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Projection Methods

True rational expectations solution:
Ct = C(kt, Zt)

e Why a difficult problem to find c(k¢, z;)?

Approximation:
¢t = c(ke, zt) = Po(ke, ze:17,,)

e P,(+) from a class of approximating functions (say polynomials or
splines) that is dense in a large class of functions (say continuous

functions)

o all structural parameter values («, B, p, ) take on a fixed numerical
value

@ nis fixed = problem is now to solve for 7, a finite-dimensional
object
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Which equations to use?

What equations to use to solve for N, elements of 77,7
FOCs at M grid points {k;, zj} with M > N,

Po(ki, ziin,) " =

aBx
o | oK (2 b )
{2} x

({K}p)"

@ Goal: Get for each grid point 1 equation in 77,

@ Note that k; and z are known
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Which equations to use?

Po(ki ziin,) " =

apx
e | Prl{ziki = Palki ziong, )b {expipIn(zi) + €'} }gi7,) "
{exp{pIn(z) +€}}c x
({Z,'/(I‘-)é — P,,(k,',z,';ﬂn)}D)ail
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How to deal with expectations operator?

Let {w;, Q}le be the Hermite Gaussian quadrature nodes

Po(ki,ziin,) ™" =

apfx
Po(zik* — Pa(ki, zi;1,,), exp{pIn(z;) + \/E(ng};ﬂn)_vx
exp{pIn(z) + \/ngj}x
(Z,'k,fx — P,,(k,', Zj, 17”))0471
w;/ N7

Mo

—~
Il
—
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Define error terms

e(ki ziin,) = Pa(ki, zi;n,) " —

xBx
Po(ziki = Pa(ki, zi17,). exp{pIn(zi) + V207 };17,) " %
exp{pn(z) + V20(;} x
(zik? = Po(ki,ziin,))
(,UJ/\/E

M-

—
Il
_
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How to find coefficients of approximating function?

@ True rational expectations solution would give a zero error term
V(ki, zi)
@ Thus, choose 77, such that error terms are as small as possible.

e Collacation (M = N,): Use equation solver to get errors exactly
equal to zero on grid

e Galerkin (M > N,): Use minimization routine (and possibly smart
weighting of error terms)

e lIteration procedure (M > N,)
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Iteration procedure: Construct Grid

@ Construct a grid with nodes for k and z

@ At the nodes construct the basis functions of P,(k,z;7,). For
example, if

: 2 2
Pk, 2i11,) = 1o, + ik + 1502 + k™ +111ck2 + 11,2
then construct the matrix (where subscripts denote grid numbers)
1 kb oz k¥ kz 2
1 k2 V) k22 k222 222
X = . : .
1 ky zy k,%/, kymzm zfﬂ

and calculate (X'X) "' X
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Iteration procedure: Construct Grid

@ Chebyshev nodes: Using Chebyshev nodes is important. This
ensures uniform convergence. With equidistant nodes, e.g., it is
possible that the oscilattions between grid point explode as the order
of the polynomial increases.

@ Chebyshev polynomials: If you have (i) no problems finding initial
conditions and (ii) only low-order appoximations so that calculating
the inverse of X’X can be done accurately, then you can use regular
polynomials. Orthogonal Chebyshev polynomials can overcome these
problems. They ensure that X’X is diagonal (and trivial to invert).
This does require scaling of the state variables so they are between
—1and L.
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Iteration procedure |: Fixed-point lteration

The value of 17, used in the g'" iteration is referred to as 79. Follow the
the following iteration scheme until convergence
@ At each grid point:

o Calculate the RHS of the Euler equation using the latest value for 77,
ie, nit
€. Mp

o Use the RHS to calculate the value for ¢ at the grid point

@ Use these values of ¢ to obtain an estimate for 7, 77

e In case of a polynomial run a regression
e In case of of a spline the values of ¢ at the nodes are the new values of

o
o Let n7 = Aff+ (1— Ay~
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Iteration procedure |: Fixed-point lteration

@ Step 1: Calculate current consumption values implied by ;71,'7*1
at each grid point
o Use 77%*1 to calculate k' = zik — Po(ki, zi; 17271)
o Use 797! to calculate ¢ = P,(K',2/;n97 1)
e Then, get ¢; from

apx
5| Pa(zik® — Pu(ki,zi;n971), exp{pIn(z;) + ﬁagj}; n9~1) v x
(c) " = Z exp{pIn(z) + ﬁagj}x
/= (zik® — Pa(ki zi 9 1))
wj/\T
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Iteration procedure |: Fixed-point iteration

Step 2: Get new estimate for 77, by running a projection step
o let Y=[c, 0, ,cm/
o If
P”(k' Z, 17n) = 170,n + ﬂk,nk + nz,nz + ﬂkkk2 + nkzkz + 772222

then
77 = (X'X)" XY

o If
P”(k' Z, Wn) = exp (UO,n + Wk,nk + ﬂz,nz + Ukkk2 + szkz + 172222)

then
79 = (X'X) " X" In(Y)

n

@ Note | am allowed to take transformations of RHS & LHS of
projection equation because there is not a stochastic error term
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Iteration procedure |: Fixed-point iteration

Step 3: Update 77,
nd =AM+ (1-A)pd ! foro<A<1

o Fixed-point iteration does not always converge

e Choosing a lower value of A helps but will slow down the convergence

@ Alternative is time iteration
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Iteration procedure |: Time lteration

Follow the the following iteration scheme until convergence

@ At each grid point:

o In the Euler equation use 172_1 whenever evaluating next period’s
choices

e This turns the Euler equation into an equation with only the value of ¢
at this grid point as unknown

e Use non-linear equation solver to solve for ¢

@ Use these values of ¢ to obtain an estimate for 7,, 7

@ In case of a polynomial run a regression
e In case of of a spline the values of ¢ at the nodes are the new values of

Mn
o Let #9 =77 (no dampening necessary)
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Fixed point versus time iteration

o Fixed point iteration uses 79! for all terms on the RHS, i.e., both
next period’s consumption choice and today's capital choice

@ Time iteration uses 17%*1 only to evaluate next period's consumption
@ The structure of time iteration mimics the choice of value function
iteration:

e next period’s behavior described by previous solution for value function
e Bellman equation used to solve for choice of ¢ and k simultaneously

January 28, 2010 16 / 27

Wouter (University of Amsterdam) projection



Iteration procedure Il: Time lteration

o Natural interpretation for /=1 and 5, namely
° 172_1 is tomorrow'’s policy function and
e 1 is today's policy function
e Time iteration is reliable and convergent (the proof is related to the
convergence of value function iteration, which uses the same idea)
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Iteration procedure Il: Time lteration

@ Step 1: At each grid point solve ¢; from

o Then, get ¢; from

xBx
| Palzikf = ciexp{pin(z) + V20 }i ) T X
(c) " = Z exp{pIn(z) + \/§UCj}><
J=1 (Z,‘k,-“ — C,')Déil
CUJ'/\/E
@ Note that ¢; shows up on both sides: solving for ¢; has become more

difficult

@ step 2 & 3 are the same, although with time iteration you should not
have to use a value for A less than 1.

Wouter (University of Amsterdam) projection January 28, 2010 18 / 27



Endogenous grid points

Simple idea: construct grid for k' instead of a grid for k

@ Instead of solving for the choice k’ given k, we now solve for the
value of k that would have led to the choice k’

@ In both cases you end up at each grid point with a set of values for k
and a set of corresponding values for k.

@ Terminology is a bit confusing: the grid itself is exogenous and fixed
but it is for an endogenous variable

@ You can use endogenous grid points both with fixed-point and with
time iteration (for problem here they turn out to be the same thing)

@ The added value with time iteration lies in getting rid of the
non-linear problem of solving for today's choices
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Endogenous grid points and time iteration

e Time iteration => Use 17/~ for tomorrow'’s choices and %' only for
today's choices (which show up on both sides of the policy function

@ Then, get ¢; from

apx
s | Palkiexp{pin(z) + V200, ;) 7" x
(@)=Y exp{pIn(z;) + V207, } X
(k)
wj/ T

and k; from
k,/ 4 ¢ = z;i k"
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Perturbation versus projection

o Nondifferentiabilities
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Perturbation versus projection

o Nondifferentiabilities

@ Number of state variables
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Perturbation versus projection

o Nondifferentiabilities
@ Number of state variables

@ Constructing the grid can be difficult
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Perturbation versus projection

Nondifferentiabilities
Number of state variables
Constructing the grid can be difficult

Do (lower-order) derivatives at one point capture behavior away from
that point?
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How do you know you have chosen the right procedure?

@ Proposed numerical solution for consumption is equal to Q(k, z).
@ Above this was P,(k, z;1,) but doesn't matter how Q(-) is obtained

Preliminary:
o Construct very fine grid {k;, 2,};\11
Step I:

o Calculate consumption using policy rule: ¢ = Q(kj, 2/)
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Step II:

@ Also calculate consumption as it is implied by the Euler equation.
o Use Q(k/, ) to calculate K = 2!?;" — Q(ki, 2))
o Use Q(K', %) to calculate ¢ = Q(K', 2)
e Then, get implied consumption value ¢; from

apx
v J Q(?/i(;x— Q(k,,z,),exp{pln(?;)—I—\/EUCJ-})_VX
<E,> =3 exp{oIn(z) + V207, } %
j=1 (k% — Q(ky, 2))"

wj/\T
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Step IlI:

@ Compare and analyze differences
o Calculate maximum and average difference between ¢; and ¢

e Check where maximum error occurs (error on unlikely location of
state space may not be that important)
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Dynamic accuracy test

@ One-period accuracy test may be misleading (ignores accumulation of
small errors)

@ ldea of accuracy test can be extended to multiperiod setting
Step |

@ Construct time series for consumption and capital using
approximation: Q(k;, zt) and key1 = ztkd — Q(ke, z;) for
t=1,---,T.
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Dynamic accuracy test

Step 1l

@ Also construct time series for consumption and capital with
consumption calculated from

apx

s | Qae (k)" = Q(kf ze), exp{pIn(z:) + V207 }) "%
()" =Y exp{pIn(z) + ﬁagj}xl
= (ze (k)" = Q(kt, 22))"

CUJ/\/E

kin =z (k)" —cf

@ Q(+) is only used to calculate the conditional expectation! ¢ is the
implied consumption value and k{, ; the value calculated using this
implied consumption value.

@ Stare at the graph that plots both
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Dynamic accuracy test

Step 111
o Stare at the graph that plots both
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