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Nonlinearities and uncertainty in economics

@ Are nonlinearities important?

@ When can we expect them?
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First-order perturbation and uncertainty & non-linearities

General specification
Ef(x,x,y,y") =0.

@ x is an (ny x 1) vector of endogenous and exogenous state variables

e yisan (n, x 1) vector endogenous choice variable
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True solution

y=g(x,0)

and
/

x" = h(x,0) + oy
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First-order perturbation and uncertainty & non-linearities

o 1C1}Jy -1
max E T
{Ctvkt+1}?°:1 ' ; ﬁ 1-— Y
s.t. ¢+ kt = eXp(Qt)kfil + (1 - 5)/(1-_]_ (1)
91‘ = P9t—1 + 0e, (2)

For notation used above: y = c and x = [k, 0].
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Neoclassical Growth Model

@ For standard growth model we get

Ef(k, 0], [k p0+0€],y,y") =0

Solutions are of the form:

and
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Standard first-order perturbation

Perturb around y, x, and ¢.

g(x,0) = &(x,0) + g(x,0)(x = X) + gr(x, 0)0 + - - -

and
h(x,0) = h(x,0) + he(X,0)(x = X) + hs(X,0)0 + - - -
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Let
g, = &x(x,0), g, = &:(x,0) and
EX - hX(Y, 0), Eg' — hg’(Y, 0)
Goal: to find
e (ny x ny) matrix g, (n, x 1) vector g, (nx X ny) matrix
hy, (nx x 1) vector hy.
@ The total of unknowns = (ny +ny,) x (nc +1) = n x (nc+1).
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Outcome for first-order perturbation

e Certainty equivalence: g, = hy = 0. Thus

e changes in o have no effect on policy rules
e changes in ¢ have no effect on means of y; and x;.

o But

e changes in ¢ do affect realizations of y; and x;
e changes in o do affect magnitude of variances and covariances
e changes in o does not affect correlation coefficients
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How to capture non-linear effects with 1st-order

perturbation: Part |

e Transformation of variables, e.g. (natural) logs

Ef (exp(In(x)), exp(In(x)), exp(In(y)), exp(ln(y )
Ef (exp(%), exp(X'), exp(¥), exp(In 7')
EF(x.%.,7.7

@ What will happen with Ex and Ey if uncertainty increases?
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How to capture non-linear effects with 1st-order

perturbation: Part |l

@ Obtain a numerical approximation for as few variables as possible
@ For example, for the standard growth model

e substitute out consumption

e obtain linear (or log-linear) law of motion for capital
e solve for consumption using the budget constraint

Ct —= Ztk;.xil + (1 - 5)kt,1 - k(Zt, kt—,]_)

This is a non-linear relationship even if k(z, ky_1) is linear
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How to capture non-linear effects with 1st-order

perturbation: Part Ill

Consider the following model

[ee] 1*')/ _ 1
max E; ‘Bt_lcti
fenkenliss =1 -9
sit. ¢+ ke = exp(0) ki + (1 —0)ke—1 (5)

6, with probability p(6)

0: = 6y with probability 1 — p(6)

@ First-order perturbation gives the following solution
kt - E—f— hk(kt—l - ;) + h9(9t - é)

@ Thus, hy is the same independent of the value of 6
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First-order conditions (allowing for autocorrelation)

- policy function when 6; = 0, ky (ki—1)
- policy function when 6; = 0 ky(ki—1)
- Euler equation when 6; = 0,

- PLLBOLKY , — kier1) " (af k)t +1—0)
9 le — k T = it g ,t 7
( LAr—1 L,t) (1 _ PLL),B(QszC,t _ kHle)*’Y(angzc'tl +1— 5)

- Euler equation when 6; = 0y

_ 1 — pun)BOLKY , — ki eo1) (0B k5 +1—0)
9 lei — k 7 = ( H,t ’ _H,t
(Brikis = o.e) PHHPB(OHKE , — kH,t-i-l)_’Y(D‘GHkﬁ,’tl +1-9)

- Auxiliary equation

ki1 =(1—2zr—1)kie—1+ zt—1knH -1

- Now, 0; & 0 are fixed parameters and z; is the stochastic variable.
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Solving with Dynare: |

@ Substitute k;_1 out of the two Euler equations. Now we have a
standard perturbation system with three equations for k; ¢, ki ¢, and
Zt.

@ ki ; and ky ¢ have different steady state values

@ Let the law of motion for z; be given by

zt —z=p(zt-1) (z2e-1 — 2) + & (6)

@ In this Dynare system z; can take on any value; below we will show
that this system can be made consistent with the discrete Markov
process.
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Solving with Dynare: Il

@ You could also give the linearized version of 6 to Dynare, since that is
what it will be using anyway

Zt :2+P(2)(Zt71—2)+€t. (7)
with
@ The unconditional mean for z;, z = E[z], being equal to

1—puL 0, + 1 — pHH 0,
2—pLL — PHH 2 — pHH — PLL

Z =

@ The unconditional mean of p(z;—1), p(z) = .E[p(z¢)].being equal to .

1— puH
2 — PHH — PLL

- 1-p
o TP (op 1)+

2pi —1
2 —PLL — PHH (2P =1)
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Are Dynare specification and original model consistent?

@ In simulation use 6 not 7; so you have to do your own simulation

@ We need
e 7zt € {O, 1}
] E[Et|2t_1 = O] = E[Et|2t_1 = 1] =0
o Conditional autocorrelations have to be correct

° p(l) = 2pHH -1
o p(0) =2p;; —1
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Are Dynare specification and original model consistent?

o Key step is to make the distribution of &; dependent on the value of
Z;—1. In particular

o To get that
24 = z;_1 with prob. z;_1pyy + (1 — z—1)p11
set
g = (1 *P(Zt—l))(zt—l — z) with prob. z;_1ppH + (1 — z:-1)p1L
To get that
zt =1 —z 1 with prob. z; 1(1 — pyr) + (1 = z-1)(1 = prr)
set

et = —(1+p(zt-1))(2t—1 — 2) with prob. z;_1(1—pyy) + (1 —2z—1)(1
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Discrete linearization - Examples - Brock-Mirman

True solution is equal to

In(ke) = In(aB) + aIn(ke—1) + In(6;)
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Discrete linearization - Examples - Brock-Mirman

log-linear discrete linearization

0.4

Wouter (University of Amsterdam) Nonlinearities July 4, 2008 19 / 38



Discrete linearization - Examples - Brock-Mirman

linear discrete versus standard linearization

03
025~
02
015
01
. : discrete linear
005 : standard linear
truth
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Second-order perturbation (scalar case & no uncertainty)

We are looking for a solution to equations like

f(x",x',x)=0 (8)
of the form
x" = h(x). (9)
Define F(x) as
F(x) = f(h(h(x)), h(x), x). (10)
Since h(x) is a solution to Equation (8), we know that
F(x) = 0. (11)
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Let X be the fixed-point of h(x). Thus,

X = h(x). (12)
Clearly, X has to satisfy
f(x,x,x) =0. (13)
The Taylor expansion of the solution, h(x), around X is given by
- N\ (= (x _Y)z "=
h(x) =~ h(x)+ (x—X)h (x)+Th (x)+--- (14)
2

— (x—=Xx)

= Xt h(x—%)+h— (15)

So the goal is to find X, hi, hy, etc..
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F(x) =0 Vx (16)

Thus
F'(x) = 0 Vx. (17)

The derivative of F is given by

Fl(x) = of oh(x') oh(x)  of dh(x)  of
ox" ox'  ox ox’ 0x ox’
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af(XE)XXX) =" (19)
W L= (20)
af(XaXX@ L= (21)
Also, note that
ag:) . = (hm+h(x=—x)+ )| _ =M (22)
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Using this in Equation (18) we get

F(X) = F1h; + Fahy 4+ f3 =0 (23)
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Differentiating the expresssion for F’(x) in Equation (18) gives

FH(X): (82f Oh(x)h(x) | 9*f dh(x) ¥ > <ah(x’) 8h(x)>

ox"2 ox'  dx  ox"ox' dx +8x” ox ox’  ox
af <ah(x’) 9%h(x) n 9%h(x") ah(x) 8h(x)>

ax" \ oax  9x2 ox’?2  dx  ox

( 9%f 9h(x") oh(x) n 9%f dh(x) 9°f > dh(x)
ox'x" ox'  dx ox"?  dx ox'ox ) ox

of 92h(x)

ox’  0Ix?

9%f 9h(x") dh(x) n 9?f 9h(x) 8271‘
oxx" ax'  9x oxox’ ox o0x2
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Let

%f(x" X', x —
(aX//aX ) " / = - f13 (24)
Also, )
0“h(x S —
ax(2) 7: (h2+h3<X—Y)+"')‘X:;:h2 (25)
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Combining gives
F'(x) = 0
— 2 - — = \=2
= (f11h1 + f1oh1 + f13> hy
+Ff1(hihy + Eiﬁl)
— 72 J— —_ J— —
+ <f21h1 + foohy + f23) hy
b
— 72 J— — J—
+ <f31h1 + f3oh1 + f33) (26)

Wouter (University of Amsterdam) Nonlinearities July 4, 2008 28 / 38



Second-order perturbation with uncertainty

Ef(x,x',y,y') =0. (27)

@ x is an (ny X 1) vector of endogenous and exogenous state variables
@ yis an (n, x 1) vector endogenous choice variable.

@ When applied to the stochastic growth model, we would have that
y =cand x = [k, 0].
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h(k,0,0) = k+ hi(k—k)+hg(6—0)+ hyo+1/2(

+huk (k
+hoo (6 —

g(k,@,(f) = E+gk

—k)+8p(0—0)+g,0+1/2(

— k) 4+ 2hke(k — k) (6 — 0) + 2hyo (k — K)o
0)2 + 2hgy (8 — 0)0 + hyeo?)

(k
+8 (k — k)* + 284 (k — k) (0 — 0) + 284, (k — k)&

+8po (0 —
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From the discussion above we know that g, = hy = 0

°
e Similarly, g4y = 8o = ko = hoe =0
@ Only the constants g, and h,, are affected by the amount of
uncertainty.
@ Does this mean that for example
og
x

is not affected by the amount of uncertainty?
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Penalty function example

Point of the exercise

@ Makes clear what could go wrong with second-order approximation
@ Shows that first-order could be better than second-order

@ Way to improve second-order approximation
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Second-order perturbation

@ What can change if you go from first to second-order perturbation?
o Amount of uncertainty now does affect policy function (but only the
constant)
e Non-linear policy functions

e Impulse response functions now depend on initial values of state
variables and sign of the shocks
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11—y 1

maxzﬁf el

s.t
=14+r)(ye—ce+ar1)
with p(a) < 0 and p’(a) >0

First-order condition

"' =p'(ar) +E: [.3(1 +r) t+l:|
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o
B =0.99
¥=3
r=0.03

vt = 1.5+ ¢, &~ N(0,0.15)

ap’(a) = 0.02exp(—70a) — 0.02
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Second-order approximation for different values of y
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First-order approximation for different

25

15+ -

05— _

05 0 05 1 15 2 25
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Second-order approximation to penalty function
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