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Overview

@ s the solution always accurate?
® Blanchard-Kahn conditions



Overview

Accuracy

©® Accuracy tests
@ simple informal ones:

e similar answers with first & second-order and with solution in
levels and in logs
e solution "makes sense"

@® formal ones

@® Local or global approximation?
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Local or global approximation?

e System: the unknown policy function g (x) is implicitly defined

by
Elf(g(x)]=0
for known f ().

e Pertubation = Taylor series expansion of g (x) around steady
state.
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Taylor series & convergence to the truth

o Let g (x) be defined on [a, b]

o Let 3, (x) be the ntM-order Taylor series expansion

— ol : I  (x=%)"
0 =g @+ T (rom)e S5 -

X=X X=X

for known f ().

lim g, (x) — g(x)

e if x close enough to X even true for fixed n

e what if x is not arbitrarily close to X
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Example with simple Taylor expansion

Truth:

f(x) = —690.59 + 3202.4x — 5739.45x
+4954.2x% — 2053.6x* + 327.10x°

defined on [0.7,2]
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truth and level approximation of order: 1
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Figure: Level approximations
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Figure: Level approximations continued
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Approximation in log levels

Think of f(x) as a function of z = log(x). Thus,

f(x) = —690.59 + 3202.4 exp(z) — 5739.45 exp(2z)
+4954.2 exp(3z) — 2053.6 exp(4z) + 327.10 exp(5z).
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truth and log level approximation of order: 1
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Figure: Log level approximations



Overview

-100

10

-10

10

-10

truth and log level approximation of order: 7

R

. . .
0.8 1 12 14 16 18 2
truth and log level approximation of order: 9

| | |
0.8 1 1.2 1.4 1.6 1.8 2
truth and log level approximation of order: 12

0.8 1 1.2 14 16 18 2

Figure: Log level approximations continued



Overview

But global convergence is not guaranteed

2

1.8

1.6

1.4F

1.2

1k

0.8

0.6

0.4

"
2 2.5
lst - - 2nd 5th -- - 25th

‘—ln(x)w-m

In(x) and its Taylor series expansions
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What to watch out for with perturbation?

e wrong shape

e explosive behavior
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Problems with stability

h(x) = wag+x+age

x11 = h(x)+ shockyq

e Unique globally stable fixed point
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Perturbation approximation & stability
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What are the BK conditions about?

e They say something about /inear models
e They determine whether

e a stable solution exists, and
e if a stable solution exists, whether it is unique

If a solution is not unique, then there are many solutions including
sun spot solutions
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Large sun spots (around 2000 at the peak)
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Sun spot cycle (almost at the peak)

ISES Selar Cyele Sunspot Number Progression
Observed data through Dec 2010
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Getting started

Model:

Yt = Py

e infinite number of solutions, independent of the value of p



Overview

Getting started

Model:

Yt = PYi—1
Yo is given

e unique solution, independent of the value of p
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Getting started

e Blanchard-Kahn conditions apply to models that add as a
requirement that the series do not explode

Yt = PYi—1
Model:
Yt cannot explode

e p > 1: nique solution, namely y; = 0 for all ¢
e p < 1: many solutions
¢ o = 1: many solutions

e be careful with p =1, uncertainty matters
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State-space representation

Ay + Byr = €141
Efer41[le] = 0
Yt isan x 1 vector

m elements of y; are not determined

some elements of &1 are not exogenous shocks but prediction errors
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Neoclassical growth model and state-space
representation
It]

(exp(ze)kd + (1= 8)ke —kpyq) 7 =
E B (exp(zip1)ktyq + (1= O)kr — kt+2)77
X <(x exp (ze1) ki +1— (5)

or

(exp(z)k + (1 — )kt — k1) T =
B (eXp(Zt+1)k?+1 + (1= 0)k1 — kt+2)_7
X <zx exp (z¢+1) k;’:ll +1-9¢
+eE t+1

and
Zp+1 = PZt t ez
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Neoclassical growth model and state-space
representation

Linearized model:

kit = arkip1 + aoks + a3z 1 + aszi + eg 1
Zt41 = PZt + €z41
ky is given

e k; is beginning-of-period capital
o — ks is chosen in t+1
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Neoclassical growth model and state-space
representation
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Dynamics of the state-space system

Y1 = —A Byi+A ey
= Dyt +A e
Thus
1
yir1 =Dy + Y DA
=1
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Jordan matrix decomposition

D = PAP!

e A is a diagonal matrix with the eigen values of D

e without loss of generality assume that A1 > Ay > -

Let

P! =

where p; is a (1 X n) vector

“An
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Dynamics of the state-space system

t+1
yis1 = Dy + ) DA
=1

t+1
= PA'P 'y, + ) PATTITIPTlAT

+
I=1
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Dynamics of the state-space system

multiplying dynamic state-space system with P! gives

t+1
P_lyt—l—l — Atp_lyl + ZAH_l_lP_lA_lSl
I=1
or
> t O L a1
Piyer1 = Aipiy1 + ) Af A e
I=1
recall that y; isn X 1 and p; is 1 X n. Thus, p;y; is a scalar
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Model

® Py = Ay + L AT AT
® Efe;q|] =0
© m elements of y; are not determined

O y; cannot explode
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Reasons for multiplicity

© There are free elements in y;
@® The only constraint on eg ;41 is that it is a prediction error.

e This leaves lots of freedom
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Eigen values and multiplicity

e Suppose that A1 > 1
e To avoid explosive behavior it must be the case that

0 py1 =0 and
@ 1A leg=0 Vi
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How to think about #17

piy1 =0

e Simply an additional equation to pin down some of the free
elements

e Much better: This is the policy rule in the first period
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How to think about #17

pivyi =0
Neoclassical growth model:
o y1 = [ko, k1, z1]T
° )\1>1,)\2<1,)\3:‘0<1
e p1y1 pins down ky as a function of k1 and z;

e this is the policy function in the first period



Overview

How to think about #27

f91A7181 =0 VI

e This pins down eg; as a function of &,

e That is, the prediction error must be a function of the
structural shock, &,t, and cannot be a function of other shocks,

e i.e., there are no sunspots
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How to think about #27

f91A7181 =0 VI
Neoclassical growth model:

° ;51A_1€t says that the prediction error eg ; of period ¢ is a fixed
function of the innovation in period t of the exogenous process,

€zt
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How to think about #1 combined with #27

ﬁlyt =0 Vvt

e Without sun spots
e ie with p1A~le =0 Vt

e k11 is pinned down by k¢ and z; in every period.



Overview

Blanchard-Kahn conditions

e Uniqueness: For every free element in y1, you need one
eigenvalue that is larger than one

e Multiplicity: Not enough eigenvalues larger than one

e No stable solution: Too many eigenvalues larger than one
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