latin Ameri
a and the Caribbean (LAC), and the Middle East andNorth Afri
a (MENA) also appear expli
itly, with Eastern Europeand Central Asia (ECA) unavailable until 1990.The horizontal axis in these Figures measures per 
apita GDP, inthousands of PPP 
onstant year-2005 US$. The verti
al axis mea-sures in millions the number of people living on less than $1.25 aday, again in PPP 
onstant-year 2005 US$. The lo
ation of ea
hbubble is the state of the e
onomy; the relative size of ea
h bubble,the population. As population grows, so too does the bubble grow insize.For 1981 China appears in the extreme upper left in Fig. 4.1: it ispoor on average and holds many extremely poor people. Over time,the China bubble sinks and moves rightwards. E
onomi
 growth o
-
urs and lifts hundreds of millions of Chinese out of extreme poverty.By 2005 China both holds fewer poor and is per 
apita ri
her thanIndia and Sub-Saharan Afri
a.Figs. 4.1{4.4 also show that the rest of East Asia and the Pa
i�
region have in parallel with China also grown and su

essfully redu
edpoverty, although nowhere to the same magnitude as China alone.By 
ontrast the rest of the world has 
hanged little in that samepositive dire
tion. The only other signi�
ant event is instead a nega-tive one. Figs. 4.1{4.4 show Sub-Saharan Afri
a had per 
apita GDPde
line and poverty nearly double between 1981 and 2005. By 2005the population of all of Sub-Saharan Afri
a was only 58% that of{34{
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onomiesChina but in absolute numbers Sub-Saharan Afri
a had 85% morepeople living in extreme poverty than had China.However, the impa
t of China on world poverty is due not just toits having su
h a large population. Impli
it in the Figures is also a
omparison with India|the only other billion-people e
onomy in theworld. In this regard three features are parti
ularly striking in theanimation. First, 
ompared to China over this sample period, Indiahas both grown a lot slower and seen mu
h less poverty redu
tion.Indeed, the number of people in India living on less than $1.25 aday has remained approximately 
onstant despite e
onomi
 growth.This rise in poverty is be
ause of India's in
reased population and itsrelatively stable in
ome distribution (Quah, 2003).Se
ond, while overall su

essful, China's poverty redu
tion hasnot been uniform throughout this time. Between 1987 and 1990 whene
onomi
 growth slowed, poverty in China in
reased markedly as well.Third, both from the 1987{1990 episode and by 
omparison to In-dia, China's growth and size alone do not make automati
 large-s
alepoverty redu
tion. Growth has to be suÆ
iently rapid to overturn thenegative e�e
ts arising from in
reases in population and in inequality.This last message, of 
ourse, 
arries also from the analyti
al andnumeri
al 
al
ulations of the pre
eeding se
tions.[: : : ℄
5 ConclusionThis paper has studied how varying patterns of growth and inequalitya�e
t the welfare of an e
onomy's 
itizens. Previous work had shownhow, for poverty, histori
al within- and 
ross-
ountry patterns implythe e�e
t of growth overwhelms that of inequality.In this paper analyti
al 
al
ulations suggest that growth and in-equality e�e
ts are more nuan
ed. For utility fun
tions that are notunreasonable the welfare of the average person on earth is, 
ertainly{35{
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onomiesimproved by the observed histori
al experien
es of global growth andinequality. However, that experien
e is not uniform or unambiguous.It di�ers a
ross even just the fast-growing e
onomies.[: : : ℄
6 ProofsThis appendix provides proofs of results in the body of the paper.
Proof of Theorem 2.1 From (3) and (5),U(C(t)) = U(eZ(t)e�t) = e(1�R)Z(t)e(1�R)�t � 11�R=) e��tU(C(t)) = e(1�R)Z(t)e�[��(1�R)�℄t � e��t1�RUsing the de�nitions for e� and eU , this givese��tU(C(t)) = e�e�t eU(Z(t)) +8<:�(1�R)�1e��t for R 6= 1;�te��t otherwise.Then, 
onditional on C(0) = ez,W (0) = E � Z 10 e��tU(C(t)) dt j C(0) = ez �= (Re� eU)(z) +8<:� R10 (1�R)�1e��t dt for R 6= 1;R10 �te��t dt otherwise.The 
on
lusion of the Theorem then follows from 
al
ulating, forR 6= 1, Z 10 �(1�R)�1e��t dt = (1�R)�1��1 � � e��t � ���10= �(1�R)�1��1;{36{



Unequal growing e
onomiesand, for R = 1,Z 10 �e��tt dt = � � (���2)� h (1 + �t)e��t i ���10 = ���2:Q.E.D.
Proof of Theorem 2.2 The resolvent operator R� has kernel represen-tation: (R��)(x0) = Z 1�1 �(x)G�(x0; x) dx;where G�(x0; x) dx = Z 10 e��tMt(x0; dx) dt;with Mt the time-t sto
hasti
 kernel (Quah, 2007, Se
tion 3). More-over, the resolvent kernel of standard Brownian motion isG�(x0; x) = ��1 1p2�e�jx�x0jp2�=� : (19)(Quah (2007, Se
tion 3), Karlin and Taylor (1981, p. 288)). There-fore, (Re� eU)(zy) = Z 1�1 eU(z) � ��1 1p2e� � e�jz�zyjp2e�=� dz:For R 6= 1 this be
omes.(Re� eU)(zy) = (2e�)�1=2��11�R Z 1�1 e�(2e�=�2)1=2�jz�zyj � e(1�R)z dz:The integral on the right 
an be rewritten:Z zy�1 e�(2e�=�2)1=2(zy�z) � e(1�R)z dz+ Z 1zy e�(2e�=�2)1=2(z�zy) � e(1�R)z dz{37{



Unequal growing e
onomies= e�(2e�=�2)1=2zy(2e�=�2)1=2 + (1�R) � e[(2e�=�2)1=2+(1�R)℄zy+ e(2e�=�2)1=2zy(2e�=�2)1=2 � (1�R) � e�[(2e�=�2)1=2�(1�R)℄zy= e(1�R)zy � (2e�=�2)1=2 � 2(2e�=�2)� (1�R)2where 
onvergen
e of the integral follows from e� > 12 (1�R)2�2. Then(Re� eU)(zy) = e(1�R)zy1�R � 2��2(2e�=�2)� (1�R)2= e(1�R)zy1�R � 1�� (1�R)� � 12(1�R)2�2= r(R; �; �; �)�1 � e(1�R)zy :For R = 1 analogous steps apply to(Re� eU)(zy) = (2e�)�1=2��1 Z 10 e�(2e�=�2)1=2�jz�zyj � z dz:Again rewrite the integral on the rightZ zy�1 e�(2e�=�2)1=2(zy�z) � z dz + Z 1zy e�(2e�=�2)1=2(z�zy) � z dz= e�(2e�=�2)1=2zy�(2e�=�2) h (1� (2e�=�2)1=2z)e(2e�=�2)1=2z i���zy�1+ e(2e�=�2)1=2zy�(2e�=�2) h (1 + (2e�=�2)1=2z)e�(2e�=�2)1=2z i���1zy= p2 h�2=e� i1=2 zyso that (Re� eU)(zy) = (2e�)�1=2��1p2 h �2=e� i1=2 zy = ��1zy: Q.E.D.{38{



Unequal growing e
onomiesOf 
ourse equation (7) 
ombining Theorems 2.1{2.2 
an also beobtained dire
tly usingE h eZ(t) j Z(0) = z i = exp � z + �2t=2 � ;but su
h a dire
t approa
h would not generalize the way that usingthe resolvent operator allows.
Proof of Theorem 2.3 From the de�nition(Re� eU)(zm) = Z 10 e�e�tE h eU(Z(t))jZ(0) = zm i dt= Z 10 e�e�t �M�1Xm=0 Pt(m;m0) eU(zm0) � dtColle
ting the right side a
ross m gives the ve
tor(Re� eU)(zm); m = 0; 1; : : : ;M � 1as Z 10 e�e�t hPtU i dt = ( e��G )�1 U;thus establishing the Theorem. Q.E.D.
Proof of Theorem 2.4 Performing the 
al
ulations dire
tly for this
ase allows 
he
king the results obtained more generally by resolventoperators. To that end use the 
onditional distributions in equation(13) to write: E0 log �j(t) = �t log �j(0) � 1� �t1� �2 �2j2 :Now take ea
h of the 
ases in turn.

{39{



Unequal growing e
onomiesi. Suppose R = 1. When t > 0,E0U(Cj(t)) = E0 logCj(t)= E0 [ log zj + t log � + log �j(t) ℄= h log zj � (1� �2)�1�2j =2 i+ (log �)� t+ h log �j(0) + (1� �2)�1�2j =2 i�t;so thatE0 1Xt=0 ÆtU(Cj(t))= U(Cj(0)) +E0 1Xt=1 ÆtU(Cj(t))= log zj + log �j(0) + h log zj � (1� �2)�1�2j =2 i Æ1� Æ+ Æ(1� Æ)2 log � + h log �j(0) + (1� �2)�1�2j =2 i Æ�1� Æ� ;using 1Xt=0 tÆt = Æ 1Xt=1 tÆt�1 = Æ ddÆ 1Xt=1 Æt = Æ ddÆ Æ1� Æ= (1� Æ)�2Æ:Colle
ting terms then givesE0 1Xt=0 ÆtU(Cj(t)) = (1� Æ�)�1 log �j(0)+ Æ(1� Æ)2 log � + 11� Æ log zj � Æ(1� Æ)(1� Æ�)(1 + �) �2j2 :
{40{



Unequal growing e
onomiesii. Suppose R 6= 1. When t > 0,E0U(Cj(t)) = (1�R)�1E0 h (zj)1�R��(R�1)t�j(t)1�R � 1 i= (1�R)�1 h (zj)1�R��(R�1)t�exp� [1�R℄(�t log �j(0)� 1� �t1� �2 �2j2 )+ 12[1�R℄2 1� �2t1� �2 �2j � �1 ℄ :Colle
ting time-dependent terms in the exponent gives[1�R℄n log �j(0) + (1� �2)�1�2j =2o�t� [1�R℄2(1� �2)�1(�2j =2)�2t;while the time-invariant terms there be
ome� [1�R℄(1� �2)�1�2j =2 + [1�R℄2(1� �2)�1�2j=2= �[1�R℄R(1� �2)�1�2j =2:For 
onvenien
e, letD1 = [1�R℄n log �j(0) + (1� �2)�1�2j =2oD2 = [1�R℄2(1� �2)�1�2j =2 > 0:ThenE0U(Cj(t)) = (1�R)�1 h (zj)1�Re�[1�R℄R(1��2)�1�2j =2���(R�1)teD1�te�D2�2t � 1 i
{41{



Unequal growing e
onomiesso thatE0 1Xt=0 ÆtU(Cj(t))= (zj)1�R�j(0)1�R � 11�R + (1�R)�1�� (zj)1�Re�[1�R℄R(1��2)�1�2j =2 1Xt=1 ��(R�1)teD1�te�D2�2t� (1� Æ)�1Æ �= (1�R)�1��(1� Æ)�1 + (zj)1�R�� e�[1�R℄R(1��2)�1�2j =2 1Xt=1 ��(R�1)teD1�te�D2�2t+ �j(0)1�R ��:Q.E.D.
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