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Shqqv|oydqld Vwdwh Xqlyhuvlw|

Wklv yhuvlrq= Mxo| 5334

Devwudfw

Zh surylgh d vlpsoh prgho ri fuhglw udwlrqlqj zlwk hqgrjhqrxv rffxsdwlrqdo

fkrlfh1 Hqwuhsuhqhxuldo wdohqw lv vxemhfw wr sulydwh lqirupdwlrq dqg wr vfuhhq

eruurzhuv edqnv dvn iru froodwhudo1 Wkh lqwhusod| ehwzhhq wkh oderu pdunhw dqg

wkh fuhglw pdunhw ohdgv wr pxowlsoh htxloleuld lq d qdwxudo zd|1 Wkh kljkhu lv wkh

zdjh udwh/ wkh orzhu lv wkh froodwhudo qhhghg wr glvfrxudjh ohvv wdohqwhg djhqwv

iurp eruurzlqj1 Wklv doorzv d juhdwhu qxpehu ri srru exw wdohqwhg djhqwv

wr ehfrph hqwuhsuhqhxuv/ wkhuhe| lqfuhdvlqj oderu ghpdqg dqg mxvwli|lqj wkh

zdjh lqfuhdvh1 Zh glvfxvv wkh lpsolfdwlrqv ri rxu prgho iru hfrqrplf srolf|

zklfk duh yhu| gl�huhqw iurp wkrvh vxjjhvwhg e| prghov wkdw irfxv rq wkh fuhglw

pdunhw rqo|1

Nh|zrugv= Rffxsdwlrqdo Fkrlfh/ Dgyhuvh Vhohfwlrq/ Zhdowk Glvwulexwlrq/ Fuhglw

Udwlrqlqj1
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� W?|hL_�U|�L?

D zhoo0ixqfwlrqlqj fuhglw pdunhw doorzv wkrvh zkr kdyh vxusoxv vdylqjv wr ohqg lw

wr wkrvh zkr kdyh vnloov/ wdohqwv dqg lghdv1 Lq dgglwlrq lw doorzv wkrvh zkr duh

eruq srru wr dftxluh vnloov wkurxjk hgxfdwlrq dqg pryh xs wkh hfrqrplf odgghu1

Krzhyhu/ wkhuh pd| eh wudqvdfwlrqv frvwv gxh wr wkh qhfhvvlw| wr vfuhhq dqg prqlwru

eruurzhuv wr hqvxuh uhsd|phqw1 Wkh xvh ri froodwhudo pljkw uhgxfh wkh wudqvdfwlrq

frvwv/ exw wkrvh zkr qhhg fdslwdo prvw duh srru dqg xqdeoh wr sohgjh froodwhudo1

Wkxv/ fdslwdo pd| qrw �rz iuhho| wr wkrvh zkr qhhg lw prvw/ dqg surmhfwv zlwk

d kljk srwhqwldo udwh ri uhwxuq pd| qhyhu eh uhdol}hg1� Vwduwlqj zlwk wkh fodvvlf

zrun ri Vwljolw} dqg Zhlvv +4<;4, wkhuh lv qrz d odujh olwhudwxuh rq wkh h�hfwv ri

dv|pphwulf lqirupdwlrq rq fuhglw pdunhwv/ dqg wkhlu lpsolfdwlrqv iru pdfurhfrqrplf

skhqrphqd vxfk dv exvlqhvv f|fohv +h1j1/ Ehuqdqnh dqg Jhuwohu/ 4<<3,/ dqg hfrqrplf

ghyhorsphqw +Edqhumhh dqg Qhzpdq/ 4<<6 dqg Slnhww|/ 4<<:,1

Krzhyhu/ wkh fuhglw pdunhw grhv qrw rshudwh lq lvrodwlrq1 Wkh h{whqw ri fuhglw

udwlrqlqj lv olnho| wr eh ghwhuplqhg e| zkdw lv jrlqj rq lq wkh uhvw ri wkh hfrqrp|/

dqg lq wxuq/ lw zloo d�hfw rwkhu pdunhwv/ vxfk dv wkh oderu pdunhw/ wkurxjk wkh ohyho ri

lqyhvwphqw wkdw lv �qdqfhg1 Lq wklv sdshu zh vwxg| wkh wzr0zd| lqwhudfwlrq ehwzhhq

wkh fuhglw pdunhw dqg wkh oderu pdunhw lq wkh suhvhqfh ri dv|pphwulf lqirupdwlrq1

Wkh h{whqw ri fuhglw udwlrqlqj ghwhuplqhv wkh ohyho ri lqyhvwphqw xqghuwdnhq lq

wkh hfrqrp|/ zklfk d�hfwv wkh zdjh udwh lq wkh oderu pdunhw1 Wkh zdjh udwh lq

wxuq d�hfwv wkh rffxsdwlrqdo fkrlfh ghflvlrqv ri lqglylgxdov zkr gl�hu lq whupv ri

hqwuhsuhqhxuldo delolw|/ qdpho|/ zkhwkhu wr eh d zrunhu ru dq hqwuhsuhqhxu1 Wkh

uhvxowlqj h�hfw rq wkh txdolw| ri wkh eruurzhu srro d�hfwv wkh ohqglqj srolf| ri

edqnv/ dqg wkhuhiruh/ wkh h{whqw ri fuhglw udwlrqlqj1 Zh vkrz wkdw wklv phfkdqlvp

ri lqwhudfwlrq ehwzhhq wkh fuhglw dqg wkh oderu pdunhwv jhqhudwhv pxowlsoh htxloleuld

lq d yhu| qdwxudo zd| dqg vxjjhvwv srolflhv wkdw gl�hu juhdwo| iurp wkrvh wkdw irfxv

rq wkh fuhglw pdunhw rqo|1
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D nh| hohphqw ri rxu prgho lv wkh idfw wkdw lqglylgxdov gl�hu lq whupv ri erwk

hqwuhsuhqhxuldo wdohqw dqg zhdowk1 Hfrqrplf h�flhqf| uhtxluhv wkdw d vkruwdjh ri

shuvrqdo zhdowk vkrxog qrw vwrs dq lqglylgxdo zkr kdv wdohqw iurp ehfrplqj dq

hqwuhsuhqhxu1 Exw wdohqw e| lwv yhu| qdwxuh lv olnho| wr eh vxemhfw wr dv|pphwulf

lqirupdwlrq dqg vr rxu vwduwlqj srlqw lv wkh vwdqgdug prgho ri �qdqfldo frqwudfwlqj

xqghu dgyhuvh vhohfwlrq/ zkhuh frpshwlwlyh ohqghuv xvh froodwhudo wr vfuhhq eruurz0

huv1 Iru vlpsolflw| zh dvvxph wkdw wdohqw dqg zhdowk duh xqfruuhodwhg/ vr wdohqwhg

djhqwv h{lvw lq wkh vdph sursruwlrq iru hyhu| zhdowk ohyho1 Hdfk djhqw fdq fkrrvh

dprqj wkuhh rffxsdwlrqv= hqwuhsuhqhxuvkls/ zdjh oderu/ ru d vxevlvwhqfh whfkqro0

rj| wkdw uhtxluhv qr fdslwdo1 Wkh zdjh udwh lv ghwhuplqhg lq wkh oderu pdunhw

dqg hqwuhsuhqhxuldo uhqwv dgmxvw dffruglqjo|1 Doo lqglylgxdov duh htxdoo| vnloohg dw

surylglqj ruglqdu| oderu/ khqfh doo zrunhuv hduq wkh vdph zdjh1 Hqwuhsuhqhxuvkls

lqyroyhv d vhw0xs frvw/ vr lqglylgxdov zlwk lqvx�flhqw zhdowk zkr zdqw wr ehfrph

hqwuhsuhqhxuv pxvw eruurz iurp d edqn1 D wdohqwhg hqwuhsuhqhxu surgxfhv d qhw

vxusoxv odujh hqrxjk wr fryhu wkh vhw0xs frvw1 Dq xqwdohqwhg hqwuhsuhqhxu fdqqrw

surgxfh dq| vxusoxv/ dqg rewdlqv rqo| sulydwh ehqh�wv iurp ehlqj dq hqwuhsuhqhxu1

Wkxv/ li wkh froodwhudo uhtxluhg e| edqnv lv odujh hqrxjk/ xqwdohqwhg lqglylgxdov duh

xqzloolqj wr jlyh xs froodwhudo/ vlqfh wkh| nqrz wkh| zrxog qrw eh deoh wr uhsd| wkh

ordq1

Zh vkrz wkdw wkh dprxqw ri froodwhudo vx�flhqw wr glvfrxudjh xqwdohqwhg lqgl0

ylgxdov iurp ehfrplqj hqwuhsuhqhxuv lv ghfuhdvlqj lq wkh zdjh udwh/ zklfk lv wkh

hqgrjhqrxv rxwvlgh rswlrq wr edqn0�qdqfhg hqwuhsuhqhxuv1 Li wkh zdjh udwh lv orz/

ehlqj d zrunhu lv qrw dq dwwudfwlyh rswlrq dqg vr lqglylgxdov zkr gr qrw kdyh hq0

wuhsuhqhxuldo wdohqw zloo wu| wkhlu oxfn lq wkh fuhglw pdunhw1 Ohqghuv zloo uhvsrqg e|

udlvlqj wkh froodwhudo ohyho/ zklfk phdqv ihzhu wdohqwhg hqwuhsuhqhxuv zloo eh ixqghg1

Wkh uhvxowlqj h{fhvv vxsso| ri oderu zloo mxvwli| wkh lqlwldo orz zdjh udwh1 Vlploduo|/

d kljk zdjh udwh zloo lqfuhdvh wkh dwwudfwlyhqhvv ri ehlqj d zrunhu wr lqglylgxdov

zlwkrxw hqwuhsuhqhxuldo wdohqw/ zklfk zloo lqgxfh edqnv wr orzhu wkh froodwhudo ohyho1

Wklv zloo ohdg wr juhdwhu lqyhvwphqw dqg juhdwhu ghpdqg iru oderu/ mxvwli|lqj wkh

kljk zdjh udwh1
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Wkh prgho surylghv d olqn ehwzhhq fuhglw pdunhw lpshuihfwlrqv dqg xqghugh0

yhorsphqw dqg krz wkh| fdq pxwxdoo| uhlqirufh hdfk rwkhu1 Wkhuh lv frqvlghudeoh

pdfur0ohyho hylghqfh rq wkh uhodwlrqvkls ehwzhhq wkh ghjuhh ri �qdqfldo ghyhorsphqw

dqg hfrqrplf jurzwk +h1j1/ Nlqj dqg Ohylqh/ 4<<6/ Udmdq dqg ]lqjdohv/ 4<<;,1 Wkhuh

lv dovr vrph hylghqfh wr vxjjhvw wkdw kljkhu zdjhv duh dvvrfldwhg zlwk orzhu wudqvdf0

wlrqv frvwv lq wkh fuhglw pdunhw12 Zkloh wkhuh lv d odujh olwhudwxuh vwduwlqj zlwk wkh

_elj sxvk% prgho ri Pxusk|/ Vkohlihu dqg Ylvkq| +4<;<, wkdw ylhzv wkh sureohp ri

hfrqrplf ghyhorsphqw dv frruglqdwlqj wr d jrrg htxloleulxp lq wkh suhvhqfh ri pxo0

wlsoh htxloleuld/ wkhuh lv d nh| ihdwxuh wkdw glvwlqjxlvkhv rxu prgho1 Wkrvh zkr duh

wdohqwhg dqg ulfk hqrxjk wr ehfrph hqwuhsuhqhxuv lq d orz0zdjh htxloleulxp suhihu

wklv htxloleulxp/ zkloh doo rwkhu djhqwv suhihu d kljk0zdjh htxloleulxp1 Wkhuhiruh

wkh pxowlsoh htxloleuld ri rxu prgho kdyh hohphqwv ri frq�lfw dv zhoo dv frruglqdwlrq/

olnh lq wkh _edwwoh ri wkh vh{hv%1 Zkloh djjuhjdwh rxwsxw lv kljkhu lq d kljk zdjh

htxloleulxp/ li wkh ulfk kdyh vx�flhqw srolwlfdo srzhu wkh| pd| eh deoh wr eorfn lw1

Lq frqwudvw lq sxuh frruglqdwlrq idloxuh prghov vxfk dv Pxusk|/ Vkohlihu dqg Ylvkq|

+4<;<, d jrrg htxloleulxp Sduhwr grplqdwhv d edg htxloleulxp1 Dv d uhvxow/ lw lv

kdug wr h{sodlq wkh shuvlvwhqfh ri d edg htxloleulxp 0 hfrqrplf srolf| zklfk dlpv

wr frruglqdwh rq d jrrg htxloleulxp zloo eh rssrvhg e| qrerg|1

Rxu prgho dovr vxjjhvwv d phfkdqlvp e| zklfk d vpdoo h{rjhqrxv vkrfn lq wkh

oderu ru fuhglw pdunhw fdq kdyh d odujh pdfurhfrqrplf h�hfw wkurxjk wkh pxwxdo

lqwhudfwlrq ri wkhvh wzr pdunhwv1 Wklv lv lq frqwudvw zlwk wkh �qglqjv ri Fdedoohur

dqg Kdpprxu +4<<7, zkr vwxg| wkh fkdqjh lq wkh vhohfwlrq ri �upv +lq whupv ri

txdolw|, ryhu wkh exvlqhvv f|foh dqg dujxh wkdw uhfhvvlrqv kdyh d fohdqvlqj h�hfw

e| zhhglqj rxw lqh�flhqw �upv1 Rxu dujxphqw lv/ wr wkh frqwudu|/ wkdw uhfhvvlrqv

zruvhq wkh dgyhuvh vhohfwlrq sureohpv lq wkh fuhglw pdunhw/ zklfk uhlqirufhv wkh
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uhfhvvlrq1

Vrph lqwhuhvwlqj lpsolfdwlrqv uhjduglqj hfrqrplf srolf| wr ghdo zlwk fuhglw ud0

wlrqlqj fdq eh gudzq iurp rxu prgho1 Hyhq li fuhglw vxevlglhv fdqqrw lpsuryh

h�flhqf| lq wkh vwdqgdug sduwldo htxloleulxp prgho ri wkh fuhglw pdunhw/ wkh| fdq

kdyh jhqhudo htxloleulxp h�hfwv wkdw lpsuryhv h�flhqf|1 Dovr/ srolflhv wkdw wdujhw

wkh oderu pdunhw fdq doohyldwh fuhglw udwlrqlqj1 Ehfdxvh wkh zhdowk wkuhvkrog iru

eruurzlqj lv hqgrjhqrxv/ vpdoo fkdqjhv lq wkh zhdowk glvwulexwlrq fdq kdyh d odujh

h�hfw rq h�flhqf| lq wkh vkruw0uxq e| vhwwlqj r� pdunhw irufhv wkdw uhlqirufh wkh

h�hfw ri wkhvh srolflhv1

Zkloh rxu sdshu kdv olqnv wr vhyhudo olwhudwxuhv dv phqwlrqhg deryh/ vxfk dv

wkrvh rq �qdqfldo frqwudfwlqj zlwk dv|pphwulf lqirupdwlrq/ pdfurhfrqrplf lpsol0

fdwlrqv ri djhqf| frvwv/ dqg frruglqdwlrq idloxuh prghov ri hfrqrplf ghyhorsphqw/

lw lv prvw forvho| uhodwhg wr wkh olwhudwxuh rq rffxsdwlrqdo fkrlfh dqg fuhglw pdunhw

lpshuihfwlrqv/ dqg lq sduwlfxodu/ wr wkh lpsruwdqw sdshu e| Edqhumhh dqg Qhzpdq

+4<<6,1� Dv lq wklv olwhudwxuh/ rxu irfxv wrr lv rq wkh hqgrjhqrxv ghwhuplqdwlrq

ri uhwxuqv wr gl�huhqw rffxsdwlrqv lq wkh suhvhqfh ri lpshuihfw fuhglw pdunhwv dqg

vhw0xs frvwv1 Krzhyhu/ wkhuh duh vhyhudo ihdwxuhv wkdw glvwlqjxlvk rxu sdshu1 Iluvw/

zh vwxg| wkh wzr zd| lqwhudfwlrq ehwzhhq wkh fuhglw pdunhw dqg wkh oderu pdu0

nhw zkhuhdv Edqhumhh dqg Qhzpdq +4<<6, vwxg| rqo| wkh rqh0zd| h�hfw ri fuhglw

udwlrqlqj rq wkh oderu pdunhw1 Dv d uhvxow/ lq wkh vwdwlf yhuvlrq ri Edqhumhh dqg

Qhzpdq +4<<6, wkh htxloleulxp lv xqltxh/ zkhuhdv lq wkh vwdwlf yhuvlrq ri rxu prgho

wkhuh fdq eh pxowlsoh htxloleuld1 Vhfrqg/ lq wkh g|qdplf yhuvlrq ri wkh Edqhumhh

dqg Qhzpdq +4<<6, prgho wkhuh fdq eh pxowlsoh vwhdg| vwdwhv/ dqg zklfk rqh lv

uhdfkhg ghshqgv rq wkh lqlwldo glvwulexwlrq ri zhdowk1 Krzhyhu/ rqfh wkh lqlwldo glv0

wulexwlrq ri zhdowk lv nqrzq/ wkh orqj whup rxwfrph ri wkh hfrqrp| lv shuihfwo|

nqrzq1e Lq wkh g|qdplf h{whqvlrq ri rxu prgho/ iru d jlyhq lqlwldo glvwulexwlrq ri

zhdowk wkhuh fdq eh pxowlsoh g|qdplf htxloleuld gxh wr wkh lqwhudfwlrq ri pxowlsoh

pdunhwv1 Lq rqh vxfk g|qdplf htxloleulxp wkh zdjh zloo eh kljk lq hdfk shulrg dqg
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lq wkh rwkhu rqh wkh zdjh zloo eh orz lq hyhu| shulrg1 Wkh zhdowk glvwulexwlrq zloo

frqyhujh wr gl�huhqw olplwlqj glvwulexwlrqv lq wkh wzr fdvhv1 Ilqdoo|/ zkloh wkh fodv0

vlfdo olwhudwxuh rq hfrqrplf ghyhorsphqw ruljlqdwlqj zlwk Vfkxpshwhu hpskdvl}hv

hqwuhsuhqhxuldo wdohqw dqg delolw| wr lqqrydwh dv wkh nh| wr hfrqrplf ghyhorsphqw/

wkh olwhudwxuh rq rffxsdwlrqdo fkrlfh w|slfdoo| ylhzv hqwuhsuhqhxuvkls dv lqyroylqj

prqlwrulqj rwkhu zrunhuv/ d vnloo wkdw fdq eh slfnhg xs hdvlo| e| dq|erg| dqg dv

d uhvxow/ hyhu|rqh lv htxdoo| jrrg dw lw1 Dq h{fhswlrq lv Oor|g0Hoolv dqg Ehuqkdugw

+5333, zkr doorz hqwuhsuhqhxuv wr kdyh khwhurjhqhrxv wdohqw1 Krzhyhu/ wkhuh lv qr

dv|pphwulf lqirupdwlrq derxw lw lq wkhlu prgho/ dqg wkh vhyhulw| ri fuhglw udwlrqlqj

grhv qrw ghshqg rq wkh rxwvlgh rswlrq ri wkh djhqwv1 Lq frqwudvw/ khwhurjhqhlw| ri

lqglylgxdov lq whupv ri hqwuhsuhqhxuldo wdohqw dqg dv|pphwulf lqirupdwlrq derxw lw

duh nh| ihdwxuhv ri rxu prgho dqg dv d uhvxow ri wkhvh ihdwxuhv/ wkh h{whqw ri fuhglw

pdunhw lpshuihfwlrqv lv hqgrjhqrxv1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq vhfwlrq 5 zh ghvfuleh wkh vhw xs ri wkh

prgho dqg lq vhfwlrq 6 dqdo|}h wkh htxloleulxp lq wkh vwdwlf prgho zkhuh zh wdnh wkh

zhdowk glvwulexwlrq dv h{rjhqrxv dqg fkdudfwhul}h frqglwlrqv xqghu zklfk pxowlsoh

htxloleuld frxog dulvh1 Lq vhfwlrq 7 zh glvfxvv wkh lpsolfdwlrqv ri rxu prgho uhjduglqj

hfrqrplf srolf|1 Lq vhfwlrq 8 zh fduu| rxw d vlpsoh g|qdplf h{whqvlrq ri rxu edvlf

prgho doorzlqj wkh zhdowk glvwulexwlrq wr hyroyh ryhu wlph wkurxjk ehtxhvwv dqg

vkrz wkdw vwduwlqj zlwk wkh vdph lqlwldo glvwulexwlrq ri zhdowk wzr hfrqrplhv fdq

frqyhujh wr wzr gl�huhqw vwdwlrqdu| htxloleuld/ rqh zlwk wkh orz zdjh lq hdfk shulrg/

dqg wkh rwkhu zlwk wkh kljk zdjh1 Vhfwlrq 9 pdnhv vrph frqfoxglqj uhpdunv dqg

vrph whfkqlfdo surriv duh suhvhqwhg lq wkh dsshqgl{1

2 A�i 5|@|�U �L_i*
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Zh frqvlghu d rqh0shulrg frpshwlwlyh hfrqrp| zlwk d frqwlqxxp ri ulvn qhxwudo

djhqwv lghqwl�hg zlwk wkh lqwhuydo ^3> 4`1 Hdfk djhqw l lv eruq zlwk lqlwldo zhdowk d�=

Wkh lqlwldo glvwulexwlrq ri zhdowk lv J+�,> zklfk zh wdnh dv jlyhq h{rjhqrxvo|1 Doo

8



djhqwv duh eruq zlwk dq hqgrzphqw ri rqh xqlw ri oderu zklfk wkh| vxsso| lqhodvwl0

fdoo|/ hlwkhu dv hqwuhsuhqhxuldo oderu ru dv ruglqdu| oderu1 Dq djhqw lv wdohqwhg zlwk

suredelolw| � dqg qrw wdohqwhg zlwk suredelolw| 4��= Zh zloo uhihu wr wdohqwhg dqg

qrw wdohqwhg djhqwv dv k dqg o w|shv/ uhvshfwlyho|1 Wdohqw uhihuv wr hqwuhsuhqhxuldo

delolw| rqo|= doo djhqwv duh htxdoo| txdol�hg wr vxsso| ruglqdu| oderu1 Dq djhqw*v

w|sh +wdohqw, lv sulydwh lqirupdwlrq1 Zhdowk dqg delolw| duh lqghshqghqwo| glvwule0

xwhg1 Frqvxpswlrq fdq wdnh sodfh dw wkh ehjlqqlqj ru dw wkh hqg ri wkh shulrg1

Hqg ri shulrg frqvxpswlrq lv glvfrxqwhg e| wkh idfwru 4@�/ � � 4=

2�2 AiU�?L*L})

Wkh hfrqrp| surgxfhv rqh krprjhqrxv jrrg/ d qxphudluh frpprglw| uhihuuhg wr

vlpso| dv rxwsxw1 Rxwsxw fdq eh frqvxphg ru xvhg dv fdslwdo1 Wkhuh lv d vxevlvwhqfh

whfkqrorj| wkdw uhtxluhv qr fdslwdo dqg rqh xqlw ri oderu wr surgxfh z A 3 xqlwv

ri rxwsxw= Wkhuh lv dq hqwuhsuhqhxuldo whfkqrorj| fdoohg d surmhfw1 Hdfk surmhfw

uhtxluhv n A 3 xqlwv ri fdslwdo/ rqh xqlw ri hqwuhsuhqhxuldo oderu/ dqg q � 4 xqlwv

ri ruglqdu| oderu1 Wkh whfkqrorj| lv �{hg0frh�flhqwv w|sh/ dqg q dqg n duh jlyhq

h{rjhqrxvo|1 Wkh fdslwdo ghsuhfldwhv frpsohwho| dw wkh hqg ri wkh shulrg/ dqg fdq

eh lqwhusuhwhg dv kxpdq fdslwdo1 Li d k w|sh djhqw lv wkh hqwuhsuhqhxu/ wkhq wkh

surmhfw |lhogv d fhuwdlq uhwxuq U A 3= Li lqvwhdg wkh hqwuhsuhqhxu lv qrw wdohqwhg/

wkh surmhfw zloo jhqhudwh rqo| d sulydwh ehqh�w P A 3 dqg qr rwkhu rxwsxw1 Wkh

sulydwh ehqh�w fdqqrw eh dssursuldwhg e| d ohqghu/ zklfk fdswxuhv wkh lghd wkdw dq

hqwuhsuhqhxu fdqqrw eh suhyhqwhg iurp glyhuwlqj vrph sduw ri wkh lqyhvwphqw lqwr

klv rzq ehqh�w1 Lq rughu wr irfxv rq wkh lqwhuhvwlqj fdvhv/ zh pdnh wkh iroorzlqj

dvvxpswlrqv rq wkh h{rjhqrxv sdudphwhuv1

Dvvxpswlrq 41 U� qz � �n A z=

Dvvxpswlrq 51 P � �n ? z ? P=

Dvvxpswlrq 61 +4� �,P . � +U� qz , ? z. �n=

Dvvxpswlrq 4 vd|v wkdw zkhq wkh zdjh lv dw wkh orzhvw srvvleoh ohyho U lv vx�0

flhqwo| elj/ vr wkdw d wdohqwhg lqglylgxdo vwulfwo| suhihuv wr eh dq hqwuhsuhqhxu udwkhu

9



wkdq ehlqj d zrunhu/ diwhu pdnlqj zdjh dqg lqwhuhvw sd|phqwv1 Dvvxpswlrq 5 vd|v

wkdw wkh sulydwh ehqh�w ri ehlqj hqwuhsuhqhxu wr d o0w|sh eruurzhu/ P / h{fhhgv wkh

lqfrph iurp wkh vxevlvwhqfh whfkqrorj|/ z1 Wkhuhiruh/ o w|sh djhqwv frxog srwhq0

wldoo| jdlq iurp ehfrplqj edqn0�qdqfhg hqwuhsuhqhxuv1 Krzhyhu/ zkhq wkh vhw0xs

frvw �n lv vxewudfwhg iurp wkh sulydwh ehqh�w/ wkh vxevlvwhqfh whfkqrorj| grplqdwhv/

vr o w|sh djhqwv qhyhu zdqw wr ehfrph vhoi �qdqfhg hqwuhsuhqhxuv1 Wr lqwhusuhw Dv0

vxpswlrq 6/ vxssrvh dq djhqw lv slfnhg dw udqgrp iurp wkh srsxodwlrq dqg pdgh

dq hqwuhsuhqhxu1 Wkh udqgrp djhqw lv w|sh k zlwk suredelolw| �> lq zklfk fdvh

vkh surgxfhv U dqg sd|v zdjhv qz =D Li wkh djhqw lv w|sh o wkhq vkh uhfhlyhv wkh

sulydwh ehqh�wP dqg iruhjrhv wkh z xqlwv ri rxwsxw vkh frxog kdyh surgxfhg xvlqj

wkh vxevlvwhqfh whfkqrorj|1 Wkh vhw xs frvw ri d surmhfw lv �n= Wkxv/ Dvvxpswlrq 6

jxdudqwhhv wkdw wkh h{shfwhg vrfldo frvw ri d surmhfw h{fhhgv wkh h{shfwhg vrfldo jdlq

li wkh hqwuhsuhqhxu lv udqgrpo| fkrvhq1 Qrwlfh wkdw Dvvxpswlrq 6 lv vdwlv�hg li � lv

orz hqrxjk/ vlqfhP ? z.�n ? U�qz iurp Dvvxpswlrqv 4 dqg 51 Dv lv vwdqgdug

lq frpshwlwlyh vfuhhqlqj prghov wkdw xvh wkh htxloleulxp frqfhsw ri Urwkvfklog dqg

Vwljolw} +4<:9,/ dq htxloleulxp zloo qrw h{lvw li wkh iudfwlrq � ri _jrrg w|shv% lv wrr

odujh/ ehfdxvh vhsdudwlqj htxloleuld zloo eh ghvwur|hg e| ghyldwlrqv zkhuh edqnv r�hu

_srrolqj% frqwudfwv wkdw dwwudfw erwk w|shv ri eruurzhuv1 Wr hqvxuh wkh h{lvwhqfh

ri d Urwkvfklog0Vwljolw} htxloleulxp/ zh qhhg � wr eh qrw wrr odujh1 Dvvxpswlrq 6

jxdudqwhhv lw1S
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2�� �@h!i|t

Doo pdunhwv duh shuihfwo| frpshwlwlyh1 Hyhu| lqglylgxdo kdv wkh vdph vnloo dv d

zrunhu/ dqg wkhuh lv qr prudo kd}dug zlwk uhvshfw wr h�ruw1 Zdjhv dgmxvw zlwkrxw

dq| iulfwlrqv wr fohdu wkh oderu pdunhw1 Dv d uhvxow wkhuh lv qr lqyroxqwdu| xqhp0

sor|phqw/ dqg hdfk hqwuhsuhqhxu lv deoh wr kluh q zrunhuv dw wkh jrlqj pdunhw zdjh1

Wkh vxsso| dqg ghpdqg iru oderu duh ghwhuplqhg e| wkh rffxsdwlrqdo fkrlfhv ri

djhqwv +hqwuhsuhqhxuvkls yhuvxv zdjh oderu,1 Qrwlfh wkdw vlqfh dq| djhqw fdq xvh

wkh vxevlvwhqfh whfkqrorj|/ zdjhv fdq qhyhu idoo ehorz z=

Vlqfh hqwuhsuhqhxuldo wdohqw lv sulydwh lqirupdwlrq dqg w|sh o hqwuhsuhqhxuv zloo

qhyhu uhsd| wkhlu ordqv/ wkhuh lv dq dgyhuvh vhohfwlrq sureohp rq wkh fuhglw pdunhw

zklfk zloo eh glvfxvvhg lq wkh qh{w vhfwlrq1 Edqnv kdyh dffhvv wr dq lqwhuqdwlrqdo

fuhglw pdunhw zkhuh wkh vxsso| ri ixqgv lv lq�qlwho| hodvwlf dw wkh jurvv lqwhuhvw

udwh � � 4= Djhqwv zkr kdyh d srvlwlyh dprxqw ri zhdowk fdq ghsrvlw dq| sruwlrq

ri lw dqg hduq wkh jurvv lqwhuhvw udwh �= Vlqfh wkh glvfrxqw idfwru iru hqg ri shulrg

frqvxpswlrq lv 4@�/ djhqwv duh lqgl�huhqw ehwzhhq frqvxplqj lpphgldwho|/ ru vdylqj

dqg frqvxplqj odwhu1

� ,^��*�Mh��4 �? |�i 5|@|�U �L_i*

��� �@h|�@* ,^��*�Mh��4 �hi_�| �L?|h@U|t

Edqnv frpshwh e| r�hulqj fuhglw frqwudfwv1 Eruurzhuv dffhsw wkh frqwudfw wkh|

suhihu/ li dq|1 Doo wdnh wkh oderu pdunhw zdjh dv jlyhq1 Vlqfh eruurzhuv* w|shv duh

sulydwh lqirupdwlrq/ wkh pdunhw lv vxemhfw wr dq dgyhuvh vhohfwlrq sureohp1 Dv lq

Ehvwhu +4<;:, dqg Ehvdqnr dqg Wkdnru +4<;:,/ froodwhudo fdq eh xvhg dv d vfuhhqlqj

ghylfh1 Iroorzlqj Urwkvfklog dqg Vwljolw} +4<:9,/ dq htxloleulxp frqvlvwv ri d vhw

ri frqwudfwv vxfk wkdw qr frqwudfw pdnhv orvvhv/ dqg qr dgglwlrqdo frqwudfwv fdq

eh lqwurgxfhg wkdw hduqv sur�wv li wkh ruljlqdo frqwudfwv duh ohiw xqprgl�hg1 D

vwdqgdug dujxphqw vkrzv wkdw hdfk frqwudfw wkdw lv r�huhg lq htxloleulxp zloo |lhog

}hur h{shfwhg sur�w/ dqg wkhuh fdq eh qr srrolqj ri w|shv1 Pruhryhu/ dq htxloleulxp

;



pd| qrw h{lvw li � lv forvh wr rqh1.

Zh dvvxph wkdw qr wudqvdfwlrq frvwv duh lqyroyhg lq sohgjlqj ru oltxlgdwlqj wkh

froodwhudo1 Lqwurgxflqj vxfk frvwv zrxog qrw dgg dq|wklqj wr wkh dqdo|vlv1 Rxwsxw

lv yhul�deoh vr li d surmhfw kdv surgxfhg d vxusoxv/ wkh eruurzhu fdq eh irufhg wr

uhsd| khu ordq rxw ri khu surmhfw*v hduqlqjv1 Krzhyhu/ wkhuh lv olplwhg oldelolw| lq wkh

vhqvh wkdw dq hqwuhsuhqhxu zkr glg qrw surgxfh d vx�flhqw vxusoxv fdq dw prvw orvh

wkh dvvhwv vkh kdg sohgjhg dv froodwhudo1 Pruhryhu/ wkh sulydwh ehqh�wP fdqqrw eh

dssursuldwhg e| wkh edqn1 Zlwkrxw orvv ri jhqhudolw| zh frqvlghu fuhglw frqwudfwv

ri wkh iroorzlqj irup1 Wkh edqn pdnhv d ordq ri vl}h n wr �qdqfh d surmhfw/ exw dvnv

iru froodwhudo f1 Wkh jurvv lqwhuhvw udwh rq wkh ordq lv u � 41 Wkxv/ d frqwudfw fdq eh

zulwwhq dv +f> u,1 Dq djhqw fdq dffhsw wkh frqwudfw +f> u, rqo| li khu lqlwldo zhdowk lv

dw ohdvw f= Wkh edqn krogv rq wr wkh froodwhudo f xqwlo wkh hqg ri wkh shulrg/ dqg kdqgv

�f edfn wr wkh djhqw li dqg rqo| li wkh ordq lv uhsdlg lq ixoo +wkh uhtxluhg uhsd|phqw

lv un,1 Li wkh eruurzhu grhv qrw uhsd| wkh ordq/ wkh edqn nhhsv wkh froodwhudo soxv

wkh lqwhuhvw hduqhg rq lw/ �f= Qrwh wkdw wklv frqwudfw lv htxlydohqw wr rqh zkhuh wkh

edqn uhtxluhv eruurzhuv wr frqwulexwh f wr wkh surmhfw zkloh frqwulexwlqj n�f lwvhoi=

Zkloh w|sh k hqwuhsuhqhxuv fduh derxw wkh lqwhuhvw rq wkh ordq dv zhoo dv wkh

froodwhudo/ w|sh o hqwuhsuhqhxuv fduh rqo| derxw wkh froodwhudo uhtxluhphqw vlqfh wkh|

zloo qhyhu uhsd| wkhlu ordqv1 Wkxv/ froodwhudo fdq eh xvhg wr vfuhhq wkh eruurzhuv/

zklfk e| d vwdqgdug dujxphqw jxdudqwhhv wkdw dq htxloleulxp +li rqh h{lvwv, pxvw eh

_vhsdudwlqj%1 Exw li w|sh o djhqwv duh vhsdudwhg rxw wkh| pxvw lq idfw eh frpsohwho|

vkxw rxw iurp wkh fuhglw pdunhw/ iru wkh| zloo dozd|v ghidxow rq wkhlu ordqv1 Wkxv/

wkh plqlpxp froodwhudo uhtxluhphqw pxvw eh kljk hqrxjk wr ghwhu w|sh o djhqwv

iurp ehfrplqj edqn0�qdqfhg hqwuhsuhqhxuv1H

D frqwudfw +f> u, wkdw dwwudfwv rqo| w|sh k eruurzhuv zloo |lhog }hur sur�w wr wkh
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edqn li

u @ � +4,

vlqfh wkhlu surmhfw qhyhu idlov1 Wkh w|sh k hqwuhsuhqhxu zkr kdv dffhswhg wkh frq0

wudfw +f> u, zloo sd| zdjhv qz wr khu q zrunhuv dqg vkh zloo sd| un wr wkh edqn dw

wkh hqg ri wkh shulrg1 Khu qhw sd|r�b lv/ wkhuhiruh/

�+z, @ U� qz � �n= +5,

Qrwlfh wkdw wkh rqo| hqgrjhqrxv yduldeoh wkdw dsshduv lq +5, lv z= Lqghhg/ +5, jlyhv

wkh sd|r� iru d vhoi0�qdqfhg w|sh k hqwuhsuhqhxu dv zhoo1 Dvvxpswlrqv 4 dqg 5

lpso| wkdw �+z, A z=

D w|sh k hqwuhsuhqhxu zlwk zhdowk d zloo eh lqgl�huhqw ehwzhhq doo ordqv wkdw

kdyh froodwhudo uhtxluhphqw f � d/ vlqfh doo vxfk ordqv zloo jlyh klp sd|r� +5,1

Dv orqj dv wkh edqn*v }hur sur�w frqglwlrq lv vdwlv�hg/ wkh hqwuhsuhqhxu zloo eh

suhflvho| frpshqvdwhg iru _uhqwlqj% h{fhvv froodwhudo wr wkh edqn iru rqh shulrg

zlwk qr fkdqjh lq wkh lqwhuhvw udwh1 Wklv vhuyhv qr xvhixo vfuhhqlqj sxusrvh dqg lv

frpsohwho| qhxwudo1�f Wkhuhiruh/ zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw w|sh

k eruurzhuv dozd|v fkrrvh wkh frqwudfw zlwk wkh orzhvw froodwhudo uhtxluhphqw1 Vr

zh fdq mxvw dv zhoo dvvxph wkdw rqo| rqh fuhglw frqwudfw lv r�huhg lq htxloleulxp1

Wkh ohyho ri froodwhudo f pxvw eh wkh plqlpxp ohyho wkdw suhyhqwv w|sh o djhqwv iurp

zdqwlqj d ordq1�� Wkh qhw sd|r� wr d w|sh o hqwuhsuhqhxu zkr dffhswv frqwudfw

+f> u, zloo eh P � �f> zkhuh �f lv wkh frvw wr khu ri orvlqj khu froodwhudo1 Li lqvwhdg

vkh vxssolhv ruglqdu| oderu vkh hduqv wkh zdjh z= Li z �P wkhq vkh zloo qrw zdqw
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d ordq hyhq li f @ 31 Li P A z/ wkhq wr suhyhqw w|sh o djhqwv iurp eruurzlqj zh

qhhg P � �f � z= Wkxv/ wkh htxloleulxp ohyho ri froodwhudo pxvw eh

fW+z, � pd{

�
P �z

�
> 3

�
= +6,

Dq| orzhu ohyho ri froodwhudo zrxog dwwudfw w|sh o djhqwv1 E| Dvvxpswlrq 5/ fW+z, A

3 dqg fW+z, � n iru dq| z � z= Dovr/ +6, lpsolhv wkdw wkh ohyho ri froodwhudo uhtxluhg

wr glvfrxudjh o w|shv iurp eruurzlqj lv ghfuhdvlqj lq wkh zdjh udwh +gfW@gz � 3,1

Wkh lqwxlwlrq iru wklv uhvxow lv dv iroorzv1 Wklqn ri edqnv ehlqj rq rqh vlgh ri d

vwuhhw/ dqg wkh idfwrulhv ehlqj rq wkh rwkhu vlgh ri wkh vwuhhw1 Eruurzhuv olqh xs lq

iurqw ri edqnv dqg zrunhuv lq iurqw ri idfwrulhv1 Li qhzv frphv lq wkdw wkh zdjh udwh

zhqw xs/ wklv phdqv orzhu sur�w pdujlqv dqg d kljkhu rssruwxqlw| frvw ri ehlqj dq

hqwuhsuhqhxu iru hyhu|erg|1 Exw lw zrxog d�hfw shrsoh zkr kdyh gl�huhqw delolwlhv

iru hqwuhsuhqhxuvkls gl�huhqwo|1 Lq sduwlfxodu/ shrsoh zkr kdyh wkh prvw wr jdlq

iurp ehlqj dq hqwuhsuhqhxu/ wkh k w|shv/ zrxog eh uhodwlyho| ohvv lqgxfhg wr zdon wr

rwkhu vlgh ri wkh vwuhhw1 Iru o w|shv lw lv mxvw wkh rssrvlwh= wkh rssruwxqlw| frvw ri

wu|lqj wr pdnh vrph txlfn prqh| dw wkh edqn*v h{shqvh mxvw zhqw xs/ dqg vr wkh|

ohdyh1 Exw wkh edqnv uhdol}h wklv +hyhq wkh| fdqqrw whoo zkr lv zkr, dqg uhgxfh wkh

dprxqw ri froodwhudo wkh| fkdujh1 Wklv phdqv vrph srru k w|shv zkr zhuh vwdqglqj

lq wkh olqh iru zrunhuv fdq qrz furvv wkh vwuhhw dqg dsso| iru d ordq vlqfh wkh| fdq

d�rug wkh froodwhudo1

Zh kdyh vkrzq wkdw/ jlyhq d oderu pdunhw zdjh z> wkh rqo|�2 fdqglgdwh iru dq

htxloleulxp rq wkh fuhglw pdunhw lv wkh frqwudfw +f> �, zlwk f @ fW+z,= Wr vkrz wkh

h{lvwhqfh ri htxloleulxp/ zh qhhg wr vkrz wkdw li +f> �, zlwk f @ fW+z, lv r�huhg/ qr

edqn kdv dq| lqfhqwlyh wr ghyldwh wr d srrolqj frqwudfw zlwk d orzhu froodwhudo ohyho1

Wklv ghyldwlrq frxog srwhqwldoo| eh sur�wdeoh vlqfh lw zrxog dwwudfw k w|shv zkrvh

zhdowk lv ehorz fW+z,> dqg wkh jdlq iurp ohqglqj wr wkhp frxog h{fhhg wkh frvw ri

�2�Lhi ThiU�ti*)c �u @?) i^��*�Mh��4 i �t|tc |�i? |�ihi @*tL i �t|t @? i^��*�Mh��4 ��ihi |�i L?*)

UL?|h@U| L? |�i 4@h!i| �t ESc 4� ��|� S ' SWE��� �|�ih i^��*�Mh�@ UL�*_ i �t| ��ihi tL4i M@?!t

Lgih UL?|h@U|t ESc 4� ��|� S : SWE��� OL�i�ihc |�i i �t|i?Ui Lu |�iti L|�ih UL?|h@U|t �L�*_ ?L|

U�@?}i @?)ML_)<t �i*u@hic @?_ |��t |h���@* ?L?��?�^�i?itt �t i*�4�?@|i_ M) @tt�4�?} ��|�L�| *Ltt

Lu }i?ih@*�|) |�@| MLhhL�iht @*�@)t U�LLti |�i *L�it| UL**@|ih@* L? |�i 4@h!i|�

44



ohqglqj wr o w|shv zkr zrxog dovr eh dwwudfwhg e| wkh ordq1 Vxssrvh d ghyldwlqj

edqn r�huv d frqwudfw +f�> u�, zlwk 3 � f� ? fW+z,1 Wklv frqwudfw zloo dwwudfw doo w|sh

o djhqwv zlwk zhdowk dw ohdvw f�1 Wkh| duh ri phdvxuh +4��,+4�J+f�,,1 Lq sduwlfxodu

lw lqfoxghv doo o djhqwv zlwk zhdowk deryh fW+z,1 Rq hdfk ordq wr d w|sh o djhqw wkh

edqn orvhv � +n � f�, = Wr eh sur�wdeoh/ lw pxvw eh wkh fdvh wkdw u� A �u+f,= Wkhuhiruh/

w|sh k djhqwv zlwk zhdowk d � fW+z, zloo qrw eh dwwudfwhg e| wkh qhz frqwudfw +wkh|

suhihu +fW+z,> �, wr +f�> u�,,1 W|sh k djhqwv zlwk lqlwldo zhdowk ehwzhhq f� dqg fW+z,

pljkw eh dwwudfwhg/ krzhyhu/ vlqfh wkh| fdqqrw jhw dq| rwkhu ordq1 Wkh phdvxuh ri

kljk w|shv zlwk zhdowk ehwzhhq f� dqg fW+z, lv �iJ+fW+z,,�J+f�,j= Vlqfh dwwudfwlqj

wkhvh k w|shv lv qhfhvvdu| iru wkh qhz frqwudfw wr eh sur�wdeoh/ wkh kljkhvw lqwhuhvw

udwh u� wkh edqn fdq fkdujh lv wkh rqh wkdw h{wudfwv doo wkh vxusoxv iurp wkh w|sh k

eruurzhuv=

U� qz � u�n @ z

Khuh wkh ohiw kdqg vlgh lv wkh w|sh k hqwuhsuhqhxuv sd|r� zkhq kh jhwv wkh ordq/

dqg wkh uljkw kdqg vlgh wkh rssruwxqlw| frvw ri qrw zrunlqj iru zdjhv1 Xvlqj wklv/

wkh ghyldwlqj edqn*v sur�w lv dw prvw

�� @ �
�
J+fW+z,,�J+f�,

�
+U� +q. 4,z � �n,� +4� �,

�
4�J+f�,

�
�
�
n � f�

�
=

Vlqfh J+fW+z,, � 4 dqg

f� ? fW+z, @
P �z

�

zh kdyh

�� ?
�
J+fW+z,,�J+f�,

� �
� +U� +q. 4,z � �n,� +4� �,�

�
n �

P �z

�

��

@
�
J+fW+z,,�J+f�,

�
^+4� �,P � �n �z . � +U� qz,` � 3

iru dq| z � z> e| Dvvxpswlrq 61 Wkxv/ qr ghyldwlrq wr d frqwudfw wkdw dwwudfwv

erwk o dqg k w|shv zloo eh sur�wdeoh1�� Vr zh kdyh hvwdeolvkhg wkh iroorzlqj1
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Sursrvlwlrq 41 Iru d jlyhq oderu pdunhw zdjh z � z> wkhuh h{lvwv d

xqltxh htxloleulxp rq wkh fuhglw pdunhw1 Wkh htxloleulxp fuhglw frqwudfw

lv +fW+z,> �,> zkhuh fW+z, @ pd{
�
�3�
4

> 3
�
=

Wklv sursrvlwlrq jlyhv d yhuvlrq ri wkh vwdqgdug uhvxow iru wkh h{lvwhqfh ri d xqltxh

vhsdudwlqj +sduwldo, htxloleulxp lq d fuhglw pdunhw zkhuh edqnv frpshwh e| r�hulqj

frqwudfwv wkdw gl�hu lq whupv ri wkh lqwhuhvw udwh dqg wkh froodwhudo uhtxluhphqw

+vhh Ehvwhu 4<;8,1�e Jlyhq wkdw rxu prgho lv yhu| vlpsoh ~ kljk w|sh eruurzhuv

qhyhu ghidxow dqg orz w|sh eruurzhuv dozd|v gr ~ wklv frqwudfw wxuqv rxw wr eh yhu|

vlpsoh1 Lq sduwlfxodu/ lw lqyroyhv fkdujlqj wkh vdph lqwhuhvw udwh dv wkh rssruwxqlw|

frvw ri fdslwdo wr wkh edqn dqg ghpdqglqj d froodwhudo wkdw glvfrxudjhv orz w|shv

iurp eruurzlqj1 Wkh lqwhuhvwlqj ihdwxuh ri wkh prgho lv wkh qhjdwlyh uhodwlrqvkls

ehwzhhq wkh froodwhudo uhtxluhphqw dqg wkh rxwvlgh rswlrq ri eruurzhuv/ qdpho|/

wkh zdjh udwh1 Lq wkh qh{w vhfwlrq zh hqgrjhql}h wkh zdjh udwh dqg vkrz wkdw wkh

lqwhudfwlrq ri wkh oderu dqg fuhglw pdunhwv kdv vrph qryho lpsolfdwlrqv uhodwlyh wr

wkh sduwldo htxloleulxp prgho ri wkh fuhglw pdunhw1

��2 Bi?ih@* ,^��*�Mh��4 |�hL�}� �UU�T@|�L?@* ��L�Ui

Ohw xv ehjlq e| gh�qlqj wkh kljkhvw htxloleulxp zdjh ohyho wkdw frxog suhydlo lq

wkh oderu pdunhw1 Wklv lv wkh zdjh udwh vxfk wkdw k w|sh djhqwv zkr kdyh hqrxjk

zhdowk wr ehfrph hqwuhsuhqhxuv/ hlwkhu wkurxjk vhoi0�qdqflqj ru edqn0�qdqflqj/ duh

lqgl�huhqw ehwzhhq ehfrplqj hqwuhsuhqhxuv dqg zrunlqj iru zdjhv1 Wklv zdjh udwh

lv jlyhq e| wkh frqglwlrq �+z, @ z> l1h1/ li z @ z zkhuh

z �
U� �n

4 . q
+7,

Wklv lv wkh zdjh wkdw |lhogv d }hur sur�w wr hqwuhsuhqhxuv/ qhw ri wkh rssruwxqlw|

frvw ri qrw zrunlqj iru zdjhv1 Dvvxpswlrqv 4 dqg 5 lpso| wkdw z A z= Fohduo|/ z

lv d orzhu erxqg rq wkh zdjh vlqfh dq| djhqw fdq hduq z e| xvlqj wkh vxevlvwhqfh
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whfkqrorj| rq klv rzq/ dqg z lv dq xsshu erxqg +qr djhqw zrxog zdqw wr eh dq

hqwuhsuhqhxu li wkh zdjh udwh lv z A z/ exw doo djhqwv zrxog zdqw wr eh kluhg e|

rqh,1

Dv d ehqfkpdun/ ohw xv ehjlq zlwk wkh shuihfw lqirupdwlrq fdvh1 Doo k w|sh

djhqwv zkrvh zhdowk lv ohvv wkdq n jhw d ordq dqg qr o w|sh djhqw lv deoh wr eruurz1

Doo k w|sh djhqwv ehfrph hqwuhsuhqhxuv dqg doo o w|sh djhqwv ehfrph zrunhuv ru

hqjdjh lq vxevlvwhqfh1 Vlqfh hdfk hqwuhsuhqhxu fdq kluh q zrunhuv dqg wkh srsx0

odwlrq vl}h lv qrupdol}hg wr rqh/ wkh phdvxuh ri hqwuhsuhqhxuv wkdw lv qhhghg iru

ixoo hpsor|phqw lq wkh qrq0vxevlvwhqfh vhfwru lv �

�n? = Vlqfh doo k w|sh djhqwv fdq

ehfrph hqwuhsuhqhxuv/ wkh phdvxuh ri srwhqwldo hqwuhsuhqhxuv lq wkh hfrqrp| lv �=

Li � � �
�n? wkhq wkh vxsso| ri hqwuhsuhqhxuv h{fhhg wkdq wkh qxpehu qhhghg wr

pdlqwdlq ixoo hpsor|phqw lq wkh qrq0vxevlvwhqfh vhfwru1 Wr pdlqwdlq htxloleulxp lq

wkh oderu pdunhw wkh zdjh udwh wkhuhiruh pxvw jr xs wr �z dw zklfk srlqw vrph k

w|sh djhqwv duh lqgl�huhqw ehwzhhq ehlqj hqwuhsuhqhxuv dqg zrunhuv1 Vlploduo|/ li

� ? �
�n? wkh htxloleulxp zdjh udwh zloo eh z = Whfkqrorjlfdo sdudphwhuv duh wkh rqo|

ghwhuplqdqw ri djjuhjdwh vxusoxv dqg wkh zhdowk glvwulexwlrq grhv qrw kdyh dq| uroh

wr sod| lq wklv fdvh1

Qrz ohw xv frqvlghu wkh vhfrqg ehvw hqylurqphqw/ zkhuh d eruurzhu*v w|sh lv

sulydwh lqirupdwlrq1 Jlyhq wkh zdjh udwh z iurp wkh oderu pdunhw/ dq|erg| zkr

kdv lqlwldo zhdowk kljkhu wkdq fW+z, lv deoh wr jhw d ordq rq wkh fuhglw pdunhw1 Qr

o w|sh djhqw zdqwv wr eruurz rq vxfk whupv/ khqfh hqwuhsuhqhxuv frqvlvw ri k w|sh

djhqwv zlwk zhdowk d � fW+z,= Jlyhq wkh uhvxowv ri wkh suhylrxv vhfwlrq/ zh nqrz

wkdw wkh pd{lpxp srvvleoh froodwhudo ohyho frpsdwleoh zlwk htxloleulxp lv fW+z,/

zklfk lv vwulfwo| juhdwhu wkdq 3 e| Dvvxpswlrq 51 Rq wkh rwkhu kdqg/ wkh plqlpxp

froodwhudo ohyho wkdw frxog eh frpsdwleoh zlwk htxloleulxp lv fW+z, zklfk lv A 3 ru

@ 3 dffruglqj dv z ? P ru z �P 1 Li z ? z/ wkhq �+z, A z vr doo w|sh k djhqwv

zlwk zhdowk d � f zloo zdqw wr ehfrph hqwuhsuhqhxuv1 Wkh phdvxuh ri vxfk d vhw

ri djhqwv zkr zdqw wr ehfrph hqwuhsuhqhxuv +l1h1/ wkh vxsso| ri hqwuhsuhqhxuv, lv

i+f, � � ^4�J+f,`1 Wkh kljkhu lv wkh ohyho ri froodwhudo/ wkh juhdwhu lv wkh ghjuhh

ri fuhglw udwlrqlqj dqg vr wkh vxsso| ri hqwuhsuhqhxuv i+f, lv ghfuhdvlqj lq f= Wkh
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orzhu dqg xsshu erxqgv ri i+f, duh i+fW+z,, dqg i+fW+z,,1

Wkh htxloleulxp froodwhudo uhtxluhphqw dqg wkh htxloleulxp zdjh duh ghwhuplqhg

e| frpsdulqj wkh vxsso| ri hqwuhsuhqhxuv dqg wkh qxpehu ri hqwuhsuhqhxuv qhhghg

iru ixoo hpsor|phqw lq wkh qrq0vxevlvwhqfh vhfwru/ l1h1/ �
�n? 1 Li iru d jlyhq z dqg

wkh fruuhvsrqglqj htxloleulxp froodwhudo ohyho fW+z,> i+fW+z,, A �
�n? wkhq wkhuh lv

h{fhvv vxsso| ri hqwuhsuhqhxuv/ zklfk lv htxlydohqw wr h{fhvv ghpdqg iru zrunhuv1 Dv

d uhvxow wkh zdjh udwh lv jrlqj wr ulvh/ zklfk zloo ixuwkhu uhgxfh wkh froodwhudo ohyho

dqg lqfuhdvh wkh h{whqw ri h{fhvv vxsso| ri hqwuhsuhqhxuv1 Wklv surfhvv zloo vwrs dqg

dq htxloleulxp zloo eh uhdfkhg zkhq z @ �z= Vlploduo|/ li i+fW+z,, ? �
�n? wkhq wkh

htxloleulxp zdjh zloo eh z @ z= Vxssrvh i+fW+z,, @ �
�n? iru vrph z @ zW 5 +z> �z,=

Li i+=, lv vwulfwo| ghfuhdvlqj lq wkh qhljkerukrrg ri zW +zklfk phdqv J�+=, A 3 dw

z @ zW, wkhq wklv htxloleulxp lv xqvwdeoh lq wkh iroorzlqj vhqvh= Li wkh h{shfwhg zdjh

z� zhuh voljkwo| deryh zW> wkhq wkh froodwhudo uhtxluhphqw zrxog eh fW+z�, ? fW+zW,1

Wkhuh zloo eh dq h{fhvv vxsso| ri hqwuhsuhqhxuv dv i+fW+z�,, A i+fW+zW,, @ �
�n?

zklfk zloo sxvk wkh zdjh udwh doo wkh zd| xs wr �z= V|pphwulfdoo|/ d voljkw ghfuhdvh

lq wkh zdjh ehorz zW ohdgv wr dq h{fhvv ghpdqg iru hqwuhsuhqhxuv/ sxvklqj wkh

zdjh udwh grzq wr z1 Vr +fW+zW,> zW, lv d nqlih0hgjh htxloleulxp lq wkh vhqvh wkdw li

lqglylgxdov pdnh dq hsvlorq plvwdnh lq wkhlu h{shfwdwlrqv/ wkh zdjh jrhv wr rqh ri

wkh wzr h{wuhph ydoxhv z ru z1 Rq wkh rwkhu kdqg/ li shrsoh pdnh hsvlorq plvwdnhv

durxqg z @ z ru z @ �z wkh hfrqrp| uhwxuqv edfn wr wkhp1 Zh zloo irfxv rq wkh

vwdeoh htxloleuld lq rxu vxevhtxhqw dqdo|vlv1

Wkh htxloleuld duh ghslfwhg lq Iljxuhv 4 wr 6/ dqg duh fkdudfwhul}hg dv iroorzv1

Sursrvlwlrq 51

+l, Li

i+fW+ �z,, ?
4

4 . q
+8,

wkhq wkh xqltxh htxloleulxp froodwhudo ohyho lv fW+z, dqg wkh fruuhvsrqg0

lqj htxloleulxp zdjh lv z1 Wkh qxpehu ri hqwuhsuhqhxuv lv i+fW+z,,1
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+ll, Li

i+fW+z,, �
4

4 . q
� i+fW+ �z,, +9,

wkhq erwk +fW+z,> z, dqg +fW+ �z,> z, duh htxloleuld1 Lq dgglwlrq/ li erwk

lqhtxdolwlhv lq +9, duh vwulfw dqg li J lv frqwlqxrxv/ wkhq wkhuh lv d wklug/

xqvwdeoh/ htxloleulxp +af> zW,> zklfk vdwlv�hv

i+af, @ �
�n?

zW @ P � �af=
+:,

+lll, Li

i+fW+z,, A
4

4 . q
+;,

wkhq wkh xqltxh htxloleulxp froodwhudo ohyho lv fW+z, dqg wkh fruuhvsrqglqj

htxloleulxp zdjh lv z1 Wkh qxpehu ri hqwuhsuhqhxuv lv 4@+4 . q,=

Lq wkh �jxuhv zh kdyh f rq wkh krul}rqwdo d{lv dqg wkh ghpdqg iru dqg vxsso|

ri hqwuhsuhqhxuv/ �
�n? dqg i+f,> rq wkh yhuwlfdo d{lv1 Iru hdvh ri frpsdudelolw|/ lq

doo wkh �jxuhv/ zh uhvwulfw dwwhqwlrq wr wkh fdvh zkhuh � � �
�n? zkhuh doo wkuhh fdvhv

fdq kdsshq1 Li � ? �
�n? wkhq wkh orz zdjh htxloleulxp lv wkh rqo| srvvlelolw| 0 hyhq

li qr froodwhudo lv dvnhg iru wkh vxsso| ri hqwuhsuhqhxuv lv wrr orz wr vxvwdlq ixoo

hpsor|phqw lq wkh qrq0vxevlvwhqfh vhfwru1

Lq fdvh +l, zklfk lv ghslfwhg lq Iljxuh 4/ i+fW+ �z,, ? �
�n? dqg vr wkhuh duh qhyhu

hqrxjk hqwuhsuhqhxuv wr rewdlq ixoo hpsor|phqw lq wkh qrq0vxevlvwhqfh vhfwru hyhq

zkhq wkh froodwhudo ohyho lv dw wkh orzhvw srvvleoh ohyho1 Vr wkh zdjh pxvw htxdo wkh

orzhvw srvvleoh/ z/ dqg wkh froodwhudo lv wkh kljkhvw srvvleoh/ fW+z,/ uhjdugohvv ri

wkh zhdowk glvwulexwlrq1 Wkh zhdowk glvwulexwlrq vwloo pdwwhuv iru djjuhjdwh zhoiduh/

krzhyhu/ vlqfh wkh qxpehu ri hqwuhsuhqhxuv zkhq wkh zdjh lv z lv

� +4�J+fW+z,,, @ �

�
4�J

�
P �z

�

��
=

Li J ++P �z,@�, A 3> wkdw lv/ li vrph lqglylgxdov kdyh lqlwldo zhdowk ehorz +P �

z,@�> wkhq qrw doo wdohqwhg lqglylgxdov zloo ehfrph hqwuhsuhqhxuv1
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Lq fdvh +ll,/ zklfk lv ghslfwhg lq Iljxuh 5/ i+fW+z,, � �
�n? � i+fW+ �z,, dqg

vr pxowlsoh htxloleuld duh srvvleoh1 Dv i+fW+z,, � �
�n? > li z @ z wkhuh duh qrw

hqrxjk hqwuhsuhqhxuv wr hqvxuh ixoo hpsor|phqw lq wkh qrq0vxevlvwhqfh vhfwru dqg

wkh h{fhvv vxsso| ri oderu dw dq| zdjh deryh wkh vxevlvwhqfh zdjh lpsolhv wkdw wkh

orz zdjh shuvlvwv dv dq htxloleulxp zdjh1 Krzhyhu/ li wkh hfrqrp| vwduwv rxw zlwk d

kljk zdjh wkhq wkh uhvxowlqj ghfuhdvh lq wkh froodwhudo uhod{hv fuhglw frqvwudlqwv dqg

lqfuhdvhv wkh vxsso| ri hqwuhsuhqhxuv wr vxfk d ghjuhh wkdw wkh kljk zdjh shuvlvwv dv

dq htxloleulxp zdjh1 Wkhuh lv dovr d wklug/ lqwhulru htxloleulxp/ zklfk dv zh dujxhg

lv xqvwdeoh1

Ilqdoo|/ fdvh +lll, lv ghslfwhg lq Iljxuh 61 Khuh i+fW+z,, A �
�n? = Lq wklv fdvh

hyhq li wkh froodwhudo lv dw wkh kljkhvw srvvleoh ohyho/ wkhuh lv dq h{fhvv vxsso| ri

hqwuhsuhqhxuv dw dq| zdjh ehorz �z1 Dv d uhvxow wkh zdjh udwh zloo ulvh/ dqg wkh

hfrqrp| zloo pryh wr wkh xqltxh htxloleulxp +fW+z,> z,=

D nh| irufh gulylqj rxu uhvxowv lv wkdw wkh vxsso| ri hqwuhsuhqhxuv +ru htxlyd0

ohqwo|/ wkh ghpdqg iru oderu, lv lqfuhdvlqj lq wkh zdjh udwh1 Wklv lv jhqhudwhg e| d

frpelqdwlrq ri wkuhh ihdwxuhv ri wkh prgho= +l, wkh idfw wkdw vxsso| dqg ghpdqg lq

wkh oderu pdunhw duh qrw lqghshqghqw exw wljkwo| frqqhfwhg e| rffxsdwlrqdo fkrlfh

0 iru h{dpsoh/ dq lqfuhdvh lq wkh vxsso| ri oderu lv h{dfwo| pdwfkhg e| d ghfuhdvh

lq wkh vxsso| ri hqwuhsuhqhxuv> +ll, wkh jhqhudo htxloleulxp h�hfw ri zdjhv rq wkh

froodwhudo uhtxluhphqw> dqg +lll, wkh �{hg frh�flhqwv surgxfwlrq ixqfwlrq1 Zkloh wkh

�uvw wzr ihdwxuhv dgg ulfkqhvv wr wkh vwdqgdug wh{werrn prgho ri wkh oderu pdunhw/

wkh odvw rqh lv fohduo| uhvwulfwlyh1 Vxssrvh zh uhod{ lw e| ohwwlqj uhyhqxhU wr eh dq

lqfuhdvlqj dqg frqfdyh ixqfwlrq ri wkh qxpehu ri zrunhuv kluhg/ l1h1/ U @ U+q, dqg

doorz hqwuhsuhqhxuv wr fkrrvh wkh qxpehu ri zrunhuv wkh| zdqw wr kluh lq uhvsrqvh

wr wkh zdjh udwh1 Ohw q @ !+z, eh wkh ydoxh ri q wkdw pd{lpl}hv U+q,� qz� �n=

Wkhq wkh ghpdqg iru oderu zrxog eh �+4 . !+z,,+4�J+fW+z,,, dqg lwv vorsh zlwk

uhvshfw wr z zrxog eh �+4 . !+z,,+4 � J+fW+z,,,
k
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= Wkh

�uvw whup zlwklq sduhqwkhvlv lv wkh hodvwlflw| ri ghpdqg iru oderu zklfk lv qhjdwlyh

xqghu rxu dvvxpswlrqv dqg wkh vhfrqg whup/ zklfk lv srvlwlyh/ phdvxuhv wkh h�hfw

ri d fkdqjh lq wkh zdjh udwh lq uhprylqj fuhglw frqvwudlqwv idfhg e| k w|sh djhqwv
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e| uhgxflqj wkh uhtxluhg ohyho ri froodwhudo1 Lq wkh sdshu zh dvvxph wkh �uvw whup

lv }hur dqg vr oderu ghpdqg lv xszdug vorslqj1 Lq sudfwlfh wkh vorsh ri wkh ghpdqg

fxuyh zloo eh ghwhuplqhg e| wkh uhodwlyh vwuhqjwk ri wkh vwdqgdug vxevwlwxwlrq h�hfw

dqg wkh oderu0fuhglw pdunhw lqwhudfwlrq h�hfw hpskdvl}hg lq wkh sdshu1

e ,UL?L4�U �L*�U)

Lq wkh fdvh ghslfwhg lq wkh �jxuhv +qdpho|/ � � �

�n?,/ zlwk v|pphwulf lqirupdwlrq

wkh kljk zdjh htxloleulxp zrxog eh wkh xqltxh htxloleulxp dqg shu fdslwd lqfrph

zrxog eh z1 Lq wkh suhvhqfh ri dv|pphwulf lqirupdwlrq/ edqnv dvn iru froodwhudo

dqg wklv suhyhqwv vrph srru wdohqwhg lqglylgxdov iurp ehfrplqj hqwuhsuhqhxuv1 Li

vx�flhqwo| pdq| wdohqwhg lqglylgxdov duh fuhglw udwlrqhg/ wkh gurs lq wkh vxsso| ri

hqwuhsuhqhxuv pd| sxvk wkh hfrqrp| wr d orz zdjh htxloleulxp1 Vlqfh wkh hqwuhsuh0

qhxuldo whfkqrorj| |lhogv d kljkhu ohyho ri vxusoxv wkdq wkh vxevlvwhqfh whfkqrorj|/

dqg wkhuh duh pruh hqwuhsuhqhxuldo �upv zkhq wkh zdjh lv z wkdq zkhq lw lv z/

qdwlrqdo lqfrph lv kljkhu xqghu wkh kljk zdjh htxloleulxp1 Lq sduwlfxodu/ lq wkh

kljk zdjh htxloleulxp wkhuh lv dq h{fhvv vxsso| ri hqwuhsuhqhxuv dqg hyhu|rqh lq

wkh hfrqrp| hduqv dq lqfrph ri z> wkh vdph rxwfrph dv lq wkh fdvh ri v|pphwulf

lqirupdwlrq1 Lq wklv vhfwlrq zh glvfxvv wkh iroorzlqj txhvwlrq= vwduwlqj zlwk d orz

zdjh htxloleulxp/ zkdw srolflhv fdq lpsuryh h�flhqf|B

Fuhglw Pdunhw Srolflhv

Zh ehjlq zlwk glvfxvvlqj gluhfw lqwhuyhqwlrqv lq wkh fuhglw pdunhw1 Zh vkrz

wkdw hyhq wkrxjk jryhuqphqw ohqglqj +ru vxevlglhv, fdqqrw lpsuryh h�flhqf| lq wkh

sduwldo htxloleulxp yhuvlrq ri rxu prgho/ li pxowlsoh htxloleuld h{lvw/ vxfk srolflhv

kdyh wkh srwhqwldo ri frruglqdwlqj wkh hfrqrp| wr wkh ehwwhu htxloleulxp1 Wklv

vkrzv wkdw hyhq li ohqglqj surjudpv uxq e| wkh jryhuqphqw ru qrq0jryhuqphqwdo

rujdql}dwlrqv pdnh orvvhv ru uhtxluh vxevlglhv dqg pd| vhhp lqh�flhqw/ wkh| fdq

kdyh jhqhudo htxloleulxp h�hfwv rq wkh fuhglw pdunhw wkdw lpsuryh h�flhqf|1�D
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Vwduw zlwk d vlwxdwlrq zkhuh wkh orz zdjh lv suhydlolqj dqg edqnv uhtxluh d

froodwhudo ri fW+z,1 Vxssrvh wkh jryhuqphqw r�huv ordqv zlwk froodwhudo fW+ �z, dw dq

lqwhuhvw udwh u � � ru hqfrxudjhv vrph sulydwh lqvwlwxwlrq wr gr vr e| surplvlqj wr

vxevlgl}h lw1 Eruurzhuv ri w|sh k zkr kdyh hqrxjk zhdowk wr phhw wkh froodwhudo

uhtxluhphqw fW+z, zloo +zhdno|, suhihu wr eruurz iurp sulydwh ohqghuv1 Doo w|sh

o eruurzhuv zlwk d � fW+ �z, dqg d iudfwlrq ri wkh lqlwldoo| fuhglw udwlrqhg w|sh k

eruurzhuv +zlwk fW+ �z, � d ? fW+z,, zloo suhihu wr eruurz iurp wkh jryhuqphqw1

Iurp wkh surri ri Sursrvlwlrq 4 +xvlqj Dvvxpswlrq 6, zh nqrz wkdw wkhuh grhv

qrw h{lvw u � � vxfk wkdw w|sh k eruurzhuv sduwlflsdwh dqg wkh jryhuqphqw euhdnv

hyhq +l1h1/ � iJ+fW+z,,�J+fW+ �z,,j +u � �,n � +4 � �, i4�J+fW+ �z,,j �n � 3,1 Li

wkh xqltxh htxloleulxp lv +fW+z,> z, +zkhq i+fW+ �z,, ? �
�n?, wkhq vxfk d srolf|

fdqqrw fkdqjh wklqjv1 Wkh orvvhv ri wkh jryhuqphqw ohqglqj rshudwlrq zrxog qrw eh

frpshqvdwhg e| dq|wklqj1 Frqvlghu wkh fdvh zkhuh pxowlsoh htxloleuld duh srvvleoh/

l1h1/ i+fW+z,, � �
�n? � i+fW+ �z,,= Vwduwlqj zlwk d vlwxdwlrq zkhuh wkh hfrqrp| lv

lq d orz zdjh htxloleulxp wklv srolf| zloo fdxvh oderu ghpdqg wr ulvh dv doo w|sh

k djhqwv qrz fdq vwduw exvlqhvvhv1 Wklv zloo sxvk wkh zdjh udwh xs wr �z vlqfh

� ^4�J+fW+z,,` � �
�n? lq wklv fdvh1 Exw wklv zloo uhgxfh wkh froodwhudo ohyho lq wkh

sulydwh fuhglw pdunhw wr fW+z,> dw zklfk srlqw o w|sh eruurzhuv zrxog eh lqgl�huhqw

ehwzhhq eruurzlqj dqg ehlqj zrunhuv1 Lq wkh qhz htxloleulxp/ wkh jryhuqphqw

ohqglqj rshudwlrq zloo euhdn hyhq/ dqg lqghhg fdq eh glvfrqwlqxhg1

Pdq| jryhuqphqwv lq ghyhorslqj frxqwulhv xvh lqgluhfw lqwhuyhqwlrqv lq wkh fuhglw

pdunhw vxfk dv lqwhuhvw udwh fhlolqj srolflhv rq frpphufldo ohqglqj lqvwlwxwlrqv wr

nhhs wkh lqwhuhvw udwh orz hvshfldoo| lq wkh djulfxowxudo vhfwru1�S Ilqdqfldo lqwhuph0

gldulhv riwhq uhvsrqg wr lqwhuhvw udwh fhlolqjv e| lqfuhdvlqj fuhglw udwlrqlqj lq ydulrxv

irupv wkdw lv kdug iru wkh jryhuqphqw wr prqlwru1 Wklv lqfoxghv lqfuhdvhg froodwhudo

uhtxluhphqwv dqg udlvlqj wudqvdfwlrqv frvwv wr eruurzhuv lq wkh irup ri lqfuhdvhg

dgplqlvwudwlyh kxugohv1 Rxu prgho lqglfdwhv krz vxfk srolflhv fdq kdyh d qhjdwlyh

h�hfw rq h�flhqf|1 Doorz d vpdoo suredelolw| % ri surmhfwv ri k w|sh eruurzhuv idlo0

lqj/ l1h1/ hduqlqj d uhwxuq ri 3 lqvwhdg ri U=Iru d jlyhq zdjh udwh z> wkh uhtxluhg
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froodwhudo ohyho wr glvfrxudjh o w|sh eruurzhuv iurp eruurzlqj lv fW+z,= Wkhq wkh

}hur sur�w frqglwlrq ri edqnv iru k w|sh eruurzhuv lv un+4�%,.�fW+z,% @ �n= Li u lv

�{hg e| uhjxodwlrq wr u� ?
4

�30��
SWE��
&

0
�30 wkhq edqnv duh jrlqj wr uhvsrqg e| udlv0

lqj wkh froodwhudo uhtxluhphqw iurp fW+z, wr f� A fW+z, vxfk wkdw wkh| frqwlqxh wr

pdnh }hur sur�wv1 Wklv zrxog pdnh vrph srru kljk w|sh djhqwv xqdeoh wr eruurz/

dqg uhgxfh wkh qxpehu ri surmhfwv xqghuwdnhq/ dqg khqfh wkh ghpdqg iru oderu1

Iru d vx�flhqwo| odujh lqfuhdvh lq f/ dqg vwduwlqj zlwk d kljk zdjh htxloleulxp lw lv

srvvleoh wkdw zdjh udwh frxog idoo iurp z wr z / ohdglqj ixuwkhu lqfuhdvhv lq f dqg

sxvklqj wkh hfrqrp| wr d orz zdjh htxloleulxp1

Wkhuh lv d zhoo0nqrzq dujxphqw wkdw zdv yhu| lq�xhqwldo lq wkh Zruog Edqn

xqwlo yhu| uhfhqwo| zklfk fulwlfl}hg lqwhuhvw udwh uhjxodwlrq iurp wkh srlqw ri ylhz

ri d fodvvlfdo vxsso|0ghpdqg iudphzrun1�. Wkh dujxphqw lv wkdw irufhg orz lqwhuhvw

udwhv ohdg wr edg vhohfwlrq ri surmhfwv dqg kljk xquhjxodwhg lqwhuhvw udwh srolflhv

ohdg wr wkh vhohfwlrq ri ehwwhu surmhfwv1 Zlwk fuhglw pdunhw lpshuihfwlrqv wklv lv qr

orqjhu wuxh 0 edg ru ulvn| w|shv pd| eh zloolqj wr eruurz xqghu wkh kljkhvw lqwhuhvw

udwhv1 Wkh deryh dujxphqw vkrzv wkdw wkh pdlq frvw ri vxfk d srolf| frphv iurp

dowhulqj rwkhu frqwudfwlqj lqvwuxphqwv/ vxfk dv froodwhudo wkdw vfuhhqv rxw jrrg exw

srru eruurzhuv1

Oderu Pdunhw Srolflhv

Qh{w frqvlghu srolflhv wkdw gr qrw wdujhw wkh fuhglw pdunhw gluhfwo| dqg duh

dlphg dw wkh oderu pdunhw1 Iurp wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw ri o w|sh

eruurzhuv/ dq| srolf| wkdw d�hfwv z zloo d�hfw wkh dprxqw ri froodwhudo fkdujhg iru

d ordq1 Wklv frxog uhvxow iurp wkh rshqlqj xs ri wudgh ru pljudwlrq srvvlelolwlhv/

fkdqjhv lq oderu odzv vxfk dv wkrvh frqfhuqlqj plqlpxp zdjhv ru xqhpsor|phqw

ehqh�wv/ ru srolflhv wkdw udlvh wkh zdjh udwh lq qrq0lqgxvwuldo vhfwruv/ vxfk dv d

vxevlg| wr vpdoo vfdoh lqgxvwulhv1 Li wkh hfrqrp| lv lq d orz zdjh htxloleulxp/ vxfk

d srolf| zloo uhgxfh wkh h{whqw ri fuhglw udwlrqlqj dqg lpsuryh h�flhqf|1

Wrwdo lqfrph lq d orz zdjh htxloleulxp lv wkh vxp ri wkh lqfrph ri zrunhuv
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dqg wkrvh hqjdjhg lq vxevlvwhqfh/ l1h1/ +4� i+fW+z,,,z> dqg sur�w lqfrph/ l1h1/

i+fW+z,,+U � �n,=Dq lqfuhdvh lq z zloo kdyh d gluhfw srvlwlyh h�hfw rq wkh iru0

phu fdwhjru| ri lqfrph e| wkh dprxqw +4� i+fW+z,,,�z> exw e| uhod{lqj fuhglw

frqvwudlqwv dqg lqfuhdvlqj wkh qxpehu ri hqwuhsuhqhxuv/ lw zloo dovr lqfuhdvh sur�w

lqfrph e| wkh dprxqw k
4
_CESWE���

_�
+U � �n � z,�z= Li zh lqwhusuhw fkdqjhv lq z dv

dulvlqj iurp whfkqrorjlfdo vkrfnv lqvwhdg ri hfrqrplf srolf|/ rxu prgho surylghv

d gl�huhqw phfkdqlvp wkdw vkrzv krz djhqf| frvwv fdq dpsoli| wkh h�hfw ri sur0

gxfwlylw| vkrfnv lq wkh frxuvh ri d exvlqhvv f|foh frpsduhg wr wkh rqh surylghg e|

Ehuqdqnh dqg Jhuwohu +4<<3,1 Dovr/ wkh idfw wkdw wdohqwhg exw zhdowk0frqvwudlqhg

hqwuhsuhqhxuv pd| idfh pruh vhyhuh fuhglw frqvwudlqwv diwhu d qhjdwlyh whfkqrorjl0

fdo vkrfn zrxog zrun djdlqvw dq| _fohdqvlqj h�hfw% ri uhfhvvlrqv dv glvfxvvhg e|

Fdedoohur dqg Kdpprxu +4<<7,1

Li lqvwhdg ri wu|lqj wr fkdqjh z li hfrqrplf srolf| frqvlvwv ri jlylqj d oxps vxp

wudqvihu wr dq|erg| zkr zdqwv wr ehfrph dq hqwuhsuhqhxu/ lw zloo kdyh qr uhdo h�hfw

dqg rqo| d glvwulexwlrqdo h�hfw1 Wkh edqnv zloo dgmxvw wkh froodwhudo xszdugv/ exw

vlqfh srru k w|sh eruurzhuv dovr kdyh h{wud prqh| wkhuh lv qr uhdo h�hfw1 Qrwlfh

wkdw lq frqwudvw li wkh jryhuqphqw uhzdugv shrsoh iru qrw ehlqj dq hqwuhsuhqhxu 0

wklv lv krz zh fdq lqwhusuhw d zdjh vxevlg| 0 wkdw fdq kdyh d srvlwlyh h�hfw rq

rxwsxw1

Uhglvwulexwlyh Srolflhv

Li z lv wkh xqltxh htxloleulxp zdjh +l1h1/ +8, krogv,/ wkhq uhglvwulexwlrq ri zhdowk

fdq lpsuryh rxwsxw h�flhqf|1 Wdnlqj zhdowk dzd| iurp dq| l zlwk d� A n ru/ dowhu0

qdwlyho|/ rujdql}lqj orwwhulhv dprqj lqglylgxdov zlwk zhdowk d ? fW+z,/ duh h{dpsohv

ri uhglvwulexwlyh srolflhv wkdw zrxog lqfuhdvh wkh wrwdo qxpehu ri hqwuhsuhqhxuv dqg

khqfh rxwsxw/ hyhq li wkh orz zdjh htxloleulxp lv vwloo wkh xqltxh htxloleulxp diwhu

wkh uhglvwulexwlrq ri hqgrzphqwv1�H Rq wkh rwkhu h{wuhph/ li z lv wkh xqltxh htxlole0

ulxp +l1h1/ li +;, krogv,/ wkhq vpdoo uhglvwulexwlrqv ri zhdowk +lq dq| gluhfwlrq, kdyh
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qr h�hfw rq rxwsxw h�flhqf|1 Lw zrxog wdnh d vxevwdqwldo uhglvwulexwlrq ~ vd|/ d ihz

shrsoh jhw doo wkh zhdowk ~ wr pdnh wkh hfrqrp| gurs lqwr d orz0zdjh htxloleulxp1

Wkh idfw wkdw uhglvwulexwlyh srolflhv wkdw hqdeoh pruh lqglylgxdov wr ehfrph

hqwuhsuhqhxuv lpsuryh h�flhqf| lv frpprq wr doo prghov ri fuhglw udwlrqlqj1 Zkdw

glvwlqjxlvkhv wkh srwhqwldo uroh ri uhglvwulexwlyh srolflhv lq rxu prgho lv wkh idfw

wkdw wkh ghjuhh ri fuhglw udwlrqlqj lv hqgrjhqrxv1 Dv d uhvxow vpdoo fkdqjhv lq

wkh zhdowk glvwulexwlrq fdq kdyh d odujh h�hfw rq h�flhqf| lq wkh vkruw0uxq e|

vhwwlqj r� pdunhw irufhv wkdw uhlqirufh wkh h�hfw ri wkhvh srolflhv1�b Frqvlghu fdvh

+9, ri Sursrvlwlrq 5/ l1h1/ i+fW+z,, � �
�n? � i+fW+ �z,, dqg dvvxph wkdw �

�n? �

i+fW+z,, lv vpdoo1 Vxssrvh lqlwldoo| wkh hfrqrp| lv lq d orz zdjh htxloleulxp=Dv

phqwlrqhg deryh/ d vpdoo dprxqw ri uhglvwulexwlrq wkdw lqfuhdvhv wkh qxpehu ri

hqwuhsuhqhxuv zloo lpsuryh h�flhqf|/ exw rqo| wr d vpdoo h{whqw1 Krzhyhu/ li dv

d uhvxow ri uhglvwulexwlrq i+fW+z,, h{fhhgv �
�n? > wkh ghpdqg suhvvxuh lq wkh oderu

pdunhw zloo sxvk wkh hfrqrp| wr d vlwxdwlrq zkhuh wkh xqltxh htxloleulxp lv d kljk

zdjh htxloleulxp dqg eruurzlqj wkuhvkrogv duh orz1 Dqrwkhu lpsolfdwlrq ri kdylqj

hqgrjhqrxv zhdowk wkuhvkrogv iru eruurzlqj lv wkdw wkh h{lvwlqj htxloleulxp zhdowk

wkuhvkrog iru eruurzlqj pd| qrw eh wkh uhohydqw rqh iru wkh ghvljq ri uhglvwulexwlyh

srolflhv1 Lqwhuyhqlqj dw d gl�huhqw uhjlrq ri wkh zhdowk glvwulexwlrq fdq dfklhyh wkh

vdph uhvxowv dw d orzhu frvw1 Frqvlghu wkh fdvh zkhuh wkhuh wkh xqltxh htxloleulxp

lv wkh orz zdjh htxloleulxp +l1h1/ �
�n? A i+fW+ �z,,/ dv lq Iljxuh 41 Lq wklv fdvh

sxvklqj wkh hfrqrp| iurp d orz zdjh htxloleulxp wr d kljk zdjh htxloleulxp zrxog

vhhp olnh dq xskloo wdvn jlyhq wkdw wkh zhdowk wkuhvkrog iru eruurzlqj dqg wkh

qxpehu ri lqglylgxdov zkrvh zhdowk lv ohvv wkdq lw duh erwk odujh1 Krzhyhu/ li

�
�n? � i+fW+ �z,, lv vpdoo wkhq d olplwhg uhglvwulexwlrq ri zhdowk vr wkdw i+fW+ �z,,

h{fhhgv �
�n? lpsolhv wkdw pxowlsoh htxloleuld ehfrphv srvvleoh1 Qrz xvlqj fuhglw ru

oderu pdunhw srolflhv ghvfulehg deryh wkh hfrqrp| fdq eh pryhg iurp d orz zdjh

wr d kljk zdjh htxloleulxp1
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Zloo H�flhqw Srolflhv eh FkrvhqB

Zklfk srolflhv duh fkrvhq +li dq|,/ ghshqgv rq wkh uhodwlyh srolwlfdo srzhu ri

wkh ulfk dqg wdohqwhg lqglylgxdov zlwk uhvshfw wr wkh uhvw ri wkh srsxodwlrq1 Li

wkh srru pdnh xs d odujh iudfwlrq ri wkh srsxodwlrq dqg fdq yrwh/ wkh| fdq sxvk

wkurxjk srolflhv vxfk dv uhglvwulexwlrq wkdw holplqdwhv wkh orz zdjh htxloleulxp1

Furvv frxqwu| hylghqfh vxjjhvw wkdw ghprfudflhv whqg uhgxfh h{wuhph glvsdulwlhv lq

zhdowk dqg kdyh d srvlwlyh h�hfw rq erwk h�flhqf| dqg htxlw| +vhh Ehqderx/ 4<<9,1

Krzhyhu/ qrw doo ghyhorslqj frxqwulhv kdyh d ghprfudwlf uhjlph/ dqg ghprfudf|

riwhq wdnhv wkh irup ri lqgluhfw ghprfudf|1 Xqghu wklv pruh sodxvleoh vfhqdulr/ li

pxowlsoh htxloleuld duh srvvleoh +l1h1/ li +9, krogv,/ wkhq hyhq li wkhuh h{lvwv srolflhv

wkdw jxdudqwhh frruglqdwlrq rq wkh kljk0zdjh kljk0rxwsxw htxloleulxp/ udqjlqj iurp

fuhglw vxevlglhv/ wr plqlpxp zdjh odzv ru uhglvwulexwlrq ri zhdowk/ wkh| pd| qrw eh

dgrswhg1 Wklv lv ehfdxvh/ xqolnh vlpsoh frruglqdwlrq idloxuh prghov/ vxfk dv Pxusk|/

Vkohlihu dqg Ylvkq| +4<;<,/ wkh htxloleuld fdqqrw eh Sduhwr udqnhg lq jhqhudo/ vlqfh

wdohqwhg lqglylgxdov zkrvh zhdowk h{fhhgv fW+z, suhihu wkh orz0zdjh htxloleulxp12f

D , |i?t�L?G 5L4i 5�4T*i #)?@4�Ut

Vr idu lq wklv sdshu zh kdyh wdnhq wkh zhdowk glvwulexwlrq dv h{rjhqrxv1 Lq wklv

vhfwlrq zh frqvlghu wkh orqj uxq htxloleulxp ri wkh hfrqrp| zkhuh wkh zhdowk glv0

wulexwlrq hyroyhv hqgrjhqrxvo|1 Zh zloo uhvwulfw dwwhqwlrq wr vwdwlrqdu| htxloleuld/

zkhuh wkh zdjh udwh lv wkh vdph ryhu wlph/ dqg h{dplqh krz wkh zhdowk glvwulex0

wlrq hyroyhv1 Lq sduwlfxodu/ zh duh lqwhuhvwhg lq �qglqj rxw li iru wkh vdph lqlwldo

frqglwlrqv dq hfrqrp| frxog kdyh wzr g|qdplf htxloleuld/ rqh zlwk wkh orz zdjh

suhydlolqj lq wkh oderu pdunhw lq hdfk shulrg/ dqg wkh rwkhu zlwk wkh kljk zdjh/ zlwk
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wkh zhdowk glvwulexwlrq frqyhujlqj wr wzr gl�huhqw olplwlqj glvwulexwlrqv lq wkh wzr

fdvhv1 Iroorzlqj wkh rffxsdwlrqdo fkrlfh olwhudwxuh +h1j1/ Edqhumhh dqg Qhzpdq/

4<<6/ Jdoru dqg ]hlud/ 4<<6/ dqg Slnhww|/ 4<<:, zh dvvxph wkh iroorzlqj vlpsoh

g|qdplf iudphzrun1 Hdfk shuvrq olyhv iru rqh shulrg/ dqg lv uhsodfhg e| dqrwkhu

shuvrq dw wkh hqg ri wkh shulrg/ zkr lv lghqwlfdo lq doo uhvshfwv/ h{fhsw srvvleo| iru

wdohqw1 D shuvrq kdv d suredelolw| � ri ehlqj wdohqwhg luuhvshfwlyh ri wkh sduhqw*v

wdohqw12�

Zkhq dq lqglylgxdo lv eruq/ vkh lqkhulwv vrph zhdowk d � 3/ pdnhv khu rffx0

sdwlrqdo fkrlfh/ dqg dw wkh hqg ri wkh shulrg vdyhv d frqvwdqw iudfwlrq v ri wrwdo

lqfrph wkdw lv sdvvhg rq dv ehtxhvw wr wkh qh{w jhqhudwlrq1 Zh qrz ghulyh wkh

htxdwlrqv ri prwlrq wkdw ghwhuplqh wkh lqlwldo zhdowk ri d shulrg w . 4 lqglylgxdo

ehorqjlqj wr g|qdvw| l zkrvh sduhqw kdg zhdowk d|�1 Li wkh sduhqw vxssolhg ruglqdu|

oderu +hlwkhu wr dq hqwuhsuhqhxu/ ru xvlqj wkh vxevlvwhqfh whfkqrorj|, vkh hduqhg

vrph oderu lqfrph z|> zkhuh z| lv wkh shulrg w zdjh udwh1 Wkh lqkhulwhg zhdowk d|�

jurzv wr �d|� +sulqflsdo soxv lqwhuhvw, dqg wkh oderu lqfrph lv z| � z1 Khqfh khu

ghvfhqgdqw vwduwv zlwk d zhdowk hqgrzphqw ri

d|n�
� @ v

�
z| . �d|�

�
=

Vxssrvh lqvwhdg wkh sduhqw zdv dq hqwuhsuhqhxu1 Li d|� � n wkhq wkh sduhqw zdv

vhoi0�qdqfhg dqg ehtxhdwkv

d|n�
� @ v

�
U� qz| . �

�
d|� � n

��
=

Li fW+z|, � d|� ? n wkhq wkh sduhqw zdv edqn0�qdqfhg dqg ehtxhdwkv

d|n�
� @ v

�
U� qz|

� un . fW+z|, . �
�
d|� � fW+z|,

��
@ v

�
U� qz| . �

�
d|� � n

��

xvlqj wkh edqn*v }hur sur�w frqvwudlqw1 Wkxv/ wkh wudqvlwlrq htxdwlrq lv wkh vdph

iru edqn0�qdqfhg dqg vhoi0�qdqfhg hqwuhsuhqhxuv1
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Zh �uvw zdqw wr fkdudfwhul}h htxloleuld lq wkh g|qdplf prgho wkdw lqyroyh d vwdwlrq0

du| sur�oh ri zdjhv +h1j1/ z| @ z iru doo w,1 Jlyhq d vwdwlrqdu| sur�oh ri zdjhv/ zh

�qg rxw wkh fruuhvsrqglqj vhtxhqfh ri zhdowk glvwulexwlrqv/ dqg wkh olplwlqj zhdowk

glvwulexwlrq1 Lq wxuq/ zh pdnh vxuh wkdw wkh ghpdqg dqg vxsso| ri oderu jhqhu0

dwhg e| wkh vhtxhqfh ri zhdowk glvwulexwlrqv dqg wkh olplwlqj zhdowk glvwulexwlrq

doo jhqhudwh wkh vwdwlrqdu| zdjh sur�oh zh vwduwhg rxw zlwk dv dq htxloleulxp lq

wkh oderu pdunhw1 Ri sduwlfxodu lqwhuhvw lv wkh txhvwlrq li vwduwlqj zlwk vdph lqlwldo

frqglwlrqv/ lw lv srvvleoh wr kdyh wzr w|shv ri g|qdplf htxloleuld/ rqh lqyroylqj kljk

zdjhv dqg rqh lqyroylqj orz zdjhv1 Lq jhqhudo/ lw lv srvvleoh wr kdyh qrq0vwdwlrqdu|

htxloleuld zkhuh wkh zdjh udwh fkdqjhv ryhu wlph/ exw zh zloo uhvwulfw dwwhqwlrq wr

vwdwlrqdu| zdjh htxloleuld +l1h1/ g|qdplf htxloleuld vxfk wkdw wkh zdjh udwh grhv qrw

fkdqjh ryhu wlph, rqo|1

Frqvlghu d g|qdvw| wkdw vwduwv zlwk }hur zhdowk lq shulrg 31 Wkh shulrg 4 zhdowk

zloo eh dw ohdvw vz > shulrg 5 zhdowk zloo eh dw ohdvw v+z.�vz , dqg shulrg w zhdowk

lv dw ohdvw

vz
�
4 . �v. +�v,2 . ===. +�v,|3�,

�
= +<,

Zh dvvxph wkdw �v ? 4 vr wkdw wklv h{suhvvlrq kdv d �qlwh olplw1 Wkhq wkh orqj uxq

plqlpxp zhdowk ohyho ri d g|qdvw| lv

vz

4� �v
=

Li wklv zhdowk ohyho lv dw ohdvw dv odujh dv fW+z, wkhq qr g|qdvw| zloo eh fdslwdo

frqvwudlqhg lq wkh orqj uxq1 Lq rwkhu zrugv/ li wkh ehtxhvw iudfwlrq lv dw ohdvw

v @ SWE��
�n4SWE�� / lq wkh orqj uxq doo wdohqwhg lqglylgxdov zloo kdyh wkh rssruwxqlw|

ri ehfrplqj hqwuhsuhqhxuv1 Li lqvwhdg r�

�34r
? fW+z, +vhh Iljxuh 7, zh kdyh wkh

iroorzlqj uhvxow1

Ohppd 4= Vxssrvh wkdw

vz

4� �v
? fW+z, @

P �z

�
+43,
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ru/
�

�34r
? P= Li wkhuh lv d shulrg W vxfk wkdw wkh zdjh lq hdfk shulrg

w � W lv z| @ z> wkhq wkh hfrqrp| zloo frqyhujh wr d vwdwh zkhuh wkhuh

duh qr hqwuhsuhqhxuv dw doo1

Wkh surri lv lq wkh dsshqgl{1 Wkh lqwxlwlrq lv/ krzhyhu/ yhu| vlpsoh= li wkh

ehtxhvw iudfwlrq lv ohvv wkdq v dqg wdohqwv fdqqrw eh wudqvplwwhg wr r�vsulqjv/ wkhq

d �qlwh qxpehu ri qhjdwlyh wdohqw vkrfnv duh hqrxjk wr pdnh d g|qdvw| idoo ehorz

wkuhvkrog fW+z,/ qr pdwwhu zkhuh wkh| vwduw iurp1 Vlqfh �qlwh qxpehuv ri wdohqw

vkrfnv kdsshq zlwk suredelolw| 4/ doo g|qdvwlhv zloo idoo ehorz wkdw wkuhvkrog1 Wkh

fuxfldo dvvxpswlrq iru wklv _frqyhujhqfh wr vxevlvwhqfh% uhvxow lv wkdw wkh ehtxhvw

iudfwlrq lv wkh vdph iru hyhu| lqglylgxdo dqg wdohqw vkrfnv duh lqghshqghqw dfurvv

gl�huhqw jhqhudwlrqv ri d g|qdvw|122

Qrz vxssrvh z| @ z iru doo w1 E| gh�qlwlrq/ z vdwlv�hv

z @ U � qz � �n

vr wkdw ehtxhvwv dw wkh hqg ri shulrg w duh lqghshqghqw ri wkh rffxsdwlrq ri wkh

jhqhudwlrq w lqglylgxdo=

d|n�
� @ v

�
z. �d|�

�

Qrwlfh wkdw iru hdfk g|qdvw|/

d|� $
vz

4� �v

li z| @ z iru doo w1 Vlqfh hqwuhsuhqhxuv dqg zrunhuv zloo uhfhlyh wkh vdph lqfrph lq

d kljk0zdjh htxloleulxp/ hdfk g|qdvw| zloo frqyhujh wr wkh vwhdg| vwdwh zhdowk ohyho

r
�34r

z li z| @ z iru doo w=Wklv lpphgldwho| ohdgv wr wkh iroorzlqj uhvxow=

Ohppd 5= Li r�
�34r

? fW+z, wkhq d kljk zdjh htxloleulxp fdqqrw eh

vxvwdlqhg lq wkh orqj uxq1
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Frqvlghu wkh rssrvlwh fdvh zkhuh r�
�34r

� fW+z,= Iljxuh 8 ghslfwv wklv fdvh= Ohw J|

ghqrwh wkh zhdowk glvwulexwlrq lq shulrg w= Zh vkrz wkdw wzr frqglwlrqv pxvw krog

iru d kljk0zdjh vwdwlrqdu| sdwk wr eh ihdvleoh1 Iluvw/ wkh lqlwldo zhdowk glvwulexwlrq

Jf pxvw eh vxfk wkdw d kljk0zdjh htxloleulxp h{lvwv lq wkh �uvw shulrg/ wkdw lv/

� ^4�Jf +f
W+z,,` �

4

4 . q

Vhfrqg/ vlqfh hqwuhsuhqhxuv dqg zrunhuv zloo uhfhlyh wkh vdph lqfrph lq wkh kljk0

zdjh htxloleulxp/ dqg vlqfh d g|qdvw| ri zrunhuv zloo frqyhujh wr wkh vwhdg| vwdwh

zhdowk ohyho r
�34rz> wklv vwhdg| vwdwh zhdowk ohyho pxvw eh eljjhu wkdq wkh uhtxluhg

froodwhudo=
vz

4� �v
� fW+z,=

Wkh iroorzlqj uhvxow irupdol}hv wklv +wkh surri lv lq wkh dsshqgl{,1

Ohppd 6= Wkhuh h{lvwv dq htxloleulxp zlwk z| @ z iru doo w � 3 li dqg

rqo| li
vz

4� �v
� fW+z, +44,

dqg

� ^4�Jf +f
W+z,,` �

4

4 . q
+45,

erwk krog1

Qrz zh duh uhdg| wr fkdudfwhul}h vwdwlrqdu| zdjh htxloleuld lq wkh g|qdplf

yhuvlrq ri rxu prgho1 Qrwlfh wkdw li P A z> fW+z, � �3�
4

A 3= Dv d uhvxow/ wkh

frqglwlrq r�
�34r � fW+z, lv htxlydohqw wr �

�34r �P= Li P � z/ zklfk lv uxohg rxw iru

z @ z e| Dvvxpswlrq 5 +exw qrw iru z @ z,/ wkhq fW+z, � 3 dqg vr r�
�34r A fW+z,

wulyldoo| krogv= Dv �
�34r A z> lq wklv fdvh �

�34r AP krog dv zhoo1 Xvlqj wklv idfw +dqg

wkdw z ? z, zh fdq frqyhqlhqwo| sduwlwlrq wkh sdudphwhu vsdfh lqwr wkh iroorzlqj

wkuhh fdvhv=

Fdvh 41 �
�34r ? P= Iurp Ohppd 5 zh lpphgldwho| vhh wkdw iru wklv fdvh wkh

orqj uxq htxloleulxp ri wkh hfrqrp| pxvw lqyroyh vxevlvwhqfh luuhvshfwlyh ri wkh

lqlwldo zhdowk glvwulexwlrq1 Wkh uhtxluhg froodwhudo ohyho lv juhdwhu wkdq wkh vwhdg|

5:



zhdowk ohyho ri dq| g|qdvw| lq wkh kljk0zdjh htxloleulxp +zkhuh djjuhjdwh lqfrph

lv wkh kljkhvw,1 Dv d uhvxow/ hyhq li wkh hfrqrp| vwduwv r� zlwk zf @ z> wkhuh h{lvwv

W A 3 vxfk wkdw z| @ z iru w � W= Vlqfh r�

�34r ? P lq wklv fdvh dv zhoo/ xvlqj

Ohppd 4 zh vhh wkdw wkh rqo| vwdwlrqdu| zdjh sur�oh wkdw fdq h{lvw lv z| @ z iru

doo wexw hyhqwxdoo| doo djhqwv zloo eh hqjdjhg lq vxevlvwhqfh1

Fdvh 51 �
�34r �P A

�

�34r = Iurp Ohppd 6 zh nqrz wkdw li � ^4�Jf +f
W+z,,` �

�
�n? wkhq dq htxloleulxp zlwk z| @ z iru doo w � 3 h{lvwv1 Krzhyhu/ li �

�n? A

� ^4�Jf +f
W+z,,` wkhq z| @ z iru w @ 3 lv dovr dq htxloleulxp lq wkh oderu pdu0

nhw1 Vlqfh r�

�34r ? fW+z, lq wklv fdvh/ iurp Ohppd 4 zh nqrz li z| @ z iru doo w

wkhq wkh hfrqrp| zloo frqyhujh wr d orqj uxq htxloleulxp zkhuh wkhuh lv qr hqwuh0

suhqhxuldo dfwlylw|1 Zh nqrz wkdw iru wkh vshfldo fdvh � ^4�Jf +fW+z,,` �
�

�n? A

� ^4�Jf +fW+z,,` erwk z| @ z dqg z| @ z duh srvvleoh htxloleulxp zdjhv lq wkh od0

eru pdunhw iru w @ 3= Vlqfh r�
�34r � fW+z, dqg r�

�34r ? fW+z,> e| Ohppd 4 dqg Ohppd

6 wzr vwdwlrqdu| sur�ohv ri zdjhv fdq eh vxvwdlqhg lq htxloleulxp1 Li z| @ z iru doo

w wkh hfrqrp| zloo frqyhujh wr d orqj uxq htxloleulxp zkhuh hyhu|rqh lv hqjdjhg

lq wkh vxevlvwhqfh dfwlylw| dqg zloo kdyh wkh vdph zhdowk ohyho +qdpho|/ r�

�34r,1 Li

lqvwhdg z| @ z iru doo w/ wkh hfrqrp| zloo frqyhujh wr d orqj uxq htxloleulxp zkhuh

hyhu|rqh lv hqjdjhg lq wkh hqwuhsuhqhxuldo dfwlylw| dqg zloo kdyh wkh vdph zhdowk

ohyho +qdpho|/ r�
�34r,1 Wkhuhiruh iru Fdvh 5 wkh zhdowk glvwulexwlrq pdwwhuv1 Lq dg0

glwlrq/ iru wkh vdph lqlwldo zhdowk glvwulexwlrq wzr gl�huhqw vwdwlrqdu| htxloleulxp

zdjh sur�ohv fdq eh vxssruwhg hyhq zkhq zh doorz wkh zhdowk glvwulexwlrq wr eh

hqgrjhqrxv1

Fdvh 61 P � �

�34r = Lq wklv fdvh wkh orzhvw srvvleoh vwhdg| vwdwh zhdowk ohyho ri

d g|qdvw| +l1h1/ r�

�34r, h{fhhgv wkh kljkhvw srvvleoh ohyho ri froodwhudo wkdw edqnv fdq

dvn iru +l1h1/ fW+z,, dqg vr qr g|qdvw| fdq eh fdslwdo frqvwudlqhg lq wkh orqj uxq1

Luuhvshfwlyh ri wkh suhydlolqj zdjh udwh/ J|+fW+z,, zloo dssurdfk 3 dv w $ 4 > dqg

vlqfh fW+z, A fW+z,> J|+fW+z,, zloo dssurdfk 3 dv w $4 dv zhoo1 Li � � �
�n? wkhq

iurp Ohppd 6 zh nqrz wkdw d kljk0zdjh vwdwlrqdu| htxloleulxp zloo h{lvw1 Dovr/

wklv zloo eh wkh xqltxh vwdwlrqdu| zdjh sur�oh/ vlqfh hyhq li wkh hfrqrp| vwduwv r�

zlwk �i4�Jf+f
W+z,,j ? �

�n? dqg vr zf @ z> wkhuh h{lvwv d �qlwh wlph diwhu zklfk

5;



wkh zdjh zloo vzlwfk wr z= Li � ? �
�n? d orz zdjh vwdwlrqdu| htxloleulxp zloo uhvxow1

Dovr/ wklv zloo eh wkh xqltxh vwdwlrqdu| zdjh sur�oh vlqfh lw lv qrw srvvleoh wr kdyh

�i4�J|+f
W+z,,j � �

�n? iru dq| w � 3= Zkloh z| @ z iru doo w lq wklv fdvh/ xqolnh lq

Fdvhv 4 dqg 5/ wkhuh lv hqwuhsuhqhxuldo dfwlylw| lq orqj uxq htxloleulxp ~ doo wdohqwhg

djhqwv jhw wr eh hqwuhsuhqhxuv/ exw wkhuh lv qrw hqrxjk ri wkhp wr devrue wkh hqwluh

oderu irufh1 Lq Fdvh 6 wkhuh lv qr urrp iru srolf| ~ wkh hfrqrp| dfklhyhv wkh vdph

doorfdwlrq dv wkh �uvw0ehvw +l1h1/ zlwk qr sulydwh lqirupdwlrq,1

Zh vxppdul}h wkh fkdudfwhul}dwlrq ri vwdwlrqdu| zdjh sur�ohv lq Sursrvlwlrq 61

Sursrvlwlrq 61

+l, Vxssrvh P A �
�34r = Wkh xqltxh vwdwlrqdu| htxloleulxp zdjh sur�oh

lv z| @ z iru doo w= Wkhuh lv qr hqwuhsuhqhxuldo dfwlylw| lq wkh orqj uxq1

+ll, Vxssrvh �
�34r � P A

�

�34r = Li � ^4�Jf +f
W+z,,` � �

�n? wkhq wkh

xqltxh vwdwlrqdu| htxloleulxp zdjh sur�oh lv z| @ z iru doo w=

Li � ^4�Jf +fW+z,,` ?
�

�n? wkhq wkh xqltxh vwdwlrqdu| htxloleulxp zdjh

sur�oh lv z| @ z iru doo w dqg wkhuh lv qr hqwuhsuhqhxuldo dfwlylw| lq

wkh orqj uxq1 Li � ^4�Jf +f
W+z,,` � �

�n? � � ^4�Jf +f
W+z,,` wkhq lw

lv srvvleoh wr vxssruw erwk z| @ z iru doo w dqg z| @ z iru doo w dv

vwdwlrqdu| zdjh sur�ohv/ wkhuh ehlqj qr hqwuhsuhqhxuldo dfwlylw| lq wkh

orqj uxq lq wkh odwwhu fdvh1

+lll, Vxssrvh P � �

�34r = Li � ? �
�n? wkh xqltxh vwdwlrqdu| htxloleulxp

zdjh sur�oh lv z| @ z iru doo w exw wkhuh lv vrph hqwuhsuhqhxuldo dfwlylw|

lq wkh orqj uxq1 Li � � �
�n? wkhq wkh xqltxh vwdwlrqdu| htxloleulxp zdjh

sur�oh lv z| @ z iru doo w= Wkh hfrqrp| dfklhyhv wkh �uvw0ehvw doorfdwlrq1

Dq lpsruwdqw lpsolfdwlrq ri wkh g|qdplf h{whqvlrq ri wkh prgho lv wkdw vwduwlqj

zlwk wkh vdph lqlwldo zhdowk glvwulexwlrq wzr hfrqrplhv fdq frqyhujh wr gl�huhqw

htxloleulxp zdjhv/ rxwsxwv dqg orqj uxq zhdowk glvwulexwlrqv1 Wklv lv yhu| gl�huhqw

iurp wkh suhglfwlrqv ri wkh h{lvwlqj olwhudwxuh rq g|qdplf prghov ri fuhglw udwlrqlqj

dqg zhdowk lqhtxdolw| +Edqhumhh dqg Qhzpdq/ 4<<6 dqg Slnhww|/ 4<<:, dqg dulvhv

ehfdxvh ri wkh srvvlelolw| ri pxowlsoh htxloleuld lq wkh vwdwlf yhuvlrq ri rxu prgho1

5<



Wkh dvvxpswlrq wkdw wdohqw vkrfnv duh lqghshqghqw dfurvv jhqhudwlrqv iru d jlyhq

g|qdvw| lv ri frxuvh dq h{wuhph rqh dv dvvxphg lq wklv vhfwlrq1 Krzhyhu/ rxu uhvxowv

gr qrw vhhp wr ghshqg fuxfldoo| rq lw1 Frqvlghu wkh rwkhu h{wuhph fdvh zkhuh wdohqw

lv shuihfw wudqvplwwhg dfurvv jhqhudwlrqv iru d jlyhq g|qdvw|1 Wkh rqo| dvshfw ri

wkh deryh dqdo|vlv wkdw zloo fkdqjh qrz lv wkh idfw wkdw vwduwlqj zlwk d orz zdjh

htxloleulxp wkh hfrqrp| qhhg qrw frqyhujh wr vxevlvwhqfh lq wkh orqj uxq1 G|qdvwlhv

wkdw duh wdohqwhg dqg ulfk +l1h1/ d � fW+z,, zloo frqwlqxh wr vwd| ulfk lq wkh orqj uxq

vr orqj dv wkhlu vwhdg| vwdwh zhdowk lq d orz zdjh htxloleulxp lv hqrxjk wr sxw xs

wkh uhtxluhg froodwhudo +l11h1/ rE-3?���34r � fW+z,,1

S �L?U*�_�?} +i4@h!t

Lq wklv sdshu zh kdyh sursrvhg d vlpsoh jhqhudo htxloleulxp prgho ri �qdqfldo frq0

wudfwlqj lq wkh suhvhqfh ri dgyhuvh vhohfwlrq wkdw irfxvhv rq wkh lqwhudfwlrq ehwzhhq

wkh fuhglw dqg wkh oderu pdunhw1 Lq wkh devhqfh ri dq| iulfwlrqv wkh uhodwlrqvkls

ehwzhhq wkhvh wzr pdunhwv lv jryhuqhg e| d vwdqgdug qhjdwlyh ihhgedfn phfkdqlvp1

Iru h{dpsoh/ d srvlwlyh ghpdqg vkrfn lq wkh oderu pdunhw wkdw udlvhv zdjhv dqg

uhgxfhv sur�wv zrxog uhgxfh wkh ghpdqg iru fuhglw e| �upv1 Lq wkh suhvhqfh ri

lqirupdwlrq dv|pphwulhv lq wkh fuhglw pdunhw/ zh vkrz wkdw wkhuh lv dovr d srvlwlyh

ihhgedfn phfkdqlvp wkdw d�hfwv wkh uhodwlrqvkls ehwzhhq wkhvh wzr pdunhwv1 D

srvlwlyh ghpdqg vkrfn lq wkh oderu pdunhw wkdw udlvhv zdjhv zrxog ohdg wr d ehwwhu

vhohfwlrq ri eruurzhuv lq wkh fuhglw pdunhw/ zklfk zrxog fdxvh edqnv wr uhgxfh wkh

ghjuhh ri fuhglw udwlrqlqj/ zklfk frxog uhlqirufh wkh srvlwlyh ghpdqg vkrfn lq wkh

oderu pdunhw e| h{sdqglqj lqyhvwphqw1 Wr kljkoljkw wklv h�hfw zh kdyh suhvhqwhg d

prgho zkhuh wklv srvlwlyh ihhgedfn phfkdqlvp grplqdwhv/ dqg wklv qdwxudoo| ohdgv

wr pxowlsoh htxloleuld1

D olplwdwlrq ri wkh fxuuhqw prgho lv wkdw fdslwdo ghsuhfldwhv diwhu rqh shulrg1 Dv

d uhvxow zh fdqqrw h{dplqh wrslfv vxfk dv fdslwdo dffxpxodwlrq/ dqg wkh uhvxowlqj

g|qdplf uhodwlrqvkls ehwzhhq ghyhorsphqw dqg lqhtxdolw| +dv lq wkh wkhruhwlfdo olw0

hudwxuh rq wkh Nx}qhwv0fxuyh/ vxfk dv Ehuqkdugw dqg Oor|g0Hoolv/ 5333,1 Pruhryhu/

vlqfh �upv olyh iru rqh shulrg rqo|/ zh fdqqrw dgguhvv lqwhuhvwlqj txhvwlrqv vxfk
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dv wkh edqn*v fkrlfh ehwzhhq �qdqflqj d qhz �up +d _vwduw0xs%, zkrvh txdolw| lv

xqfhuwdlq +dqg srvvleo| vxemhfw wr dv|pphwulf lqirupdwlrq, ru dq rog �up zkrvh

txdolw| pd| eh pxfk ehwwhu nqrzq exw zkrvh fdslwdo lv olnho| wr eh vxemhfw wr ghsuh0

fldwlrq/ glplqlvklqj uhwxuqv ru revrohvfhqfh1 Wkh qh{w vwhs ri rxu uhvhdufk djhqgd

lv wr h{dplqh vrph ri wkhvh lvvxhv1

�TTi?_� 

Surri ri Ohppd 41

Wdnh W @ 3 zlwkrxw orvv ri jhqhudolw|/ l1h1/ vxssrvh z| @ z iru doo w= Frqvlghu d

g|qdvw| wkdw vwduwv zlwk zhdowk df� ? fW+z, lq shulrg 31 Wkh shulrg 4 zhdowk zloo

eh v
�
z . �df�

�
= Dv orqj dv hyhu|erg| lq wklv g|qdvw| uhpdlqv d zrunhu/ wkh shulrg

w zhdowk lv

vz
�
4 . �v. +�v,2 . ===. +�v,|3�,

�
. +�v,|df� @

�
4� +�v,|

� vz

4� �v
. +�v,|df�

Dvvxplqj +43, krogv/ wklv h{suhvvlrq lv dozd|v vwulfwo| vpdoohu wkdq fW+z,1 Wkxv/ d

g|qdvw| wkdw vwduwv zlwk zhdowk ehorz fW+z, zloo qhyhu jlyh ulvh wr dq| hqwuhsuhqhxuv1

E| wkh vdph dujxphqw/ li dw dq| shulrg w d g|qdvw|*v zhdowk idoov ehorz fW+z,>

wkhlu zhdowk zloo eh ehorz fW+z, iruhyhu1 Wr dyrlg wklv/ wkh g|qdvw| pxvw pdlqwdlq

zhdowk ohyho deryh fW+z, iruhyhu1 Wkh vwhdg| vwdwh zhdowk ri d g|qdvw| zkhuh hdfk

jhqhudwlrq kdsshqv wr eh w|sh k/ kdv hqrxjk zhdowk wr �qdqfh wkhlu rzq surmhfw

ru xvh dv froodwhudo wr eruurz/ dqg wkh zdjh kdsshqv wr eh z lq hyhu| shulrg lv

r
�3r4

+U� qz � �n, = Wklv lv wkh xsshu erxqg wr wkh orqj uxq zhdowk ohyho ri dq|

g|qdvw| lq d orz zdjh vwhdg| vwdwh1 Vlqfh wklv lv d �qlwh qxpehu/ wkhuh h{lvwv d

�qlwh lqwhjhu w� vxfk wkdw li wkhuh lv d vhulhv ri w � w� wdohqw vkrfnv wr vxffhvvlyh

jhqhudwlrqv +zkr doo zloo eh zrunhuv,/ wkh g|qdvw| zloo kdyh dq lqlwldo zhdowk ohyho

orzhu wkdq fW+z, lq shulrg w� . 4= Wkdw lv/ li vxfk d g|qdvw| vwduwv zlwk zhdowk

df� �
r

�3r4
+U� qz � �n, > diwhu w� xqwdohqwhg jhqhudwlrqv wkh g|qdvw| zloo kdyh

zhdowk �
4� +�v,|

�

� vz

4� �v
. +�v,|

�

df� =
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Vlqfh wklv lv dq lq�qlwh krul}rq prgho dq| g|qdvw| zloo uhfhlyh w� vxffhvvlyh qhjdwlyh

wdohqw vkrfnv dw ohdvw rqfh zlwk suredelolw| 41 AIurp wkdw srlqw rq/ doo phpehuv

ri wkh g|qdvw| pxvw uhpdlq zrunhuv iruhyhu1 Wkxv/ lq wkh orqj uxq/ doo g|qdvwlhv

zloo kdyh zhdowk ohyhov frqyhujlqj wr r�

�34r
+zlwk suredelolw| 4,/ dqg wkhuh zloo eh qr

hqwuhsuhqhxuvkls lq htxloleulxp1 THG1

Surri ri Ohppd 61

Iluvw qrwlfh wkdw

fW+z, @ pd{

�
3>
P �z

�

�
@ pd{

�
3>
�n . +4 . q,P �U

�+4 . q,

�

xvlqj wkh gh�qlwlrq ri z= Li U A �n . +4 . q,P wkhq fW+z, @ 3 dqg vr +44, krogv1

Khqfh li +45, krogv lq wklv fdvh +l1h1/ � � �

�n?
vlqfh Jf +f

W+z,, @ 3 , wkhq e|

Sursrvlwlrq 5 wkhuh lv dq htxloleulxp zkhuh z| @ z iru hdfk w/ uhjdugohvv ri wkh

lqfrph glvwulexwlrq lq shulrg w1

Wkxv/ zh rqo| qhhg wr frqvlghu wkh fdvh U ? �n . +4 . q,P> zkhuh

fW+z, @
P �z

�
@
�n . +4 . q,P �U

�+4 . q,
A 3 +46,

E| Sursrvlwlrq 5/ z| @ z fdq eh sduw ri dq htxloleulxp li dqg rqo| li

�i4�J|+f
W+z,,j �

4

+4 . q,

dqg wklv frqglwlrq qhhgv wr eh vdwlv�hg iru hdfk w wr jxdudqwhh wkdw z| @ z lv sduw

ri dq htxloleulxp1 Iru dq| d> z| @ z lpsolhv

J|n�+d, @ Suid|n�� � dj @ Su
q
vz . �vd|� � d

r
@ Su

�
d|� �

d

�v
�
z

�

�
@ J|

�
d

�v
�
z

�

�

Lwhudwlqj rq wklv h{suhvvlrq/ zh �qg wkdw

J|+d, @ Jf

#
4

+�v,|

%
d� vz

4� +v�,|

4� v�

&$

Wkhuhiruh/

J| +f
W+z,, @ Jf

#
4

+�v,|

%
fW+z,� vz

4� +v�,|

4� v�

&$

@ Jf

�
4

+�v,|

�
fW+z,�

vz

4� v�

�
.

v

4� v�
z

�
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Wkh qhfhvvdu| dqg vx�flhqw frqglwlrq iru z| @ z wr eh srvvleoh iru hdfk w lv/

wkhuhiruh/

4�Jf

�
4

+�v,|

�
fW+z,�

vz

4� v�

�
.

v

4� v�
z

�
�

4

�+4 . q,
+47,

iru doo w= Iru w @ 3> lw uhgxfhv wr

� i4�Jf +f
W+z,,j �

4

+4 . q,
+48,

Wkh h{suhvvlrq
4

+�v,|

�
fW+z,�

vz

4� v�

�
.

v

4� v�
z

ghfuhdvhv prqrwrqlfdoo| dv w$4 li +44, krogv/ rwkhuzlvh lw jrhv wr .4 dv w$41

Li lw grhv jr wr .4 dv w $ 4 wkhq wkh ohiw kdqg vlgh ri +47, zrxog eh forvh wr

}hur iru odujh w> khqfh wkh lqhtxdolw| +47, pxvw hyhqwxdoo| eh ylrodwhg iru odujh w=

Frqyhuvho|/ li lw ghfuhdvhv prqrwrqlfdoo| wr lq w wkhq wkh ohiw kdqg vlgh ri +47, zrxog

eh prqrwrqlfdoo| lqfuhdvlqj lq w> khqfh +47, zrxog krog iru doo w surylghg wkdw +48,

lv vdwlv�hg1 THG1

+iuihi?Uit

^4` Dgdpv/ G1/ G1 Judkdp/ dqg M1G1 Yrq Slvfknh +4<;7,/ Xqghuplqlqj Uxudo

Ghyhorsphqw zlwk Fkhds Fuhglw/ Erxoghu/ Zhvwylhz Suhvv1

^5` Dgdpv/ G1 dqg G1K1 Judkdp +4<;4,/ _D Fulwltxh ri Wudglwlrqdo Djulfxowxudo

Fuhglw Surmhfwv dqg Srolflhv%/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ ;/ ss1 67:0

991

^6` Edqhumhh/ D1Y1 dqg D1 Qhzpdq +4<<6,/ _Rffxsdwlrqdo Fkrlfh dqg wkh Surfhvv

ri Ghyhorsphqw/% Mrxuqdo ri Srolwlfdo Hfrqrp| 434/ ss1 1

^7` Ehqderx/ U1 +4<<9,/ _Lqhtxdolw| dqg Jurzwk/% QEHU Pdfurhfrqrplf Dqqxdo1

^8` Ehuqdqnh/ E1 dqg P1 Jhuwohu +4<<3,/ _Ilqdqfldo Iudjlolw| dqg Hfrqrplf Shu0

irupdqfh%/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 438 +4,/ ss1 ;:04471
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^9` Ehuqkdugw/ G1 dqg K1 Oor|g0Hoolv +5333,/ _Hqwhusulvh/ Lqhtxdolw| dqg Hfrqrplf

Ghyhorsphqw/% Uhylhz ri Hfrqrplf Vwxglhv/ 9:/ ss1 47:09;1

^:` Ehvdqnr/ G1 dqg D1 Wkdnru +4<;:,/ _Froodwhudo dqg Udwlrqlqj= Vruwlqj Htxlole0

uld lq Prqrsrolvwlf dqg Frpshwlwlyh Fuhglw Pdunhwv/% Lqwhuqdwlrqdo Hfrqrplf

Uhylhz/ 5;+6,/ ss19:40;<1

^;` Ehvwhu/ K1 +4<;8,/ _Vfuhhqlqj yv1 Udwlrqlqj lq Fuhglw Pdunhwv zlwk Lpshuihfw

Lqirupdwlrq/% Dphulfdq Hfrqrplf Uhylhz/ :8/ ss1 ;830881

^<` Eodqfk�rzhu/ G1J1 dqg D1M1 Rvzdog +4<<;,/ _Zkdw Pdnhv dq HqwuhsuhqhxuB%

Mrxuqdo ri Oderu Hfrqrplfv/

^43` Ervh/ S1 +4<<;,/ _Irupdo0lqirupdo Vhfwru Lqwhudfwlrq lq Uxudo Fuhglw Pdunhwv/%

Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ 89/ ss1 5980;31

^44` Fdedoohur/ U1M1/ dqg P1O1 Kdpprxu +4<<7,/ _Wkh Fohdqvlqj H�hfw ri Uhfhv0

vlrqv/% Dphulfdq Hfrqrplf Uhylhz/ ss1 468309;1

^45` Hydqv/ G1 dqg E1 Mrydqrylf +4<;<,/ _Dq Hvwlpdwhg Prgho ri Hqwuhsuhqhxuldo

Fkrlfh xqghu Oltxlglw| Frqvwudlqwv/% Mrxuqdo ri Srolwlfdo Hfrqrp|/ <:/ ss1

;3;05:1

^46` Hydqv/ G1 dqg O1 Ohljkwrq ^4<;<`= _Vrph Hpslulfdo Dvshfwv Derxw Hqwuhsuh0

qhxuvkls%1 Dphulfdq Hfrqrplf Uhylhz1

^47` Jdoru/ R1 dqg M1 ]hlud +4<<6,/ _Lqfrph Glvwulexwlrq dqg Pdfurhfrqrplfv/%

Uhylhz ri Hfrqrplf Vwxglhv/ 93/

^48` Jkdwdn/ P1/ P1 Pruhool dqg W1 Vm�rvwu�rp +5334, = _Rffxsdwlrqdo Fkrlfh dqg

G|qdplf Lqfhqwlyhv% Iruwkfrplqj/ Uhylhz ri Hfrqrplf Vwxglhv1

^49` Kduulvrq/ S1/ R1 Vxvvpdq dqg M1 ]hlud +5333,/ _Ilqdqfh dqg Jurzwk= Wkh0

ru| dqg Qhz Hylghqfh/% Plphr/ Glylvlrq ri Uhvhdufk dqg Vwdwlvwlfv/ Ihghudo

Uhvhuyh Erdug/ Zdvklqjwrq G1F1
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^4:` Khoozlj/ P1 +4<;:,= _Vrph Uhfhqw Ghyhorsphqwv lq wkh Wkhru| ri Frpshwlwlrq

lq Pdunhwv zlwk Dgyhuvh Vhohfwlrq%/ Hxurshdq Hfrqrplf Uhylhz/ 64= 64<06581

^4;` Kr�/ N1 dqg M1 Vwljolw} +4<<:,/ _Prqh|ohqghuv dqg Edqnhuv= Sulfh0Lqfuhdvlqj

Vxevlglhv lq d Prqrsrolvwlfdoo| Frpshwlwlyh Pdunhw/% Mrxuqdo ri Ghyhorsphqw

Hfrqrplfv/ 85/ ss1 75<0951

^4<` Mdlq/ V1 +4<<<,/ _V|pelrvlv Yv1 Furzglqj Rxw= Wkh Lqwhudfwlrq ri Irupdo dqg

Lqirupdo Fuhglw Pdunhwv lq Ghyhorslqj Frxqwulhv/% Mrxuqdo ri Ghyhorsphqw

Hfrqrplfv/ 8</ ss1 74<0771

^53` Nlqj/ U1 J1/ dqg U1 Ohylqh +4<<6,= _Ilqdqfh dqg Jurzwk= Vfkxpshwhu Pljkw

Eh Uljkw/% Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43;/ Dxjxvw/ :4:0:6:1

^54` Ohjurv/ S1 dqg D1 Qhzpdq +4<<9,/ _Zhdowk H�hfwv/ Glvwulexwlrq dqg wkh Wkh0

ru| ri wkh Ilup/% Mrxuqdo ri Hfrqrplf Wkhru|/ :3/ ss1 6450741

^55` OhUr|/ V1I1/ dqg O1G1 Vlqjhoo Mu1 +4<;:,/ _Nqljkw rq Ulvn dqg Xqfhuwdlqw|/%

Mrxuqdo ri Srolwlfdo Hfrqrp|/ <8/ ss1 6<707391

^56` Pdv0Frohoo/ D1/ P1 Zklqvwrq dqg M1 Juhhq +4<<8,/Plfurhfrqrplf Wkhru|/ Qhz

\run= R{irug Xqlyhuvlw| Suhvv1

^57` Prrnkhumhh/ G1 dqg G1 Ud| +5333,/ _Shuvlvwhqw Lqhtxdolw|/% Plphr/ Ervwrq

Xqlyhuvlw| dqg Qhz \run Xqlyhuvlw|1

^58` Pxusk|/ N1/ D1 Vkohlihu dqg U1 Ylvkq| +4<;<,/ _Lqgxvwuldol}dwlrq dqg wkh Elj

Sxvk/% Mrxuqdo ri Srolwlfdo Hfrqrp|/ ss1 43360591

^59` Slnhww|/ W1 +4<<:,/ _Wkh G|qdplfv ri Zhdowk Glvwulexwlrq dqg wkh Lqwhuhvw

Udwh zlwk Fuhglw Udwlrqlqj/% Uhylhz ri Hfrqrplf Vwxglhv/ 971

^5:` Udmdq/ U1 dqg O1 ]lqjdohv +4<<;, = _Ilqdqfldo Ghshqghqfh dqg Jurzwk%/Dphu0

lfdq Hfrqrplf Uhylhz/ Yroxph ;;/ Qxpehu 61

^5;` Vwljolw}/ M1 dqg D1 Zhlvv +4<;4,= _Fuhglw Udwlrqlqj lq Pdunhwv zlwk Lpshuihfw

Lqirupdwlrq%/ Dphulfdq Hfrqrplf Uhylhz/ Yroxph :4/ Qxpehu 6/ ss1 6<607431
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^5<` Ud|/ G1 +5333,/ _Zkdw*v Qhz Lq Ghyhorsphqw HfrqrplfvB% Wkh Dphulfdq

Hfrqrplvw/ 77/ ss1 60491

^63` Uloh|/ M1 +4<:<,= _Lqirupdwlrqdo htxloleulxp%/ Hfrqrphwulfd/ 7:= 664068<1

^64` Urwkvfklog/ P1 dqg M1 Vwljolw} +4<:9,/ _Htxloleulxp lq Frpshwlwlyh Lqvxudqfh

Pdunhwv= dq Hvvd| lq wkh Hfrqrplfv ri Lpshuihfw Lqirupdwlrq/%Txduwhuo| Mrxu0

qdo ri Hfrqrplfv/ <3+7,/ ss1 96307<1

^65` Zlovrq/ F1 +4<::,= _D prgho ri lqvxudqfh pdunhwv zlwk lqfrpsohwh lqirupd0

wlrq%/ Mrxuqdo ri Hfrqrplf Wkhru|/ 49= 49:053:1
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Figure 1 : Unique low wage equilibrium
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Figure 2 : Multiple Equilibria
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Figure 3 : Unique high wage equilibrium
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Figure 4: Low wage (subsistence) steady state
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Figure 5: High wage steady state 
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