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Individual agent

e Subject to employment shocks

o ¢, €{0,1} org;y € {ue}

e Incomplete markets

e only way to save is through holding capital
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Alternatives to inequality constraint

e Penalty function in the utility function
u(cie kip) = In(cir) — Pkir1)
e Assumptions about P(k;;)

standard inequality: k;;q > 0  differentiable alternative

0o ifkipi1 <0 9P (ki 11)
Plkis+1) :{ 0ifky >0 Plar) = g <0
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Alternatives to inequality constraint

Alternative to P (+) in utility function

e Individual interest rate depends on amount invested

OP(kiy1)

>0
oki 141

Tip =Tt — P(ki,t—l—l) with
e Advantage: nicer economic story
e Disadvantage:

e you have to take a stand on what happens with the resources
(thrown away? intermediary?)
e both Euler and budget constraint are affected
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Laws of motion

e aggregate productivity, a;, can take on two values

e employment status, &, can take on two values

probability of being (un)employed depends on a;

e transition probabilities are such that unemployment rate only
depends on current a;

= up = u(a) with up = u(1 —Ag) > ug —u(1+A,).
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Individual agent

max EY B (In(ciy) — P(kiri1))

{Ci,t/ki,t+1 }fozo

s.t.

Cirtkipr =rikis+ (1 — te)wile; s + pwe (1 —e) + (1 — ki

for given processes of r; and wy, this is a relatively simple problem
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Individual agent: Euler equation

1 ra1+1—90
— = plkity1) +E {'B( - )}
Cit Cit+1

cost of kj;y1 T = reduction in penalty 4 usual term
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Firm problem

K

w = a(l—a) <z<1—Km>
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Government

Twd (1 —u(ay) = nwu(ar)

e
1(1—u(ar))

Tt
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Aggregate variables agents care about

e 7 and wy

e They only depend on aggregate capital stock and a;

e !l This is not true in general for equilibrium prices

e Agents are interested in all information that forecasts K;

e In principle that is the complete cross-sectional distribution of
employment status and capital levels
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Equilibrium - first part

¢ Individual policy functions solving the agent's max problem

e A wage and a rental rate given by equations above.
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Equilibrium - second part

e A transition law for the cross-sectional distribution of capital,
consistent with the individual policy function.

e f; = beginning-of-period cross-sectional distribution of capital
and the employment status after the employment status has
been realized.

frv1 = Y(ary1, a4 f1)

e ;.1 does not affect the period t cross-sectional distribution of
capital

e ;.1 does affect the joint cross-sectional distribution of capital
and employment status
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Overview

©® What if individual policy rules are linear in levels?
® What if individual policy rules are polynomials in levels
©® What if individual policy rules are not polynomials in the levels
O Topics:
o What if there are non-differentiabilities
e Economy with bonds

e the price of a bond—unlike rental rate—is not a simple
function of K}
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Linear policy rule for individual problem

e Suppose policy rules are given and equal to:

ife = u: k; = Tu,o(S) +‘Fu,1(5)k
ife = e: k, =Ye0(s) +Yer(s)k

e linear in k, completely general in all other dimensions
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Linear policy rule for individual problem

e s is the set of aggregate state variables and consist for sure of
a/ Ku/ KE

e Xpa determines "endogenously" whether other elements should
be added to this list
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Linear policy rule for individual problem

e Policy rules:

ife = u: kj, =Y,0(s) +¥u1(s)k
ife = e: k, =Ye0(s) +Yer(s)k

e Can we calculate K’ from this?

e If the answer is yes, then we can calculate ¥’ (given a’)
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Notation

End of this period

o Ky: end-of-period aggregate capital stock of unemployed
. IA<e: end-of-period aggregate capital stock of employed

Beginning of the next period

e K, and K/: corresponding beginning-of-period equivalents
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Transition laws

From end of this period to beginning of next period

e K|+ K, and K] # K, because employment status changes
e Apply transition laws to go from K, K, to K}, K,
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More notation

o eoay: Mass of agents with employment status € now and €’
next period for given values of a and a’

Suuaa’ + Seuaa’ + 8eean’ + Suean = 1
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From end to beginning-of-period moments

_ guuaa’Ku + geuau’Re

/
Ku
Suuaa + Seuaa’

K = Sueaa' Ku + Seean Ke
¢ Sueaa’ + 8eean’

K =u(a)K, + (1 —u(d))K,

Given the formulas for Ru and Re we can calculate these.
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Simpler case (to learn method)

Suppose individual policy function are as follows:

|f £ = u: kT//l — ‘Pu,O + ‘Iju,kk + ‘Iju/aa + ‘PM,KuKM + ‘Pu’KeKe
ife = e: ké = Te,O + ‘Pe,kk + ‘I’e,aa + Te,KuKu + Te,KEKe

This immediately gives

Ky = Mu (1) = [k, (-)dFu(k)
(T ,0 +Tua) + (T k +Tu Ku) Ku +1Pu,K€Ke;
R, = — [K.(-)dF.(k
- (Te,() + II're,cz) + (‘I're,k + ‘Pe,Ke) Ke + ‘Pe,KuKuz

e Applying transition laws gives K/,, K/, and K’
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What about the state variables?

e Above, we assumed that s consists of k, €,a, K, K, and possibly
other characteristics of the distribution. But with linear policy
rules, no other moments are needed.

e Intuition?
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Simple way to solve for coefficients

@ Assume linear law of motion for Kj, and K],
@® Find linear approximation for k], and k,

© Get new linear law of motion for K, and K by explicit
aggregation (and transition laws)

O lterate until convergence



Model Xpa Implementing Xpa Topics

More general linear policy rules

Policy rules:

ife = u: kj, =¥,0(s) +¥u1(s)k
ife = e: k,=Yeo(s) + Yer1(s)k

This immediately gives

),

Ky = Mu = [K,(k, Fu(k) = Yo 0(s) + ¥u1(s)M, (1
¥ ),

u(
K. = = [ ke(k,;s_i)dFe(k) = ¥eo(s) + Fe1(s)Me(1
e This law of motion could be non-linear in K;, and K,!!!!

e Applying transition laws gives K/,, K/, and K’
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Progress so far

e Given linear individual policy rule:

e we can get law of motion for aggregate variables
o determine what the set of aggregate state variables are

e Haven't said anything yet on how to find individual policy rules

o We'll answer that for somewhat more general case with
quadratic individual policy rules
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Second-order policy rule

Policy rules:
k;/l = 1Fu,O(S) + Z‘Fu,i(s)ki and

ke/z = IIIe,O(S) +ZTe,i(S)kir
i=1

e quadratic in k, completely general in all other dimensions
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Second-order policy rule

e s is the set of state variables and consist for sure of 4, K, K,

e Xpa determines "endogenously" whether other elements should
be added to this list
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Aggregate second-order policy

o Aggregation gives

Ky = Mu(1) = ¥uo(s) + i Yui(5)Mu (D),
Ke = Me(l) - Te,O(S) + 21‘2:1 Te,i(S)Me(i)/

e What are the state variables?
e Not only M, (1) and M,(1), but also M,(2) and M,(2)
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Aggregate second-order policy

e — we need laws of motion for M, (2) and M,(2);

o these together with transition laws would give laws of motion
for M,(2) and M,(2)
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Laws of motion for second-order terms

e Moments are
> 2
Me(2) = / (k. (k,5_g)) 2 dF< (k)
e Do | have a law of motion for (ké)z? Yes, of course, namely

) \Pg,o(s) +2%¥e0(s)¥e (5) +
(ki)™= (2%e0(s )‘Yez+( ( ) )k2
+2¥e1(5)¥ep(s ) ( 2(5))

What is the problem?
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Laws of motion for second-order terms

o Aggregating

O P Y (ke
(k;) = (2¥e0(s)¥e2 + (e 1(5)) )kz
+2%61(5) e (8)k® + (Fea(s)) K

A (Fo0())? + 20 (s) ¥ (5) e (1)
M2) = 4(2¥0(5)¥ez + (¥ea(s)D)ML(2)
0¥y () Fea ()M (3) + (Fea(s))? Me(4).
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Avoiding infinite-regress problem

e Define )
ye = (ke)
Come up with a separate 2"d-order approximation for ye:
2
Ve = (k)" = Yoy o(s) + Yo (9)k + ¥ ry22(5)k>

o ¥, coeffs have no direct relationship to Te,(k’)z,j coeffs
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Aggregation in second-order case

2 .
ki = Yeo(s) + Y Yei(s)k' gives
i=1

2
Ke = Me(l) = Te,O(s) + Z‘Ijs,i(s)Me(i)/
i=1
and
) 2
(k)" = Tg,(k/)Z,O(S) + Z‘I"s (k/)zl(s)kl gives
i=1
2

Topics
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Basic formulation

e Policy rules:
I , I .
ki =Yuo(s) + ) ¥ui(s)k and k, = Feo(s) + ) _ Fei(s)k,
i=1 i=1
o Aggregation gives
IA&{ = A?I\u(l) = ‘Yu,O(S) + 25:1 II'ru,i(S)Z\/Iu (i)'
Ke = M,(1) = ‘Pe,O(S) + 211‘:1 ‘Fe,i(s)Me(i)/

o Get additional separate policy rules for each polynomial term in
policy function
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Full program

How to find the ¥ coefficients?

e |terative perturbation procedures

e general projection method

Topics
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Iterative perturbation solutions

O Guess a law of motion for aggregate law of motion
® Conditional on this solve for individual law of motion

©® Explicitly aggregate and update aggregate law of motions



Model Xpa Implementing Xpa Topics

Perturbation solution with discrete support

e Write law of motion for 4; and & as

ar = a-+ 0,8:—1 +eqt with E [eﬂ,t] = Ul%

& = g+ PEt—1 + et with E [Eg,t] = 0’3

2 2 . .
® 0,,0., 07,0 are such that autocovariances and variances

correspond to original process
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General projection procedure

e Suppose a second-order solution is used:
Sit = (€t ki, ar, My(1), Me (1), My t(2), Met(2)]
e Basic idea:

e set up a grid

o define error term at each grid point

e define loss function

e use minimization routine to find ¥ coefficients



Model Xpa Implementing Xpa Topics

General projection procedure

e Solve for i, (s;'¥) by making model equations "fit" on grid

* Notation: we have included ¢;; in s and ¢, (s;'¥') describes
behavior of both employed and unemployed agent
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Individual policy rules & projection methods

o {sc}*_; the set of state variables with x nodes
o My = {aK/Mu,K(1)/M€,K(1)/MM,K(2)/ME,K(Z)}

e x indicates a grid point not a period
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First-order condition

(r(ag, Ke) +1 — 8)ky -
( +(1 — 7(ax))w(ax, Ki)lex + pw(ax, K) (1 — &) )
— (55 Y)

B(r(a,K') + (1 —0))x
(1K) + 1 ) (557%) \, ™
=p(¢Pp(s;¥)) +E +(1 —1(a"))w(Z, K¢
ol KN) (1 &)
(s Y)
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Individual problem errors (usual part):

(r(ag, Kg) +1 — 6)ky -
Ue = — ( +(1 — 7(ax))w(ax, Ki)lex + pw(ax, K) (1 — &) )
— (s )

[ B(r(d,K') + (1 =6))x
(V(a’,K’)Jrl— )#'k (Sm )

R [
— (s Y)

r(a, €| ax, e)

-V

a ¢
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Individual problem errors (new part):

e Error for y/ = (K')*:



Model

Xpa

Implementing Xpa

Errors only depend only on known things and ¥

g (Ke/ (101 — ()"
(1 - m)a(Ke/ (11— u(a)"
! (K'/ (11— u(a)))*"
(1 - ) (K /L))"
) )
=@y ™ ") = =)

(K, ¢,a, M, (1), ML(1), M, (2), M(2)}

{no!

1Pk/ (SK; III)/ 8// a//
M;(1), M}, (2), M;(2)
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Errors only depend only on known things and ¥

How to get K',M/,(1), M, (1), M,,(2), M.(2) in terms of current
state variables?
© K' = u(a )M, (1) + (1 — u(a'))M;(1)
@ Express M/, (j) and M.(j) in terms of @', a, and M, () and
M.(j)

© Explicitly aggregate to get expressions for M,, (j) and Me(j)
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Topics

e non-polynomial basis functions

e procedure
e bias correction

e Bond economy
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If individual policy rules are not polynomials in levels

e Suppose

b(k,) = Yyuo(s)+Yu1(s) b(ky) if ¢ = u and
b(k,) = Yeo(s)+ Ye1(s) b(k.) if e =e,

where b(k) is some function, e.g. In(k)
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If individual policy rules are not polynomials in levels

e Since you need to know K’ you need a law of motion for k’.

e Thus, in addition to policy rule for b(k’) also obtain policy rules
for k'.

e How to get policy rule for k'?

e Use linear approximation to b(k’), or
e Solve two individual policy rules

® one to solve for aggregate law of motion and
e one to describe individual behavior
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linear approximation for linear spline

e Taking linear approximation when using linear spline is trivial:

o Get aggregate law of motion for K, simply by evaluating policy
rule of unemployed at k, = K,

o Get aggregate law of motion for K., simply by evaluating policy
rule of unemployed at k, = K,
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Bias correction

e If policy rules are not polynomials = inconsistency between
e individual policy rules and aggregate law of motion

e Estimate of the mean bias can be found from model without
aggregate uncertainty
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Bias correction

e K, and K, very accurate solution for beginning and
end-of-period capital stocks in model without aggregate
undertainty

e Xpa aggregate law of motion without bias correction:
Ke = ¥eo(M) + o1 (M)Ke.

e Bias correction {,:

CS — Ks - ‘PS,O(M) - Tf,l (M)Kg.
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No bias correction

Figure: Simulated values of K, and K, without bias correction

I I I I I L I I I
5200 5250 5300 5350 5400 5450 5500 5550 5600 5650 5700
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With bias correction

Figure: Simulated values of K, and K, with bias correction

I I I I I I I I I
5200 5250 5300 5350 5400 5450 5500 5550 5600 5650 5700
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Would the R2 pick this up?

No, the R? > 0.99997 in both cases
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Imposing equilibrium

e KS economy: at r; = a(Kt/Lt)”"1 equilibrium is ensured for
any law of motion for K;

e For other types of assets this is not that easy
e But exactly imposing equilibrium is important

o errors are unlikely to be exactly average on zero
e —> errors accumulate and at some point simulation is
meaningless
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Bond economy

e endowment economy
e borrowing and lending in one and two-period riskless bonds

e penalty functions instead of inequality constraints
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Bond economy - equations

1

q 1

- = BE + p(b;

Ciy :B tci,t P( z,t+1)
2 1

qt Tt+1 2

£ E +p(b

Cir tCi,t ) p( zt+1)

Cip + q}bzl,t—i—l + ng%tﬂ = Vit + b} + q}bz,
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Bond economy - (too) simple approach

guess law of motion for qtl and q%

solve individual problem

problem with simulation: equilibrium is not imposed

problem with Xpa: equilibrium not imposed off grid points and
during simulation
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Bond economy - imposing equilibrium

e Instead of solving for bf(silt, my) solve for bj(qi, Sits M)

e Solve for q’t from
/b](qi/ Si,f/ mf)dl =0

e How do | get these b]’(q’t', Sit M)?
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Bond economy - imposing equilibrium

e Use model equations:

1
1
I~ BE—— +p(bs1)

Cit Cit+1

2 1

a Tir1 2
— = BE——+p(bis1)
Cz,t Cl,t+1

Cip + q}b},t—l—l + q%biz,t—l—l = Yt + by + q;b7
e and add the following two equations that define d%+1 and d%ﬂ

bzl,tgl + q} j db_% and
bip+ar =diy
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Bond economy - imposing equilibrium

e This gives the following solutions

®q _(mt)
o b (Si,tl mt)
® dj(si,t/ mt)

e Take none of these literally. Except use
b b] 1_b qi/sltlmo_d] Sltlmt 6]4
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Bond economy - imposing equilibrium

e Imposing equilibrium

/bj(ﬂlt, Si,t/mt)di =0

gives

q]; = /dj(si,t, my)di



Model Xpa Implementing Xpa

Bond economy - imposing equilibrium

e Alternative definitions for d/(-) are possible

e IllIl But one does need that

bl (qt, s 4, M)

<0
aqf

that is, you have a demand equation.

Topics
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Something practical

e The following slides work out a particular case

e The individual policy rule is of a simpler form than used in
discussing the general case above

¢ Given this simpler form the slides go through the steps of XPA
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Something practical

e Suppose that

ar = A+pa1+eq with Elegs] =03

gir = E(1—p,)+p.e-1+e; with Efegs] = aﬁ

e Note that
Elei] =¢
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Something practical

e Individual policy rule is higher-order
K'=Y§ + ik + Yee + Preke + ¥ioa + ¥y kK
e This can be written as

K' =%+ Yk + Yee + Yrepke_1 + Yreee + Yupa + ¥, kK
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Something practical

Aggregation of

K =Yg+ ¥k + Yee + Yiepke 1 + Yreee + Yoa + YxK
gives

K' = (Yo + Ye&) + (Y + Vi k) K+ PrepMpe + Yo 0a

where

ng = /k€_1dF(k,€_1)
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Something practical

Aggregate state variables: a, K, M, |

Why not K, and K, separately?

Why don’t we have to use transition laws?
e How we get law of motion for M]’cg?
Answer: define

Y =Ker~ Yo+ Fik+ Vee + Vreoke_1 + Vieee + Foa + YK
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Something practical

Aggregation of
v =¥+ Vik+ Yee + Vieoke | + Vieee + Foa + FxK
gives

M]/(g = (‘?0 + ‘?85) + <‘?k + xTIu,K) K+ lAI}ksP]\/Iks + qru,aa
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