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Individual agent

@ Subject to i.i.d. idiosyncratic productivity shocks e;; € {0.9,1.1}
@ Incomplete markets

e only way to save is through holding capital
e investing small and large amounts "costlier" than intermediate amounts
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Individual agent - standard formulation

max _ EYS Bt In(ci:)

{ciekier1 132,
s.t.
Gt + ki,t = rtki,t—l + weei s + (1 - 5)ki,t—1
kit >0
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Individual agent - alternative formulation |

« E(nax}w EY® o B In(ciy)
itiKit+1 Fieg
s.t.

Git+ ki t = i, tk: t—1+ we€ir + (1 - 5)ki,t—1
f:t—rt+gl exp(—Cokit)
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Individual agent - alternative formulation Il

max  EY X B In(cit) — %—1 exp(—Cokit)
{Ci,t,ki,tﬂ}ct)o:o 0
s.t.

it + kit = rekie—1 + weeir + (1 —0)kir—1
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Individual agent - alternative formulation Il

Budget constraint same as original formulation
Only Euler equation affected

No non-differentiabilities

Two ways to think of penalty function:

o numerical procedure to mimic/implement inequality constraint
e alternative economic story
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Individual agent - Euler equation

P

Cit+1

1
s + G1exp(—Qokie) + Et (ry1+1-9)| =0
It
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Equilibrium

Unit mass of worker, L; =1

Competitive firm so agent faces competitive prices
e Wiy = (1 — DC) Kgc
o It = tXKéXil

o No aggregate risk so

Kt - K

@ How to find the equilibrium K?
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Algorithm

o Guess a value for r
@ This implies values for w and K (i.e., demand for capital)
@ Solve the individual problem with this value for r (and w)
o Calculate supply of capital KsUPPlY

e e.g., by simulating
o If KsUPPlY < K then r too low so raise r, say

phew r—l—)t(K o Ksupply)

@ lterate until convergence
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Calculating average K

© First procedure:

@ Start with a cross-section of many agents
@ Simulate until cross-sectional average of capital has converged

@ Second (simpler) procedure:

@ Simulate capital stock for one agent
@ Take time-series average

o disregard some initial observations to avoid dependence on weird initial
value
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Calculating average K without simulating

Consider the simple grid method to simulate

@ pe ¢ vector with fraction of employed agent's at grid points for k

@ p, :: vector with fraction of employed agent’s at grid points for k

Pr+1 = Ap:

The ergodic distribution p is the normalized eigenvector corresponding to
the unit eigenvalue of A
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Calculating average K without simulating

pt+1 = Ap:

Where does this come from?

Pe,t+1 = )\eere,t + (1 - /\U)Qupu,t
Put+1 = )\uQupu,t + (1 - Ae)QePe,t

_ AeQe  (1—A,)Qy
Pt+1 = (1 o )Le) /\uQu Pt
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Calculating average K without simulating

0 0 0 00O0O0O0O0OTDP
0 0 0 000O0O0O0OTOP
w1 w» 0 00 0OO0OOO0OTP O
l—w; 1—wy+ w3
1—603
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Explicit aggregation - linear case

@ Suppose individual policy rule is linear:
ki = bo + biki—1+ by (e —1)
@ Implied aggregate policy rule:
Ke = bo + b1 Kj -1
@ Thus, implied supply of capital:

K =by/(1—by)
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Explicit aggregation - second order

@ Suppose individual policy rule is quadratic:

bo + bikit—1+ b (eir — 1)

ki =
t —|—b3k,-2’t_1 + b4ki,t—1 (e,-,t — 1) + by (e,-'t — 1>2

@ Implied aggregate policy rule:

bo + b1Ki—1+0

K, =
! +b3Mt71(2) +0+b50'g
where
Mi’—]. (2)
is the cross-sectional mean of
ko1
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Explicit aggregation - second order

@ At the ergodic distribution:

Ki = Kiz1=K
M:(2) = M 1(2) = M(2)

o
K — by + b3M(2) -+ b5U<29
1—b

e How to calculate M(2)?
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Explicit aggregation - how to calculate M(2)?

K2 — ( bo + bikit—1+ by (eir — 1) )2
it = 2 2
’ +b3ki, | + baki—1 (et — 1)+ bs (e — 1)

o Explicitly aggregating RHS gives
M;_1(3) and M;_1(4)

@ Continuing like this will go on forever
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Explicit aggregation - how to calculate M(2)?

@ Instead of using

K2, = ( bo + bikit—1+ by (ejr — 1) , )2
" +b3ki2,t71 + baki -1 (e,-vt - 1) + bs (e,-,t — 1)
use
12 ( do + dikie—1+ db (e — 1) )
+dsk?,_y + dakie—1 (eic — 1) + ds (&5, — 1)°

o Explicitly aggregating RHS gives

do+ diKi—1+0

M(2): =
(2): +d3M;—1(2) 4+ 0+ d502
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Explicit aggregation - how to calculate M(2)?

@ At the ergodic distribution

K — by + bK +0
T +b3M(2) + 0+ bso?
M(2) = dy +diK+0

+d3M(2) + 0+ dso?

@ That is, linear system in two unknowns
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Explicit aggregation - higher order

o If you have nt" order solution for k; ; then it is very easy to get n'h
order solution for k", for any m

@ This is the fastest way to solve the model without aggregate
uncertainty

o !l you don’t have to simulate

21/
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Explicit aggregation - 777

o Explicit aggregation: calculate average K

e without simulating and
e without calculating a distribution

@ How is this possible?
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