HW #3
Wouter J. Denhaan

Consider the following model
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The law of motion for the productivity shock is either given by 
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where (t is a Normally distributed random variable with mean zero and variance ( 2 or

(t is a Markov chain and can take on the values ( 1 and ( 2. The probability that (t+1 is equal to ( l given that (t = ( m is equal to p(( l|( m), l,m ( {1,2}.

The Euler equation is given by
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where a prime indicates next period.

The purpose of this homework is to solve the model with PEA.

Parameter values:

( = 0.9, (  = 3, (  = 0.1, ( = 0.3, ( = 0.95, ( = 0.01, ( h = 1.01, ( l = 0.99, p(( l|( l) = p(( h|( h) = 0.875, p(( h|( l) = p(( l|( h) = 0.125.
I. discrete support for (t.

a. Calculate the steady-state values for consumption and capital (css and kss) for the given parameter values.

b. Construct a grid for the state variables. Since (t can only take on two values you only need two grid values for (. For k use 5 Chebyshev grid points between 0.8*kss and 1.2*kss.

c. As in the last homework we parameterize the conditional expectation with 
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. The goal is to solve for the coefficients in the parameterization, (. To solve for these you use the following iteration scheme.  You can use the solution from homework #2 to initialize (, that is, to pin down (1. To make the discussion easier, suppose that each grid point has a number j. Since we have ten grid points j takes on values between 1 and 10. At the i th iteration perform the following tasks.

i) Given the value of ( i At each grid point j calculate consumption, c, and k(. Now calculate the conditional expectation 
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Given values for k( and ( , this is a fairly straightforward operation. The only tricky part is to calculate c(k(,(( ) for the different realizations of (. Denote the value of the conditional expectation at grid point j as yj.  Note that we only calculate current-period consumption because this is needed to calculate capital.

ii) Regress the ln(yj) on 
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 to obtain a new estimate for (, 
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. Note that we have taken logs and this is just a simple linear regression. Explain why we can take logs in this case but could not do that in homework #2.

iii) let ( i+1  be a weighted average between ( i and 
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Continue until the values of ( i have converged.

Hint: If you have trouble, you may want to try the Brock-Mirman parameter values for which you can check your calculations easily.

When you have solved for the first-order approximation solve for the second-order approximation.

What to report?
i) simulate a time series and compare the two approximations for consumption in one graph (I typically generate a long series but then only plot the interesting part like a peak or a trough)

ii) report the maximum absolute percentage difference for the simulated series in part i

iii) report typical business cycle statistics for the generated time paths of consumption, capital, and (. If you want you can hp-filter the data with the function that is available on the course web page.

iv) for 3 values
 of ( plot the two consumption policy functions as a function of capital 

v) for 3 values
 of capital plot the two consumption policy functions as a function of (
II. continuous support for (t.

a. Solve the model following the steps above for the case where (t is an AR(1) process. Only two modifications have to be made. First, the grid for ( has to be adjusted. Now also take 5 grid points for ( covering a two standard deviation range around 1. Make sure to use the standard deviation of ( not of (. Second, we have to use Gaussian quadrature to calculate the conditional expectation. Note that the random variable really is ((  not ((. Thus, you have to write (( as exp(( ln( + (( ). Since we replace (( by quadrature nodes, we get a weighted sum here just as we did in part I.

What to report? See part I but make sure to be explicit and precise on how you used Hermite Gaussian quadrature.

III. Accuracy (optional)
The procedure obtains a best fit using information at the grid points. You can check for accuracy by checking the first-order conditions at other points. In particular, calculate a very fine grid (say 1,000 points) going somewhat beyond the borders of the grid used above. Then at each point do the following for the solution obtained in part II.

1. Calculate consumption implied by the numerical solution.

2. Calculate the conditional expectation (just as you did above).

3. Calculate the consumption level that—according to the first-order condition—is implied by the conditional expectation calculated in part 2.

Report the maximum absolute percentage error between the consumption numbers calculated in part 1 and part 3.

IV Comparison with old-fashioned PEA (optional)
Here we focus on the distribution for the productivity shock with continuous support. First obtain an approximation for the bond price. In this model the bond price is given by 

(**)
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Since bonds are in zero net supply, the behavior of bond prices does not affect the policy functions for consumption and capital. This means that we can calculate the bond price after we have obtained solutions for consumption and capital and in fact we don’t even need to worry about iterating and convergence. This is what you have to do. In all cases we approximate the right-hand side of (**) with a polynomial of the form 
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, i.e., a second-order approximation.

i) Using the solution obtained in part II calculate the right-hand side of equation (**) at each grid point. Then run a regression to obtain the coefficients of (. Note that you only have to do the projection step once. If you want you can do it again but you get the exact same answer.

ii) Using the stochastic PEA solution of the model simulate a long time series of 
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and then obtain an approximation for the bond function by running the following non-linear regression
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Use around 2,000 observations to run this regression

iii) Repeat part ii by using a different seed to generate the productivity shocks. Note that you do not have to resolve the model using the new productivity shocks. Just update the coefficients in the approximating function of the bond price.

iv) Now we have three formula’s for the bond price and two sets of solutions for the policy functions. Generate a new series of productivity shocks 
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and calculate the implied values of capital 
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with k0 be equal to the steady state value. Note you get two different series for kt+1 since we have two sets of policy functions (stochastic and projection PEA). Now calculate the time series for the three bond prices calculated in this problem and compare.

� Take the mean of ( and values of ( that are 3 standard deviations above and below the mean.


� Take the mean of capital and values of capital that are 3 standard deviations above and below the mean. You can use a long simulation to determine what the mean and standard deviation of capital are.
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